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Classification of 3-Degree-of-
Freedom 3-UPU Translational
Parallel Mechanisms Based on
Constraint Singularity Loci Using
Grob̈ner Cover
A 3-degree-of-freedom (DOF) 3-UPU translational parallel mechanism (TPM) is one of the
typical TPMs. Despite comprehensive studies on 3-UPU TPMs in which the joint axes on the
base and the moving platform are coplanar, only a few 3-UPU TPMs with skewed base and
moving platform have been proposed, and the impact of link parameters on constraint sin-
gularity loci of such TPMs has not been systematically investigated. The advances in com-
puting comprehensive Gröbner system (CGS) or Gröbner cover of parametric polynomial
systems provide an efficient tool for solving this problem. This paper presents a systematic
classification of 3-UPU TPMs with skewed base and moving platform based on constraint
singularity loci. First, the constraint singularity equation of a 3-UPU TPM is derived. Using
Gröbner cover, the 3-UPU TPMs are classified into 12 types. Finally, a novel 3-UPU TPM
is proposed. Reconfiguration analysis shows that unlike most existing 3-UPU TPMs which
can transit from a 3-DOF translational mode to two or more 3-DOF operation modes, the
proposed 3-UPU TPM can only transit from a 3-DOF translational mode to one general 3-
DOF operation mode. The singularity locus divides the workspace of this 3-UPU TPM into
two constraint singularity-free regions. As a by-product, a 3-UPU parallel mechanism that
the moving platform can undergo 3-DOF translation and 1-DOF infinitesimal rotation is
revealed. This work provides a solid foundation for the design of 3-UPU TPMs and a start-
ing point for the classification of 3-UPU parallel mechanisms. [DOI: 10.1115/1.4054307]

Keywords: translational parallel mechanism, constraint singularity, operation mode,
reconfiguration analysis, Gröbner cover, parallel mechanism, theoretical kinematics

1 Introduction
A 3-UPU translational parallel mechanism (TPM, see Fig. 1) is

one of the typical TPMs [1–3]. It is composed of a moving platform
connected to the base by three UPU legs. Each UPU leg is a serial
kinematic chain composed of a U joint, a P joint, and a U joint in
sequence. For convenience, the R (revolute) joint within a U joint
connected to the P joint is called an internal R joint, and the other
R joint is called an external R joint. In each UPU leg, the axes of
the two internal R joints and the P joint form a planar kinematic
chain, which restrain the axes of the two external R joints to be
coplanar.
Several types of 3-UPU TPMs have been proposed in the litera-

ture [2–9]. For the Tsai TPM [2], the axes of the R joints on the base
or moving platform are coplanar. For the SNU TPM, the axes of the
R joints on the base or moving platform are coplanar and intersect at
the same point. In a 3-UPU TPM proposed in Ref. [5], the axes
of the R joints on the base or moving platform are coplanar and
two of them are parallel. Comprehensive studies on 3-UPU TPMs
in which the joint axes on the base and the moving platform are
coplanar [1–5,10–14] have been carried out. These TPMs have dif-
ferent constraint singularity loci and therefore different perfor-
mances. It has been revealed that the SNU TPM has seven

operation modes [11,12] and the Tsai TPM has five operation
modes [13]. However, only a few 3-UPU TPMs with skewed
base and moving platform [6–9] have been proposed. On a
skewed base or moving platform, not all the joint axes of R joints
are coplanar. In the 3-UPU TPMs with skewed base and moving
platform [6,7], the axes of two R joints are parallel and the axis
of the other R joint is perpendicular to the plane defined by these
two parallel joint axes. In Ref. [7], a 3-UPU TPM with skewed
based and platform was also proposed in which the axes of two R
joints are coplanar and the axis of the third R joint is perpendicular
to the plane defined by the axes of the first two R joints. In the
3-UPU (also called 3-RER) parallel mechanisms (PMs) presented
in Ref. [8], the axes of all the R joints on the base or moving plat-
form are perpendicular to each other and intersect at a common
point. This 3-UPU PM has 15 operation modes, including four
3-DOF spatial translation modes. As pointed in Ref. [9], future
research on 3-UPU TPMs should investigate 3-UPU TPMs with
skewed base and moving platform and strategies to pass through
constraint singularities.
This paper will investigate the impact of link parameters on con-

straint singularity loci of 3-UPU TPMs with skewed base and
moving platform. This challenging issue has not been systemati-
cally investigated. Recent advances in computing comprehensive
Gröbner system (CGS) or Gröbner cover of parametric polynomial
systems (see, e.g., Refs. [15–17]) provide an efficient tool for tack-
ling this problem. Gröbner cover [16] was used for solving the
inverse kinematic analysis of planar robot, the kinematic analysis
of planar mechanisms, and the identification of over-constrained
planar mechanisms [18]. In Ref. [19], a systematic classification
of 3-UPU PMs based on the type/number of operation modes was
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dealt with by using Gröbner cover and primary decomposition of
ideals. The 3-UPU PMs in which the axes of all the R joints on
the base or moving platform are parallel were classified into 13
types, each has two 4-DOF 3T1R operation modes and up to two
more 3-DOF or other types of 4-DOF operation modes.
In Sec. 2, we will briefly illustrate how to solve parametric poly-

nomial equations using Gröbner cover. The constraint equations of
a 3-UPU PM are derived in Sec. 3. In Sec. 4, the constraint singu-
larity equations of the 3-UPU TPM are formulated. The classifica-
tion of 3-UPU TPMs is dealt with using Gröbner cover in Sec. 5. In
Sec. 6, a novel 3-UPU TPM is proposed, and all the operation
modes of the TPM are determined using the primary decomposition
of ideals. Finally, conclusions are drawn.

2 A Note on Solving Parametric Polynomial Equations
Using Gröbner Cover
Several algorithms (see, e.g., Refs. [15–17]) have been developed

for computing CGS or Gröbner cover of parametric polynomial
systems to obtain locally closed segments each of which accepts
a set of functions that specialize to the reduced Gröbner basis for
every point within the segment and each segment has different
leading power products (lpp). The library for calculating Gröbner
cover in Ref. [16], grobcov.lib, will be used in this paper to
obtain the segments and the Gröbner bases associated with these
segments.
In the following, the use of Gröbner cover will be illustrated by

obtaining the well-known three cases of the intersection of two
straight lines.
In order to reduce the parametric space without the loss of gener-

ality, let one straight line coincide with the X-axis and another line
be in the general form of ax+ by+ c= 0. The intersection of these
two straight lines can then be obtained by solving the following
set of parametric linear equations:

ax + by + c = 0
y = 0

{
(1)

The ideal associated with the set of polynomial equations in
Eq. (1) is

S = 〈ax + by + c, y〉
Using the following SINGULAR code, we can obtain the Gröbner
cover in degree reverse lexicographical order (dp), which shows the
three segments in the parametric space (a, b, c) together with the
solutions in these segments as shown in Table 1. Each segment
can be represented by one set or a combination of several sets via
difference, ∖, and union,

⋃
. The sets involved could be an n

dimensional parametric set, Cn, or a variety, V(*). The equations
representing the three segments are listed in column 3, while the
geometric characteristics of the two lines in different segments

are given in column 4.
LIB "grobcov.lib";
ring R=(0,a,b,c),(x,y),dp;
ideal S=y, ax+by+c;
grobcov(S,"showhom",1);

Although the above solutions to Eq. (1) can be easily derived
without using a computer, the Gröbner cover of more completed
parametric polynomial systems cannot be obtained by hand calcula-
tions and the relevant algorithm/library [15–17] would be required.
It is noted that the use of degree reverse lexicographical order

(dp) or lexicographical order (lp) may affect the CPU time required
for calculating the Gröbner cover and even the Cröbner cover itself.
It deserves to try both in calculating the Gröbner cover in order to
better solve a kinematic problem. In this paper, the degree reverse
lexicographical order (dp) would be used.

3 Constraint Equations of a 3-UPU Parallel Mechanism
In order to facilitate the classification of 3-UPU TPMs based on

constraint singularity loci, O−XYZ and OP−XPYPZP are attached
to the base and moving platform (Fig. 2) in such a way that Y-
and X-axes are along the joint axis of R joint on the base in leg 1
and the common perpendicular to the joint axes of R joints on the
base in legs 1 and 2, respectively, and YP- and XP-axes are along
the joint axis of R joint on the moving platform in leg 1 and the
common perpendicular to the joint axes of R joints on the
moving platform in legs 1 and 2, respectively.
Let the joint centers of U joints on the base and moving platform

be denoted by Bi (i= 1, 2, and 3) and Pi (i= 1, 2, and 3), respec-
tively. OP= {x y z}T represents the position of OP in the coordinate
system O−XYZ. The coordinates of B1, B2, and B3 in O−XYZ are
(0, 0, 0), (n, 0, 0), and (u, v, w), respectively. The coordinates of P1,

Table 1 Intersections of two lines obtained using Gröbner cover

No. Segment Equation Geometric characteristics Intersection

S1 C3∖V(a) a≠ 0 Two lines are not parallel y = 0
x = −c/a

{

S2 V(a)∖V (a, c) a = 0
c ≠ 0

{
Two lines are parallel x→∞

S3 V(a, c)
a = 0
c = 0

{
Two lines coincide y= 0

Fig. 2 Coordinate frames setup on a 3-UPU PM

Fig. 1 A 3-UPU parallel mechanism
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P2, and P3 in OP−XPYPZP are (0, 0, 0), (0, m, 0), and (r, s, t),
respectively. Let i, j, and k denote the unit vectors along X-, Y-,
and Z-axes, respectively. w1, w2, and w3 denote the unit vectors
along XP-, YP-, and ZP-axes in the coordinate system O−XYZ.
Let si (i= 1, 2, and 3) and t(P)i (i= 1, 2, and 3) denote the vectors
along the axes of external R joints connected to the base in O−
XYZ and the vectors along the axes of external R joints connected
to the moving platform in OP−XPYPZP. We have

s1 = t(P)1 = j

s2 = t(P)2 = {0 b c}T

s3 = t(P)3 = {d e f }T

⎧⎪⎨
⎪⎩ (2)

The position vectors of joint centers, Bi, of the three U joints on
the base are

rB1 = 0
rB2 = ni
rB3 = ui + vj + wk

⎧⎨
⎩ (3)

The position vectors of joint centers, Pi, of the three U joints on the
moving platform are

rP1 =OP

rP2 =OP + mw1

rP3 =OP + rw1 + sw2 + tw3

⎧⎨
⎩ (4)

In each UPU leg, the axes of the two external R joints are always
coplanar due to the constraint imposed by the planar kinematic
chain composed of the two internal R joints and P joint, i.e., the
triple product of the two vectors along the axes of these two external
R joints of leg i and vector (rPi− rBi) is equal to zero. Then, we
obtain the set of constraint equations of leg i (i= 1, 2, and 3) as [8]

ti × si · (rPi − rBi) = 0, i = 1, 2 and 3 (5)

where ti (i= 1, 2, and 3) denote the vectors along the axes of exter-
nal R joints connected to the moving platform in O−XYZ and can
be calculated using

t1 = w1

t2 = bw1 + cw2

t3 = dw1 + ew2 + fw3

⎧⎨
⎩ (6)

4 Constraint Singularity Equation of the 3-UPU
Translational Parallel Mechanism
For a 3-UPU TPM, the axes of the two external R joints in each

leg are parallel. For simplicity reasons, we set

ti = si, i = 1, 2 and 3 (7)

Substituting Eq. (7) into Eq. (5), we can readily prove that Eq. (5) is
always true for the 3-UPU TPM.
In the 3-UPU TPM, each UPU leg imposes a constraint couple,

which is perpendicular to the axes of all the R joints within the
leg, on the moving platform. The direction of the constraint
couple is readily obtained as

ui = si × (si × (rPi − rBi)), i = 1, 2 and 3 (8)

Therefore, constraint singularities happen if the three constraint
couples are not linearly independent (or the three constraint
couples are parallel to a common plane), i.e.,

u1 × u2 · u3 = 0 (9)

In Ref. [5], the above constraint singularity of TPMs was called a
rotational singularity, and the constraint singular condition was
derived based on the Jacobin matrix of the 3-UPU TPM.

Substituting Eqs. (3), (4), and (2) into Eq. (8) and further substi-
tuting the resulted equation into Eq. (9), we obtain∑

0≤i,j,k,i+j+k≤3
ci,j,kx

iyizk = 0 (10)

where the coefficients ci,j,k are
1

c300 = 0

c030 = 0

c003 = bcdf

c210 = cd(be + cf )

c201 = −cd(bf − ce)

c120 = −c(bd2 + bf 2 − cef )

c021 = −c2de

c102 = c(bd2 − bf 2 + cef )

c012 = cd(be − cf )

c111 = −2c2d2

· · ·
Equation (10) is generally a parametric cubic polynomial equa-

tion in x, y, and z representing the constraint singularity locus of
the 3-UPU TPM. It is noted that the coefficient of each term with
total degree 3 in x, y, and z in the singularity equation (Eq. (10))
only depends on the vectors along the R joint axes on the base or
moving platform.
In the next section, we will investigate the classification of

3-UPU TPMs based on the constraint singularity loci by investigat-
ing how the link parameters affect the leading power products (lpp)
of the constraint singularity equation using the Gröbner cover.

5 Classification of the 3-UPU Translational Parallel
Mechanism Based on Constraint Singularity Locus Using
Gröbner Cover
Using the library for calculating Gröbner cover [16], grobcov.lib,

we can obtain the Gröbner cover of the ideal associated with Eq. (10).
For the classification of 3-UPU TPMs, we only care about the seg-
ments within the Gröbner cover and the lpp of each segment. The
segments for the 3-UPU TPM obtained are listed in Table 2.
Among the 16 segments, four segments, S3a, S3b, S3c, and S3d,

lead to 3-UPU PMs that can undergo 1-DOF finite rotation (S3a) or
1-DOF infinitesimal rotation (S3b, S3c, and S3d) in addition to
3-DOF translation. In a type S3a 3-UPU PM, the axes of all the
R joints on the moving platform (or the base) are parallel. Such a
PM is in fact a 4-DOF 3T1R PM [20–22]. In a type S3b, S3c or
S3d 3-UPU PM, one pair of legs meet the following conditions:
(1) the axes of the R joints on the moving platform (or the base)
are parallel and (2) the distance between the axes of the R joints
on the moving platform is equal to that between the axes of the R
joints on the base. Figure 3 shows the CAD model of a type S3b
3-UPU PM. In this 3-UPU PM, legs 1 and 2 meet the above condi-
tions. Using Eq. (8), we can find that the constraint couples imposed
on the moving platform by legs 1 and 2 are along the same direction
(j× (j ×OP)). The total constraints imposed on the moving platform
by all the legs include two independent constraint couples, includ-
ing one by leg 3 and one by legs 1 and 2. In addition to 3-DOF
spatial translation, the moving platform can also undergo an infini-
tesimal rotation about a line perpendicular to the directions of the
above two independent constraint couples in a general configura-
tion. Such mechanisms are also called parallel mechanisms with

1The remaining coefficients not given here are functions of link parameters b, c, d, e,
f, m, r, s, t, n, u, v, and w.
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mixed instantaneous and full-cycle mobility [23] or shaky mecha-
nisms [24]. Unlike most shaky mechanisms in the literature (see,
for instance, Refs. [23–25]), the 1-DOF infinitesimal rotation of
the above PM could not be eliminated by locking one of its
joints. The potential application of this PM in assembly where com-
pliance is required deserves further investigation.
Discarding these four segments and putting these four segment

numbers into brackets in Table 2, the parameter space of the
3-UPU TPM is divided into 12 segments. Therefore, the 3-UPU
TPM can be classified into 12 types (Table 2): S1, S2a, S2b, S4a,
S4b, S4c, S4d, S5a, S5b, S6, S7, and S8.
From Table 2, the geometric characteristics of the 12 types of

3-UPU TPMs can be revealed as follows.

(1) In a Type S2a, S2b, S4a, S4b, S4c, S4d, or S6 3-UPU TPM,
the axes of two R joints on the base are parallel. The total
degree of lpp in x, y, and z for these eight types of 3-UPU
TPM is 2. Therefore, the constraint singularity loci of these
3-UPU TPMs are of degree 2.

(2) In a Type S5a 3-UPU TPM, the joint axes of all the three R
joints on the base are parallel to one plane. The constraint sin-
gularity loci of these 3-UPU TPMs are of degree 3 with a lpp
of xy2.

(3) In a Type S7 3-UPU TPM, the joint axes of all the three R
joints on the base are perpendicular to each other. The con-
straint singularity loci of these 3-UPU TPMs are of degree
3 with a lpp of xyz.

(4) In a Type S5b or S8 3-UPU TPM, the joint axes of two R
joints on the base are perpendicular to each other. The con-
straint singularity loci of these 3-UPU TPMs are of degree
3 with a lpp of xy2 for Type S5b or a lpp of x2z for Type S8.

(5) In a Type S1 3-UPU TPM, the joint axes of any two R joints
on the base are neither perpendicular nor parallel to each other,
and the joint axes of all the three R joints on the base are not
parallel to one plane. The constraint singularity locus of the
Type S1 3-UPU TPM is of degree 3 with a lpp of x2y.

It is noted that the 3-UPU TPMwith planar base and platform and
a pair of R joints with parallel axes [5] falls in Type S2a or S6. The
3-UPU TPMs with skewed base and platform and a pair of R joints
with parallel axes [6,7] are special cases of Type S4a, S4b, S4c, or
S4d. The Tsai TPM [2], SNU TPM [11,12], and a general 3-UPU
TPM with planar base and platform [5] fall in Type S5a. The recon-
figurable 3-UPU PM in its 3-DOF translation mode [8] is a specific
case of Type S7. The 3-UPU TPM with skewed based and platform
[7], in which the axes of two R joints are coplanar and the axis of the
third R joint is perpendicular to the plane defined by the axes of the
first two R joints, is a special case of Type S5b or S8. A general
3-UPU TPM with skewed base and platform (see [9] for instance),
which has not been well defined before, can be defined as a Type S1
UPU TPM.

6 Operation Mode Analysis of a Novel 3-UPU
Translational Parallel Mechanism
In this section, we will analyze all the operation modes of a novel

3-UPU TPM, which is a general case of Type S7 3-UPU TPM, to
reveal its characteristics.

Table 2 Segments in the parametric space of the 3-UPU PM

Segment ID lpp Segment definition

S1 x2y C13∖(V(be + cf )
⋃

V(d)
⋃

V(c))
S2a xz V(c)∖(V (m − n, c)

⋃
V(e, c)

⋃
V(d, c))

S2b V(d, bf − ce)∖(V (c, d, f )⋃V(d, bf − ce, et − ew − fs + fv, bt − bw − cs + cv))

(S3a) 0 V( f, d, c)
(S3b) V(m− n, c)
(S3c) V(t−w, r− u, f, d )
(S3d) V3d

S4a yz V(d, c)∖(V (m − n, d, c)
⋃

V(f , d, c))
S4b V(e, c)∖V(m − n, e, c)
S4c V(t − w, f , d)∖(V(r − u, t − w, f , d)

⋃
V (c, t − w, f , d))

S4d V(et − ew − fs + fv, d, bt − bw − cs + cv, bf − ce)∖(V3d
⋃

(c, t − w, f , d))

S5a xy2 V(d)∖(V(d, bf − ce)
⋃

V(d, f )
⋃

V(d, c))
S5b V(be + cf )∖(V(f , b)⋃ (e, c))

S6 xy V(f , d)∖(V(t − w, f , d)
⋃

(c, f , d))
S7 xyz V(b, e, f )
S8 x2z V(b, f )∖(V(b, e, f )⋃ (b, d, f ))

Note: V3d=V(m− n− r+ u, et− ew− fs+ fv, d, bt− bw− cs+ cv, bf− ce)

Fig. 3 A Type S3b 3-UPU PM that the moving platform under-
goes 3-DOF (finite) translation and 1-DOF infinitesimal rotation Fig. 4 A novel 3-UPU TPM
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6.1 Description of a Novel 3-UPU Translational Parallel
Mechanism. The link parameters of a novel Type S7 3-UPU
TPM (Fig. 4) are: b= 0, c= 1, d= 1, e= 0, f= 0, m= 1, r= 1, s=
1, t= 1, n= 2, u= 2, v= 2, w= 2. In this 3-UPU TPM, the joint
axes of the R joints on the base are along the Y-, Z-, and X-axes,
respectively. Unlike the 3-UPU TPM in Ref. [8], the joint axes of
the R joints on the base do not intersect with each other.
From Eq. (10), the constraint singularity equation of this 3-UPU

TPM is

−2xyz + xy + xz + yz − z = 0 (11)

From its constraint singularity locus (Fig. 5), we can observe that
the workspace of this novel TPM is divided into two constraint
singularity-free regions, while for most existing 3-UPU TPMs,
the workspace is divided into four or more constraint singularity-
free regions [5–9].

6.2 Constraint Equations. Using Euler parameters to repre-
sent the orientation of the moving platform, the unit vectors along
XP- and YP-, and ZP-axes are [8]

w1 =
e20 + e21 − e22 − e23
2(e1e2 + e0e3)
2(e1e3 − e0e2)

⎧⎨
⎩

⎫⎬
⎭ (12)

w2 =
2(e1e2 − e0e3)

e20 − e21 + e22 − e23
2(e2e3 + e0e1)

⎧⎨
⎩

⎫⎬
⎭ (13)

w3 =
2(e1e3 + e0e2)
2(e2e3 − e0e1)

e20 − e21 − e22 + e23

⎧⎨
⎩

⎫⎬
⎭ (14)

where

e20 + e21 + e22 + e23 = 1 (15)

Substituting Eqs. (12)–(14) into Eq. (6) and the resulted equation
further into Eq. (5), we obtain the constraint equations of the
novel 3-UPU TPM as

(e0e1 + e2e3)x + z(e0e3 − e1e2) = 0
((x − 1)e1 + ye2)e0 − (− ye1 + e2(x − 3))e3 = 0
((y − 1)e2 + e3(z − 1))e0−
((− z + 3)e2 + e3(y − 3))e1 = 0

⎧⎪⎪⎨
⎪⎪⎩

(16)

Using the primary decomposition of ideals, one can calculate the
positive dimensional solutions to polynomial constraint equations
of a PM. Each positive solution is associated with one operation
mode of the PM [8,12,19,26]. For this 3-UPU TPM, five operation
modes (Table 3) can be obtained.
In each operation mode, the DOF of 3-UPU TPM can be readily

obtained by calculating the difference between the number of vari-
ables (x, y, z, e0, e1, e2, and e3) and the number of independent con-
straint equations including Eq. (15). For example, the DOF in the
operation mode associate with the first four operation modes is 3
(= 7− 4). One can also obtain the DOF of the 3-UPU TPM in oper-
ation mode V which has a set of complicated constraint equations
by calculating the Hilbert dimension of the ideal associated with
the constraint equations using a computer algebra system. Using
the kinematic interpretation of 15 cases of Euler parameter quater-
nions [8], the motion characteristics of the moving platform of the
PM in the first four operation modes can be readily obtained. For
example, the motion of the moving platform in operation mode
IV is a 3-DOF translation mode (Fig. 6(a)).
The motion of the 3-UPU PM in operation mode V (Fig. 6(b)) is

very complicated as described using Eqs. (17) and (15)

f1 = 0
f2 = 0
· · ·

f13 = 0

⎧⎪⎪⎨
⎪⎪⎩

(17)

where f1 = x2ye1e3 − 3x2e1e3 − xyze21 + xyze23 + 3/2xye21 − 2xye1e3
−1/2xye23 + 3/2xze21 − 3/2xze23 + 6xe1e3 + y3e1e3 − y2ze0e3 − y2ze1
e2 − 1/2y2e0e1 + 1/2y2e0e3 + 3/2y2e1e2 − 3y2e1e3 + 3/2y2e2e3 − y
z2e1e3 + 3/2yze0e3 + 1/2yze21 + 3/2yze1e2 + 2yze1e3 − 3/2yze23 + y
e0e1 − 1/2ye0e3 − 3/2ye1e2 + ye1e3 − 3ye2e3 + 1/2ze0e3 − 3/2ze21+

Fig. 5 Constraint singularity locus of the 3-UPU TPM

Table 3 Five operation modes of a novel 3-DOF 3-UPU PM

Operation mode Equation (15)

I: 3-DOF translation
e0 = 0
e1 = 0
e2 = 0

⎧⎨
⎩

II: 3-DOF translation
e0 = 0
e1 = 0
e3 = 0

⎧⎨
⎩

III: 3-DOF translation
e0 = 0
e2 = 0
e3 = 0

⎧⎨
⎩

IV: 3-DOF translation
e1 = 0
e2 = 0
e3 = 0

⎧⎨
⎩

V: General 3-DOF motion Eq. (17)
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1/2ze1e2+9/2ze23−1/2e0e2 −1/2e0e3−3/2e1e2+3/2e1e3, f2 = x2

ze0e3 − x2e0e3 − xyze20 + xyze23 + 1/2xye20 − 1/2xye23 + 1/2xze20 − 2xz
e0e3 − 3/2xze23 + 2xe0e3 − y2ze0e3 + 1/2yze20 + 2yze0e3 − 3/2yze23
−z3e1e2 + 1/2z2e0e1 + 1/2z2e0e2 + 1/2z2e0e3 + 7/2z2e1e2 − 3/2z2

e1e3 + 3/2z2e2e3 − 1/2ze20 − ze0e1 − ze0e2 − ze0e3 − 3ze1e2 + 3ze1
e3 − 3ze2e3 + 9/2ze23, f3 = x2ze1e2−3x2e1e2 − xyze21 + xyze22+
3/2xye21 − 3/2xye22 + 3/2xze21 − 2xze1e2 − 1/2xze22 + 6xe1e2 − y2z
e1e2 + 1/2yze21 + 2yze1e2 − 3/2yze22 − z3e0e3 − 1/2z2e0e1 + 1/2z2e0
e2 + 5/2z2e0e3 + 3/2z2e1e2 − 3/2z2e1e3 − 3/2z2e2e3 + ze0e1 − ze0
e2 − ze0e3 −3/2ze21 − 3ze1e2 + 3ze1e3 + 3/2ze22 + 3ze2e3, f4 =
xye21e3 −xze21e2 + 3xe21e2 − 3xe21e3 + y2e1e2e3 − yze1e22 + yze1e23
−1/2ye21e3+3/2ye1e22−2ye1e2e3−1/2ye1e23+3/2ye22e3− z2e1e2e3
+1/2ze21e2+1/2ze1e22+2ze1e2e3−3/2ze1e23 +3/2ze2e

2
3−3/2e21e2+

3/2e21e3−3/2e22e3 −3/2e2e23, f5=xye1e23−xze0e23+xe0e23−3xe1e23
−y2e0e1e3 + yze20e3 − yze21e3 + 1/2ye20e1 − 1/2ye20e3 +2ye0e1e3 +
3/2ye21e3 − 3/2ye1e23 + z2e0e1e3 −1/2ze20e3+1/2ze0e21−2ze0e1e3+
3/2ze0e23 +3/2ze21e3−1/2e20e1−3/2e0e21 −3/2e0e23+9/2e1e23, f6=
xze20e

2
3 −xe20e23+y2e20e1e3+y2e1e33−yze30e3 −2yze1e2e23−1/2ye30e1+

1/2ye30e3−2ye20e1e3 +ye0e1e23 + 1/2ye0e33 + 3ye1e2e23 − 4ye1e33
+3/2ye2e33 + z2e1e22e3 + 1/2ze30e3 − 1/2ze20e1e2 −3/2ze20e23 −
3/2ze0e21e2 − ze0e1e2e3 − 1/2ze0e22e3 − 1/2ze0e2e23 −1/2ze0e33 −
3ze1e22e3 + 4ze1e2e23 − 3/2ze22e

2
3 + 1/2e30e1 + 3/4e20e

2
1 + 3/4e20e1e2

+3/4e20e1e3 + 3/2e20e
2
3 +9/4e0e21e2 − 9/4e0e21e3 + 3/2e0e1e2e3 −

3e0e1e23 + 3/4e0e22e3 −1/4e0e2e23 − e0e33 + 9/4e1e22e3 − 21/4e1e2e23
+3e1e33 + 9/4e22e

2
3 − 9/2e2e33, f7 = xze21e

2
2 − 3xe21e

2
2 −y2e31e3 −

y2e1e22e3 + yze1e32 − 2yze1e2e23 + 1/2ye0e31 −3/2ye31e2 + 4ye31e3 −
ye21e2e3 − 3/2ye1e32 + 2ye1e22e3 +ye1e2e23−3/2ye32e3+z2e20e1e3+
2z2e1e22e3 +1/2ze20e

2
1−1/2ze20e1e2−ze20e1e3−3/2ze0e21e2−ze0e21e3

−ze0e1e2e3−1/2ze0e22e3−1/2ze0e2e23+1/2ze31e2−1/2ze21e
2
2−1/2z

e1e32−4ze1e22e3+3ze1e2e23−3ze22e
2
3−1/4e20e

2
1 +1/4e20e1e2+1/4e20

e1e3−3/2e0e31+7/4e0e21e2+1/4e0e21e3+1/2e0e1e2e3+1/4e0e22e3+
1/4e0e2e23 +3e31e2−3e31e3+3/2e21e

2
2+3e21e2e3+3/4e1e22e3−3/4e1

e2e23 + 3/2e32e3 + 9/4e22e
2
3, f8 = xe0e1 + ye1e3 −ze1e2 − 1/2e0e1 +

1/2e0e2 + 1/2e0e3 + 3/2e1e2 − 3/2e1e3 +3/2e2e3, f9 = xe2e3 −
ye1e3 + ze0e3 +1/2e0e1 − 1/2e0e2 − 1/2e0e3 − 3/2e1e2 + 3/2e1e3
−3/2e2e3, f10 = ye0e21e3 + ye1e2e23 − ze20e1e3 − ze1e22e3 − 1/2e20e

2
1+

1/2e20e1e2 + 1/2e20e1e3 + 3/2e0e21e2 − 3/2e0e21e3 +e0e1e2e3 +
1/2e0 e22e3 + 1/2e0e2e23 + 3/2e1e22e3 − 3/2e1e2e23 +3/2e22e

2
3, f11 =

ye0e2 −ye1e3 + ze0e3 +ze1e2 − e0e2 − e0e3 − 3e1e2 +3e1e3, f12 =
ye31e

2
3 + ye1e22e

2
3 −ze20e1e2e3 − ze0e21e

2
3 − ze31e2e3 −ze1e32e3 −

1/2e20e
2
1e2 + 1/2e20e1e

2
2 +1/2e20e1e2e3 + 3/2e0e21e

2
2 − 1/2e0e21e2e3

+e0e21e
2
3 + e0e1e22e3 + 1/2e0e32e3 +1/2e0e22e

2
3 + 3e31e2e3 − 3e31e

2
3 +

3/2e1e32e3 − 3/2e1e22e
2
3 +3/2e32e

2
3, and f13 = ze30e1e2e3 + ze0e31e2e3

+ze0e1e32e3 + ze0e1e2e33 + 1/2e30e
2
1e2 − 1/2e30e1e

2
2 −1/2e30e1e2e3 −

1/2e20e
3
1e3 − 3/2e20e

2
1e

2
2 +e20e

2
1e2e3−1/2e20e21e23−e20e1e22e3−1/2e20e32e3

−1/2e20e22e23 − 3/2e0e31e2e3 +3/2e0e31e
2
3 + e0e21e2e

2
3 − 3/2e0e1e32e3

+e0e1 e22e
2
3 − 1/2e0e1e2e33 −3/2e0e32e23 − 3/2e21e

2
2e

2
3 + 3/2e21e2e

3
3 +

3/2e1 e22e
3
3.

Considering that the reference configuration of the 3-UPU TPM
is in operation mode IV, we mainly care about the transition config-
urations between operation modes IV and the remaining four oper-
ation modes in this paper. Solving the set of equation composed of
equations associated with operation modes IV and V, we obtain the
same equation as Eq. (10), which is the equation of constraint sin-
gularities of the 3-UPU TPM. This means that the transition config-
urations between operation modes IV and V are the constraint
singular configurations of the 3-UPU TPM. From Eq. (15), one
obtains that e0, e1, e2, and e3 cannot vanish at the same time. There-
fore, there is no common configuration between operation mode IV
and any of operation modes I to III, and the 3-UPU TPM cannot
transit from operation mode IV to any of operation modes I to III
directly.
Some of the 3-UPU TPMs in the literature can transit to more

than one operation mode other than the 3-DOF translation mode
at a constraint singular configuration [8,11–13].

7 Conclusions
The 3-UPU TPM has been classified into 12 types based on the

singularity loci using the Gröbner cover. The analysis of a novel
3-UPU TPM has shown that besides the 3-DOF translational oper-
ation modes, the 3-UPU TPM may have a 3-DOF general operation
mode. Unlike most existing 3-UPU TPMs for which the workspace
is divided into four or more constraint singularity-free regions, the
workspace of this 3-UPU TPM is divided into two constraint
singularity-free regions.
This work is a step forward in the design of the 3-UPU TPMs and

classification of 3-UPU PMs. The 3-UPU PM that the moving plat-
form can undergo 3-DOF translation and 1-DOF infinitesimal rota-
tion in a general configuration and its potential application in
assembly also deserve further investigation.
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