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ABSTRACT

In dilute turbulent particle-laden flows, such as atmospheric dispersion of pollutants or virus particles, the dynamics of tracer-like to low
inertial particles are significantly altered by the fluctuating motion of the carrier fluid phase. Neglecting the effects of fluid velocity fluctua-
tions on particle dynamics causes poor prediction of particle transport and dispersion. To account for the effects of fluid phase fluctuating
velocity on the particle transport, stochastic differential equations coupled with large-eddy simulation are proposed to model the fluid veloc-
ity seen by the particle. The drift and diffusion terms in the stochastic differential equation are modeled using neural networks (“neural sto-
chastic differential equations”). The neural networks are trained with direct numerical simulations (DNS) of decaying homogeneous
isotropic turbulence at low and moderate Reynolds numbers. The predictability of the proposed models is assessed against DNS results
through a priori analyses and a posteriori simulations of decaying homogeneous isotropic turbulence at low-to-high Reynolds numbers.
Total particle fluctuating kinetic energy is under-predicted by 40% with no model, compared to the DNS data. In contrast, the proposed
model predictions match total particle fluctuating kinetic energy to within 5% of the DNS data for low- to high-inertia particles. For inertial
particles, the model matches the variance of uncorrelated particle velocity to within 10% of DNS results, compared to 60%–70% under-
prediction with no model. It is concluded that the proposed model is applicable for flow configurations involving tracer and inertial particles,
such as transport and dispersion of pollutants or virus particles.

VC 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0121344

I. INTRODUCTION

Dilute turbulent particle-laden flows are common in various nat-
ural and industrial processes, such as aerosol drug inhalation,1–3 pol-
lutant dispersion in urban environments,4 and disease spread by
cough plume dispersion.5–7 Due to low solid volume fraction and
high-density ratio between particles and carrier fluid (low particle
mass loading), particle dynamics are mainly controlled by the carrier
fluid. The fluid phase velocity fluctuations significantly alter particle
transport and dispersion, and can fundamentally change how particles
cluster in the carrier phase.8 The influence of the carrier fluid on parti-
cle dynamics is mainly characterized by the Stokes number, which is
the ratio of particle drag timescale to the Kolmogorov timescale (time-
scale at which viscosity dominates).9–11 Accurately capturing the influ-
ence of particle Stokes number on particle motion is a key challenge in
dilute turbulent particle-laden flows12,13 due to interactions between
fluid and particles ranging over several length and timescales.14

Understanding of particle transport in turbulent flows is crucial for
designing engineering solutions to mitigate pollutant and virus
dispersion.

Dilute turbulent particle-laden flows have been studied using
computational modeling approaches such as particle-resolved direct
numerical simulation (DNS),15–17 where all temporal–spatial struc-
tures of flow are resolved without any models.18 However, particle-
resolved DNS is computationally infeasible for high Reynolds number
flows or tracking many particles, meaning coarser modeling
approaches are required for engineering applications such as modeling
aerosol inhalation. Mehrabadi et al.15 found point-particle DNS to
agree well with particle-resolved DNS, particularly when mass loading
was low and the particles have limited or no influence on the carrier
fluid. In the point-particle approach, particles are tracked in a
Lagrangian fashion by solving Newton’s equations of motion and
an additional model is required for fluid–particle interactions.18–21
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When modeling flows in complex geometries or at high Reynolds num-
ber, it is also infeasible to fully resolve all temporal–spatial structures of
carrier fluid motion. Therefore, it is necessary to use the Reynolds-
averaged Navier–Stokes or large-eddy simulation (LES) approach.22,23 In
the Reynolds-averaged Navier–Stokes approach, the fluid fluctuating
motion is modeled through additional transport equations for the evolu-
tion of variables such as turbulent kinetic energy and dissipation rate
(k–e).24–26 In the LES approach, the large scales of turbulence are directly
resolved and the scales smaller than the characteristic mesh size are
filtered out (see Germano27 for an overview of LES filtering). Effects
of unresolved “subgrid” scales are accounted for with a subgrid
model.23,27,28 Reynolds-averaged Navier–Stokes and LES are both widely
used for modeling fluid transport in simulations of particle-laden turbu-
lent flows where the “resolved” fluid flow field is used to calculate the
fluid–particle interactions (e.g., drag force). However, in both approaches
there is an unresolved fluctuating fluid velocity that can influence the
drag force acting on a particle, thereby causing an under-prediction of
particle fluctuating kinetic energy for low- to moderate-inertia par-
ticles.8,29 As LES provides predictions of fluid phase fluctuations with
higher accuracy, in this study we choose to focus on LES modeling of
dilute particle-laden flows. However, neglecting the effect of subgrid
fluid fluctuations on particle dynamics can cause errors in macroscopic
quantities of the particle phase such as total particle fluctuating kinetic
energy and the resultant phenomena of preferential concentration.8,29,30

Therefore, we require an additional model to account for the effect of
subgrid fluid fluctuations on the particle phase.

To account for subgrid fluid fluctuations, a Langevin-type sto-
chastic differential equation (SDE) has been developed to predict the
“fluid velocity seen by a particle,” which is used to compute the drag
force in dilute particle-laden turbulent flows.31 These models solve a
stochastic differential equation (SDE) for the fluid velocity “seen” by a
particle, where the fluctuating component represents the randomness
of the unresolved turbulence.32,33 Langevin-type stochastic models
have been well developed for large-eddy simulations of single-phase
reactive flows32,34–38 and Reynolds-averaged Navier–Stokes models of
particle-laden turbulent flows.31,39–45 Recently, there have been studies
on LES stochastic models for dilute particle-laden flows8,13,33,46–50 and
theoretical frameworks were proposed on how to adapt closures for
SDE models of dispersed two-phase flows from Reynolds-averaged
Navier–Stokes to LES modeling.33,49,51 This has potential to allow for
inclusion of key viscous terms that were well-developed for SDE
modeling of single-phase flows.36,45,52 The importance of modeling the
effect of viscosity on dispersion is key in near-wall regions,36,45 or
homogeneous flows decaying from fully developed turbulence to lami-
nar flow (low Reynolds number). Flow regions dominated by viscosity
(locally low Reynolds number) have been modeled in single-phase
flows by including molecular diffusion in space36,43,45 and additional
terms in the SDE closures for the fluid velocity.36,45 However, the effect
of (molecular) diffusion in space is only included in tracer particle sim-
ulations, where there is no effect of drag on the particle velocity.53

Existing LES models for particle-laden flows are based on the simpli-
fied Langevin model for the fluid integral timescale.13,48–50,54 However,
Knorps and Pozorski50 showed in a priori analyses of turbulent chan-
nel flow that the subgrid integral timescale approaches infinity when
the particle approaches the viscous sub-layer in LES-SDE models. As
the subgrid timescale approaches infinity, tracer particles entering the
viscous sub-layer will become trapped as the time taken for a particle to

respond to changes in the local flow is infinitely large. As the timescale
approaches infinity, tracer particles transitioning from turbulent to lami-
nar flow regions will maintain their initial velocity for an infinite period
of time and fail to adapt to the local fluid velocity. This causes the aver-
aged tracer particle velocity field to be inconsistent with the fluid velocity
field (which it should duplicate when particle inertia goes to zero). In
decaying homogeneous isotropic turbulence, this would mean that the
predicted decay of particle fluctuating kinetic energy is not consistent
with the fluid as the particle velocity does not continue to decay. Knorps
and Pozorski50 bypassed this by applying a near-wall damping for the
timescale,55 which is not applicable in unbounded cases such as homo-
geneous isotropic turbulence. The near-wall aspect of Knorps and
Pozorski50 provides additional issues that we do not aim to resolve, such
as energy redistribution from wall-normal to streamwise and spanwise
components45,56 and nonlocal effect of wall pressure. However, new
models that are consistent with the underlying LES fluid solver at high-
to-low Reynolds numbers are needed,51 in order to avoid unphysical
predictions of kinetic energy in decaying turbulent flows.57

Data-driven methods can be used as an alternative approach to
developing closures for unknown terms in LES-SDE models. The
merit of data-driven turbulence models has been demonstrated for
(single-phase) fluid turbulence58–62 and passive scalar dynamics,63,64

where the data-driven approaches produced improved results com-
pared to state-of-the-art closure models from theoretical derivation.
By using data from highly resolved simulations (such as point-particle
DNS),59,65–67 a neural network (NN) can learn a model for the evolu-
tion of a variable, such as the fluid velocity seen by a particle, in simu-
lations of lower resolution. Recently, stochastic models for particle
dynamics have been inferred with neural networks to create “neural
SDEs.”67–71 Neural SDEs have been applied to learn drift and diffusion
terms of a SDE model for Brownian motion68 and epidemic dynam-
ics67 from particle observations at different time instants. Thus, neural
SDEs provide a suitable framework to learn unknown physics required
for model closures in LES-SDEmodels of dilute particle-laden flows.

Therefore, in this study we aim to develop data-driven closures
for stochastic models of particle dispersion in decaying homogeneous
isotropic turbulence. To do this, we first generate a ground truth data-
base, which is constructed on DNSs of decaying homogeneous isotro-
pic turbulence. As we are driven to generate closures which work well
when the turbulence transitions to laminar flow, we perform DNS
from low-to-moderate Reynolds numbers for training. We then use
DNS data to train neural networks to learn unknown terms in our sto-
chastic model for the fluid velocity seen by particles. The developed
model is assessed through a priori and a posteriori analyses of decaying
homogeneous isotropic turbulence at various Reynolds numbers,
including a higher Reynolds number, which is not included in train-
ing. Our computational framework including OpenFOAM-based
fluid–particle solvers and python scripts for neural network model
training is publicly available online in a GitHub repository (https://
github.com/jvwilliams23/turbulent-dispersion-neuralSDE). Data for
training are also available online through Kaggle.72

II. METHODS
A. Ground truth: Direct numerical simulations
of decaying homogeneous isotropic turbulence

To generate database for the neural SDE model training, we
performed DNS in decaying homogeneous isotropic turbulence at
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Re0k ¼ f9; 33; 105g with one-way coupling on an equispaced Ncell

¼ 2563 cell grid occupying a cubic domain of size 2pm in each axis,
where Ncell is the number of cells. The transport equations for the fluid
phase are given as

$ � uf ¼ 0; (1)

@uf

@t
þ uf � $uf ¼ �

1
qf

$pþ $ � s; (2)

where uf is the fluid velocity, p is the fluid pressure, qf is the fluid den-
sity, and s is the viscous stress tensor, given by

s ¼ �f $uf þ $uT
f �

2
3
ð$ � uf ÞI

� �
; (3)

where �f is the dynamic viscosity, and I is the identity tensor.
The dispersed phase is tracked in the Lagrangian reference frame

by following Newton’s equations of motion.20 Considering only drag
(gas–solid flows where qp � qf ), the evolution of a particle’s position,
xp, and velocity up is

dxp ¼ up dt; (4)

dup ¼
uf@p � up

sp
dt; (5)

where uf@p is the fluid velocity at particle position and sp is the time
for a particle to respond to changes in the velocity of the carrier fluid
(called drag response time), which is defined as

sp ¼
qp

qf

4 dp
3CD jur j

; (6)

where qp is the particle density, dp is the particle diameter, and ur is
the relative velocity (uf@p � up). The drag coefficient was given by
Schiller and Naumann73 as CD ¼ 24

Rep
ð1þ 0:15Re0:687p Þ, where

Rep ¼ jur j dp=�f .
Simulations were performed in OpenFOAM v6.74 The fluid con-

servation equations were solved using a second-order central differ-
ence scheme, where the fluxes at the faces were found with third-order
cubic interpolation. The time integration scheme for the fluid phase
was a second-order backward difference scheme75 and a first-order
explicit Euler scheme for the particles. The simulation time step was
based on the fluid Courant number, which was set to be a maximum
of 0.2.76 Fluid properties at the particle position were taken as the cell
value, as we observed the trilinear interpolation in OpenFOAM to
have considerable numerical error (see the supplementary material).
The number of particles in the domain, Np, was Np ¼ 105, and the
particles were forced to be stationary in time to remove noise in fluid
properties at particle position when the particle drifts into a neighbor-
ing cell.

To create the initial flowfield, we created an initial divergence-
free velocity field with the OpenFOAM createBoxTurb function.
The initial energy spectrum followed the relationship for energy with
wavenumber, EðjÞ, provided by Kang, Chester, and Meneveau,77 with
10 000 Fourier modes. We created the spectra using a Python tool for
synthetic turbulence generation named TurboGenPY.78 The flow
statistics at the beginning of the simulation are presented in Table I.
The resolution of the simulation can be assessed by multiplying the
largest wave number jmax by the Kolmogorov length scale,

gk ¼ ð�3=eÞ1=4, where e is the resolved-scale kinetic energy dissipation
rate.79 For adequate numerical resolution of the scales of motion in DNS,
jmaxgk > 1 is required.79,80 In Fig. 1(a), we show the kinetic energy
against jgk, which shows that Re0k ¼ 9 is well-resolved (jmaxgk ¼ 1:5)
and Re0k ¼ 33 is slightly under-resolved (jmaxgk ¼ 0:8). The simulation
is more under-resolved for Re0k ¼ 105 (jmaxgk ¼ 0:45), where an esti-
mated number of cells required to satisfy jmaxgk would be Ncell � 5603

(jmax ¼
ffiffiffi
2
p

Nci=3, where Nci is the number of cells in one axis79). We
therefore did not include Re0k ¼ 105 in training and reserve it for testing
our model. In Fig. 1(b), we show the kinetic energy spectra for DNS and
filtered data (described below). We observe that for all mesh resolutions,
the large-scale features of the flow are retained, including a peak energy
at j � 5.

1. Filtering procedure for training data

The database for LES-SDE model training was deduced by filter-
ing the results from DNS simulations. The filtered fluid velocity is
defined as81

~uf ¼
ð

R3
gðr � xÞuf ðr; tÞdr; (7)

where gðr� xÞ is a weight function which satisfies
Ð

R3gðrÞdr ¼ 1.
The box filter kernel is given by

gðr� xÞ ¼
1

D3
f

if jr� xj �
Df

2
;

0 otherwise:

8><
>: (8)

We applied four widths of D=DDNS ¼ f3; 5; 7; 9g. Training data con-
sisted of using 2000 particles at each time step from the Re0k ¼ 33 cases
(30 timesteps) and 1000 particles from the Re0k ¼ 9 case (20 time-
steps). This means that the total number of particles included in train-
ing is only 1%–2% of the total number of particles available from the
DNS data. All filter widths were included in training. This gave
320 000 data points for training, of which 70% was used for training
and 30% for testing. For a priori testing, we used data from filtered
DNS as model inputs and advanced the transport equation from our
neural SDE one time step (tn ! tn þ DtDNS) to eliminate error from

TABLE I. Summary of flow parameters for decaying homogeneous isotropic turbu-
lence test cases.

Parameter Value

Microscale Reynolds number, Re0k [-] 9/33/105
Large-scale kinetic energy, k0 [m2=s2] 0.36/4:7� 10�5/4:7� 10�4

Large-scale kinetic energy dissipation
rate, e0 [m2=s3]

4.6/1:86� 10�5/1:86� 10�5

Large-scale turbulent timescale, s0L [s] 0.079/25.1/25.1
Kolmogorov timescale, s0k [s] 0.033/2.9/0.9
Kolmogorov length scale, g0k [m] 0.013/0.0068/0.0038
Dynamic viscosity, �f [Pa s] 0.005/1:57� 10�5/

1:57� 10�5

Particle density, qp [kg=m3] 1000
Particle Stokes number, St0 ¼ sp=s0k [-] 0.1/1/5
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time integration over a large time step. To train the neural SDE, as dis-
cussed later, we minimize the difference between neural SDE transport
equation integrated over tn ! tnþ1 (write-time interval) and the
ground truth at tnþ1 (Fig. 2). This is due to the practical limitation,
that the change in velocity over the interval DtDNS is small and imprac-
tical for training (discussed below).

B. LES modeling and particle dynamics

To assess particle dispersion a posteriori, we performed LES on
mesh resolutions Ncell ¼ f853; 513; 363; 283g, where the cell size is
approximately the same as the filter width in our a priori filtering
(D=DDNS ¼ f3; 5; 7; 9g). The particles are transported following a sys-
tem of stochastic differential equations (SDEs). To focus on dilute
particle-laden flows, we assume that there is no effect of particles on
carrier phase dynamics (one-way coupling).14 Therefore, the volume-
filtered equations of motion for the carrier phase are described as19,21

$ � ~uf ¼ 0; (9)

@~u f

@t
þ ~u f � $~u f ¼ �

1
qf

$~p þ $ � ð~s � ssgsÞ; (10)

where bold lower-case symbols represent a vector, and bold upper-
case symbols represent a second-order tensor (unless stated other-
wise). ð~� Þ represents a volume-filtered field, ~u f is the filtered fluid
velocity, ~p is the filtered fluid pressure, ~s is the filtered viscous stress

tensor, and ssgs is the subgrid viscous stress from filtering. The
volume-filtering is achieved by applying the top-hat filter following
(8), where D ¼

ffiffiffiffiffi
Vc

3
p

, where Vc is the volume of a computational
cell.82,83 We modeled ssgs by an eddy-viscosity concept22 as

ssgs ¼
2
3
ksgsI� 2 �sgs ~S; (11)

where �sgs is the subgrid viscosity, ~S ¼ ð$~u f þ $~uT
f Þ=2 is the filtered,

or “resolved,” strain rate tensor, and ksgs is the subgrid kinetic energy.
The subgrid viscosity and kinetic energy are computed using the Wall-
Adapting Local Eddy-viscosity (WALE) model proposed by Nicoud
and Ducros.84 This model is based on the filter width and invariants of
the velocity gradient tensor, giving ksgs as

ksgs ¼
C2
wD
Ck

� �2 j~Sd � ~Sdj
� �3

j~S � ~Sj
� �5=2

þ j~Sd � ~Sdj
� �5=4� �2 ; (12)

where ~S ¼ ð$~u2
f þ ½$~u2

f �
TÞ=2; ð � Þd is the deviatoric part of a tensor,

j � j is the magnitude which for a second-order tensor, T, we find by

jTj ¼
ffiffiffiffiffiffiffiffiffiffi
T : T
p

, wherein : denotes the double scalar product. Modeling
constants are Cw ¼ 0:325 and Ck ¼ 0:094.84 The subgrid kinetic
energy dissipation rate, esgs, was computed by

esgs ¼ Ce

k3=2sgs

D
; (13)

where Ce ¼ 1 is a model parameter.85

The transport equation for particle velocity remains as Eq. (5),
where uf@p is replaced by us, which is the fluid velocity seen by a parti-
cle. For LES without our dispersion model, us ¼ ~u f@p, where ~uf@p is
the filtered fluid velocity at the particle position.

C. SDE for the fluid velocity seen by a particle

The fluid velocity seen by a particle, us, is typically obtained by
interpolating the resolved fluid phase velocity (from either LES or
Reynolds-averaged Navier–Stokes modeling) to the particle posi-
tion.2,3,30,86,87 However, this provides erroneous particle trajectories,

FIG. 1. Initial energy spectra in homoge-
neous isotropic turbulence. Panel (a)
shows the effect of varying Re0k on the
cutoff wavenumber relative to the
Kolmogorov length in our DNS. Panel (b)
shows effect of filter width on amount of
large-scale energy resolved in simulation.

FIG. 2. Schematic overview of timeline for data extraction from DNS. Particle prop-
erties (up) and fluid properties at the particle position (uf@p; ksgs@p; esgs@p; ~u f@p)
were written from t0 to tN. At each saved time step, we record properties at the start
and end of time step (½tn; tn þ DtDNS�, where n ¼ 1;…;N).
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particularly for low-inertia particles whose dynamics are mainly con-
trolled by turbulent fluctuations.8,13,30,49 These fluctuations can be
accounted for with a stochastic model with LES modeling given as49

dus ¼ �
1
qf

$~pð Þ@p dt þ �f $ � $~u f
	 


@p
dt

þ ð~up@p � ~uf@pÞ � $~u f
	 


@p
dt

�G � ðus � ~u f@pÞ dt þ B � dw; (14)

where ~up@p is the Eulerian particle velocity at the particle position
obtained from ensemble averaging over all particles in a cell using the
same filter kernel for LES filtering as shown in Eq. (8). The Eulerian par-
ticle velocity can be interpreted as a local mean particle velocity.50 dw is
a vector of independent random variables sampled from a Gaussian dis-
tribution (Nð0; dtÞ) named a Wiener process.88,89 This stochastic pro-
cess represents the disordered nature of the unresolved scales, which
occur at a timescale much smaller than the observed time interval, dt.41

G and B are drift and diffusion tensor coefficients, respectively.
In homogeneous isotropic turbulence, there are no mean gra-

dients. Therefore, all terms except the bottom row of (14) are negligi-
ble, and us could be modeled with only the terms in the bottom row,
as done by Pozorski and Apte.13 We have included these terms to
allow for our model to be extended to inhomogeneous flows (such as
turbulent channel flow). Additionally, as the flow configuration is
homogeneous isotropic turbulence, the mean velocity is zero in all
directions, and the drift and diffusion parameters are isotropic.22

Therefore, the model parameters can be treated as G ¼ G I and
B ¼ B I.22 The drift coefficient is related to the fluid timescale, T by
T ¼ 1=G as described by Pope.22 In this study, we determine the
unclosed terms G and B with a neural network for each term, G ¼
GNN and B ¼ BNN .

In our flow configurations, we did not include external fields such
as gravity (5). It is well known that particle dispersion and settling in the
presence of external fields are modified due to the crossing trajectory
effect.90–92 Crossing trajectories can exist in homogeneous isotropic tur-
bulence, without external fields when the particle inertia is high enough
to cross from one eddy to another. This is known to have some influ-
ence on how quickly the particle velocity becomes uncorrelated from
the local fluid velocity,93 and is often included in stochastic models as a
modification to the subgrid timescale, based on the drift velocity
(~ur@p).

13,33,49–51,85 In our study, we did not include any modification to
the timescale through the crossing trajectory effect as the root-mean-
squared (rms) drift velocity was always observed to be lower than the
rms fluid velocity.91,94 Therefore, although our model (14) is a simplifi-
cation of the general form given by Minier,33 which included a modifi-
cation to drift timescale due to crossing trajectories, it is well suited to
our case. One may include a modification to the timescale in the pres-
ence of large drift by T	 ¼ TNN=b, where an isotropic form of b is given

for simplicity as b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Cj~ur@pj2=ð2ksgs=3Þ

q
and C is a model con-

stant.51 A similar modification should be made to BNN.
Regarding the presence of the viscous term in (14), there are sev-

eral forms that can be chosen. We chose the form in (14) as it is simple
and has been shown to work well in LES-SDE models of particle laden
flow.49,50 Gicquel et al.36 proposed two stochastic model formulations
and tested them in an unbounded jet flow. One of their formulations
explicitly accounted for molecular diffusion in space and in the SDE for

fluid particle velocity, while the other model formulation was a simplifi-
cation that did not account for viscous effects. In the results of Gicquel
et al.,36 similar results were observed for the fluid kinetic energy and dis-
sipation. This suggests that, in unbounded flows, the exact treatment of
molecular diffusion in the stochastic model is of little influence. In wall-
bounded flows, the inclusion of anisotropic viscous effects is of high
importance and may require including additional terms that are consis-
tent with the second-moment equations for subgrid stresses36 as done
to link stochastic models to Reynolds stresses by Pope.35

1. Neural network model

To construct a data-driven model, we first identify the flow features
that should be used as model inputs. Haworth and Pope32 stated that the
model terms G and B depend on the turbulent kinetic energy, ksgs, the
turbulent dissipation rate, esgs, and velocity gradients which we exclude
here as the flow is homogeneous with no spatial gradients. Additionally,
in the LES approach there is a dependence on the filter width, D (where
D ¼

ffiffiffiffiffi
Vc3
p

; Vc is the volume of a computational cell). Therefore,
our model inputs are the subgrid timescale s	sgs ¼ ssgs@p=sk@p

¼ ksgs@p=ðesgs@psk@pÞ, and subgrid length scale D	 ¼ D=gsgs@p. We have
normalized our model inputs using the Kolmogorov length scale at the

particle position,95 gsgs@p ¼ ð�3f =esgs@pÞ1=4, and timescale at the particle

position, sk@p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�f =esgs@p

p
.

The model for the fluid velocity seen by a particle (14) can be dis-
cretized in time using the numerical scheme presented by Minier,
Peirano, and Chibbaro.96 This scheme is an adaptation of the explicit
Euler–Maruyama scheme for SDEs, which uses an exponential for the
ratio between the time step and fluid or particle timescale (such as
exp ½�Dt=sp�), which makes the scheme stable for any combination of
Dt=sp or D=T . The scheme is given as follows:

unþ1
sðiÞ ¼ un

sðiÞ expð�Dt=TnÞ þ cnðiÞ T
n 1� expð�Dt=TnÞ½ � þ cnðiÞ;

(15)

cnðiÞ T
n ¼ � $~pð ÞðiÞ@p þ �f $ � $~u f ðiÞ@p

h
þð~upðiÞ � ~u f ðiÞ@pÞ � $~uf ðiÞ@p

i
Tn þ ~u f ðiÞ@p; (16)

cnðiÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:5 ðBNNÞ2 Tn 1� expð�2Dt=TnÞ½ �

q
nðiÞ; (17)

where the notation ð�ÞðiÞ represents the ith component of a vector, and

the notation ð�Þn represents the nth time step. nðiÞ is a random value
sampled from a distributionNð0; 1Þ. T is the fluid timescale found by
T ¼ 1=GNN , and c is the drift vector. To account for the unknown
subgrid contributions in the initial fluid velocity, we make the initial

condition for up and us such that u0
s ¼ u0

p ¼ ~u0
f þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 k0sgs=3

q
n.

Our target is to learn the closures for GNN and BNN such that the
us predicted by our integration of Eq. (15) is the same as us obtained
from DNS simulations (Fig. 3). Therefore, we learn the increment of
dus between one time step where simulation data have been saved,
t¼ n, and the next time step where simulation data were saved
t ¼ nþ 1. For DNS, it is infeasible to save all timesteps due to storage
limitations. Therefore, simulation data were saved at intervals of 40
DNS timesteps as shown in the timeline in Fig. 2. We found it to be
more effective to learn using the change in us over this large interval
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rather than a single time step as the change in us over a single DNS
time step was very small. When training a neural network, this can
cause a so-called vanishing gradients issue where the training does not

converge, or converges to an incorrect solution.97,98 Therefore, we
minimize the following loss function based on the evolution of the
SDE (15) from time step t¼ n to t ¼ nþ 1:

L ¼ 1
Ns

XNs

i¼1
ðunþ1;NN

s;ðiÞ � unþ1;data
s;ðiÞ Þ2 þ CLlog

ut¼nþ1;data
s;ðiÞ � ðun

s;ðiÞ expð�Dt=TnÞ þ cnðiÞ T
n 1� expð�Dt=TnÞ½ �Þ

h i2
0:5 ðBNNÞ2 T 1� expð�2Dt=TÞ½ �

0
@

1
A

2
4

3
5
; (18)

whereNs is the number of samples used for training (one particle-time
step pair is one sample) and CL¼ 0.02. The first term in the loss func-
tion compares the mean-squared error in the output of the NN with
the data, which requires a sufficiently large batch size and number of
samples to minimize the statistical error in the random term, c (17).
Therefore, to minimize statistical error, we took the average of the first
term in (18) over 50 independent realizations (50 separate values of n).
The second term in (18) calculates the distance from ut¼nþ1;data

s;ðiÞ and
the SDE distribution

Nðun
s;ðiÞ expð�Dt=TnÞ þ cnðiÞ T

n 1� expð�Dt=TnÞ½ �;
0:5 ðBNNÞ2 Tn 1� expð�2Dt=TnÞ½ �Þ: (19)

We take the logarithm of this to prevent large fluctuations in the loss
as the diffusion term approaches zero (exploding gradients issue dis-
cussed by Hochreiter et al.98). We found that computing the second
term in (18) without the logarithm causes the denominator to increase
without bound and produces incorrect results (for BNN and GNN).

Results created from deep learning architectures such as neural
networks are sensitive to parameters such as the number of layers,

number of nodes per layer, the activation functions, and the initial
condition of the weights and biases. We determined these so-called
hyperparameters through manually tuning. From this, we found a
suitable architecture to be four layers with 128 nodes per layer. The
hidden layer biases were initialized to be zero, and weights were initial-
ized asNð0;w2

hÞ, where wh ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=nnode;j

p
and nnode;j is the number of

nodes in the input weight tensor for layer j.99 We applied regulariza-
tion to the L1 and L2 norms of the biases in the hidden layers of both
neural networks, where L1 penalty was 0.001 for both neural networks
and L2 was 0.001 for GNN and 0.0001 for BNN (chosen empirically).
The drift term neural network used ReLu activation function for hid-
den layers, where the output of each node in the hidden layer, y, is y
¼ maxð0;wx þ bÞ (for a simple 1 node layer, where w is the node
weight, x is the node input, and b is the node bias). The diffusion term
neural network used hyperbolic tangent activation function for the
hidden layers. The output layer weights for GNN were initialized as
Uð�wh;whÞ. The output layer weights for BNN were initialized as
Uð�wh;whÞ. We applied regularization to the output values of the
final layer, as we found occasionally some weights in the output layer
would overfit and become very large (with the same regularization
penalties as used for hidden layer biases). The output layer biases were
fixed at zero in all networks trained. The output layers used a softplus
activation function to ensure that GNN and BNN were positive-definite.
Except the activation functions, which were empirically chosen, the
architecture for GNN and BNN was the same. This choice is similar to
previous studies100–102 where different architectures (in terms of num-
ber/shape of layers, or activation function) were used to enforce certain
behavior when simultaneously training more than one neural network
with competing outputs. The network was trained stochastic gradient-
descent with a learning rate of 10�4. We implemented our neural net-
work modeling framework using Keras103 and TensorFlow 2.4.104 Our
code was based on the code provided on GitHub by Dietrich et al.67

Details of our training, such as tested models and final model loss
curves, are given in Appendix B.

Finally, as training a neural network is sensitive to local minima,
some steps must be taken to optimize this process. The first step being
to normalize our NN inputs to below one to minimize any large
“exploding” gradients.98 Therefore, we scale the normalized timescale
as s	sgs=Cs and the length scale as D	=CD, where CD and Cs were
chosen such that the maximum value of the normalized length scale
and timescale in the training set was 1 (Cs¼ 26 and CD¼ 150).
Additionally, optimization algorithms such as stochastic gradient
descent converge best if the initial output is near the expected, correct
value.105 This cannot be achieved by applying a constant scaling value,
as when the flow becomes laminar, the drift term GNN should

FIG. 3. Schematic overview of neural SDE training and architecture. Simulation is
trained on interval t¼ n to t ¼ nþ 1. Network inputs are given as green nodes,
and outputs are blue nodes. The output parameters, GNN and BNN, are then used
to compute uNN

s using filtered DNS data. Loss ‘, Eq. (18), is computed by compar-
ing uNN

s to DNS data udata
s ¼ uf .
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approach infinity (TNN ! 0) and BNN should approach zero.
Through trial and error, we found the following NN scalings to pro-
duce a close initial output, which converged to a correct solution:

GNN ¼
ffiffiffi
�
p

f NN
s	sgs
Cs
;
D	

CD

� �� ��1
CGCs

s	sgs
; (20)

BNN ¼ �f NN
s	sgs
Cs
;
D	

CD

� �
CBD

	

CD
; (21)

where f NNð�Þ is a non-linear function output from a neural network
that depends on the parameters enclosed in brackets. CG and CB were
chosen empirically as 5 and 1000. These constants and scaling were
chosen to provide a NN that produced a kinetic energy decay close to
the target value (DNS data) at initialization (epoch 0). Scaling GNN

with 1=s	sgs ensured that the integral scale TNN ¼ 1=GNN ! 0 when
the flow becomes laminar.

III. RESULTS
A. A priori analyses

First, we assessed the model by a priori analysis at varying filter
width in the Re0k ¼ 33 case. We quantified model performance by

comparing the fluctuating kinetic energy (k ¼ tr½ðu� huiÞ

ðu� huiÞ�, where hui is the domain-averaged velocity, which is
equal to zero) for tracer particles (us ¼ up) (Fig. 4). This is compared
to the fluctuating kinetic energy based on the DNS tracer particle
velocity, uf@p, and based on the filtered DNS tracer particle velocity,
~u f@p. Our neural SDE recovered the DNS kinetic energy at all filter
widths shown. For larger filter widths, the effect of unresolved fluctua-
tions on the kinetic energy became more apparent. In the largest filter
width, the relative error in k compared to the DNS data at the first
time step was 0.5% for uNN

s and 41.3% for ~uf (without the model). For
the smallest filter width, the relative error in k in the first time step was
0.3% for our neural SDE. The relative error in the filtered DNS data
compared to the DNS data was 8% in the first time step. These results
show that the dispersion model recovers filtered out scales in simula-
tions with a range of filter widths.

To assess generalization to varying homogeneous isotropic turbu-
lence flow configurations, we performed a priori tests at varying Re0k
(Figs. 4 and 5). For all three Re0k tested, our developed neural SDE gave
good agreement with the DNS data. The maximum error was <1%
for Re0k ¼ 9 [Fig. 4(c)], 7% for Re0k ¼ 33 [Fig. 5(a)], and 4% for
Re0k ¼ 105 [Fig. 5(b)]. In contrast, the maximum error in the filtered

FIG. 4. Decay of tracer particle fluctuating
kinetic energy in a priori tests of homoge-
neous isotropic turbulence at Re0k ¼ 33
for various filter sizes (a) 3DDNS, (b)
5DDNS, (c) 7DDNS, (d) 9DDNS. Flow con-
figuration of homogeneous isotropic turbu-
lence is given in Table I.
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dataset with no model was 31% for Re0k ¼ 9 and 47% for Re0k ¼ 33
and Re0k ¼ 105. This a priori analysis showed a significant improve-
ment in the accuracy of fluctuating kinetic energy from using the pro-
posed neural SDE dispersion model. Furthermore, the model is also
consistent with the decay from turbulent to laminar flow, suggesting
that the neural SDE integral timescale is consistent with the underlying
fluid solver.51,57

Particle fluctuating kinetic energy decay was assessed through a
priori analyses at varying Stokes number, St0 ¼ sp=s0k (Fig. 6). For
low-inertia particles [St0 ¼ 0:1, Fig. 6(a)], the NN model predicted
particle fluctuating kinetic energy to within 5% error throughout the
simulation and the filtered DNS data under-predicts particle fluctuat-
ing kinetic energy by a maximum of 19%. For high-inertia particles
[St0 ¼ 5, Fig. 6(b)], the results from both filtered tests (with and with-
out our model) match the DNS data within 1%. This agrees with liter-
ature as larger particles with large drag response times are less
sensitive to fast fluctuations in the carrier fluid, meaning that turbulent
dispersion is not influential.14

From the presented a priori analyses, we observe that our model
is independent of filter width. In contrast, the filtered kinetic energy
with no model showed high mesh dependence. Additionally, we have
shown that our model works for a range of Re0k, including high
Re0k ¼ 105, which is also not included in the training data. Finally, we
see the effect of the model on inertial particles, which showed that
low-inertia particles are influenced by the dispersion model. The influ-
ence of filtering was found to be negligible for high-inertia particles,
which agrees with literature.8

B. A posteriori analyses

To assess particle dispersion a posteriori, we performed simula-
tions of tracer dispersion to assess the performance of the neural SDE
in the presence of additional errors such as subgrid modeling and
numerical discretization. This will alter the evolution of fluid proper-
ties used as network inputs and is therefore a necessary test to ensure
robustness.106 The domain had the same dimensions and initial

FIG. 5. Decay of tracer particle fluctuating
kinetic energy in a priori tests of homoge-
neous isotropic turbulence at (a) Re0k ¼ 9
and (b) Re0k ¼ 105 for a filter size,
D ¼ 7DDNS. Flow configuration of homo-
geneous isotropic turbulence is given in
Table I.

FIG. 6. Decay of inertial particle fluctuat-
ing kinetic energy in a priori tests of homo-
geneous isotropic turbulence at (a)
St0 ¼ 0:1 (low inertia), (b) St0 ¼ 5 (high
inertia). Results show Re0k ¼ 33 at filter
size D ¼ 7DDNS. For St0 ¼ 5, all
markers are overlapping.
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parameters described in Sec. IIA. Similar to the a priori tests, the a
posteriori simulations show good agreement with the DNS data for the
LES with NN for all mesh resolutions, Ncell ¼ f853; 513; 363; 283g
(Fig. 7). The LES without the model cases also agree well with the
DNS data for high mesh resolution, Ncell ¼ 853 [Fig. 7(a)]. However,
LES on the coarser grids shows an under-prediction in k [Figs.
7(b)–7(d)]. For 9DDNS [Fig. 7(d)], our NN under-predicted k by 14%
at the start of the simulation (t=s0L ¼ 0:1) compared to 40% under-
prediction for LES alone without the model. In the two coarsest-grid
simulations [Figs. 7(c) and 7(d)], the initial k is under-predicted and
begins to increase due to the large additional fluctuation provided by a
large value of BNN. This increase in k has a lag, which is determined by
the timescale, TNN. This is qualitatively similar to results shown by
Shotorban and Mashayek46 for the decay of k, which increased from
the k predicted by LES with no model, to approach the DNS k. Their
stochastic model then matched the DNS prediction of k for t=s0L > 1.

We have assessed whether the us model is mesh independent in
a posteriori analyses (see Fig. 7). We performed simulations on a
coarse mesh at larger Re0k (Fig. 8). For all Re0k, the LES data under-

estimates the k predicted by DNS by around 40%. For Re0k ¼ 9 and
105, the LES with no model underestimates the DNS kinetic energy by
20% at t=s0L ¼ 1, whereas our dispersion model over-estimated the
kinetic energy by 5% (Fig. 8).

For our a posteriori analysis of inertial particle dispersion, we
decompose the particle velocity in two parts.107 One is a component
that is spatially correlated (the mean Eulerian particle velocity field),
and the other component is uncorrelated and quasi-random in nature,
caused by crossing trajectories. The uncorrelated component is ampli-
fied as inertia increases and the heavy particles’ trajectories will cross
with the local mean flow.107 The correlated component is dominant
for low-inertia particles.107 Moreau, Simonin, and B�edat12 applied this
velocity partitioning analysis to decaying homogeneous isotropic tur-
bulence, with a single-flow realization and a large number of particles
(Np ¼ 8� 107; Nppc � 300, and Ncell ¼ 643). For our a posteriori
analyses of inertial particle dispersion, we used Np ¼ 107 (Nppc > 200
when Ncell ¼ 363, where Nppc is the number of particles per cell) to
minimize statistical error in calculation of second-order velocity
moments (23).

FIG. 7. Decay of tracer particle fluctuating
kinetic energy in a posteriori tests of
homogeneous isotropic turbulence at
Re0k ¼ 33 for various mesh resolutions,
D, (a) 3DDNS, (b) 5DDNS, (c) 7DDNS, (d)
9DDNS. Flow configuration of homoge-
neous isotropic turbulence is given in
Table I.
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By following these studies, we calculated the correlated velocity
in each computational cell as

~up ¼
1

Nppc

XNppc

i

uðiÞp gðxðiÞ � rÞ

XNppc

i

gðxðiÞ � rÞ
; (22)

and the uncorrelated velocity of a particle, i, was found by

duðiÞp ¼ uðiÞp � ~uðiÞp@p: (23)

With these definitions of velocity partitions, we can calculate the
corresponding kinetic energy partitions. The domain-averaged particle
total kinetic energy, kp, can be found as

kp ¼
1

2Np

XNp

i

trðuðiÞp 
 uðiÞp Þ: (24)

The domain-averaged correlated and uncorrelated components
of particle fluctuating kinetic energy are found as

~kp ¼
1
2

XNcell

i

trð~uðiÞp 
 ~uðiÞp Þ ~nðiÞp

XNcell

i

~nðiÞp

; (25)

dkp ¼
1

2Np

XNp

i

trðduðiÞp 
 duðiÞp Þ; (26)

where ~np is the local particle number density.
The correlated and uncorrelated velocity components are sensi-

tive to the size of the filter, r, used for computing ~up in Eq. (22).108,109

When calculating the velocity partitioning, we use the adaptive filter
proposed by Capecelatro, Desjardins, and Fox108 to compute ~up,
which is given as

rðapÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nppc d3p

ap

3

s
; (27)

where ap is the local solid volume fraction and Nppc is the number of
particles locally available for sampling. As an initial guess of filter
width is required to calculate ap, we set the initial r0 as the same size as
the cell size of the LES mesh and perform six iterations to converge to
a steady value of r. The same initial conditions for calculating r were
used for analyzing both the LES and DNS datasets.

In Fig. 9, we assess the total, correlated, and uncorrelated compo-
nents of particle fluctuating kinetic energy from our dispersion model.
For all St0 number, the model with initial condition generator recovers
the total particle fluctuating kinetic energy. We see that the model
increases the uncorrelated (random) component, which is consistent
as the stochastic term in our model follows a Gaussian distribution
with zero mean. For all St0 numbers, we can see that ~kp is approxi-
mately same for DNS and both LES. As particle inertia increases, the
particle motion becomes increasingly uncorrelated with the mean fluid
motion as shown by a larger dkp which agrees with previous
studies.12,107

In Fig. 10, we assess the particle fluctuating kinetic energy decay
at a low and high Re0k. Similar to as shown for tracer particles (Fig. 8),
our model has slightly underfit to the low Re0k case. For Re0k ¼ 105
(not in training data), we achieve good agreement with the DNS pre-
dictions, particularly for kp and dkp. For ~kp, the Re0k ¼ 105 data are
slightly under-predicted. This is likely due to the neural network
extrapolating to input values that were unseen in training, and may
begin to worsen if larger Re0k are tested. Although it is positive that the
model still performs well in predicting the total particle fluctuating
kinetic energy, a diverse filtered DNS database is required to improve
the generalization of the neural SDE.

Time evolution of particle fluctuating kinetic energies in Figs. 9
and 10 shows good agreement between DNS and the dispersion model
for predicted domain-averaged kinetic energy components. To gain a
deeper insight into the velocity distribution, we evaluated the instanta-
neous probability density function (PDF) of correlated and uncorre-
lated particle velocity (Fig. 11). For St0 ¼ 1, the variance predicted by
the neural SDE agrees well with the DNS data (within 3% error),

FIG. 8. Decay of tracer particle fluctuating
kinetic energy in a posteriori tests of
homogeneous isotropic turbulence at (a)
Re0k ¼ 9 and (b) Re0k ¼ 105. LES simula-
tions performed with mesh resolution Ncell
¼ 36 (D ¼ 7DDNS). Flow configuration of
homogeneous isotropic turbulence is
given in Table I.
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compared to the LES with no model, where the variance predicted is
70% lower than the DNS [Fig. 11(a)]. In contrast, the excess kurtosis
(fourth central moment) for LES with our model was 6.4 compared to
the DNS value of 0.6. The excess kurtosis for LES with no model was
6.7, which is a factor of 12 larger than the DNS. For St0 ¼ 5 [Fig.
11(b)], the variance predicted by the LES with our model is 6% lower
than the DNS data, compared to LES with no model under-predicted
the DNS variance by 60%. The excess kurtosis of St0 ¼ 5 particles for
LES with no model is significantly lower than St0 ¼ 1 (3.1 compared
to 6.7). It is unclear why the excess kurtosis of the LES PDFs departs
heavily from Gaussianity. We expect this may be due to our choice of

interpolation scheme, which could enhance the probability of particles
to tend toward dup ! 0. The dup distributions qualitatively agree
with results of Moreau, Simonin, and B�edat,12 as the uncorrelated
velocity for high-inertia particles approaches a Gaussian distribution.

The instantaneous correlated particle velocity PDFs of both LES
datasets agree well with the DNS for both St0 [Figs. 11(c) and 11(d)].
Only minor differences were observed, including that the variance of
the PDF predicted by LES with our model under-predicted the DNS
data by 9% for St0 ¼ 1 and 6% for St0 ¼ 5. The PDF variance pre-
dicted by LES with nomodel is within 3% for both St0. The excess kur-
tosis is less than 0.5 in all cases, showing the distribution is very close

FIG. 9. Time evolution of particle fluctuat-
ing kinetic energy components in a poste-
riori tests of homogeneous isotropic
turbulence, with varying St0 number and
filter size D ¼ 7DDNS at Re0k ¼ 33. Rows
are St0 ¼ 0:1; St0 ¼ 1; St0 ¼ 5 (top-to-
bottom).
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to Gaussian. Similar to Figs. 9 and 10, these results confirm that LES
filtering affects only the uncorrelated component of particle velocity.
However, by examining the PDF (Fig. 11), our results show that a sto-
chastic model can recover the same variance as DNS simulations, but
not higher-order moments such as kurtosis.

We have analyzed the instantaneous PDF of particle velocity
components for Re0k ¼ 105 (Fig. 12), to understand the behavior of
the particle fluctuating kinetic energy (Fig. 10 lower). The variance of
the correlated velocity PDF predicted by LES with our model under-
predicts the DNS variance by 25%, compared to 1% over-prediction
by LES with no model [Fig. 12(a)]. The uncorrelated velocity variance
is under-predicted by 60% by LES with no model and over-predicted
by 60% for LES with our model [Fig. 12(b)]. The excess kurtosis pre-
dicted by LES with no model was 8.6 times larger than the DNS pre-
dictions. The excess kurtosis predicted by our model was 3.4 times
larger than the DNS predictions. These results show that although the
domain-averaged particle fluctuating kinetic energy components are
well-predicted by our model on out-of-distribution data (Fig. 10
lower), the moments of the uncorrelated velocity distribution show
larger differences compared to the DNS data.

IV. DISCUSSION AND CONCLUSIONS

In this study, we aimed to develop a new approach for modeling
turbulent dispersion in large-eddy simulation of dilute turbulent
particle-laden flows. Our developed model is based on the classic
Langevin-type equation for dispersion,33,49,51 where each unclosed

term is inferred with a neural network (called a neural SDE). To create
training data for the neural SDE, we performed DNS of decaying
homogeneous isotropic turbulence. The DNS fluid velocity field was
filtered in post-processing and these filtered data were used to extract
subgrid turbulent properties (ksgs and esgs), which were used for train-
ing and a priori analysis. The trained network was then used for a pos-
teriori simulation in homogeneous isotropic turbulence to assess
kinetic energy decay of tracer and inertial particles, which showed sig-
nificant improvement over LES modeling with no dispersion model.
The proposed neural SDE has been shown to provide improved pre-
dictions of particle velocity distributions and fluctuating kinetic energy
decay in unbounded flows.

The proposed approach can be easily extended to include varying
physics, such as shearing flow in the boundary layer of wall-bounded
flows.58 Furthermore, LES-SDE models for dispersion in moderate-
dense flows may be derived by using two-way coupled simulations of
particle transport for training data. Stochastic models with theoreti-
cally derived closures have been developed for two-way and four-way
coupled simulations with Reynolds-averaged Navier–Stokes fluid
modeling,39,40 but no such model exists for LES treatment of the fluid
phase.

Aside from extending the neural SDE to incorporate additional
physics, one potential area for future improvement is to improve the
ease of training. As mentioned after Eq. (18), developing a loss func-
tion that could model transitional flow created difficulties when
BNN ! 0. One potential solution may be to use our generated dataset

FIG. 10. Time evolution of particle fluctu-
ating kinetic energy components in a pos-
teriori tests of homogeneous isotropic
turbulence, with varying Re0k at St0 ¼ 1.
Filter size for LES was D ¼ 7DDNS.
Rows are (top) Re0k ¼ 9, (bottom)
Re0k ¼ 105.
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FIG. 11. Probability density function of
instantaneous uncorrelated (top) and cor-
related (bottom) particle velocity at
t=s0L ¼ 1. Panels show (a,c) St0 ¼ 1 and
(b,d) St0 ¼ 5. Velocities are normalized
by the standard deviation of the DNS
uncorrelated velocity. Simulations were
performed at Re0k ¼ 33 with Ncell ¼ 363

(7DDNS).

FIG. 12. Probability density function of
instantaneous particle velocity compo-
nents at Re0k ¼ 105 with St0 ¼ 1. Panels
show (a) correlated and (b) uncorrelated
velocities. Velocities are normalized by the
standard deviation of the DNS velocity
component. Simulations were performed
with Ncell ¼ 363 (7DDNS). Distribution
shown from time instant t=s0L ¼ 1.
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of filtered particle-laden DNS to train a neural network to describe
unknown terms in the Fokker–Planck equation for turbulent disper-
sion, where the loss function is constrained by the residual of the par-
tial differential equation (“PDE loss”) and the DNS data.69 New loss
functions such as that proposed by Chen et al.69 may improve the con-
vergence of the model and resolve the issues in our loss function when
BNN ! 0 although it is yet to be tested on real applications.
Nevertheless, our developed training procedure was suitable for this
case and produced a model that fit the data well.

A stochastic model for us corresponds to a transport equation for
the second-order moment of the filtered-density function of fluid
velocity (subgrid stress tensor for LES36) when particle inertia is
zero.22,35,36,56 Stochastic models for Reynolds-averaged Navier–Stokes
simulations have previously been constructed from the transport
equation for Reynolds stresses, which allows their model to capture
all non-local effects at the wall.43,45 Gicquel et al.36 achieved this for
stochastic modeling of LES in single-phase flow. Existing studies of
stochastic models for LES of particle-laden flows have used eddy-
viscosity models (such as dynamic Smagorinsky model of Germano
et al.82) to close the subgrid stresses.47,49 When combining eddy vis-
cosity models with stochastic models for us, G and B are not consistent
with the non-diagonal components of the subgrid stress tensor. In iso-
tropic turbulence, closures for G and B, which are consistent with the
diagonal components of the subgrid stress tensor [ksgs ¼ trðssgsÞ=2],
can be derived47 or learned from data-driven methods. In anisotropic
flows, such as turbulent channel flow, one must solve additional trans-
port equations for all the subgrid stress tensor components27,110 to
ensure the SDE for us produces predictions of tracer particle motion,
which are consistent with the underlying fluid solver.57 Additionally,
solving transport equations for subgrid stresses implies that the sub-
grid stresses are not dissipated locally (unlike eddy viscosity models),
but can be convected (non-local effects), which requires non-local clo-
sures for G and B.56 However, we have shown empirically that non-
locality and anisotropy were not required to predict tracer and inertial
particle fluctuating kinetic energies in the homogeneous case studied
here.

Limitations of this study include the limited database used for
training. We have trained the model on homogeneous isotropic turbu-
lence at two Reynolds numbers, which obtained good agreement with
DNS data in a priori and a posteriori analysis. Our model also showed
good agreement with DNS data on a high Reynolds number case,
which was not included in training, showing that the model can gener-
alize to unseen problems (Fig. 10). To extend the model to more com-
plex flow configurations, such as wall-bounded turbulence, one can
train using filtered DNS data from particle-laden turbulent channel
flow. Additionally, the current model could be adapted to include
anisotropic velocity gradients that are essential in capturing near-wall
flow physics.58 The networks trained in this study can be used as a
baseline, and additional networks may be added to each term, GNN

and BNN, to represent additional physics while satisfying the funda-
mental criterion that the model produces a correct decay of inertial
and tracer particle fluctuating kinetic energy in homogeneous isotropic
turbulence.57

A numerical limitation of this study is the use of cell-value inter-
polation (see the supplementary material). We have found that the tri-
linear interpolation scheme in OpenFOAM 6.0 does not conserve
particle momentum and produces nonphysical results. We are aware

that using cell values without interpolation to the particle position is
generally less accurate than high-order Lagrange polynomials, cubic
spline, or Hermite interpolation.111–114 However, OpenFOAM is a via-
ble framework for Eulerian–Lagrangian modeling of gas–solid flows
because of its open-source aspects with applicability for wide range of
applications in complex geometries. Accurate and robust interpolation
schemes in OpenFOAM would be a complementary development for
improved prediction of particle velocity in turbulent particle-laden
flows.

In order to minimize statistical bias due to stochasticity or deter-
ministic chaos, Minier, Peirano, and Chibbaro96 and F�evrier, Simonin,
and Squires107 repeated each simulation many times. In this study, we
performed each stochastic model simulation once with a large enough
number of particles such that statistical error is negligible.12 For tracer
particles, we used Np ¼ 105, which is relatively small. However, as the
total particle kinetic energy for tracer particles [Np ¼ 105, Fig. 7(c)] is
qualitatively similar to low inertial particles with a larger number of
particles (St¼ 0.1 and Np ¼ 107, Fig. 9 upper left), we are confident
that our results are free from statistical bias.

The proposed model has been shown to improve predictions of
particle fluctuating kinetic energy and particle velocity distributions at
varying Re0k and St0 numbers in decaying homogeneous isotropic tur-
bulence, compared to using no dispersion model. Applications of the
model include modeling cough plume dispersion with LES for under-
standing disease spread6,7 or pollutant dispersion in atmospheric
flows. Future efforts should extend the existing neural SDE to account
for the influence of velocity gradients and validate this against DNS of
turbulent channel flow.115,116 This will allow the neural SDE to be
used for modeling particle dispersion in wall-bounded flows such as
drug transport in lung airways.

SUPPLEMENTARY MATERIAL

See the supplementary material for comparison of errors in
OpenFOAM interpolation schemes.
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APPENDIX A: COMPARISON TO SIMPLIFIED LANGEVIN
MODEL

Here, we compare the evolution of our model variables, TNN

and BNN, with that of the simplified Langevin model used in the
velocity filtered density function,36 which the stochastic model of
Innocenti, Marchioli, and Chibbaro49 collapses to in the tracer par-
ticle limit (sp ! 0). In this case, the timescale from the simplified
Langevin model, TSLM, is found by

TSLM ¼
ksgs@p

esgs@p

1
2
þ 3
4
C0

� ��1
; (A1)

where the model term C0 ¼ 2:1.49 The simplified Langevin model
diffusion term, BNN, is then found by

BSLM ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C0esgs@p

p
: (A2)

Knorps and Pozorski50 showed that this model produces
unphysical results for TSLM in the boundary layer of channel flow
(or generally, when ksgs@p ! 0). Given the relationships (12) and
(13) for ksgs and esgs, respectively, the following limit is found for
the integral timescale, TSLM:

lim
ksgs@p!0

D

Ce
ffiffiffiffiffiffiffiffiffiffiffi
ksgs@p

p 1
2
þ 3
2
C0

� ��1
¼ const=0 ¼ 1: (A3)

This shows that particles will take an infinitely long period of time
to adjust to the local flow when transitioning into a boundary layer,

FIG. 13. Evolution of model terms for neu-
ral network, compared to simplified
Langevin model at Re0k ¼ 33 and
D ¼ 7DDNS (Ncell ¼ 363). Panels show
(a) timescale (TNN and TSLM), and (b) dif-
fusion (BNN and BSLM). Data were
obtained by ensemble-averaging over all
particles in the domain.

FIG. 14. Comparison between tracer parti-
cle fluctuating kinetic energy with stochas-
tic model from literature.33,49 Panels show
(a) Re0k ¼ 9 and (b) Re0k ¼ 105.
Simulations were performed with tracer
particles and mesh resolution D ¼ 7DDNS

(Ncell ¼ 363).
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or from turbulent to laminar regimes in decaying homogeneous iso-
tropic turbulence. In Fig. 13, we show the evolution of the model
variables from our neural network model compared to the simpli-
fied Langevin model. This agrees with (A3), by showing that TSLM

approaches infinity as ksgs ! 0 (flow becomes laminar). In contrast,
TNN has a much smaller initial value and approaches zero as the
turbulence decays. In both cases, B decays to zero as the turbulence
decays.

To evaluate the effect of the varying timescale and diffusion
terms, (A1) and (A2), on the decay of tracer particle kinetic energy,
we perform simulations at Re0k ¼ 9 and Re0k ¼ 105 (Fig. 14). For
Re0k ¼ 9, we run the simulation for a long period to understand
how k evolves as ksgs ! 0 for the simplified Langevin model. The
initial k predicted by the NN and simplified Langevin model clo-
sures both fit the DNS data for both Re0k, with the NN showing

slightly better agreement. The main benefit of our neural network
model is shown in Fig. 14 as t ! 0 and ksgs ! 0, we can see that
eventually the model fails to adjust to the local fluid velocity, as the
subgrid timescale approaches infinity.50

APPENDIX B: TRAINING AND IDENTIFICATION
OF FINAL MODEL

The training and validation curve from the final trained model
are given in Fig. 15. The loss function shows a low convergence, but
as we accurately predicted the particle fluctuating kinetic energies,
the low convergence is acceptable. The validation curve is lower
than the training one due to L1 and L2 regularization on the hidden
layers that are not active in the validation stages.

Our model selection process was mainly focused toward find-
ing optimal formulations of GNN and BNN, with regard to scaling
factors. The first model formulation trialed (referred to as “model
1” for simplicity) had the form

GNN ¼ f NN
s	sgs
Cs
;
D	

CD

� �
CGCs

s	sgs
; (B1)

BNN ¼ f NN
s	sgs
Cs
;
D	

CD

� �
CBD

	

CD
; (B2)

where CG ¼ 0:5 and CB ¼ 0:02. Model 2 was set as

GNN ¼ f NN
s	sgs
Cs
;
D	

CD

� �
CGCs

s	sgs
� �4 ; (B3)

BNN ¼ f NN
s	sgs
Cs
;
D	

CD

� �
CBD

	

CD
; (B4)

where CG ¼ 0:00005 and CB ¼ 0:002. The final model (“model 3”)
is given in Eqs. (20) and (21).

To demonstrate the issues in models 1 and 2, we show the
worst case, which was St0 ¼ 5 and Re0k ¼ 33. Figure 16 shows that
model 1 and 2 both quickly relax to the same kp as LES with no
model, meaning that the timescale was too low.

FIG. 15. Loss curve for final NN model trained. The training line shows the evolu-
tion of batch loss, and validation loss is shown per epoch (approximately 250
batches per epoch).

FIG. 16. Decay of St0 ¼ 5 total particle
kinetic energy, to evaluate three formula-
tions for model terms GNN and BNN.
Panels show (a) model 1 based on Eqs.
(B1) and (B2), (b) model 2 based on Eqs.
(B3) and (B4), and (c) model 3 based on
Eqs. (20) and (21). Simulations were per-
formed at Re0k ¼ 33 and D ¼ 7DDNS

(Ncell ¼ 363).
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