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Abstract
WeobserveWannier–Stark (W–S) localization in curved photonic lattices, realized using arrays of
evanescently coupled optical waveguides. By correctly tuning the strength of inter-site coupling in the
lattice, we observe thatW–S states become increasingly localized, and eventually fully localized to one
site, as the curvature of the lattice is increased.We then demonstrate that tunneling can be successfully
restored in the lattice by applying a resonant sinusoidalmodulation to the lattice position, an effect
that is a direct analogue of photon-assisted tunneling. This precise tuning of the tunnelingmatrix
elements, through resonantmodulation-assisted tunneling, opens a novel route for the creation of
gauge fields in laser-fabricated photonic lattices.

1. Introduction

Quantummatter or light propagating in engineered lattices offer versatile platforms for the quantum simulation
of new states ofmatter, such as topological phases [1–5]. This approach relies on novel technologies allowing for
the tuning ofmicroscopic parameters that characterize latticemodels of interest, such as on-site interactions and
tunnelingmatrix elements. In fact, generating complex-valued tunnelingmatrix elements can potentially
induce non-trivial gauge structures in the lattice, e.g. artificialmagnetic fields and non-Abelian gauge potentials
[1, 5, 6], offering an interesting route for quantum simulation [7]. In this context, photon-assisted tunneling, a
powerfulmethod bywhich tunneling can be controlled in lattice systems, has been recently exploited in cold
gases [8–14] and ion traps [15, 16]; this led to the experimental realization of theHofstadtermodel [17, 18] and
to the detection of the topological Chern number [19]with cold atomic gases.

The photon-assisted-tunnelingmethod relies on twomain ingredients [10, 13–15]: (a) an artificial electric
field generating a large energy offsetΔ between neighboring sites, hence inhibiting the bare hopping, and (b) a
time-modulation of the on-site energy, whose frequency is resonant with respect to the static offset ;w = D
this restores the tunneling in an efficient and tunablemanner. In this paper, we experimentally demonstrate the
realization ofmodulation-assisted tunneling, an analogue of photon-assisted-tunneling, in arrays of coupled
optical waveguides.

The transport of light in a systemof coupled optical waveguides, a photonic lattice, can be described by a
Schrödinger-like equation. As a result, photonic lattices can be used to observe phenomena known from solid
state physics. In recent years photonic lattices have been used to study fundamental solid state phenomena
including Bloch oscillations [20, 21], dynamic localization [22–24], Bloch–Zener dynamics [25], and Landau–
Zener dynamics [26]. These phenomena are each related to themanner inwhich a charged particle behaves in a
periodic potential and external electric field. In such a system, a static electric field destroys the translational
symmetry of the lattice, and the delocalized Bloch states become localized in space. These states are known as
Wannier–Stark (W–S) states, originally predicted byWannier in 1960 [27].
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In the absence of an external electricfield, the eigenstates of an electron in a periodic potential are the Bloch
states. A static electric field ( dc ) destroys the degeneracy of these spatially delocalized Bloch states. In this
situation, the eigenstates and energies are [28, 29]

J e a n2 , 1m
n

n m dc( )∣ ( )åf k= ñ-

E e a m, 2m dc( ) ( )=

where J ( · )n is the Bessel function of order ν, a is the lattice spacing, 4k is the bandwidth, e is the electronic
charge and n∣ ñare theWannier states. The span of the first Brillouin zone is a k a. p p- In the limit

e a2 0dck  there is only one term in equation (1), i.e. the eigenstates exactly correspond to the localized
Wannier states m .∣ ñ In fact, in a strong external electric field andweak inter-site interaction i.e. e a2 1,dck 
the spatial width ofW–S state is less than the inter-site separation, a. In this limit, theW–S states will be localized
to a single lattice site, indicating that the energy offset e adc kD=  generated by the static electric field
inhibits the bare hopping between neighboring sites. Importantly, when driving the system, the strongly
localized electronic states on individual lattice sites can interact through photons and tunnel to the nearest lattice
sites. This type of tunnelingwith discrete energy exchange is known as photon-assisted tunneling; it has been
observed in superconducting diodes [30], semiconductor superlattices [31], quantumdots [32], and alsowith
cold atoms trapped in optical lattices [33].

In this paper, we use photonic lattices, fabricated using the technique of ultrafast laser inscription, as a
powerful platform to investigate the dynamics ofW–S states in a strong static electric field andweak inter-site
interaction.We demonstrate strong localization of theW–S state, seen for thefirst time using curved photonic
lattices, where the curvature is analogous to the inverse of a static electric field in the electronic case.When the
electric field exceeds a threshold value, we observe that theW–S state becomes localized to a single lattice site.
Importantly, we then also demonstrate that a strongly localizedW–S state becomes delocalizedwhen an
appropriate (specific frequencies and amplitudes) sinusoidalmodulation is applied to the lattice. The latter
result constitutes the first photonic-crystal analogue of photon-assisted tunneling, based on fabricated
sinusoidalmodulations, offering a promisingmethod for the generation of gauge fields in photonic lattices.

2. The photonic lattice

The propagation of the electric field envelope F̃ in thematerial is governed by

z n
V x x z yi

2
, , 3

2

0

2
0( )˜
( ) ˜ ( )¶F

¶
= -  + ¢ - F^ ⎡

⎣⎢
⎤
⎦⎥

where F̃ depends on x y,¢ and z, 2l p=  is the free-spacewavelength and .
x y

2 2

2

2

2 = +^
¶
¶ ¢

¶
¶

V x y V x x y y, ,
n n m0( ) ( )å¢ = ¢ - - describes the refractive indexmodulation in the transverse cross section

whereV x y,0 ( )¢ is the refractive index profile of a single waveguide at position xn, yn. The function x z0 ( )
determines the transverse shift of thewhole lattice depending on the propagation distance z. Bymaking a change
of reference frame x x x z0 ( )= ¢ - equation (3) can be rewritten as

z n
V x y Fxi

2
, 4

2

0

2 ( ) ( )¶F
¶

= -  + - F^ ⎡
⎣⎢

⎤
⎦⎥

with F n x zz0
2

0 ( )= - ¶ andwhere x y z, ,( )F is the consequently transformed state [23, 34]. The transport of
light in a circularly curved one-dimensional (1D) photonic lattice, with sinusoidalmodulation (figure 1(c)) is
then governed by the paraxial equation [23, 34]

z n x
n x

n

R
x n A z xi

2
sin , 5

2

0

2

2
0

0 0
2

0( )( ) ( )w w
¶F
¶

= -
¶
¶

- D - - F ⎡
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⎤
⎦⎥

where the lattice is bending along the x directionwith a radius of curvatureR. The amplitude and frequency of
the z-dependent ‘ac’modulation areA andω0 respectively, n0 is the refractive index of the substratematerial and

n x y,( )D is the transverse refractive index profile. Equation (5) is analogous to the Schrödinger equation of a
particle with effectivemass n0 and charge emoving in a 1Dperiodic potential V x n x ,( ) ( )= -D with an external
(artificial) electric field ,dc ac  = + where e n R n A zsin .0 0 0

2
0( ) w w= + Here, z plays the role of time,

e n R,dc 0 = and e n A zsinac 0 0
2

0( ) w w= (see equations (1) and (2)).
For well-confined single-modewaveguides, equation (5) can be solved using the tight-binding

approximation. For a 1Dphotonic lattice, and supposing that only the lowest band is excited, equation (5) gives
the coupled-mode equations
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z
s K zi sin , 6s

s s s1 1 0( ) ( ) ( )k a w
¶F
¶

= - F + F - + F+ -
⎡⎣ ⎤⎦

whereΦs is the electric field amplitude in the sthwaveguide,κ is the nearest-neighbor coupling constant along
the x direction, n a R0a =  is the strength of the external linear potential (i.e. the artificial dc electric field) and
K n A a0 0

2w=  is the strength of the artificial acmodulation.
In the absence of the acfield,K= 0, and considering the regimewhere the energy offsetα inhibits tunneling

between neighboring sites, 0,k a  a state excited at the input becomes perfectly localized to a single lattice
site. This isW–S localization.When adding the artificial acfield, the analogue of photon-assisted-tunneling
occurs when the resonance condition

, , 70 ( )a w n n= Î

is satisfied.Hence, for a photonic lattice satisfying n a R ,0 0 w n= Î tunneling between neighboring sites is
restored. This leads to an effective coupling constant, ,effk whose amplitude is given by (see [10, 14] and section 5)

K
, 8eff

0

( )
k
k w

= n
⎛
⎝⎜

⎞
⎠⎟

wheren is the Bessel function of order ν; see alsofigure 6. Let us point out that the real part of the effective
coupling constant Keff 0( ) ( ) k k w= n is allowed to take positive, but also negative values. This effect has a
simple semi-classical interpretation based on themicro-motion associatedwith the ac field, andwhich generates
oscillations in quasi-momentum space, see [14, 35]. Let us consider the case ν= 0 for simplicity, and suppose
that a wave packet is prepared in the vicinity of the band’s ground-state at k= 0. Forweakmodulations K ,0w
the oscillations in quasi-momentum space are small, and thewave packet essentially remains localized around
k= 0; the effective tunneling rate effk k» is only slightly affected. For strongmodulations, themicro-motion
oscillations become comparable to the size of the Brillouin zone, and thewave packet often visits the high-energy
regions of the band at k a.p=  This situation is consistent with a change of sign of the tunneling rate, i.e.
sign sign ,eff( ) ( )k k= - as described by the Bessel function .0 This semi-classical picture generalizes to
arbitrary 0.n ¹

3.W–S localization

To investigateW–S localization, fifteen 1D lattices (lattice constant a= 16 μm)were fabricated using ultrafast
laser inscription, figure 1(d). In these lattices, nomodulationwas created (A= 0), however the radius of
curvature of the lattice was varied between 1.5 and 0.1 m (R 1.5, 1.4, , 0.1= ¼ m), seefigure 1(b). An
additional straight lattice was also fabricated (R = ¥), see figure 1(a). Thewhite-light transmission
micrograph of the facet of a lattice is shown infigure 1(e). The refractive index profile of eachwaveguide was
controlled using the ‘slit-beam’ shapingmethod [36]. Eachwaveguide was inscribed by translating the 30 mm
long glass sample (Corning Eagle2000), at a translation speed of 8 mm s−1, once through the focus of a 500 kHz
train of 1030 nm femtosecond laser pulses. The laser inscription parameters were optimized to produce
waveguides thatwere single-mode andwell confined at 780 nm. For amore detailed description of the

Figure 1. Schematic diagrams of (a) an array of straight optical waveguides, (b) an array of circularly curved optical waveguides, (c) an
array of circularly curved optical waveguides with a sinusoidalmodulation. (d) Schematic diagramof the ultrafast laser inscription
technique. (e)White-light transmissionmicrograph of the facet of an array of straight waveguides. Lattice constant a= 16 μm. Each
waveguide is single-mode at 780 nmwavelength. The central waveguide, indicatedwith the red circle, was excited for all
measurements.
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waveguide fabrication procedure, see [37]. It should be highlighted that although the propagation loss of a
waveguide depends on its curvature, we do not expect this to be important in our discussion since all waveguides
in each lattice have the same bend radius at a given value of z. In otherwords, there is no site dependent loss for a
given lattice.

The nearest-neighbor coupling,κ, wasmeasured to be 0.072 mm−1. The next-nearest neighbor coupling
strength,κN, was insignificant for the 30 mm long lattices with 16 μmlattice constant. Figure 2 shows the output
intensity distributionmeasured for the lattices with radii of curvature R = ¥ (i.e. the straight lattice), 1.5, 1.2,
0.5 0.3 and 0.2 m. It is clear from figure 2 that the light becomes increasingly localized as the radius of curvature
is reduced, as would be expected from equation (1). To investigate this phenomenon further, we fabricated
10 mm long 2D lattices with a lattice constant a= 15 μmalong both x and y axes, where each lattice curves only
along the x direction. For these lattices, themeasured coupling strengths along the x and y axes were 0.085 mm

x
1( )k- and 0.095 mm y

1( )k- respectively. From simulations, the estimated value of next-nearest-neighbor
couplingwas 0.019 mm .N

1( )k- As can be seen from figure 3, localization occurs only along the x axis, the
direction of the artificial electric field. To quantify localization along the two axes, the inverse participation ratio
(IPR)was calculated. The IPR is ameasure of localization and is defined as the inverse of the absolute value of the
average of the fourth power of thewave function. For our purpose, the IPR for the x axis was obtained by
summing all the intensity values in each column to obtain a vector of values along the x axis. The IPRwas then
calculated using this vector. The IPR along the y axis was calculated using the same procedure, but by summing

Figure 2. Intensity distribution at the output of 30 mm long circularly curved 1D lattices with radii of curvature (a) R = ¥ (i.e.
straight lattice), (b) R 1.5 m,= (c) R 1.2 m,= (d) R 0.5 m,= (e) R 0.3 m= and (f) R 0.2 m.= Here 0.072k = mm−1, 0.Nk »
In each case, light was launched into the central waveguide (as indicated by thewhite circle).

Figure 3. (a)Micrograph of the facet of afinite square lattice. For allmeasurements, light was launched into the circledwaveguide. (b)–
(g) Intensity distribution at the output of 10mm-long circularly curved square latticewith radii of curvature (b) R = ¥ (i.e. straight
lattice), (c)R= 1 m, (d) R 0.7 m,= (e) R 0.5 m,= (f) R 0.4 m= and (g) R 0.3 m.= 0.085xk = mm ,1- 0.095 mm ,y

1k = -

0.019 mm ,N
1k = - lattice constant a= 15 μm.
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the rows rather than columns. For a localized state, the IPR is equal to 1. As can be seen from figure 4, there is no
effect of electric field along the y axis, as would be expected, but complete localization is observed along the x axis
once the artificial electric field exceeds a threshold value.

The localization phenomenon can also be explained using the theory of waveguide optics. It can be shown
[34], using a conformal transformation, that a 1D array of circularly curvedwaveguides with periodic transverse
refractive index profile is equivalent to an array of straight waveguides with a new refractive index profile. In the
limit a R 1, the new refractive index profile is the superposition of the original periodic index profile and a
linear rampof refractive index, and the radius of curvature controls this ramp. In otherwords, themode
supported by eachwaveguide in the curved array has a different propagation constantβ. AsR decreases, the
difference inβ increases, resulting in partial transfer of light into the nearest waveguides via evanescent coupling.
After a threshold value ofR, there is no significant coupling between the nearest waveguides resulting in a
complete spatial localization.

4. Analog photon-assisted tunneling

To observe the effect analog to photon-assisted tunneling, three sets of 30 mm long lattices were fabricatedwith
a sinusoidalmodulation (figure 1(c)). For sets 1, 2 and 3, the periods z 20 0p w= were set to 3.9 mm, 7.8 mm
and 11.7 mm respectively, corresponding to ν= 1, 2 and 3 in equation (7). For all sets, the radius of curvature
and inter-site separationwere set toR= 120 mmand a= 16 μmrespectively. For each set, 15 lattices were
fabricated and the amplitude of oscillation,A, was varied; 0.5 μm A 14.5 μm (for set 1), 5.0 μm A 
40.0 μm (for set 2) and 14 μm A 70 μm (for set 3). Themeasured output intensity distributions are shown
infigure 5. The effective coupling of amodulated lattice, for a given value ofA, z0 andR, was evaluated by
simulating a 30 mm long straight photonic lattice, and varying the coupling strength to optimallyfit the
observed output intensity distributions. The normalized effective coupling strength ( eff∣ ∣k k ) is plotted
graphically as a function of K K0 0w= infigure 6, where it can be seen that the normalized effective coupling
strength has a characteristic (Bessel-function) dependency onK0, as predicted by equation (8). This is clear
evidence that the tunneling has been partially restored through an analogue of photon-assisted tunneling. As a
final note, it should be stressed that simulations performed using the experimentally evaluated parameters
indicate that significant tunneling is absentwhen z0 was not an integermultiple of 3.9 mm.

5. Application: artificialmagneticfluxes

Photon-assisted tunneling constitutes a powerfulmethod to generate artificial gauge structures in lattice systems
[13–15]. To illustrate this concept, let us start with a simplified version of the systemdescribed by equations (6),
(7). Consider a two-level system 0 , 1 ,{∣ ∣ }ñ ñ i.e. two sites of a lattice treated in a single-band tight-binding
approximation, with energy offset 0a w n= and resonant ‘time’modulationwith frequency ;0w here .n Î
TheHamiltonian is taken to be of the form

Figure 4. Inverse participation ratio (IPR) is ameasure of localization and is defined as the average of the absolute value of the fourth
power of thewave function. The IPRs along the x and y directions, (IPR)x and (IPR)y respectively, have been plotted as a function of the
inverse of curvature radiusRwhich is ameasure of the strength of dc electric field. There is no effect of electricfield along the y
direction. Complete localization (IPR= 1) is observed in the xdirection as the electricfield exceeds a threshold value.
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H z K z0 1 1 0 1 1 sin ,0 0 0 0( )ˆ ( ) (∣ ∣ ∣ ∣) ∣ ∣k nw w w f= - ñá + ñá - ñá + +⎡⎣ ⎤⎦

which is indeed strictly equivalent to restricting the Schrödinger equation in equations (6), (7) to two lattice sites
s 0, 1.= Note thatwe have introduced the phase of themodulationf, andwe note that K K 10 0w= ~ in the
strong-driving regime.We tackle the Schrödinger equation by first performing a unitary transformation

z z R z z

R z z K z

,

exp i cos 1 1 ,0 0 0{ }( )
∣ ( ) ∣ ( ) ˆ ( )∣ ( )

ˆ ( ) ∣ ∣nw w f

F ñ F¢ ñ = F ñ

= - - + ñá⎡⎣ ⎤⎦

which results in themodified z-dependentHamiltonian

z R z H z R z R z R z

K

i

0 1 e i e h.c., 9

z

j

j z j
j

ji
0

i0 ( )
ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( )

∣ ∣ ( ) ( )

† †

( ) ( )



åk

= - ¶

=- ñá - +w n
n

n f

=-¥

¥
-

-
-

wherewe used the Jacobi–Anger expansion, x y xexp i cos i e .
n

n
n

nyi( ) ( )å= =-¥
¥

To lowest order in
1,0k w  the effectiveHamiltonian [14, 35] is well approximated by the time-average over one period (i.e. j= 0

in equation (9)), which yields

Figure 5. Intensity distribution at the output of circularly curved lattices with sinusoidalmodulation. Spatial periods of oscillation are
3.9 mm (1st column), 7.8 mm (2nd column) and 11.7 mm (3rd column). For each period the amplitude of oscillation,A, was varied as
shown.Here 0.072k = mm−1 and 0.Nk » In each case, light was launched into the central waveguide. See also figure (6) for a
graphical representation.

Figure 6.Graphical representation offigure 5. Variation of the normalized effective coupling strengthwith K K .0 0w= The periods
are z 2 3.9, 7.8, 11.7 mm,0 0p w= = corresponding to ν= 1, 2 and 3 in equation (7), respectively. The solid lines are the absolute
values of Bessel functions ,1 2∣ ∣ ∣ ∣  and 3∣ ∣ respectively, whichwere predicted theoretically from equation (8).
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H K0 1 h.c., e . 10eff eff eff 0
i 2( )ˆ ∣ ∣ ( )( )k k k» - ñá + = n
n f p- +

Importantly, the effective coupling elements effk are now complex-valued for 0,n¹ with a phase factor
exp i( )fn that explicitly depends on the phase of themodulationf. The two-site result in equation (10) directly
generalizes to the fullmodulatedW-S ladder (equations (6), (7)), which is thenwell described by the effective
Hamiltonian

H s s K1 h.c., e , 11
s

eff eff eff 0
i 2( )ˆ ∣ ∣ ( )( )åk k k» - - ñá + = n
n f p- +

as already announced in equation (8) forf= 0.
While the phase factor exp i( )fn in equation (11) is irrelevant in the 1D geometries considered in this work

(i.e. the phase is associatedwith a constant gauge potential; see [38–40] for physical consequences), it can
potentially lead to dramatic effects in 2D geometries if it ismade explicitly space-dependent [13–15]. Indeed, let
us consider amodulatedW–S ladder aligned along the x direction, with sites labeled by the index sx, and let us
assume that the phase of themodulation x y,( )f f= can be controlled in a space-dependentmanner. If an
additional lattice is aligned along the y direction, with lattice sites labeled by sy, then the 2D effectiveHamiltonian
will be of the form [13–15, 41, 42]

H s s s s s s s se 1, , , 1 , h.c., 12
s s

x s s
x y x y

y
x y x yeff

,
eff

i ,
eff

x y

x y( )ˆ ( )å k k» - + + + +f-

where x y
eff

,k are real-valued tunneling rates along the x and y directions, respectively, andwherewe considered the
case ν= 1 for simplicity. If the phase is designed to be in the form s s2 ,y y( ) f p= F then the system realizes the
Harper–HofstadterHamiltonian [41–43]: a 2D lattice penetrated by a uniformmagnetic flux 2 pF per
plaquette. Indeed, thewavefunction of a particle circulating around any plaquette of the lattice acquires an
Aharanov-Bohmphase associatedwith the flux 2 .pF Hence, engineering the spatial dependence of the phase
of themodulationf, which still constitutes an experimental challenge, would allow for the creation of synthetic
fluxes in photonic lattice systems, opening an interesting route for photonic quantum-Hall (topological)
physics.

6. Conclusion

In this paper, we have demonstrated that an appropriately designed array of evanescently coupled curved optical
waveguides can be used to observe aW–S state that is fully localized on a single lattice site. From the perspective
of solid state physics, the localization is due to an analogue of a strong external dc electric field that breaks the
degeneracy of the Bloch states and results in aW–S ladder.We also demonstrate that tunneling in such photonic
lattices can be restored by applying an analogue of an ac electric field, and that the strength of this tunneling
obeys a characteristic dependency on the frequency and amplitude of the acmodulation, which is in excellent
agreementwith the existing theory of photon-assisted tunneling. By further tuning the spatial dependence of the
laser-fabricatedmodulation, thismethod could be used to produce effectivemagnetic fluxes [13–15, 44] in 2D
photonic lattices; this goes beyond the realization of artificial electric fields, as presented and exploited in this
work. The interplay between such artificialfields and the presence of nonlinearities opens a promising route for
the study of interacting particles in largemagnetic fields and topological phenomena.
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