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We explore the longitudinal conductivity of graphene at the Dirac point in a strong magnetic field with
two types of short-range scatterers: adatoms that mix the valleys and “scalar” impurities that do not mix
them. A scattering theory for the Dirac equation is employed to express the conductance of a graphene
sample as a function of impurity coordinates; an averaging over impurity positions is then performed
numerically. The conductivity σ is equal to the ballistic value 4e2=πh for each disorder realization, provided
the number of flux quanta considerably exceeds the number of impurities. For weaker fields, the
conductivity in the presence of scalar impurities scales to the quantum-Hall critical point with
σ ≃ 4 × 0.4e2=h at half filling or to zero away from half filling due to the onset of Anderson localization.
For adatoms, the localization behavior is also obtained at half filling due to splitting of the critical energy by
intervalley scattering. Our results reveal a complex scaling flow governed by fixed points of different
symmetry classes: remarkably, all key manifestations of Anderson localization and criticality in two
dimensions are observed numerically in a single setup.

DOI: 10.1103/PhysRevLett.112.026802 PACS numbers: 72.80.Vp, 73.22.-f, 73.63.-b

The discovery of graphene has initiated an intense study
of its electronic properties [1,2]. From the fundamental
point of view, the interest to graphene is largely motivated
by the quasirelativistic character of its spectrum: charge
carriers in graphene are two-dimensional (2D) massless
Dirac fermions. This leads to a variety of remarkable
phenomena governed by the inherent topology of Dirac
fermions as well as by their physics in the presence of
various types of disorder and interactions.
Controllable functionalization of the graphene surface is

possiblebyavarietyof tools, includinghydrogenation [3–6],
fluorination [7], adsorption of gas molecules [8,9], ion
irradiation [10,11], electron-beam irradiation [12], and dep-
osition of metallic islands [13]. Adatoms, deposited mole-
cules or islands, and defects engineered in this way serve as
strong short-range scatterers as has been also supported by a
density functional theory analysis [14]. Furthermore, such
scatterersalsoexist inpristinegrapheneandmaydominate its
transport properties (in particular, in suspended devices
[15,16]). Thus, it is important to theoretically explore the
transport in graphene with this kind of disorder. Away from
the Dirac point, the conductivity of such structures is
sufficiently well understood [17–23].
Electronic transport properties of graphene near zero

energy (Dirac point) are particularly exciting. Remarkably,

experiments discovered [24,25] that the conductivity of
graphene at the Dirac point is essentially independent of
temperature in a broad range (from 300 K down to 30 mK)
and has a value close to the conductance quantum e2=h
(times four, which is the total spin and valley degeneracy).
This discovery attracted a great interest because in conven-
tional materials, once the conductivity is close to e2=h, it
becomes strongly suppressed by Anderson localization
with lowering temperature. The above experiments, thus,
indicate that the Dirac-point physics of disordered graphene
may be controlled by the vicinity of some quantum critical
point. Indeed, theoretical investigations have shown that for
certain classes of disorder that preserve some of symmetries
of the clean Dirac Hamiltonian, the system avoids
Anderson localization [17,26,27]. Recent work [28] dem-
onstrated the feasibility of the systematic experimental
study of localization near the Dirac point.
A quantizing magnetic field yields a further remarkable

twist to the fascinating physics of graphene near the Dirac
point. The Dirac character of the spectrum makes graphene
a unique example of a system where the quantum Hall
(QH) effect can be observed up to the room temperature
[29]. The zeroth Landau level in graphene, with half of its
edge branches being electronlike and the other half holelike
[30,31], has no analogue in semiconducting 2D electron
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systems with parabolic dispersion. Recent works on gra-
phene in a strong magnetic field show fractional QH effect
as well as an insulating behavior at the Dirac point,
indicating a splitting of the critical energy in the zeroth
Landau level [32–35].
The goal of this Letter is to study the Dirac-point

conduction of graphene with randomly positioned strong
short-range impurities in a quantizing transverse magnetic
field. An analytical theory of transport in graphene devel-
oped in Refs. [17,26,27,36] maps the problem onto a field
theory—nonlinear σ model (NLσM)—that is subsequently
analyzed by renormalization group means. The crucial role
in this analysis is played by the symmetry class and the
topology of the NLσM. These field theories possess in 2D a
rich family of nontrivial fixed points. Scaling flow between
these fixed points governs the evolution of conductivity
with increasing system size or decreasing temperature.
It is important to stress, however, that the NLσM is fully

controllable at conductivity σ ≫ e2=h, while the physics
near zero energy and the corresponding fixed points
correspond to σ ∼ e2=h (strong coupling for the field
theory). Thus, an extrapolation of the theory is required.
While this is a common ideology in condensed matter
physics, one cannot, a priori, exclude the possibility of a
more complex behavior not anticipated from the weak
coupling expansion. Thus, a numerical modeling is of
paramount importance to probe the strong-coupling phys-
ics. In addition to verifying qualitative predictions of the
NLσM, such a modeling should give values of conductivity
at fixed points and quantitatively characterize crossovers
between them. A number of works have studied transport
and localization in graphene with scatterers near the Dirac
point [23,37–39] by numerical analysis of the Kubo
conductivity or of wave packet propagation. The results
for disorder formed by a low concentration of vacancies
[23,38,39] disagree with expectations based on NLσM that
the chiral symmetry inhibits localization.
In this Letter, we use the unfolded scattering theory [40–

42] for the Dirac Hamiltonian with pointlike scatterers and
extend it to incorporate magnetic fields. This allows us to
get an exact expression for the conductivity for a given
configuration of impurities. Subsequent averaging over
impurity positions is performed numerically. This combi-
nation of analytical and numerical tools turns out to be a
very efficient way of evaluating the conductivity of
graphene with rare short-range scatterers.
We consider two types of impurities: (i) “scalar” impu-

rities represented by a smooth electrostatic potential that
does not mix the graphene valleys and (ii) adatoms
represented by an on-site impurity potential mixing the
valleys. Our results yield a rich scaling flow controlled by a
number of fixed points of different symmetry classes, in
qualitative agreement with predictions based on the σ
model. We also demonstrate that in the limit of high
magnetic field such that the number of flux quanta piercing

the sample exceeds the number of impurities, the conduc-
tivity returns to its ballistic value, σxx ≈ 4e2=πh, for each
disorder realization.
Electronic properties of clean graphene are modeled by

the Dirac Hamiltonian, HA ¼ vσðp − eA=cÞ, where
σ ¼ ðσx; σyÞ, p is the 2D momentum operator, A is the
vector potential, and v ≈ 106 m=s is the electron velocity.
The disorder potential is given by a superposition of
individual impurity potentials. The distance between impu-
rities is assumed to be much larger than both the lattice
constant and the spatial range of an impurity.
We consider a rectangular graphene sample with periodic

boundary conditions in the y direction (0 < y < W) and
open boundary conditions in the x direction (0 < x < L).
The latter correspond to highly doped graphene leads
[40,43]. The transport properties of this setup are described
by a generating function [40–42,44], F ðϕÞ, whose deriv-
atives with respect to the fictitious source field ϕ are related
to the moments of the transmission distribution. In par-
ticular, Landauer’s formula for the conductance G can be
written as G ¼ ð4e2=hÞ∂2F=∂ϕ2jϕ¼0. Within the
“unfolded scattering theory” [40,41], the impurity contri-
bution to F ðϕÞ is expressed in terms of Green functions
GAðrm; rn;ϕÞ of the clean system connecting impurity
positions and the matrix T̂ ¼ diagðT1; T2;…; TNÞ con-
structed from individual impurity T matrices in the s-wave
approximation at zero energy; see the Supplemental
Material [45] for details.
A remarkable feature of the zero-energy state of clean

graphene is the existence of a nonunitary gauge trans-
formation, making it possible to gauge away the
entire magnetic field [44]. This transformation can be
formulated as

GAðr; r0Þ ¼ eχðrÞσzþiφðrÞG0ðr; r0Þeχðr0Þσz−iφðr0Þ; (1)

whereG0 refers to the zero-energyGreen function associated
with the Hamiltonian H0 ¼ vσp. The phases φðrÞ and χðrÞ
satisfy ∂xφþ ∂yχ ¼ eAx=cℏ and ∂yφ − ∂xχ ¼ eAy=cℏ. In
the Landau gauge,A ¼ ð0; Bxþ ϕc=2eLÞ, and fixingφ and
χ by the requirement χð0Þ ¼ χðLÞ ¼ 0 (ensuring that the
boundary conditions at the graphene-lead interfaces are not
affected by the magnetic field), we find

χðrÞ ¼ xðL − xÞ=2l2
B; φðrÞ ¼ yðL=2l2

B þ ϕ=2LÞ; (2)

where lB ¼ ðcℏ=eBÞ1=2 is the magnetic length.
Scalar impurities are described by the T matrix

T ¼ 2πls, where ls is a finite scattering length.
Adatoms are characterized by a T matrix Tc

ζ ¼
lað1þ ζσzτz þ σ−ζτ− exp½iθcζ� þ σζτþ exp½−iθcζ�Þ that
depends on the sublattice index (ζ ¼ 1 for the A and ζ ¼
−1 for the B sublattice) and a site “color” c ¼ −1, 0, 1,
encoding the Bloch phase at the impurity site. We use σ� ¼
ðσx � iσyÞ=

ffiffiffi
2

p
and τ� ¼ ðτx � iτyÞ=

ffiffiffi
2

p
with σx;y;z and
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τx;y;z being the Pauli matrices in the sublattice and valley
space, respectively. The phase θc� ¼ �αþ 4πc=3 depends
in addition on the angle α between the x axis and the bond
direction of the graphene lattice.
In the wide-sample limit, W ≫ L, we arrive at a general

expression [45] for the conductance of the form

G ¼ 4e2

h
∂2F
∂ϕ2

����
ϕ¼0

¼ 4e2

πh
ðW=Lþ πSÞ; (3)

where S can be interpreted as the sum of amplitudes
corresponding to closed paths via impurity sites that go
from the left lead to the right one and then back to the left
lead (see Fig. 1). The amplitudes are given by products of
free Green functions describing the propagation between
impurities and T matrices characterizing the scattering off
each impurity. For scalar impurities, we find

S ¼ 4TrðŶ†
sMþŶsM− − Ŷ2MþM−Þ; (4)

where Ŷ ¼ L−1diagðy1; y2;…; yNÞ is the diagonal matrix
consisting of y components of the impurity coordinates,
Ŷs ¼ Ŷ þ ilsσy=2L, and M� ¼ ð1� iπlsR̂=2LÞ−1. The
elements of the matrix R̂ are given by

Rnm ¼ eχðrnÞσz
 

1
sinðznþz�mÞ

1−δmn
sinðzn−zmÞ

1−δmn
sinðz�n−z�mÞ

1
sinðz�nþzmÞ

!
eχðrmÞσz ; (5)

where zn ¼ πðxn þ iynÞ=2L and δnm is the Kronecker
symbol. Thus, the calculation of the conductance for a
particular configuration of scalar impurities amounts to the
inversion of a matrix of the size 2N × 2N. In the case of
adatoms, S has a similar structure [45].
The longitudinal conductivity is defined as σxx ¼

LG=W, where W ≫ L. For the numerical analysis, we
fixW ¼ 4L and plot σxx as a function of the system size L,
while keeping the magnetic length lB and the average
distance between impurities limp fixed.
We begin the presentation of our results by briefly

considering the regime of zero magnetic field. Figure 1
displays the conductivity of graphene with scalar impurities
and adatoms for various impurity strengths. The case of
scalar impurities is shown in Fig. 1(a). In the limit
ls=limp → ∞, the system belongs to the class DIII (with
a Wess-Zumino term) and shows a logarithmic scaling
towards a “supermetal” (infinite-conductivity) fixed point
[41]. A finite value of ls breaks the chiral symmetry, thus,
yielding the symmetry class AII (with a topological θ term).
However, the supermetallic behavior remains almost
unchanged [27].
A crossover due to symmetry breaking also takes place

for the case of adatoms in Fig. 1(b), but the behavior of the
conductivity is essentially different. As expected, Anderson
localization sets in at long scales since the system belongs
to the conventional Wigner-Dyson symmetry class AI. For
a fixed concentration of impurities, l−2

imp, the localization
length is a nonmonotonic function of the impurity strength
parametrized by the scattering length la. Indeed, in the
limit la ≪ limp, the mean free path is large, so that the
system remains ballistic up to large distances. The opposite
limit, la=limp → ∞, corresponds to the case of vacancies
that preserve a chiral symmetry of the Hamiltonian. The
system in this case belongs to the chiral class BDI and its
conductivity remains finite (no localization) in the limit
L → ∞ [41]. Thus, there exists an intermediate value of the
ratio la=limp for which the localization is the strongest.
For large (but finite) values of la=limp, the system behaves
as chiral up to a certain scale due to the vicinity to a fixed
point of class BDI, and then gets attracted by the
localization fixed point of class AI. We choose la=limp ¼
50 to illustrate the behavior of the system in magnetic
field.
While our results showing that the localization exists for

a generic disorder but disappears in the chiral limit (zero
energy and la=limp → ∞) are consistent with NLσM, they
are at variance with numerical works [23,38,39].
Apparently, numerical approaches used in these papers
were not sufficient to reliably explore quantum interference
effects at the Dirac point.
We are now in a position to turn to the case of strong

magnetic field. Our main results are shown in Fig. 2. For
scalar impurities of random sign, the center of the zeroth
Landau level remains at the Dirac point, E ¼ 0, where the

(a)

(b)

FIG. 1 (color online). Dirac-point conductivity of graphene
with (a) scalar impurities and (b) adatoms in zero magnetic field
as a function of the system size L. Insets show the dependence of
σxx on the impurity strength la and ls for a fixed system size
L ¼ 20limp. In the upper insets all impurities have the same sign
while in the lower insets the sign of the impurity potential is
random. The sketch in (a) shows a typical path contributing to the
conductance correction; this closed path connects the left with the
right lead along impurity sites ( ) which are characterized by
their individual T matrices.
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conductivity is calculated. Different curves correspond to
different strengths of the magnetic field B parametrized by
lB. For small system sizes L, all curves follow the same
supermetallic scaling (class AII) characteristic for the zero-
B case. When the magnetic field becomes important, the
symmetry class changes. While for infinitely strong impu-
rities this would be the chiral class AIII with the Wess-
Zumino term, the finite value of ls places the system into
the class A with a θ ¼ π topological term [36]. This implies
that the system should flow into the QH critical point, see
upper inset in Fig. 2(a). The obtained value of the QH
critical conductivity is σ� ≃ 4 × 0.4e2=h, where the factor
four is the total (spin and valley) degeneracy of the scalar-
impurity model. Remarkably, this critical value is
approached from the bottom. This value is close to the
one obtained recently in Ref. [46] for a tight-binding model
of graphene with box disorder at all sites. Evidence of
quantum Hall criticality of Dirac fermions with long-range
disorder was also reported in Ref. [47] where the Thouless
number was numerically evaluated.
When all impurities are of the same sign, the critical state

of the lowest Landau level is shifted from the zero-energy
point. In terms of the NLσM theory this implies that the
topological term has now a prefactor θ different from π.
The system should then scale towards σ ¼ 0 due to
Anderson localization. This is indeed seen in Fig. 2(a)
(the main panel and lower inset). It is worth emphasizing
that this localization in the QH regime is much more
efficient than that in zero B (see Fig. 1).

Figure 2(b) demonstrates another peculiarity of the
problem. When the magnetic field is sufficiently strong
such that the number of flux quanta NΦ exceeds 4N where
N is the number of impurities, the conductivity is given by
its ballistic value σxx ¼ 4e2=πh independent of the impu-
rity positions. The condition NΦ > 4N, which translates
into lB < limp=2

ffiffiffiffiffiffi
2π

p
, can be understood from the follow-

ing argument. Each pointlike scalar impurity cannot
broaden the entire Landau level but rather reduces its
degeneracy by splitting four levels [48]. Indeed, the wave
functions of the degenerate Landau level can be super-
imposed such that their values at the impurity sites are zero.
Thus, for N < NΦ=4, a macroscopic degeneracy of the
Landau level remains, with the corresponding eigenstates
unaffected by the impurities. As a result, the system does
not flow to either QH or localization fixed points but rather
stays essentially ballistic. When N ≪ NΦ, we obtain the
“ballistic conductivity” σ ¼ 4e2=πh with exponentially
suppressed fluctuations.
Figures 2(c) and 2(d) show the behavior of the conduc-

tivity in the presence of adatoms. The limit of infinitely
strong adatoms (i.e., vacancies, la → ∞) would corre-
spond to the chiral symmetry class AIII, which is charac-
terized by a constant value of σxx close to ð4=πÞe2=h. This
is what we indeed observe at not too large L in Fig. 2(c).
For larger L the chiral symmetry breaking due to a finite la
occurs, and the system is in the symmetry class A with a
topological term. Contrary to the case of scalar impurities,
we observe localization (i.e., θ ≠ π) both for symmetric and

(a)

(c) (d)

(b)

FIG. 2 (color online). Zero-energy conductivity σxx of graphenewith scalar impurities (a),(b) and adatoms (c),(d). Left panels: evolution
of σxx with length L for different values of the ratio lB=limp of the magnetic length to the distance between impurities. The symmetry
breaking pattern is DIII → AII → A for weakerB and DIII → AIII → A for strongerB in panel (a) and BDI → AI → A for weakerB and
BDI → AIII → A for stronger B in panel (c). Scaling flow towards the QH critical point in (a) and localization in (a),(c) is shown in the
insets by rescaling of the curves to a length ξs (respectively, ξa). For the considered range of parameters, the obtained values of ξs and ξa are
well approximated by phenomenological expressions ξs ¼ 1.17lBð1þ 0.126limp=lBÞ and ξa ¼ limp þ 8.85 expð−1.73lB=limpÞ. For
impurities of the same sign, an additional rescaling of σxx reflects the two-parameter scaling inmagnetic field for θ ≠ 0, π. Right panels: σxx
as a function oflB=limp for fixed largeL=lB. Formoderately strongB the system is either atQHcriticality or gets localized. For strongerB,
a quasiballistic transport regime with σ ¼ 4e2=πh emerges. Vertical bars show mesoscopic fluctuations.
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asymmetric distribution of random potential. This is
because the intervalley scattering splits the critical state
of the lowest Landau level [36], implying that the states at
E ¼ 0 are now localized.
Similar to the model with scalar impurities, in a strong

magnetic field we observe the ballistic value of conduc-
tivity σ ¼ ð4=πÞe2=h with no conductance fluctuations, as
is seen in Fig. 2(d). For adatoms, the condition that a part of
the Landau level eigenstates remain unaffected reads
N < NΦ, or equivalently, lB=limp < 1=

ffiffiffiffiffiffi
2π

p
.

To summarize, we have studied the zero-energy con-
ductivity of graphene with strong (but not infinitely strong)
short-range impurities in a magnetic field. For this purpose,
we have employed the unfolded scattering theory for the
Dirac Hamiltonian with pointlike scatterers. The problem
shows a complex scaling behavior controlled by a number
of fixed points reflecting the (approximate and exact)
symmetries as well as the topology of the problem. In
the ultimate long-length (low-temperature) limit, the sys-
tem flows either into the QH critical point or gets localized.
The obtained value of the critical conductivity is σ� ≃
0.4e2=h times the degeneracy factor (equal to four for
scalar impurities). The localization at E ¼ 0 takes place
when the critical state of the zeroth Landau level is shifted
by nonsymmetric disorder, or else, split by intervalley
scattering on adatoms. When the magnetic field is so strong
that the number of flux quanta exceeds the number of
impurities, the conductivity recovers its ballistic
value ð4=πÞe2=h.
Theworkwas supported by the EPSRCDoctoral Training
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