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1. Introduction
Over 5.2 million properties are exposed to some degree of flood risk in the UK alone (EA, 2020). Governments 
have a responsibility to ensure a high degree of social and economic resilience and adaptability for these at-risk 
communities. Flood hazard assessments are a complex part of an established process that quantifies the risk of 
flooding an area may expect to experience, in order to understand potential impacts and explore intervention 
measures to reduce risk (Kundzewicz et al., 2017). Decision-makers rely on flood hazard assessments to highlight 
vulnerable areas or assets, provide early flood warnings, explore exposure extents and plan new flood interven-
tion schemes. Evaluating flood hazard or risk and determining future adaptive measures is frequently carried out 
using numerical hydraulic models (Balica et al., 2013; Beevers et al., 2020; Nkwunonwo et al., 2020; Zhou & 
Arnbjerg-Nielsen, 2018). These are complex, process based numerical models which tend to increase in accu-
racy with finer computational grids, but with increasing computational burden. Consequently, there is a tension 
between accuracy and speed when delivering acceptable model outputs.

Understanding variations in future flood hazard extents as a result of climate change is a key element of the move 
toward future flood adaptation and resilience for populations (Collet, Beevers, & Stewart, 2018; Ellis et al., 2021; 
Lane & Kay, 2021). It is generally accepted that climate change will have a major effect on future flood events, 
increasing in terms of both magnitude (peak flow) and frequency (Collet et al., 2017), however there remains 
large uncertainties around the magnitude of these changes. Engineering interventions must be designed in such a 
way that these changes in frequency and magnitude in the input hydrograph (design peak flow), including their 
associated uncertainties, are accounted for and future damages limited. This requires the current practices to 
consider the uncertainty (error) in the estimate of a given design flow. However due to computational burden, this 
currently tends to be completed in a deterministic manner considering the inclusion of climate change uplifts, and 
sensitivity studies (Pianosi et al., 2016), in order to manage the computational burden associated with numerical 
simulations to an acceptable level (EA, 2017).

Exploring uncertainties in both input and parameter spaces is currently performed in many scientific fields (Belote 
et al., 2018; Iaccarino et al., 2011; Vernon et al., 2014; Vidal et al., 2016; Wallstrom, 2011; Willis et al., 2019). 
In the flood modeling field, standard probabilistic methods have been explored to produce output distributions 
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which fully represent all possible outcomes for a given return period event (Beevers et  al.,  2020; Mukolwe 
et al., 2014). These research explorations have tended to use either standard Monte Carlo techniques or similar 
methods (Kundzewicz et al., 2017). The greater knowledge and understanding of potential flood extents allow for 
better decisions in the future (Capela Lourenço et al., 2014), however this work remains in the research domain.

A key barrier toward the routine use of probabilistic modeling in the flooding industry (as well as many other 
industries (Christie et al., 2005; Kimaev & Ricardez-Sandoval, 2018) is the problem of large computational costs 
associated with such methods (Apel et al., 2006; Neal et al., 2013; Kundzewicz et al., 2017; Teng et al., 2017). 
Traditional probabilistic methods (e.g., full Monte Carlo [FMC]) require large sample sizes to ensure conver-
gence, resulting in large computational cost for high resolution modeling. Furthermore, the topographically 
enforced non-linear relationship between input and output distributions can increase the number of simulations 
required to reach equilibrium. Modelers working within strict time frames or with no access to high performance 
computing are reluctant to use these brute force methods, preferring deterministic methods instead.

One such solution to the computational demands of tradition probabilistic modeling comes in the form of 
multi-level Monte Carlo (MLMC). Originally developed by Giles (2008) for the computation of financial mode-
ling uncertainty, MLMC relies on random sampling across a range of different levels of accuracy. Since its 
conception MLMC has seen a wide range of applications and adaptations (Giles, 2015). However, this uncer-
tainty quantification (UQ) method is yet to be applied to flood hazard and inundation modeling and in this 
sense is novel. Implementing MLMC in flood modeling has the potential to significantly reduce computational 
costs, allowing more detailed flood hazard assessments and improving resilience to increasing—climate change 
induced—flood risk.

This paper investigates the first application of MLMC to probabilistic flood modeling. Therefore the purpose is 
to explore the performance of MLMC methods to reduce computation burden and deliver robust UQ. MLMC 
methods will be compared against classical approaches to quantification of input uncertainty (e.g., Full Monte 
Carlo). The methods will be assessed based on output distribution accuracy for realistic industrial time constraints 
and minimum computational cost required to achieve a given accuracy.

2. Methodology
This paper evaluates the performance of three different UQ methods; namely, the proposed MLMC, and two 
classical UQ methods; FMC and a widely used stratified sampling method Latin hypercube sampling (LHS). The 
paper demonstrates the capability of each approach across three case studies to provide robust real-world compar-
isons between methods. The simulations are carried out across a range of grid resolutions (5 m/10 m/20 m) with 
additional 2.5 and 1 m fine grid models validating convergence of discretization errors.

2.1. Uncertainty Quantification Methods

2.1.1. Full Monte Carlo

Full Monte Carlo (FMC) is the most common probabilistic method used to quantify uncertainties and produce 
probabilistic outputs in many domains (Christie et al., 2005; Iaccarino et al., 2011; Jung and Merwade, 2012; 
Wallstrom,  2011). This approach has been previously demonstrated in flood hazard assessments (Apel 
et  al., 2004, 2008; Beevers et  al., 2020; Di Baldassarre et  al., 2010; Pappenberger et  al., 2005), however the 
associated computational burden is significant. Input values are randomly sampled from specific return period 
distributions and individually run through a hydraulic model to produce outputs which represent the range of 
possible flood extents. The individual extent outputs are collated into a probabilistic flood map with every cell in 
the model assigned a probability of flooding.

Large sample sizes are required to ensure convergence of the FMC outputs, resulting in unfeasible computational 
costs for realistic flood models. A sample size of roughly 10,000 has been found to provide acceptable cover-
age of input distributions and convergence to an equilibrium output distribution (Mundform et al., 2011). The 
sampling error converges with 𝐴𝐴 𝐴𝐴(1∕

√

𝑛𝑛) , for sample size 𝐴𝐴 𝐴𝐴 , independent of the dimensions of the uncertainty 
space. The slow convergence rate is a result of the random sampling with poor coverage and clustering hampering 
performance. Running thousands of flood simulations is manageable on low resolution models but unfeasible for 
more accurate fine grids.

Writing – review & editing: L. Beevers, 
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The FMC method provides an accepted reference to which more complex UQ methods can be compared, with the 
purpose of reducing computational burden whilst preserving non-linear output understanding.

2.1.2. Latin Hypercube Sampling

LHS is one of a number of commonly used stratified sampling methods (Helton & Davis, 2003; Kucherenko 
et al., 2015) which can reduce the number of simulations required to achieve converged output distributions. 
Implementing a stratified sampling approach is one of the fastest and easiest ways to improve the efficiency of a 
randomly sampled model. LHS divides the cumulative distribution function (CDF) into regions of equal proba-
bility and samples randomly from within each region. The LHS error converges with 𝐴𝐴 𝐴𝐴(1∕𝑛𝑛) , quadratically faster 
than FMC. Therefore, LHS can theoretically reduce the computational cost by 97.5%, requiring 125 samples to 
achieve the same level of accuracy as FMC (Aistleitner et al., 2012).

The effectiveness of LHS depends upon the dimensionality of the problem and the topography of the case study 
area, one of the more significant controls of the non-linear input-output relationship (Beevers et  al.,  2020). 
Increasing the dimensionality, assessing multiple dominant independent variables, reduces the benefits of LHS 
(Huntington & Lyrintzist, 1998). When assessing multiple uncertainties in a probabilistic approach the LHS rate 
of convergence toward an output equilibrium distribution lessens and consequently there is an increase in the 
number of LHS samples required to produce an accurate output distribution. The topology of a case study has 
also been found to influence the convergence of LHS (Beevers et al., 2020).

2.1.3. Multi-Level Monte Carlo

Multi-level Monte Carlo (MLMC) is an UQ method which assesses outputs on multiple resolutions to reduce the 
computational impact of high-resolution modeling. The basic idea was introduced to accelerate Monte Carlo inte-
gral solutions (Heinrich, 2001) and further developed into an infinite-dimensional integration (Giles, 2008). It has 
since been applied in other fields (Elsakout et al., 2015; Giles et al., 2009; Kimaev & Ricardez-Sandoval, 2018) but 
not yet in flood hazard modeling. Coarse simulations are used to produce a cheap, rough estimate and combined 
with a select number of fine grid simulations to produce high-resolution outputs. The resulting speedup reduces 
the trade-off between model accuracy and computational cost.

MLMC works by linearity of expectations producing a general telescoping sum for L levels:

�� = ��0 +
∑�

�=1
(�� −��−1) (1)

�(��) ≈ �(��0 ) +
∑�

�=1
� (�� −��−1) (2)

where 𝐴𝐴 𝐴𝐴0 and 𝐴𝐴 𝐴𝐴 relate to the coarsest and finest grids respectively and 𝐴𝐴 𝐴𝐴 is the quantity of interest, in this case 
flood extent. The effectiveness of MLMC is dependent upon the ratio between the rate of increase in simulation 
cost and variance as the levels increase (Lord et al., 2014).

The most efficient ratio between the number of fine and coarse samples can be determined by minimizing vari-
ance of 𝐴𝐴 𝔼𝔼(𝐻𝐻𝐿𝐿) . Let 𝐴𝐴 𝐴𝐴1 be the number of samples required for the coarse estimation, 𝐴𝐴 𝐴𝐴coarse , and 𝐴𝐴 𝐴𝐴2 be the number 
of samples required for the error estimation, (𝐴𝐴 𝐴𝐴f ine −𝐴𝐴coarse) . Treating 𝐴𝐴 𝐴𝐴1 and 𝐴𝐴 𝐴𝐴2 as real variables and using a 
Lagrange multiplier 𝐴𝐴 𝐴𝐴 , the variance is minimized for a constant computational cost by choosing

𝑁𝑁2

𝑁𝑁1

=

√

𝑉𝑉2

𝑉𝑉1

√

𝐶𝐶1

𝐶𝐶2

 (3)

where 𝐴𝐴 𝐴𝐴𝑙𝑙 is the computational cost at each level.

2.1.3.1. MLMC Algorithm (Elsakout et al., 2015)

The MLMC algorithm after Elsakout et al. (2015), as implemented by this study.

1.  Fix a sequence of grid resolutions 𝐴𝐴 𝐴𝐴 = 𝐴𝐴0, . . . , 𝐿𝐿 , fix a number of warm-up samples 𝐴𝐴 Nup and also the accuracy 𝐴𝐴 𝐴𝐴 .
2.  Starting with 𝐴𝐴 𝐴𝐴 = 𝐴𝐴0 , compute 𝐴𝐴 Nl0 = Nup and then check the convergence, if it is satisfied then, go to step 3. 

Otherwise add more samples.

 19447973, 2022, 11, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2022W

R
032599 by N

H
S E

ducation for Scotland N
E

S, E
dinburgh C

entral O
ffice, W

iley O
nline L

ibrary on [12/12/2022]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



Water Resources Research

AITKEN ET AL.

10.1029/2022WR032599

4 of 25

3.  Warm-up phase: Compute 𝐴𝐴 Nl = Nup samples of 𝐴𝐴 (Hl − Hl−1) on every level.
4.  Update the mean estimator. Then, update the variance of the estimator and the cost for each level.
5.  Solve the optimization problem and update the required number of samples 𝐴𝐴 Nl . In other words, evaluate extra 

samples at each level if required and then check the condition. For each level we can go back and add more 
samples to satisfy the condition.

6.  Set 𝐴𝐴 𝐴𝐴 = 𝐴𝐴 + 1 and go back to step 3.

2.2. Comparing Methods

When comparing the performance of the three uncertainty algorithms, two approaches must be considered: (a) 
comparing statistical sampling accuracy achieved at a given computational cost, and (b) comparing computa-
tional costs to achieve a given statistical sampling accuracy. Both comparisons have been performed across the 
three case studies and at multiple resolutions.

The first approach provides a direct comparison of method accuracy for a set of realistic industrial time constraints 
(12 hr, 24 hr, 48 hr, and the theoretical cost associated with LHS (𝐴𝐴 𝐴𝐴 = 125) ). The second approach establishes 
minimum time requirement to achieve the same error (i.e., as with FMC (𝐴𝐴 𝐴𝐴 = 10, 000)) and thus the speedup 
over traditional FMC methods. This is achieved by calculating the number of simulations to match the converged 
errors (FMC converges with 𝐴𝐴 𝐴𝐴(1∕

√

𝑛𝑛) ) (Caflisch, 1998). The convergence rate of LHS is well-documented as 
𝐴𝐴 𝐴𝐴(1∕𝑛𝑛) (Huntington & Lyrintzist, 1998; McKay et al., 1979), a quadratic speedup over FMC. MLMC conver-

gence is a built-in feature of the MLMC algorithm. The exact convergence rate is dependent upon the compu-
tational cost and the variance ratios between levels (Elsakout et al., 2015). Computational cost and speedup are 
directly comparable between each method.

Combining the results of (a) accuracy and (b) cost comparisons will identify preferable UQ methods across each 
test location.

2.3. Study Areas

Three Scottish case studies have been investigated: Dyce (River Don, NE Scotland, UK], Inverurie (River Don/
River Urie, NE Scotland, UK), and Glasgow (River Clyde, W Scotland, UK), Figure 1. Each location provides 
a different domain size, simulation cost, topography and urbanization proportion, allowing a robust analysis of 
high-resolution probabilistic assessments (Table 1). These have been selected to represent a wide range of typical 
UK river systems.

Dyce and Inverurie are both located along the River Don in North East of Scotland. Inverurie is upstream of 
Dyce and is positioned at the confluence of the Rivers Don and Urie. Glasgow—the largest city in Scotland—is 
bisected by the River Clyde and the industrial heartland of West Scotland.

2.3.1. River Don—Dyce

Dyce represents a low complexity case study focusing on the River Don, Aberdeenshire. Flowing from the Cairn-
gorms National Park to the North Sea at Aberdeen, Dyce has a catchment area of approximately 1300 km 2. This 
model domain covers a 5 km reach of the Don downstream of the Parkhill gauging station, providing continuous 
flow records from 1950 to the present day. Dyce has a total domain size of 7.98 km 2 and no large tributaries 
within the modeled domain, resulting in the lowest computational costs of the three locations under investiga-
tion. As such, UQ methods requiring large sample sizes are possible across every resolution. The river Don has 
been known to flood frequently at Dyce, with the largest event on record Jan 2016. Previous work by the authors 
(Collet et al., 2017; Collet, Formetta, et al., 2018; Visser-Quinn et al., 2019) has identified the River Don as a 
catchment likely to see an increased flood hazard as a result of climate change.

2.3.2. River Don—Inverurie

Inverurie serves as the second case study located in North East of Scotland situated at the confluence of the Rivers 
Don and Urie. Inverurie includes a mix of urban and rural land use, within a well-defined river valley. The model 
domain is 22.47 km 2 which for the purposes of this study represents a medium sized model with more complex 
river characteristics. The modeled domain includes the confluence of the rivers Urie and Don, and includes 
an urbanized area. The larger domain and more complicated flow characteristics result in a higher computa-
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tional burden than Dyce with higher urbanization increasing potential damages and thus priority for flood hazard 
assessments. The town is subjected to frequent flood events with the largest flood on record also occurring in Jan 
2016 (SEPA, 2016). In response to the increasing magnitude and frequency of flood events an £11 million flood 
alleviation scheme has been proposed with hopes of reducing future flood impacts (JBA, 2019).

2.3.3. River Clyde—Glasgow

The third study area examines the River Clyde in the West of Scotland. Flowing from the Lowther hills through 
Glasgow and into the Firth of Clyde, the river is one of Scotland's most historically significant waterways. The 
Clyde catchment comprises of a complex network of tributaries, including the White Cart, Black Cart and the 
River Kelvin. The subsequent model for this study covers 81.58 km 2, and flows through the largest urban area in 
Scotland. Glasgow experiences frequent flood events, and a number of densely populated urban areas are situated 
along the Clyde with over 9,500 properties (industrial and residential) at risk of fluvial flooding with £22 million 

Figure 1. National map of case study locations in Scotland. Arrows indicate direction of flow and red dots indicate upstream gauging stations.

Location Domain size (km 2)
Computational cost [20/10/5/2.5] grid 

(min) Upstream boundary (NRFA ID) Descriptions of modeled domain

Dyce 7.98 0.5/3/30/372 Parkhill (11001) Largely farmland floodplain with large flat regions 
in the lower reach. Raised steepsided bank on 
the west, lower flat regions on the east

Inverurie 22.47 2.5/9/58/530 Haughton (11002) Situated at the confluence of rivers Urie and Don. 
Partially urban with large pasture floodplains

Glasgow 81.58 16/40/72/690 Blairston (84005) Larger domain with highly dense urban areas—
Glasgow city. Numerous burns and inflows with 
a well-defined highly engineered river channel

Table 1 
Case Study Information
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average annual damages (SEPA, 2015a). The mix of complex topography, river network and land-use in this case 
study result in increasing computational burden for the model. However, this mix ensures that these conditions 
are appropriately considered in the tested UQ methods.

3. Numerical Modeling: Hydraulic Model: LISFLOOD-FP
The work herein has selected LISFLOOD-FP (Bates & De Roo, 2000) as the hydraulic model due to the compu-
tational efficiency associated with its reduced physics formulation. The LISFLOOD-FP model is a 1D-2D hybrid 
modeler using a finite-difference solver and requiring boundary conditions, channel geometry, a digital eleva-
tion model (DEM) and friction coefficients (Bates et al., 2010). The DEMs and floodplain coefficients were 
provided by the Scottish Environmental Protection Agency (SEPA) (SEPA, 2015b). Each model was built using 
the sub-grid channel solver and accelerated floodplain solver. NRFA gauging stations have been used as upstream 
boundaries for each of the locations, Table 1. In order to implement a variety of UQ methods models of different 
discretization were needed for each case study. Consequently, five models of each location were built at 20, 10, 
5, 2.5, and 1 m discretization.

3.1. Data and Calibration

To calibrate hydraulic flood models, historical inflow hydrographs and observed river stage or extents are 
required. Dyce and Inverurie have been calibrated using historical extents from the 2002 events. In the absence of 
observed flood extents, Glasgow has been calibrated to an observed river stage at the Daldowie gauging station 
for the 1994 events. Using the available calibration data, Manning's n roughness coefficients were tuned to maxi-
mize the fit between observed and simulated values.

3.1.1. Calibration by Particle Swarm Optimization

Models were calibrated for each resolution using particle swarm optimization (PSO), automating the process of 
maximizing the fit to observed values (e.g., to observed extent or observed water level). PSO works by iteratively 
improving the calibration fitting measurement by changing Manning's n values to reach an optimal solution 
(Algorithm PSO) (Kennedy and Eberhart, 1995). For a particle 𝐴𝐴 𝐴𝐴 at iteration 𝐴𝐴 𝐴𝐴 the position is given by 𝐴𝐴 𝐴𝐴

𝑘𝑘

𝑖𝑖
 . The 

particles velocity 𝐴𝐴 𝐴𝐴
𝑘𝑘

𝑖𝑖
 is then updated as:

𝑣𝑣
𝑘𝑘+1
𝑖𝑖

= 𝜔𝜔𝑣𝑣
𝑘𝑘

𝑖𝑖
+ 𝑐𝑐1𝑟𝑟1 ×

(

𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
𝑘𝑘

𝑖𝑖
− 𝑥𝑥

𝑘𝑘

𝑖𝑖

)

+ 𝑐𝑐2𝑟𝑟2 ×
(

𝑔𝑔𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
𝑘𝑘 − 𝑥𝑥

𝑘𝑘

𝑖𝑖

)

 (4)

Where 𝐴𝐴 𝐴𝐴 is the inertial weighting defined by the user, 𝐴𝐴 𝐴𝐴1 and 𝐴𝐴 𝐴𝐴2 are user-defined values defining the particles 
attraction toward its known best position 𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴

𝑘𝑘

𝑖𝑖
 and the swarms global best known position 𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴

𝑘𝑘 . Additionally, 
there exists numbers, 𝐴𝐴 𝐴𝐴1, 𝐴𝐴2 ∈ (0, 1) , randomly weighting the particles attraction. The velocity is bounded by 𝐴𝐴 𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚 
to prevent indefinite growth. An updated particle velocity permits the calculation of the updated position, given as

𝑥𝑥
𝑘𝑘+1

𝑖𝑖
= 𝑥𝑥

𝑘𝑘

𝑖𝑖
+ 𝑣𝑣

𝑘𝑘+1

𝑖𝑖
 (5)

In the case of Dyce and Inverurie, particle swarm optimization involved three parameter values representing 
the river channel, pasture and forested areas. As such, a set of 10 particles (roughly three times the number of 
parameters) was used with 20 iterations to find the optimal set of Manning's values. Glasgow required a further 
two categories for Manning's n values, increasing the number of PSO parameters to five. Therefore, the number 
of particles was increased to 15 and the same number of iterations performed.

The result of the PSO is a set of nine highly calibrated models with Manning's values which minimize fitting 
error, Table 2. This allows a robust analysis of discretization errors as a result of resolution biases. The calibration 
from the 5 m model was transferred to the 2.5 and 1 m models and checked for fitting in each case. For flood 
extents this was performed using the fitting statistic FSTAT (Goudet, 1995) (critical success index score); stage 
error was calculated from SEPA gauged levels. The results of the calibration are included below in Table 3.
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3.1.1.1. Particle Swarm Optimization Algorithm (Mohamed et al., 2010)

The PSO algorithm after Mohamed et  al.  (2010), as implemented by this 
study.

1.  Initialize the swarm by assigning a random position in the parameter 
space to each particle with plausible random velocity.

2.  Evaluate the fitness function for each particle.
3.  For each individual particle, compare the particle's fitness value with its 

pbest. If the current value is better than the pbest value, then the pbest 
value and the corresponding position are replaced by the current fitness 
value and position respectively.

4.  Update the global best fitness value and the corresponding best position.
5.  Update the velocities and positions of all the particles using Equations 4 

and 5.
6.  Repeat steps 2–5 until a stopping criterion is met (e.g., the maximum 

number of iterations or a sufficiently good fitness value).

3.2. Model Resolution

Hydraulic model resolution has a large influence on the output flood extent. 
High resolution models (1  m/2.5  m grids) are accurate but computation-

ally very costly; low resolution models (20 m) are less accurate but can be performed in much less time (Ali 
et al., 2015; Neelz & Pender, 2008). However this trade-off becomes important when completing UQ analyses. 
Coarse, computationally light models may make FMC approaches more achievable, however the results run 
the risk of reduced accuracy. Conversely high resolution models with high computational burden mean FMC 
approaches are unachievable. LHS methods make high resolution approaches more achievable, whilst MLMC 
uses coarse simulations to produce a cheap, rough estimate and combine these with a select number of fine grid 
simulations to produce high-resolution outputs. The resulting speedup reduces the trade-off between model accu-
racy and computational cost.

Five different resolution models (20/ 10/ 5/ 2.5 and 1 m grid) were built for each case study. The flooded areas 
produced by different resolution models for the same case study specific inflow hydrograph can be seen in 
Figure 2 (associated costs for each resolution are found in Table 1). A 5 m resolution has been selected as the 
fiducial model for every case study due to the similarity in flood extents to the finer 2.5 and 1 m models and with 
lower computational costs. The 5 m models are within 1.5% of the 2.5 m equivalent for the same inflow values at 
every location (Figure 2). Coupled with a simulation speedup of 9 times over the next finest grid size (Table 1), 
a 5 m model has been selected as the finest resolution necessary.

3.3. Estimating the Uncertain Inflows

Variations in hydrograph inflow values is often the largest source of uncertainty due to the multiple stages 
required to calculate flow distributions (Di Baldassarre et al., 2010). Hydrograph input distributions are produced 
from fitting extreme value distributions to stream flow observations (e.g., gauged data from the National River 
Flow Archive (NRFA) annual maximum series) or to climate model outputs (e.g., future annual maximum series) 
with uncertainties at each stage (Collet et al., 2017). As such, the individual uncertainties are combined into a 

Location Land use
5 m Manning's 

n
10 m 

Manning's n
20 m 

Manning's n

Dyce Channel 0.047 0.043 0.038

Dyce Pasture 0.048 0.039 0.032

Dyce Woodlands 0.111 0.086 0.083

Inverurie Channel 0.0 0.036 0.044

Inverurie Pasture 0.043 0.043 0.047

Inverurie Forest 0.081 0.080 0.114

Glasgow Channel 0.030 0.030 0.030

Glasgow Pasture 1 0.033 0.033 0.033

Glasgow Pasture 2 0.043 0.044 0.044

Glasgow Pasture 3 0.047 0.047 0.047

Glasgow Forest 0.971 0.952 0.950

Table 2 
Particle Swarm Optimization Calibrated Manning's Values

Location Event Fstat-20 m Fstat-10 m Fstat-5 m
Stage error-20 m 

(±m)
Stage error-10 m 

(±m)
Stage error-5 

m (±m)

Dyce October 2002 0.59 0.60 0.60 - - -

Inverurie November 2002 0.77 0.77 0.77 - - -

Glasgow December 1994 - - - 0.17 0.11 0.04

Table 3 
Fitting Statistic Values for Each Case Study
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single hydraulic model input uncertainty. Previous work by the authors has identified this inflow uncertainty as 
the larger source of variability compared to Manning's n (Beevers et al., 2020).

In this paper the dimensionality of uncertainty was constrained to one, that is, only uncertainty in the inflow 
parameter was considered. In order to undertake the UQ analysis, a range of inflows were required. A return 
period hydrograph of 1:30 years was selected, and estimated using the recorded gauge data (NRFA). The Gener-
alized Extreme Value (GEV) was fit to the 30-year annual maximum data from 1970 to 2000 following FEH 
guidelines (CEH,  1999). The range of plausible inflows was estimated by sampling from the extreme value 
distribution. This process was repeated for each model in order to create individual inflow distributions, Figure 3.

3.4. Experimental Setup

For each of the three case studies, the same experimental process was applied, Figure  4. The raw models 
were optimally calibrated using PSO described in Section  3.1.1. Inflow uncertainty was calculated using a 
1:30 years return period event from observed NRFA data, Section 3.3. The calibration and event estimation 
were performed across three resolutions, Section 3.1. With the input data calculated and models calibrated, UQ 
methods were applied. Each method was applied and tested independently to examine: (a) accuracy and (b) 
computational costs.

FMC (Section 2.1.1) was performed prior to investigating the efficiency of LHS and MLMC. This is to ensure the 
resolution differences and discretization errors are considered before testing advanced UQ methods. Furthermore, 
the results from an FMC assessment provide an accepted reference point to compare output accuracy and costs.

The second technique examined is LHS (Section 2.1.2) which is commonly used to give results in less time than 
FMC. Applying a stratified sampling approach can improve the efficiency of UQ and reduce the number of simu-
lations required. LHS results will be directly compared to FMC for distribution accuracy and speedup.

Figure 2. Convergence of Flooded area with increasing resolution for three Scottish case studies. Red dots indicate flooded 
area outputs from the independently calibrated resolution models; blue dots denote the flooded area produced at each 
resolution using the 2.5 m resolution parameters.
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MLMC is the third method investigated (Section 2.1.3) which incorporates multiple resolution models to reduce 
the total computational costs. Combining different discretizations produces the accuracy of high resolution results 
with the computational speed of coarser grids.

Two performance tests (Section 2.2) have been applied to the assess the three UQ methods. The first test compares 
the accuracy of flooded area distribution produced by LHS and MLMC to the gold standard FMC results for given 
time limits. This shows the real-world performance of advanced methods as well as the convergence of distri-
butions with increasing sample sizes. The second test measures the minimum costs associated with converged 
output distributions. Understanding the speedup achieved for accurate results emphasizes the increased efficiency 
of LHS and MLMC over FMC.

Comparing the cost and accuracy efficiency of the three methods across multiple case studies provides a robust 
assessment of their performance. Results will indicate which method should be used for accurate, efficient prob-
abilistic assessments with the aim of improving community resilience.

4. Results
This paper has implemented three UQ methods at three different locations. The methods investigated are: (a) 
traditional Monte Carlo (FMC), (b) a stratified sampling approach (LHS), and (c) an MLMC method. The 
results have been separated into three sections. First, FMC results are examined for each case study to under-
stand the interactions between resolutions across the entire distribution. Second, UQ method accuracy for a 
given time constraint will assess real-world performance of MLMC for each case study, this is compared to 
both FMC and to the more readily accessible LHS approach. Third, the minimum costs required to achieve 
a given accuracy will determine the speed-up factor for each method. Finally, a spatial representation has 
been included for the Dyce case study with the other locations included in Figures S1 and S2 in Supporting 
Information S1.

Figure 3. Inflow distributions for a 1:30 years RP event at each case study location.
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4.1. River Don at Dyce

4.1.1. Dyce: FMC

The low computational cost of Dyce simulations allows FMC results to 
be produced across three resolutions (5 m/10 m/20 m) to compare directly 
with LHS and MLMC methods. As discussed in Section 3.2, the 5 m model 
produces a sufficiently small discretization error (1.25% of the 2.5 m model) 
and can be used as the fiducial result with no significant resolution bias.

Results indicate large discretization errors associated with coarser grid 
models and highlight the necessity for 5 m probabilistic modeling. Large 
differences in flooded area, identified in Section  3.2, continue across the 
entire inflow distribution resulting in different output distributions (Figure 5). 
Increasing grid resolution from 10 to 5 m results a large change in flooded 
area, on the other hand both 10 and 20 m models produce similar extents. The 
5 m flooded areas are significantly lower than both the 10 and 20 m models, 
suggesting an overestimation in flood extents associated with these coarse 
grid models. Furthermore, the change in CDF shape with the finer resolution 
indicates a different input-output relationship as a consequence of the vary-
ing topographical characteristics associated with lower flooded areas.

Strong similarities between 10 and 20 m output distributions suggests that 
there is little benefit in switching to the more computationally heavy 10 m 
model. Both models produce similar density values across flooded areas 
and CDF's have a similar inflexion point however the 10 m model has a 
600% increase in computational cost. The additional computational cost 
far outweighs the minimal increase in flood extent accuracy. However, the 
non-linear behavior exhibited between model discretization may limit the 
effectiveness of multi-level methods due to larger errors associated with 
the  telescoping sum.

4.1.2. Dyce: Time Constraints

Four realistic time constraints have been considered for the computational 
runtime: 12, 24, 48 hr, alongside the cost associated with statistical minimum 
125 LHS samples on the 5 m grid (in this case 62.5 hr). The constrained cost 
results have been compared to the 5 m FMC and LHS distributions using 
violin plots to determine the performance of each method in relation to tradi-
tional methods (Figures 6 and 7). For each time limit, four distributions have 

been produced relating to the LHS, and different combinations of the three resolutions using MLMC (MLMC 
5-10, MLMC 5-20, and MLMC 5-10-20) UQ results.

Results show that LHS results for 12/24 hr struggle to represent the extremes of the FMC distribution. By 48 hr 
these extremes are better represented but it takes 62.5 hr to match these. Similarly the shape of the distribution is 
poorly represented across all four time constraint tests, however by 62.5 hr the beginning of the bimodal distri-
bution is emerging.

Looking at the MLMC results, it is clear that they perform similarly to LHS at Dyce struggling to replicate the 
shape of the FMC output distribution. However, MLMC is seen to improve the representation of FMC extremes 
for all run times.

LHS is unable to identify the lower probability flood extents occurring near the maximum FMC flooded areas. 
This is a consequence of density orientated stratified approach which underestimates the extreme flood impacts 
for a given return period event. MLMC is able to capture these extremes more accurately by combining multiple 
resolution models and aligns more similarly with FMC flooded area ranges, Figure 7. The complex bimodal 
shape of the 5 m FMC output distribution impacts the performance of all lower sampling UQ methods tested. 
LHS and MLMC are unable to replicate FMC shape for lower computational costs but improve with larger 
samples as they convergence toward FMC results, as expected, Figure 6d).

Figure 4. Experimental process applied independently to the three case 
studies.
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Figure 5. Full Monte Carlo histograms and cumulative distribution function’s at Dyce for three resolutions.

Figure 6. Output PDF’s for varying computational time constraints (a) 12, (b) 24, (c) 48, and (d) 62.5 hr at Dyce and 
compared to full Monte Carlo (FMC) results. Horizontal black lines correspond to the minimum and maximum flooded area 
of the FMC distribution.
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The 5-10-20 m MLMC combination is the most accurate method tested capturing distribution shape and extremes 
more effectively. After 24 hr running, the MLMC 5-10-20 model was able to the estimate the maximum flooded 
area to within 0.05% of FMC, whereas the other MLMC combinations underestimated by around 2.50% with 
LHS 4.10% under (Table S1 in Supporting Information S1). Increasing the time limit to 62.5 hr, the triple model 
combination was again the most accurate with extreme values (+0.26% from FMC maximum and 0.85% above 
the FMC minimum), less than half the errors associated with dual model MLMC methods and LHS.

4.1.3. Dyce: Comparison of Methods: Required Simulations for Error Convergence

Three UQ methods have been compared using the computational costs required to achieve the same sampling 
error as a FMC (𝐴𝐴 𝐴𝐴 = 10, 000) assessment. This has been tested by calculating the required number of simulations 

to match the converged errors (FMC converges with 𝐴𝐴 𝐴𝐴(1∕
√

𝑛𝑛) , and LHS converges with 𝐴𝐴 𝐴𝐴(1∕𝑛𝑛) (Caflisch, 1998; 
Huntington & Lyrintzist, 1998). MLMC convergence is a built-in feature of the MLMC algorithm and the exact 
convergence rate is dependent upon the computational cost and variance ratios between levels.

Implementing an LHS sampling method improves computational runtime with a speedup factor of 80 (Figure 8a). 
The increased convergence rate of LHS sampling errors reduces the number of simulations required for the same 
sampling error to 𝐴𝐴 𝐴𝐴 = 125 . Stratified sampling produces the same error as 10,000 randomly sampled FMC simu-
lations far quicker and can be applied with little computational knowledge.

Looking at MLMC results, it is evident that every combination further improves the speedup from FMC. 
Implementing a multi-level approach reduces the number of simulations required with similar sampling errors 
achieved over 100 times faster than FMC and 50% quicker than LHS, Table 4. The reduction in computational 
costs occurs across the three resolution combinations with each MLMC model improving sampling efficiency, 
Figure 8.

Figure 7. Output PDF’s for varying computational time constraints (a) 12, (b) 24, (c) 48, and (d) 62.5 hr at Dyce and 
compared to Latin hypercube sampling results. Horizontal black lines correspond to the minimum and maximum flooded area 
of the full Monte Carlo distribution.
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MLMC 5-10-20 model has the largest speed-up with a lower computational burden than every other method 
tested. Utilizing the complete array of model resolutions improves MLMC convergence such that the accuracy 
achieved for 5 m FMC can be achieved in under 42–3 hr faster than the next fastest method, Table 4. The signifi-
cant (119 times) speedup over FMC dramatically improves probabilistic assessments at Dyce.

4.2. Inverurie

Inverurie provides a more complicated domain (arising from the confluence of two tributaries, in a flat bottomed 
valley) with significantly higher computational costs than Dyce, see Table 1. This location tests the flexibility and 
adaptability of UQ methods in areas with a diversity of topography and with a larger urban area and an at-risk 
population. In this case, as introduced above in Section 3.2, the 5 m model provides the fiducial result. The error 
in flooded extent between the 5 and 2.5 m model is 1.03% and given the difference in computational burden the 
5 m model can be considered a reasonable approximation of the domain.

4.2.1. Inverurie: FMC

The computational demands of the Inverurie model (at all discretizations) 
limit the FMC sample sizes at higher resolutions. A standard sample size 
(𝐴𝐴 𝐴𝐴 = 10, 000 ) was used for the coarse 20 m model and a reduced 2,500 
sample FMC approach was applied to the 5 and 10 m models. This value was 
selected to represent an error convergence rate of half the order of a full FMC 
approach, allowing meaningful comparisons to FMC at a more reasonable 
cost.

Results show a closer relationship between 5 and 10 m models than the 20 
m model (Figure 9), which is different to the previous case (Dyce), where 
differences were observed between all three resolutions. Similarities between 
the finest resolutions (5 and 10 m) will increase the benefit of the multi-level 

Figure 8. Computational Speedup of uncertainty qunatification methods at Dyce compared to (a) full Monte Carlo and (b) 
Latin hypercube sampling.

Method

Required sample size
Cost 
(core 
hrs)

Speedup 
over 
FMC

Speedup 
over 
LHS5 m 10 m

20 
m

FMC 10,000 - - 5,000 1 -

LHS 125 - - 62.5 80 1

MLMC 5-20 85 - 150 45.3 110.0 1.4

MLMC 5-10 80 105 - 44.8 114.2 1.4

MLMC 5-10-20 72 95 130 41.8 119.1 1.5

Table 4 
Required Sample Size and Associated Run Costs for Dyce
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methods compared to Dyce (similar outputs can be produced in less time); as errors in the telescoping sum are 
reduced.

4.2.2. Inverurie: Time Constraints

Similar time constraints (as explored in Dyce) have been investigated for the Inverurie study area: 12, 24, 48 hr. 
The final time constraint test chosen was 120 hr, which represents the computational time associated with running 
125 runs (minimal acceptable LHS error). For each time limit, the same four distributions have been produced 
and compared to the 5 m FMC results. The higher individual simulation costs associated with Inverurie (Table 1) 
results in fewer samples for each of the set time constraints compared to Dyce, increasing associated sampling 
errors.

Once more, the lower cost LHS results (12/24 hr) are unable to capture the extremes of the FMC output distri-
bution. Limiting the costs to 24 hr reduces the number of LHS simulations to 25, equivalent to selecting a value 
from within every 4% region probability. Increasing the time constraints to 48 hr improves results, however the 
upper extremes remain under-represented until 120 hr, Figure 10. Both upper time constraints are able to replicate 
the general FMC shape—a more simple distribution than Dyce.

Results suggest that MLMC methods perform better than LHS, particularly for lower time constraints. MLMC 
can match both the shape and extremes more accurately than LHS at each time limit, Figure  11, with the 
long-tailed characteristics of the FMC distribution are replicated from 24 hr onwards by the best MLMC method. 
The increase in MLMC performance is further highlighted when compared to LHS results which fail to accu-
rately replicate FMC extreme values until the theoretical minimum number of runs (i.e., 120 hr where the error 
converges Figure 10).

Comparing MLMC model combinations suggests that the 5-10-20 MLMC model is the most efficient. This 
model produces the lowest error to FMC minimum and maximum, both within 2.5% error for 24 hr time limit 
and less than 1.2% for the 120 hr limit (Table S1 in Supporting Information S1) matching the distribution shape 
from 48 hr. On the other hand, LHS and MLMC 5-10 significantly underestimated the largest extent for the 24 hr 
time constraint, producing maximum flooded areas 7% lower than the FMC; the 5-20 MLMC model fared better 
at 3.5% but remained less accurate than the triple model combination.

Figure 9. Full Monte Carlo histograms and cumulative distribution function’s at Inverurie for three resolutions.
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4.2.3. Inverurie: Comparison of Methods: Required Simulations for Error Convergence

A comparison of the simulation time required for each method to achieve error convergence was completed. 
The results were compared to the minimum costs to achieve FMC sampling errors. Each UQ method has been 
compared to both FMC and LHS to give a speedup comparison. LHS can induce an 80 times speedup in simula-
tion times over FMC. As seen with Dyce, LHS converges quadratically faster than FMC, requiring 125 stratified 
samples to accurately represent the output distribution.

Results indicate that the multi-level methods can produce accurate outputs up to twice as fast as LHS, Figure 12. 
Every MLMC method reduces the computational costs required to match FMC sampling errors to less than 65 hr. 
This equates to a 150 times speedup over FMC and 2 times speedup over LHS, Table 5.

The MLMC 5-10-20 model has been identified as the preferable UQ method for Inverurie. Combining every 
resolution into single probabilistic methods increases the MLMC efficiency, improving costs to 52 hr—over 6 hr 
faster than the next best method. Outperforming every other method in both the time constraint accuracy test and 
minimized costs, the three-resolution model produces high resolution flood hazard assessments with assessed 
uncertainties significantly faster than traditional methods.

4.3. Glasgow

The river Clyde at Glasgow provides another complex, urban environment to further assess the different UQ 
methods. A larger domain results in greater computational costs across every resolution, Table 1. Glasgow's 
larger simulation times make FMC with 𝐴𝐴 𝐴𝐴 = 10, 000 unfeasible for the 10 and 5 m models. Therefore, a smaller 
FMC sample size of 2,500 was selected to represent a sampling error convergence equivalent to ½ the full 10,000 
FMC and allow robust subsampling for time constraints and theoretical costs.

Figure 10. Output PDF's for varying computational time constraints (a) 12, (b) 24, (c) 48, and (d) 120 hr at Inverurie and 
compared to full Monte Carlo (FMC) results. Horizontal black lines correspond to the minimum and maximum flooded area 
of the FMC distribution. (FMC in this case relates to a 2,500 sample size).
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4.3.1. Glasgow: FMC

Full Monte Carlo results have been produced for three resolutions at the Glasgow case study, using 10,000 
samples for the 20 m model and 2,500 for the 10 m/5 m models. The linear relationship between resolution and 
flooded areas (see Section 3.2, Figure 2) continues through the entire output distribution, that is, constant differ-
ences across resolutions and each resolution exhibits a smooth CDF and unimodal long-tailed PDF, Figure 13.

4.3.2. Glasgow: Time Constraints

The same three time limits (12/24/48 hr) have been applied to Glasgow with a theoretical LHS sample size equiv-
alent to 150 hr simulation costs included as the theoretical minimum sample number. Glasgow has the highest 
individual simulation costs (Table 1) and these time constraints can result in fewer than 15 sampled results (e.g., 
10 LHS runs for the 12 hr constraint test), Table 6. Therefore, the sampling errors associated with these results 
are higher than both Dyce and Inverurie.

LHS results fail to represent the extremes until the 48 hr/150 hr tests and show consistent improvements with 
increasing computational costs. Lower time constraints prevent effective LHS sampling relying on only 10 simu-
lations. Therefore, the output distributions are unable to match the FMC minimum/maximum values. Results 
quickly improve with the three larger values producing a fair representation of the FMC extremes and distribution 
shape.

Similar to LHS, the lowest time MLMC results fail to replicate shape and range of FMC outputs, requiring at least 
48 hr to match results—Figure 14. For the smallest time constraint only the 5-10 m MLMC is able to represent 
the distribution extremes accurately, however the distribution shape is different. Looking at the 24 hr results, only 
the 5-10-20 MLMC model captures the extremes and the general shape. The larger time constraints all produce 

Figure 11. Output PDF's for varying computational time constraints (a) 12, (b) 24, (c) 48, and (d) 120 hr at Inverurie and 
compared to Latin hypercube sampling results. Horizontal black lines correspond to the minimum and maximum flooded area 
of the full Monte Carlo distribution.
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accurate results similar to FMC outputs significantly faster with the 5-10-20 combination producing the best 
MLMC results across the time constraints tested (Figure 15).

Comparing results at the highest time constraint, every method performs well but LHS and 5-10-20 MLMC are 
seen to be the most effective, Figure 15. Both methods produce extreme values within 0.3% of the FMC minimum 
and maximum and match the long-tailed shape (Table S1 in Supporting Information S1).

4.3.3. Glasgow: Comparison of Methods: Required Simulations for 
Error Convergence

As with Dyce and Inverurie a comparison of the simulation time required for 
each method to achieve error convergence was completed. The results were 
compared to the minimum costs to achieve FMC sampling errors in order to 
highlight the potential speedup associated with each method.

Assuming the theoretical convergence of errors as stated in Section 2.2, LHS 
once more produces results equivalent to 10,000 FMC results with an 80 
times speedup.  Sampling error converging with order 𝐴𝐴 𝐴𝐴(1∕𝑛𝑛) reduces the 
required LHS sample size to 125, Table 6.

MLMC results vary depending on the model combination but achieve FMC 
accuracy with a speedup factor of at least 90. With minimized costs as low 
as 104.7  hr, probabilistic methods are now more feasible than previously 
thought possible, Figure 16. Every multi-level method improves convergence 
over LHS with the three-level model 1.4 times faster, Table 6.

Figure 12. Computational Speedup of uncertainty qunatification methods at Inverurie compared to (a) full Monte Carlo and 
(b) Latin hypercube sampling.

Method

Required sample size
Cost 
(core 
hrs)

Speedup 
over FMC

Speedup 
over 
LHS5 m 10 m

20 
m

FMC 10,000 - - 9666.7 1 -

LHS 125 - - 120.8 80 1

MLMC 5-20 55 - 125 58.4 165.6 2.1

MLMC 5-10 51 100 - 64.3 150.3 1.9

MLMC 5-10-20 40 55 120 51.9 186.2 2.3

Table 5 
Required Sample Size and Associated Run Costs for Inverurie
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High resolution probabilistic modeling of the river Clyde can be achieved in under 105 hr (114 times faster than 
FMC). The high-cost and dense urban areas characterizing the Glasgow domain make improving UQ methods 
of higher importance than the other locations. Cost-savings are amplified by the larger simulation costs and fine 
grid models that are more necessary due to the larger number of at risk properties.

4.4. Spatial Representation

The culmination of uncertainty assessments is probabilistic flood maps (PFMs). These provide a spatial 
representation of assessed uncertainties with more information for decision makers than deterministic methods.

Three PFM's have been produced for each case study—one for each UQ method. Figure 17 shows the variations 
between PFM's produced by the three assessed methods at Dyce. The lower reach of the domain has been enlarged 
to highlight small changes in flood probabilities in this region. It is clear that all three methods produce similar 
PFM's with only small variations in cell probability. The consistency between PFM's highlights the increased 

efficiency of more advanced methods. PFM's produced for Inverurie and 
Glasgow can be found in Figures S1 and S2 in Supporting Information S1, 
respectively.

5. Discussion
Flood hazard assessments provide crucial information to decision makers, 
helping with the design and implementation of flood alleviation schemes 
(Apel,  2004; Di Baldasaare,  2009). High resolution accurate models in 
probabilistic frameworks are essential to understand the future exposure of 
communities living in at risk flooding areas (Beevers et al., 2020). Model 
resolution and input uncertainties have a large influence on output flooded 
areas and must be quantified. This paper has proposed and evaluated a 

Figure 13. Full Monte Carlo and Latin hypercube sampling histograms and cumulative distribution function’s at Glasgow for 
three resolutions.

Method

Required sample size

Cost 
(core hrs)

Speedup 
over 
FMC

Speedup 
over 
LHS5 m 10 m

20 
m

FMC 10,000 - - 12,000 1 -

LHS 125 - - 150 80 1

MLMC 5-20 65 - 120 110.0 109.1 1.3

MLMC 5-10 57 96 - 132.4 90.6 1.1

MLMC 5-10-20 35 62 80 104.7 114.6 1.4

Table 6 
Required Sample Size and Associated Run Costs for Glasgow
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multi-level UQ technique at three locations to assess the consequences of model resolution and computational 
cost reductions of probabilistic flood  modeling.

5.1. Model Resolution

Large variability in the flooded area has been found between different resolutions at each location, highlighting 
the need for fine grid models. The 10 and 20 m models typically overestimated flood extents in our case studies, 
underlining the need for caution with coarse resolution modeling. Coarse resolution models potentially lead to the 
overestimation of potential flood exposure which has an impact on the resulting planned adaptation and resilience 
of a community (Neelz and Pender, 2008). In the context of UQ assessment, this paper has shown that the use of 
coarse resolution models, in tandem with fine grid models can deliver UQ output with improved speed-up over 
both FMC and LHS methods. However the discretization errors between models must be considered, as they will 
impact the eventual output.

To illustrate this point, the non-linear behavior exhibited by Dyce and Inverurie limits the effectiveness of 
multi-level methods in these case-studies due to larger errors associated with the telescoping sum. Increasing grid 
resolution from 10 to 5 m at Dyce results a large change in flooded area, on the other hand both 10 and 20 m models 
produce similar extents. This suggests similar levels of discretization error for both resolutions, which will reduce 
the effectiveness of the MLMC method (i.e., there is little benefit to including the 10 m resolution model). Models 
with evenly spaced resolution discretization errors will benefit from MLMC more than case studies such as Dyce.

5.2. Uncertainty Quantification Methods

The results in this paper show that combining high and low resolution models into an MLMC method outper-
forms traditional methods such as LHS using less computation time to achieve a converged solution. FMC was 
used as a well-established reference to which the output distributions of the more complex methods could be 

Figure 14. Output PDF’s for varying computational time constraints (a) 12, (b) 24, (c) 48, and (d) 150 hr at Glasgow and 
compared to full Monte Carlo (FMC) results horizontal black lines correspond to the minimum and maximum flooded area of 
the FMC distribution (FMC in this case relates to a 2,500 sample size).
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measured. Replacing the inefficient random sampling of FMC with LHS quantifies the input uncertainty in a 
more efficient manner, however costs remain unfeasible for large, complex domains. MLMC was found to require 
lower computational cost than LHS in agreement with previous studies (Giles, 2008). The ability to quantify a 
large input uncertainty in a much-reduced computational time allows modelers more freedom with model design 
(resolution, assessed uncertainties), creating a deeper understanding of potential flood exposure and thus impacts 
(Willis et al., 2019).

MLMC provides a faster method of producing the PFMs making it easier to incorporate uncertainty estimates 
into assessments, and making this an achievable option. Implementation of MLMC in flood hazard assessments 
could provide decision makers with a more clear understanding of potential damages, thus increasing their ability 
to implement effective flood mitigation strategies. Having accurate probabilistic outputs allows flood alleviation 
schemes to be tailored to the study area, whilst also building in a quantified level of uncertainty to the future 
projections. This information can support resilience plans to reduce future economic and environmental flood 
damages.

In each case study the combination of all three resolutions in a multi-level framework was found to be the 
preferable model choice. MLMC 5-10-20 produces accurate outputs in the most efficient manner. This model 
could be used for new case studies, assuming that discretization errors between resolutions are assessed before-
hand. It should be noted that knowing the required sample sizes a priori is often not possible and may require 
investigation into output variance and computational costs, see Equation 3 and PSO Algorithm. Furthermore, 
calibration and validation of three models requires more work than a single resolution model and should be 
factored into the decision, however this work has found the overall cost savings to remain high. Finally, a 
significant limitation of MLMC is the dependence upon mesh convergence (Dodwell et  al.,  2019). Refin-
ing grid resolutions may not always produce converged results, resulting in large number of computationally 
unfeasible fine grid models.

Figure 15. Output PDF's for varying computational time constraints (a) 12, (b) 24, (c) 48, and (d) 150 hr at Glasgow and 
compared to Latin hypercube sampling results. Horizontal black lines correspond to the minimum and maximum flooded area 
of the full Monte Carlo distribution.
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5.3. Flood Management Implications

The potential to advance flood hazard modeling practices laid out in this paper permit probabilistic assessments 
in previously unfeasible domains, posing new problems for modelers and decision-makers: how do we commu-
nicate the soft edge extent and where do we draw the line?

Industrial uptake of MLMC methods could change flood risk within case studies from a binary hard-line to a 
two-dimensional region of probability, becoming more complicated to communicate flood risk to decision-makers. 
Decision makers rely on hard-lines when determining engineering interventions and future infrastructure (e.g., 
new housing). Unlike deterministic models, probabilistic outputs do not have a hard-line boundary across which 
communities and new developments are deemed safe or unsafe. Therefore, the question of where to draw the new 
line introduces ethical implications with real-world consequences for at-risk communities (Alfonso et al., 2016). 
Implementing a maximum extent policy would significantly increase flood alleviation infrastructure at unneces-
sary costs, exacerbated by further river level rises due to climate change (Collet et al., 2017). Flood alleviation 
projects would incur excessive financial costs by preventing low-depth low-probability flooding with little to 
no benefit. On the other hand, selecting a probabilistic threshold (say 5%) may result in preventable economic, 
environmental, and social damages. The communication and boundary issues are both highly case dependent and 
are heavily influenced by model resolution.

5.4. Future Work

Future work should investigate applying MLMC methods to future climate projection data and analyzing 
future flood impacts. Having proven the applicability of the multi-level approach, the next step will be to use 
the full range of future hydrology projected by climate models to quantify changes in future flood hazards. 
Evaluating these changes can measure the projected impact of climate change and the resulting increase in 
magnitude and frequency of future flood events (Collet et al., 2017). Second, advanced mathematical proxy 
modeling techniques and multi-fidelity methods show potential to further reducing computational costs.  

Figure 16. Computational Speedup of uncertainty quantification methods at Glasgow compared to (a) full Monte Carlo and 
(b) Latin hypercube sampling.
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Multi-fidelity methods use surrogate models across multiple resolutions to reduce overall computational 
costs (Gorodetsky et al., 2020; Khan & Elsheikh, 2019; Ng, 2013). Peherstorfer et al.  (2016) use an opti-
mization problem to maximize MFMC efficiency, balancing correlation strength and computational costs. 
Thorough testing and application of these methods with comparisons to UQ methods discussed in this paper 
is necessary for industrial implementation of these advanced methods. Third, the efficiency demonstrated 
with the MLMC method can accommodate more costly fully two dimensional hydraulic models, increas-
ing model accuracy and quantifying structural uncertainty. The MLMC speedup, although dependent upon 
the cost ratios between model resolutions, allows for high resolution fully two dimensional probabilistic 
flood modeling. Finally, MLMC could be incorporated into multi-objective optimization processes, such as 
property-level protection implementation, to display the benefits of high resolution probabilistic modeling in 
the decision-making process.

6. Conclusions
For the first time in flood modeling, a multi-level Monte Carlo approach has been shown to reduce the total 
computational burden required for fine grid models. It achieves this by assimilating flood extents from multiple 
resolutions. This produces high-resolution outputs in less time than previously possible. Lower costs open the 
potential for fine grid PFMs with fully quantified uncertainties. These can be used for flood hazard assessments 
to improve community resilience and prevent unnecessary damages.

Figure 17. Probabilistic flood maps for three uncertainty quantification methods at Dyce.
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Prior to the implementation of UQ methods, the highest resolution required for accurate flood extents has been 
found for three Scottish case studies with a 5 m sufficiently minimizing resolution errors and costs. Understand-
ing the required resolution for each domain is vital to reducing the impact of discretization uncertainty and 
ensuring accurate outputs, in agreement with previous research (Willis et  al.,  2019). The required resolution 
was investigated by reducing grid size until the differences between output flooded area was below 2% of the 
2.5 m model. In each case a 5 m model was selected for probabilistic investigation due to satisfying the accuracy 
constraint and the tenfold speed-up in costs.

MLMC is able to achieve a speed up factor of at least 150 over FMC by using all three grid resolutions (5-10-20 
m) at every case study examined. Rigorous testing of MLMC methods (a new UQ method for flood hazard assess-
ments) across three case studies has identified the three model MLMC method as the most efficient. Domain vari-
ability has been considered using regions covering multiple topographical characteristics with the triple MLMC 
combination reducing costs most effectively across all three. Furthermore, this MLMC combination was found to 
have a speedup of at least 1.4 and up to 2.3 to LHS—the most common variance reduction technique.

The MLMC method was able to estimate the extremes of the distribution in less time than LHS. The inability of 
LHS to accurately represent distribution extremes limits the application of this method as adaptation measures 
require a high degree of accuracy for future social resilience. Although an effective sampling approach for high 
probability regions, LHS struggled to accurately represent the less probable distribution regions. This is a conse-
quence of the LHS algorithm and limits applications to lower kurtosis output distributions. On the other hand, 
combining multiple resolution models allowed for a greater investigation into the less densely populated regions 
of the flooded area distribution.

MLMC provides a new and faster method for high resolution probabilistic flood modeling. This approach builds 
upon current UQ methods to improve the applicability of probabilistic flood modeling. The hope is that flood 
hazard assessments will use MLMC to quantify climate uncertainties more effectively, helping to build commu-
nity resilience and lessen the impact of future flood events. Future work will investigate further multi-level meth-
ods and the application of proxy modeling techniques to further reduce computational costs, improving flood 
hazard modeling and increasing national resilience under a changing climate.

Data Availability Statement
The LISFLOOD simulation outputs, figure data and files are available at 10.5281/zenodo.6993766 (Aitken 
et al., 2022).
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