
 
 
 
 

Heriot-Watt University 
Research Gateway 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 

 

Elementary excitations of chiral Bose-Einstein condensates

Citation for published version:
Edmonds, MJ, Valiente Cifuentes, M & Ohberg, P 2015, 'Elementary excitations of chiral Bose-Einstein
condensates', Europhysics Letters, vol. 110, no. 3, 36004. https://doi.org/10.1209/0295-5075/110/36004

Digital Object Identifier (DOI):
10.1209/0295-5075/110/36004

Link:
Link to publication record in Heriot-Watt Research Portal

Document Version:
Publisher's PDF, also known as Version of record

Published In:
Europhysics Letters

General rights
Copyright for the publications made accessible via Heriot-Watt Research Portal is retained by the author(s) and /
or other copyright owners and it is a condition of accessing these publications that users recognise and abide by
the legal requirements associated with these rights.

Take down policy
Heriot-Watt University has made every reasonable effort to ensure that the content in Heriot-Watt Research
Portal complies with UK legislation. If you believe that the public display of this file breaches copyright please
contact open.access@hw.ac.uk providing details, and we will remove access to the work immediately and
investigate your claim.

Download date: 23. May. 2023

https://doi.org/10.1209/0295-5075/110/36004
https://doi.org/10.1209/0295-5075/110/36004
https://researchportal.hw.ac.uk/en/publications/9748dcb2-4477-4f64-8372-00e10ef486aa


This content has been downloaded from IOPscience. Please scroll down to see the full text.

Download details:

IP Address: 137.195.59.30

This content was downloaded on 13/08/2015 at 08:15

Please note that terms and conditions apply.

Elementary excitations of chiral Bose-Einstein condensates

View the table of contents for this issue, or go to the journal homepage for more

2015 EPL 110 36004

(http://iopscience.iop.org/0295-5075/110/3/36004)

Home Search Collections Journals About Contact us My IOPscience

iopscience.iop.org/page/terms
http://iopscience.iop.org/0295-5075/110/3
http://iopscience.iop.org/0295-5075
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


May 2015

EPL, 110 (2015) 36004 www.epljournal.org

doi: 10.1209/0295-5075/110/36004

Elementary excitations of chiral Bose-Einstein condensates

M. J. Edmonds
1,2

, M. Valiente
1 and P. Öhberg
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PACS 67.85.De – Dynamic properties of condensates; excitations, and superfluid flow
PACS 03.75.-b – Matter waves
PACS 03.65.Vf – Phases: geometric; dynamic or topological

Abstract – We study the collective modes of a Bose-Einstein condensate subject to an optically
induced density-dependent gauge potential. The corresponding interacting gauge theory lacks
Galilean invariance, yielding an exotic superfluid state. The nonlinear dynamics in the presence
of a current nonlinearity and an external harmonic trap are found to give rise to dynamics which
violate Kohn’s theorem; where the frequency of the dipole mode strongly depends on the strength
of the mass current in the gas. The linearised spectrum reveals how the centre of mass and shape
oscillations are coupled, whereas in the strongly nonlinear regime the dynamics are irregular.

Copyright c© EPLA, 2015

Introduction. – Interacting, degenerate many-body
systems composed of bosons or fermions form the building
blocks with which we can understand a broad spectrum of
phenomena at ultracold temperatures [1]. Here, interest
has focused on understanding the emergent properties of
these highly controllable macroscopic systems. Over the
last few years the ability to mimic the behavior of charged
particles with cold atomic gases has lead to intense activity
both theoretically and experimentally [2–5]. These charge
neutral atomic systems formed from cold atoms benefit
from being highly experimentally malleable, a situation
which has led to the simulation of orbital magnetism [6,7],
as well as more exotic scenarios such as spin-orbit coupling
with both bosons [8] and fermionic gases [9–11].

Principally, there are several methodologies which
can be used to induce artificial gauge potentials in
neutral atoms. One can stir the condensate with a laser,
which creates a uniform magnetic flux across the atomic
cloud [12]. Alternatively, one can optically dress the
condensate with Raman couplings, or schemes based on
dark state dynamics [2]. By optically coupling several of
the internal states of the atoms, one can simulate more
elaborate gauge theories with these systems [13,14], such
as spin-1 spin-orbit coupling [15], as well as “interacting”
gauge potentials, where there is a nonlinear feedback
between the gauge field and the matter field [16–19].
By performing these optical manipulations, we expect
the fundamental properties of the many-body system
to change, hence it is important to understand how the

nature of the condensed state is altered by such changes.
Insight into the dynamical response of superfluid systems
can be accomplished by means of studying the elementary
excitations of the many-body ground state.

The study of the excitations of many-particle bosonic
quantum systems gives fundamental insight into the re-
sponse of the system to small perturbations. Theoretical
studies of the collective modes of condensates in artificial
gauge potentials have shown how the excitation spectrum
undergoes a Zeeman-like shift in the presence of a Lan-
dau gauge potential [20]. Analysis of spin-orbit conden-
sates with equal Rashba and Dresselhaus couplings has
shown the excistence of a rich excitation structure, in-
cluding topological phases [21], and an excitation struc-
ture that reflects both the spin and density character of
these condensates [22].

In this paper we study the nonlinear dynamics and the
elementary excitations of a trapped quasi–one-dimensional
Bose-Einstein condensate coupled to a density-dependent
gauge potential (see also [19] for a study of 2D and 3D
effects). The system is interesting from a fundamental
point of view, providing a scenario which is governed by an
interacting gauge theory, and as such can be seen as em-
ulating a quasi-dynamical field theory with some unusual
nonlinear dynamics. The frequencies of the collective ex-
citations of the gas are found to be strongly depending on
the emerging current nonlinearity, where in the strongly
coupled regime one sees a type of non-equilibrium steady
state appearing. As an alternative description of the
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dynamics we provide a variational calculation which is
able to capture the strongly coupled situation which
involves strong currents. A trial Gaussian solution is used
along with the underlying Lagrangian density to derive
Newton-like equations of motion for the centre-of-mass
coordinate and the width of the condensate.

Origin of the nonlinear gauge potential. – Cre-
ating artificial gauge potentials with atomic systems has
reached an impressive level of accomplishment, rang-
ing from inducing quantised vortices [7], spin-orbit cou-
pling [8] and even suggestions for simulating dynamical
gauge fields in optical lattices [23–25]. A simple and illus-
trative setup for creating static gauge potentials is based
on a coupled two-level system where the coupling is al-
lowed to be detuned and/or space dependent [2] which is
also similar in spirit to the first experiments on spin-orbit
coupling, but now in the adiabatic regime where only one
of the two eigenstates stemming from the coupled sys-
tem is populated. The main concept for generalising this
system to a nonlinear gauge potential is the observation
that the gauge potential is proportional to the detuning
of the coupling laser, hence if collisions induce a detuning,
then the resulting gauge potential will also depend on the
density of the gas. A realistic Hamiltonian describing N
two-level trapped bosonic atoms with internal states |1〉
and |2〉 which includes the particle interactions as well as
the coupling of the two internal states can be written as

Ĥ =

(
p̂2

2m
+

1
2
mω2

t x2 +
1
2
mω2

⊥r2
⊥

)
⊗ 1 + Ĥlm + V̂, (1)

where

Ĥlm =
�Ω
2

(
0 e−iφ(r)

eiφ(r) 0

)
(2)

describes the optical coupling between the states |1〉 and
|2〉 whose strength is characterized by the two-photon Rabi
frequency Ω. To derive an equation of motion for the
many particle system, we define the Hartree wave function
as |Ψ〉 = ⊗N

l=1|χ
(0)
l 〉 where the state |χ(0)

l 〉 is the single-
particle wave function, which we take as one of the eigen-
states of eq. (2) above. The other quantities appearing in
eq. (1) are the radial coordinate r⊥, while the axial and
radial trap frequencies are defined as ωt and ω⊥ respec-
tively. The interactions are characterized by the matrix
V̂ = (1/2)diag[g11ρ1+g12ρ2, g22ρ2+g12ρ1], where the pop-
ulation of state i is denoted ρi = |Ψi|2. We assume the
Bose-Einstein condensate is sufficiently dilute such that
we are allowed to construct interacting dressed states us-
ing perturbation theory with the eigenstates of the light
matter coupling from eq. (2). Denoting the unperturbed
dressed states as |χ(0)

± 〉 = (|1〉 ± exp{iφ(r)}|2〉)/
√

2, we
obtain the perturbed dressed states as

|χ±〉 = |χ(0)
± 〉 ± g11 − g22

8�Ω
ρ±|χ(0)

∓ 〉, (3)

while the eigenvalues are given by gρ± ± �Ω/2, and the
dressed scattering parameter is defined by g = (g11+g22+
2g12)/4.

To derive an interacting gauge theory, we define a state
vector as |ξ〉 =

∑
i=+,− Ψi|χi〉, and project the adiabatic

motion of the atoms into one of these two states. The
effective Hamiltonian then becomes

Ĥ± =
1

2m
(p̂ − A±)2 +

1
2
mω2

t x2 +
1
2
mω2

⊥r2
⊥ +

g

2
ρ±. (4)

The density-dependent geometric phase that arises in
eq. (4) is given by A± = i�〈χ±|∇̂χ±〉. There is also
a scalar geometric phase, which in what follows acts
only as an energy offset, and as such is dropped. From
the definitions of the perturbed dressed states, eq. (3),
the leading-order contribution to the vector potential is
A± = A(0)±a1ρ±(r), where A(0) = −�

2 ∇̂φ(r) defines the
single-particle vector potential while a1 = ∇̂φ(r)(g11 −
g22)/8Ω defines the coupling strength to the vector poten-
tial. By minimizing the energy functional E = 〈Ψ|(i�∂t −
Ĥ±)|Ψ〉 and dropping ± subscripts on ρ±, Ψ± and A±,
the mean-field Gross-Pitaevskii equation is i�∂tΨ(r, t) =
ĤGPΨ(r, t), where

ĤGP =
1

2m
(p̂−A)2+

1
2
mω2

t x2+
1
2
mω2

⊥r2
⊥+a1 ·j+gρ (5)

with

j =
�

2mi

[
Ψ

(
∇̂ +

i

�
A

)
Ψ∗ − Ψ∗

(
∇̂ − i

�
A

)
Ψ

]
. (6)

Equation (5) along with the current operator (6) present a
new opportunity with which to explore nonlinear phenom-
ena with ultracold gases. It has already emerged how the
transport properties of such a system exhibit chiral [17] ef-
fects in the continuum, as well as non-standard tunneling
dynamics when studied in a discrete setting [26]. Exper-
imental realization requires atoms with long-lived excited
states and a spontaneous emission rate which is neglible
on the time scale of cold-atom experiments; for example
the transition 1S0 ↔1P1 in Sr could be suitable [27].

Elementary excitations. – We will consider a tightly
confined anisotropic atomic cloud such that the dynamics
is described by the quasi–one-dimensional form of eqs. (5)
and (6). This approximation is valid when the axial trap
frequency is much less than the radial frequency, ωt � ω⊥.
Defining the phase of the laser as φ = kx, and using the
nonlinear transformation

Ψ(x, t) = exp
(
−i

k

2
x +

ia1

�

∫ x

−∞
dx′ρ(x′, t)

)
Φ(x, t) (7)

the quasi–one-dimensional equation of motion becomes

i�
∂Φ
∂t

=
[
− �

2

2m
∂2

x +
mω2

t

2
x2 − 2a1j(x) + g|Φ|2

]
Φ, (8)

where a1 = k(g11 − g22)/8ΩSt defines the current
strength and St is the transverse area of the cloud.
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Meanwhile, the gauge transformed current is given
by j(x) = (�/m)Im(Φ∗(x)∂xΦ(x)). The state of the
superfluid component in this system is interesting, as the
interacting gauge theory captured by eq. (8) manifestly
violates Galilean relativity. The existence of the superfluid
state relies on Landau’s criterion, which assumes that
the physics is invariant in the co-moving frame. For our
system, this is no longer the case. A direct consequence
of this is that a Bose condensed system lacking Galilean
relativity possesses two critical velocities [28,29]. For the
Galilean invariant system, these two velocities are equal.
Here, we are interested in the collective excitations of
the trapped chiral quantum gas, and expand the function
Φ(x, t) in the form Φ(x, t) = Φ0(x, t) + δΦ(x, t), where
Φ0(x, t) is the ground state and δΦ(x, t) are the excitations
in question. The excitations take the form [30] δΦ(x, t) =
exp (−iμt/�)(u(x) exp (−iωt) − v∗(x) exp (iω∗t)), where
u(x) and v(x) are the mode functions, and ω defines
the mode frequency. These definitions lead to the
Bogoliubov-de Gennes equations

(L0 + J0 + 2gn)u + (J0 − gn)v = �ωu, (9)
(J0 + gn)u − (L0 − J0 + 2gn)v = �ωv, (10)

where (L0 + gn)Φ0 = 0 defines the ground state with the
corresponding density n = |Φ0|2. The term containing the
kinetic energy operator and trapping potential is given as
L0 = − �

2

2m∂2
x + 1

2mω2
t x2 − μ, and J0 = ia1�

m [n∂x − 1
2∂xn].

The Bogoliubov-de Gennes equations (9) and (10) along
with the ground state will provide the key to the stabil-
ity properties of the chiral quantum gas. The stability
properties of the excitations have been studied in [31] for
instance, and often in the context of artificial event hori-
zons using a hydrodynamic description of a system. In
our case the situation is different, where the flow of the
superfluid gives rise to an effective scattering length. For
instance, we expect that the ground state does not couple
to the current, in which case the physics is simply that
of the standard quasi–one-dimensional Gross-Pitaevskii
equation. The current operator will however couple to the
collective excitations.

There are two limits that are of interest. The first is
when g = 0, which we refer to as the Gaussian limit.
The second is the Thomas-Fermi limit which is associated
with the condition �ωt � 2μ, where the harmonic length
scale is defined as aho =

√
�/mωt. In the Thomas-Fermi

limit the standard density nonlinearity is dominating over
the current nonlinearity, and as such will not change the
dynamics much compared to the standard spectrum of a
trapped BEC. To understand this, we can scale the units
of length appearing in eqs. (9) and (10) in terms of the
Thomas-Fermi radius lTF =

√
2μ/mω2

t , while the density
is scaled using n0 = μ/g. This gives

(L̃0 + J̃0 + 2ñ)u + (J̃0 − ñ)v = 2γεu, (11)
(J̃0 + ñ)u − (L̃0 − J̃0 + 2ñ)v = 2γεv, (12)

ω

ωt

2

3

1

0 5 10
a1N/

Fig. 1: (Color online) The three lowest excitation frequencies
from eqs. (9) and (10) plotted as a function of the current
strength, a1N/� in the limit g = 0. The mode frequencies are
all decreasing for strong a1N/� values. The lowest excitation
corresponds to the dipole mode which, in the presence of a
current nonlinearity, depends on the a1N/� parameter, in con-
trast to standard Bose-Einstein condensates. The dotted line
indicates the results from the variational calculation.

where L̃0 = −γ2∂2
x̃+ x̃2−1, γ = �ω/2μ and ε = ω/ωt. The

linearized current operator is given by

J̃0 = i
3
8

kωt

Ω
γ2N(a11 − a22)

[
ñ∂x̃ − 1

2
∂x̃ñ

]
. (13)

In writing eq. (13), the chemical potential μ = (3/
√

8)2/3

(asN/aho)2/3
�ω has been used where ω = (ωtω

2
⊥)1/3 de-

fines the averaged trap freqeuncy of the gas. The linearized
current operator captured by eq. (13) depends quardrat-
ically on γ, which in the Thomas-Fermi limit satisfies
γ � 1, hence for a fixed current strength, the excitations
will not be strongly affected by the density-dependent
gauge potential.

Figure 1 shows the excitation frequencies in the
Gaussian limit, with g = 0, which can be the case if the
sum of the scattering lengths are properly chosen. This
can be achieved with Feshbach resonances [32,33], which
represent a powerful experimental tool to precisely tune
the scattering properties of cold gases. The ground state
is then given by a Gaussian profile, as the current operator
in eq. (8) will only affect the excitations. The frequencies
of the lowest three excitations are plotted as a function
of the dimensionless current strength a1N/�. One can
see that there is a monotonic decrease in the frequency
of the lowest mode, whereas the higher modes show for
small values of the coupling strength a1N/� an increase
in frequency, but decrease in frequency for larger values
of a1N/�. The origin of the decreasing dipole frequency
can be understood as a consequence of the underlying
chiral dynamics of eqs. (9) and (10). A Gaussian wave
packet is formed from a distribution of plain waves with a
certain spread of momenta. The current operator causes
individual plain waves within the Gaussian wavepacket
to experience a scattering length that depends on both
the sign and magnitude of the momentum of the wave.
For large a1, this effective chiral scattering length breaks
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Fig. 2: (Color online) An initially displaced BEC centred
at x = 1 does not oscillate with the trap frequency once
a1 is increased. (a) a1 = 0 corresponds to the standard
harmonic-oscillator dynamics. (b) a1N/� = 1; (c) a1N/� = 2;
(d) a1N/� = 3; (e) a1N/� = 4; (e) a1N/� = 5.

0

(a) (b) (c)

(d) (e) (f)

2-20 2-2
0

10

20

0
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x [l0] x [l0]
0 2-2
x [l0]

ω
t
t

ω
t
t

Fig. 3: (Color online) A BEC whose width at t = 0 is larger
than the Gaussian ground-state width, centred at x = 0,
will start to couple to the dipole mode once a1 is increased.
(a) a1 = 0 corresponds to the standard harmonic-oscillator dy-
namics. (b) a1N/� = 1; (c) a1N/� = 2; (d) a1N/� = 3;
(e) a1N/� = 4; (e) a1N/� = 5. For strong a1N/� the dynamics
relaxes to the same state found in fig. 2 with a dipole frequency
decreasing as (a1N/�)−1.

the symmetry of the harmonic motion of the condensate,
yielding the dipole mode observed in fig. 1. The lowest
excitation would in the normal case correspond to the
dipole mode, which is an oscillating displacement of the
centre of mass of the gas. This frequency does not depend
on the interactions between the atoms, which is also
referred to as the Kohn theorem. In the case of a current
nonlinearity this is no longer the case. The dipole mode is
strongly influenced by the current term. The underlying
dynamics is governed by a coupling between the centre
of mass and the width of the cloud, which is also not
present in standard condensates. It should be noted that
in spin-orbit coupled condensates the Kohn theorem also
does not hold, due to the coupling between the centre of
mass and the internal spin degree of freedom [34–37].

In the nonlinear regime (see figs. 2 and 3), which means
a strong-coupling strength a1N/� or sufficiently high mo-
mentum, we see a clear deviation from the sinusoidal dy-
namics given by the linearised spectrum above. In order

to capture this dynamics we need to resort to a variational
description.

Variational analysis. – In order to gain a better
understanding of the dynamics, especially in the strongly
nonlinear regime, a variational approach can be adopted
which captures the main features of the dynamics. The
motivation is twofold. First we want to obtain an analyt-
ical expression for the frequency of the lowest mode by
assuming small amplitude oscillations, hence small cur-
rent nonlinearity. Secondly, the variational ansatz should
provide an accurate solution to the dynamics also in the
intermediate nonlinear regime, meaning we have a well-
defined wave packet oscillating in the harmonic trap, but
not captured by the Bogoliubov-de Gennes treatment. For
very strong nonlinearities we expect also the variational
ansatz to break down, as shown below.

We assume that the full time-dependent state of the
system is known but different parameters such as the
centre-of-mass coordinate and width of the condensate
are allowed to vary. Hence, one is able to obtain equa-
tions of motion for these variational quantities which give
insight into the dynamics of the system. This approach
has been applied to the single-component condensate [38],
and recently to spin-orbit coupled quantum gases [34,35]
to explain the collective properties of the gas. Here, we
adopt a similar approach to explore the dynamical prop-
erties of the many-body system. The normalized varia-
tional wave function is assumed to be a Gaussian of the
form

Φ(x, t) =
(

N2

πσx(t)2

)1/4

exp
(
− (x − x0(t))2

2σx(t)2

)
eiS , (14)

where the variational parameters are the width σx(t) and
the centre of mass x0(t). The phase is given by

S =
m

�

(
ẋ0x +

1
2
(x − x0)2

σ̇x

σx

)
. (15)

The resulting equations of motion for x0(t) and σx(t) then
become

ẍ0 + ω2
t x0 =

√
2
π

a1N

m

σ̇x

σ2
x

, (16)

σ̈x + ω2
t σx =

�
2

m2σ3
x

+
N√
2π

(g − 4a1ẋ0)
mσ2

x

. (17)

It can immediately be seen from these two equations that
the dynamics differ radically from the known behaviour
of the single-component gas. Equation (16) shows how
the centre-of-mass coordinate of the condensate no longer
oscillates at the frequency of the trap, but instead has a
nonlinear forcing term that depends on the width of the
quasi–one-dimensional cloud. Also, the equation of mo-
tion for the width (17) has an extra term on the right-hand
side proportional to the velocity of the centre of mass. The
small amplitude oscillations around the equilibrium points
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of eqs. (16) and (17) allow us to understand the low-lying
excitation frequencies of the condensate.

We choose g = 0 in order to probe the effects of the
current nonlinearity more clearly. By linearising eqs. (16)
and (17) around x0 = 0 and σ = σ0, where σ0 is the width
of the Gaussian ground state, we expect to at least capture
the main features of the lowest excitation provided that
the fluctuations of the width and the amplitude of the
centre of mass are much smaller than the width of the
Gaussian ground state. The lowest excitation frequency
after linearisation is readily given by

ω =
ωt√
2

√
5 + 2ã2 −

√
4ã4 + 20ã2 + 9, (18)

where ã = a1N
√

2/(
√

π�). We see that the lowest excita-
tion frequency decreases with increasing ã. The frequency
ω in eq. (18) is found to be very close to the frequency
calculated by the Bogoliubov-de Gennes equations shown
in fig. 1. For ã � 1 we get ω = ωt(1 − a2/3). For ã 	 1
the excitation frequency decreases as ω ∼ 2ωt/|ã|. The
equations of motion for the width and the centre of mass
(eqs. (16) and (17)) are based on a variational calculation,
and do not capture the full dynamics at strong current
nonlinearity because we are restricted to only two modes of
excitations, namely the dipole-type mode and the breath-
ing mode, and any linear combination of them, and do not
take into account any asymmetry in the cloud which is to
be expected from the current nonlinearity [17]. It does still
describe the main features of the dynamics relatively well
and can also capture the large amplitude limit where the
centre of mass of the BEC is displaced much more than
the width of the cloud.

A decreasing frequency with increasing current strength
is also seen from the Bogoliubov-de Gennes spectrum,
as shown in fig. 1. In fact the linearised spectrum from
the variational approach for the lowest mode, indicated
by the dotted line in fig. 1, agrees remarkably well with
the Bogoliubov-de Gennes spectrum. The Bogoliubov-de
Gennes spectrum is based on a linearisation of the gener-
alised Gross-Pitaevskii equation, and as such can describe
the full spectrum, provided that the excitations do not
deviate much from the ground state. However, for strong-
current terms the chiral nature of the dynamics should also
start to play a dominant role. A full numerical solution
of the generalised Gross-Pitaevskii equation which con-
tains a current nonlinearity confirms this, see figs. 2 and 3.
The decrease in excitation frequency is clearly seen in the
dipole-like excitation in fig. 2, but importantly, both for
an initial state corresponding to a translated wave packet
and an initial width not equal to the ground state width,
will result in the same dipole mode frequency. A type of
non-equilibrium steady-state situation is quickly reached
corresponding to a dipole-like mode which does not have
the same frequency as the trap frequency. This would indi-
cate that there is strong mode mixing taking place. With
a current nonlinearity present the centre-of-mass motion

0 10-10
x [l0]

ω
t
t

0

10

20

Δ
x

0 300100 200
ωtt

0

1

0

10

ωtt

-10 10x [l0]

Fig. 4: (Color online) (a) For a broad initial state with
σ/σ0 = 5 the dynamics becomes irregular due to the strong in-
fluence of the current nonlinearity. (b) The normalised width
Δx(t) =

p

〈x2〉 − 〈x〉2/Δx(0) of the cloud as a function of
time. No revivals can be seen. The value of Δx relaxes to-
wards a value smaller than 1 for long timescales. The inset in
the right figure shows for comparison the dynamics of a stan-
dard condensate in the Thomas-Fermi limit without current
nonlinearity, for which the breathing mode has been excited.

is no longer decoupled from the other modes, which is the
case for standard nonlinearities proportional to the density
of the Bose-Einstein condensate. In the chiral system con-
sidered here, the breathing mode, which is normally a sym-
metric oscillation in the width of the cloud, is no longer
present. For an initial Gaussian state whose width is larger
than the ground-state width, we expect a breathing mode
to be excited. But, the initial contraction of the cloud
will be asymmetric due to the effective scattering length
having a different sign for positive and negative x-values,
at least initially. This will result in an asymmetry in the
density of the cloud which will consequently couple to the
dipole-like mode. Therefore, any initial small symmetric
perturbation of the Gaussian state will result in an oscilla-
tion of the centre of mass, as seen in fig. 3. This dynamics
is well captured by the variational ansatz described above.

The strongly nonlinear regime. – For strong non-
linearities, a1ρv � �ωt, where v is the velocity of the cloud
and ρ the density, the dynamics becomes irregular, and
cannot be described by a localised smooth wave packet
any more. In fig. 4 we illustrate this effect by considering
a Gaussian initial wave packet with a width σ/σ0 = 5 and
a1N/� = 5.0. The wave packet quickly breaks up into ir-
regular oscillations, with only a faint memory of the dipole
mode in the dynamics. This leads us naturally to the ques-
tion: how irregular is the dynamics? In order to quantify
the dynamics and to see if the system shows any kind of
relaxation or revivals, we define the normalised width of
the cloud as Δx(t) =

√
〈x2〉 − 〈x〉2/Δx(0). For a stan-

dard BEC with a nonlinearity proportional to the density
of the cloud, we expect to see revivals, where the cloud
oscillates symmetrically around the centre of the trap and
with its characteristic frequency comes back to its initial
state periodically. This scenario no longer holds with the
current nonlinearity. Here we see no revivals. In addition
there is also a degree of relaxation where the width Δx
approaches a value less than 1.
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Conclusions. – In this paper we have shown how a
current nonlinearity stemming from an interacting gauge
theory gives rise to unconventional superfluid dynamics,
which manifests itself as a coupling between the centre of
mass and the widths of the cloud. In the strongly coupled
limit with a dominating current nonlinearity a dipole-like
mode is present where the oscillation frequency depends
strongly on the strength of the current term. The chiral
nature of the dynamics causes the effective scattering
length of the gas to oscillate in sign and magnitude when
the centre of mass of the BEC oscillates in the harmonic
trap. Generally speaking, this effect might also allow
for some intriguing applications related to the transport
properties of the gas. The directional dependence of the
nonlinearity could give rise to diode-like behaviour of the
quantum gas (see also [39–41] for alternative schemes of
how to obtain diode-like dynamics), which may provide a
new mechanism for robust coherent control of superfluids.
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L. and Öhberg P., Phys. Rev. Lett., 110 (2013) 085301.
[18] Greschner S., Sun G., Poletti D. and Santos L.,

Phys. Rev. Lett., 113 (2014) 215303.
[19] Zheng J.-h., Xiong B., Juzeliūnas G. and Wang
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