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We address the dynamics of quantum correlations in continuous-variable open systems and analyze the
evolution of bipartite Gaussian states in independent noisy channels. In particular, we introduce the notion of
dynamical path through a suitable parametrization for symmetric states and focus attention on phenomena that
are common to Markovian and non-Markovian Gaussian maps under the assumptions of weak coupling and the
secular approximation. We find that the dynamical paths in the parameter space are universal, that is, they depend
only on the initial state and on the effective temperature of the environment, with non-Markovianity that manifests
itself in the velocity of running over a given path. This phenomenon allows one to map non-Markovian processes
onto Markovian ones and may reduce the number of parameters needed to study a dynamical process, e.g., it
may be exploited to build constants of motions valid for both Markovian and non-Markovian maps. Universality
is also observed in the value of Gaussian discord at the separability threshold, which itself is function of the
initial conditions only, in the limit of high temperature. We also prove the existence of excluded regions in the
parameter space, i.e., sets of states that cannot be linked by any Gaussian dynamical map.

DOI: 10.1103/PhysRevA.88.032121 PACS number(s): 03.65.Yz, 03.65.Ta, 03.67.Hk, 03.67.Mn

I. INTRODUCTION

As soon as quantum correlations [1,2] had been recognized
as a resource for quantum information processing, it was
realized that decoherence is the main obstacle to overcome
in order to effectively implement quantum technologies.
Decoherence appears whenever a system interacts with its
environment so that its dynamics is no longer unitary but rather
described by a nonunitary completely positive quantum map,
irreversibly driving the system towards relaxation and the loss
of quantum coherence [3,4]. The main effect of the interaction
with the environment is to set up a time scale τM over which the
dynamics of the system is effectively described by a coarse-
grained Markovian process towards equilibrium. Conversely,
for times shorter than τM , the dynamics is more involved and
the correlations with and within the environment play a major
role [4–9]. In this regime, decoherence may be less detrimental
and the dynamics may even induce recoherence: This is why
a great deal of attention has been devoted to the study of
the corresponding non-Markovian maps, e.g., in different
continuous-variable systems ranging from quantum optics
to mechanical oscillators and harmonic lattices [10–14]. In
addition, there is evidence that non-Markovian open quantum
systems [15–18] can be useful for quantum technologies
[19,20]. As a consequence, much attention is currently devoted
to the analysis of system-environment coupling in order to
characterize, control, and possibly reduce decoherence in the
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most effective way [21,22], e.g., by taking advantage of the
backflow of information from the environment.

As a matter of fact, non-Markovian models are usually
more involved than the corresponding Markovian ones and
only a few cases can be solved analytically [4,23,24]. However,
these cases are also of great interest since they display a rich
phenomenology that is relevant for practical implementations.
This is especially true for continuous-variable systems [25],
where considering a set of quantum oscillators excited in a
Gaussian state and then linearly interacting with their thermal
environment provides an excellent model for a large class
of physical systems in order to study non-Markovianity and
the decoherence of quantum correlations. Motivated by these
considerations, we address in details the dynamics of quantum
correlations between two quantum oscillators, each interacting
with a local thermal environment. We assume a weak coupling
between the oscillators and the corresponding environment, as
well as the validity of the secular approximation. These are the
minimal assumptions to have a model that displays remarkable
differences between Markovian and non-Markovian dynamics
and at the same time allows the use of analytic tools to
describe results. We also assume that the oscillators are initially
prepared in a symmetric Gaussian state and study in details the
evolution of their quantum correlations as described by their
dynamical paths, i.e., the time evolution in a suitably chosen
parameter space.

We start by noting that the set of Gaussian states, i.e.,
states with a Gaussian Wigner function [26], does not
constitute a manifold and is not convex and thus geometrical
approaches to its dynamics are not considered particularly
appealing. At variance with this belief, we address the
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study of decoherence by representing dynamical paths in a
suitable, overcomplete, parameter space, involving Gaussian
entanglement (negativity) [27], Gaussian discord [28,29], and
the overall purity of the state. The use of these variables offers
a suitable framework to compare non-Markovian maps and
their Markovian counterparts and to show which properties do
and notably do not distinguish Markovian and non-Markovian
processes. In particular, upon describing the dynamics as a
path in the three-dimensional space individuated by the above
variables, we observe universality: the dynamical paths do not
depend on the specific features of the environment’s spectrum
and are determined only by the initial state and the effective
temperature of the environment. The non-Markovianity of the
system changes only the velocity of running over a given path.
This behavior allows one to map non-Markovian processes
onto Markovian ones and it may reduce the number of
parameters needed to study a dynamical process, e.g., it may be
exploited to build constants of motion valid for both Markovian
and non-Markovian maps. Universality is also observed in the
value of discord at the separability threshold, which moreover
is a function of the initial conditions only, in the limit of high
temperature. Finally, we find that the geometrical constraints
provided by the structure of the parameter space imply the
existence of excluded regions, i.e., sets of states that cannot be
linked by any Gaussian dynamical map.

The paper is structured as follows. In Sec. II we introduce
the interaction model and briefly review its solution for
Gaussian states. We also introduce symmetric Gaussian states
and the quantities used to quantify their quantum correlations,
i.e., Gaussian entanglement and Gaussian discord. The dy-
namics of the system is then described in details in both
the Markovian and the non Markovian regimes, illustrating
universality of the dynamical paths. Section III closes the paper
with a concluding discussion and some remarks.

II. KINEMATICS AND DYNAMICS

Here we consider the dynamical decoherence of two
oscillators of frequency ω0, each coupled to its own bosonic
environment made of modes at frequencies ωk . The baths
are separated and of equal structure (see [11,13] for the
interaction with a common bath). The system-bath interaction
Hamiltonian is given by (we use natural units)

HI = α
∑

k

jk(X1q1k + X2q2k),

where α is the coupling, the complex {jk}k=1,2,... modulate
the dispersion over the bath’s modes, and Xs = (as + a

†
s )/

√
2

(s = 1,2) and qsk = (bsk + b
†
sk)/

√
2 denote the canonical

operators of the systems’ and baths’ modes, respectively,
i.e., [as,a

†
s ′ ] = δss ′ (s = 1,2) and [bk,b

†
k′] = δkk′ . In the weak-

coupling limit α � ω0 and performing the secular approx-
imation we can write a non-Markovian time-local master
equation for the dynamical evolution of the density operator
� describing the quantum state of the two oscillators in the
interaction picture [23]

�̇(t) = −
∑

k

(�(t)[Xk,[Xk,�(t)]]

− iγ (t)[Xk,{Pk,�(t)}]), (1)

where [A,B] and {A,B} denote the commutator and anticom-
mutator between the operators A and B. Upon defining the
spectrum of the environment as

j (ω) =
∑

k

|jk|2δ(ω − ωk),

the diffusion (heating) and dissipation (damping) coefficients
are given by [30]

�(t) = α2
∫ t

0
ds

∫ ∞

0
dω j (ω) coth(ωβ/2) cos(ωs) cos(ω0s),

γ (t) = α2
∫ t

0
ds

∫ ∞

0
dω j (ω) sin(ωs) sin(ω0s), (2)

respectively, with β = 1/T . At high temperatures the damping
coefficient γ (t) is negligible and the diffusion �(t) is domi-
nant, while at lower temperatures they have the same order of
magnitude.

It is worth noting that the assumptions of weak coupling
and a secular approximation are the minimal ones to have
a model that displays differences between Markovian and
non-Markovian dynamics. At the same time the dynamical
equations remain simple enough to allow the use of analytic
tools to describe results.

In fact, the master equation (1) may be transformed into a
differential equation for the two-mode symmetrically ordered
characteristic function associated with the density operator
� [10,31]

χ (�) = Tr[�D(λ1) ⊗ D(λ2)],

where D(λ) = exp{λa† − λ∗a}, λ ∈ C, is the displacement
operator and � = (x1,y1,x2,y2), λk = (xk + iyk)/

√
2. The

solution of this equation may be written as

χt (�) = exp{−�T (W̃t ⊕ W̃t )�}
×χ0(e−�(t)/2(O−1

t ⊕ O−1
t )�), (3)

where χt (�) is the characteristic function at time t and
χ0(�) the corresponding quantity at t = 0. The quantity �(t)
represents an effective time-dependent damping factor, given
by

�(t) =
∫ t

0
ds γ (s).

The 2 × 2 matrices W̃t and Ot are given by

W̃t = e−�(t)OtWtO
T
t , (4)

Ot =
(

cos ω0t sin ω0t

−sinω0t cos ω0t

)
. (5)

Finally,

Wt =
∫ t

0
ds e�(s)M̃s

with M̃s = OT
s MsOs and

Ms =
(

�(s) 0
0 0

)
. (6)

Gaussian states have a Gaussian characteristic function and
are fully characterized by the mean values of the canonical
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operators Xk and Pk = i(a†
k − ak)/

√
2 and by the covariance

matrix (CM) σ , which is written as

σjk = 1
2 Tr[�(RjRk + RkRj )],

with R = (X1,P1,X2,P2). Since the Gaussian character of an
input state is preserved by the master equation (1) and we are
considering Gaussian states, we need to address the evolution
of the first two moments. In addition, we can focus attention on
the evolution of the CM only, since the quantum correlations
are independent of the first moments.

In particular, we assume that the initial state is a two-
mode Gaussian state �0 with zero amplitude, i.e., Tr[�0Xk] =
Tr[�0Pk] = 0, k = 1,2, and with covariance matrix σ0. Ac-
cording to Eq. (3), the evolved state at time t is still a Gaussian
state with zero mean value and the covariance matrix given
by [12,31,32]

σt = e−�(t)(Ot ⊕ Ot )σ0(Ot ⊕ Ot )
T + W̃t ⊕ W̃t . (7)

Upon retaining only the terms consistent with the secular
approximation we arrive at the expression

σt = e−�(t)σ0 + 1
2��(t)I4, (8)

where

��(t) = e−�(t)
∫ t

0
ds e�(s)�(s)

is a time-dependent effective diffusion factor.
The non-Markovian features are embodied in the time

dependence of the coefficients ��(t) and �(t), which describe
diffusion and damping, respectively. For times t � τM both
coefficients are strongly influenced by the whole spectrum
of the environment [12]. In contrast, for times t 
 τM

the coefficients achieve their Markovian limiting values. In
particular we have

lim
t→+∞ γ (t) = α2|j (ω0)|2 ≡ γM,

such that

�(t) = γMt, ��(t) = (1 − e−γM t )(2nT + 1),

and the solution (8) is rewritten as

σ (t) = e−γM tσ0 + (1 − e−γM t )σT ,

where σT = (nT + 1
2 )I4 is the CM of the stationary state, i.e.,

a thermal equilibrium state at temperature 1/β and in turn a
population of nT = (eβω − 1)−1 thermal photons.

A. Symmetric Gaussian states

A bipartite Gaussian state is symmetric if its CM can be
recast (via local operations) in a form depending on two real
parameters a and c, that is,

σ = aI4 + cσ1 ⊗ σ3, (9)

the σj ’s being Pauli matrices. Note that uncertainty relations
impose a constraint that reads [33] |a − c| � 1

2 . The evolution
under the master equation (1) preserves the symmetry [see
Eq. (8)], therefore, the evolved CM at time t may still be

written as σ (t) = a(t)I4 + c(t)σ1 ⊗ σ3, where

a(t) = a0e
−�(t) + ��(t), (10)

c(t) = c0e
−�(t), (11)

with a0 = a(0) and c0 = c(0).
A symmetric CM of the form (9) corresponds to the

preparation of the two oscillators in a squeezed thermal state
(STS), i.e., a state with a density operator of the form

�(r,νT ) = S(r)ν ⊗ νS†(r),

where ν denotes a single-mode thermal state with νT photons
and S(r) = er(a1a2−a

†
1a

†
2) is the two-mode squeezing operator.

For νT = 0 the state �(r,0) reduces to the so-called two-mode
squeezed vacuum state or twin-beam state, i.e., the maximally
entangled state of two oscillators at fixed energy.

The parameters of the CM are connected to the physical
parameters as

a = (
νT + 1

2

)
cosh(2r), c = (

νT + 1
2

)
sinh(2r).

Furthermore, by introducing the (equal) population (mean
photon number) of the two subsystems

n̄ = sinh2 r(2νT + 1) + νT ,

the diagonal elements may be written as a = 1
2 + n̄, while

the c coefficients describe the correlations among them. It is
worth noting that any two-mode entangled Gaussian state can
be converted into a symmetric one by local operations and
classical communication [34,35]. Therefore, our results about
the dynamics of quantum correlations actually hold for more
general initial states than the symmetric ones, including any
initially entangled state.

Indeed, the representation in terms of the coefficients a

and c does not fully illustrate the correlation properties of
a state. In particular, it does not allow one to analyze the
relations between different kinds of quantum correlations, such
as entanglement or discord, in a dynamical context and to
compare their robustness against dissipation and noise. To this
aim we introduce a different (overcomplete) parametrization
involving the overall purity of the state

μ = Tr[�(r,νT )2] = 1

4
√

det σ
= 1

(2νT + 1)2
, (12)

its Gaussian entanglement expressed in terms of the minimum
symplectic eigenvalue

λ = a − c = (
νT + 1

2

)
e−2r

(the state is separable if and only if λ � 1
2 ), and the Gaussian

quantum discord, which for symmetric Gaussian states may
be written as [28]

D(a,c) = h(a) − 2h(
√

a2 − c2) + h

(
a − 2c2

1 + 2a

)
≡ D(μ,λ), (13)

where

h(x) = (
x + 1

2

)
ln

(
x + 1

2

) − (
x − 1

2

)
ln

(
x − 1

2

)
.

The parameter space individuated by μ, λ, and D is overcom-
plete and the third parameter is a function of the other two [36]
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at any time. In the following, we will describe the dynamics of
the system by paths in the three-dimensional space (μ,λ,D)
according to the following definition.

Definition. A dynamical path for a symmetric Gaussian state
is a line in the three-dimensional space (μ,λ,D) individuated
by the overall purity of the state μ, its least symplectic
eigenvalue λ, and its Gaussian discord D.

Dynamical paths lay on the surface individuated by the
constraint (13) and in the region satisfying the uncertainty
relations. In terms of the parameters (μ,λ,D) these constraints
correspond to

D = D(μ,λ), μ <
1

4λ2
. (14)

A dynamical path describes the evolution of a symmetric
Gaussian state in a noisy Gaussian channel with no explicit de-
pendence on time. This allows one to compare non-Markovian
maps and their Markovian counterparts and to show which
properties do and do not distinguish Markovian and non-
Markovian processes. At the same time, it allows us to reveal
the relationships among the different kinds of quantum corre-
lations in a dynamical context. In other words, each dynamical
path actually describes an equivalence class of dynamical
time-dependent trajectories (including both Markovian and
non-Markovian ones), characterized by a specific dependence
of the Gaussian discord on the other two parameters.

B. Markovian dynamics

The Markovian master equation depends on the (effective)
environment’s temperature and the damping γM ; nonetheless,
the Markovian dynamical paths depend exclusively on the
(effective) temperature of the environment. The damping
affects only the speed of running over a dynamical path, but
not its shape, and the rate c(t)/c0 = e−γM t determines in a
unique way the rate a(t)/a0. In the left panel of Fig. 1 we
show Markovian paths for different values of the temperature,
assuming that the two oscillators are initially prepared in
a twin-beam state �(r0,0), i.e., a pure maximally entangled
state of the two oscillators. As it is apparent from the plot,
two limiting paths emerge at low and high temperatures. The
transition from one regime to the other occurs continuously by
raising the temperature and we see that the high-temperature
limit is already achieved for temperatures corresponding to

nT / sinh2(r0) � 3.

Two other phenomena are revealed by this representation: (i)
The value of the discord at the separability threshold (λ = 1

2 )
depends only on the initial squeezing r0 and approaches a
universal curve in the high-temperature limit and (ii) for a
given initial state �(r0,0) there are STSs that cannot be reached
during any Markovian decoherence process, despite the fact
that they have reduced entanglement and purity compared to
the initial state.

C. Non-Markovian dynamics

As mentioned in the Introduction, non-Markovian dynam-
ics may display remarkable differences from their Markovian
counterpart during the initial transient when t � τM . Entan-
glement oscillations may occur and the separability threshold

FIG. 1. (Color online) On the left are Markovian thermalization
paths at different temperatures. The initial state of the two oscillators
is a two-mode squeezed vacuum with r0 = 1.2; the different paths
(black lines) correspond to different numbers of thermal photons
in the environment. From top to bottom we have paths for nT =
0,0.1,0.5,1.0,10. The solid blue line corresponds to thermal product
states ν ⊗ ν with zero discord. The solid red line denotes the
separability threshold. The high-temperature limit is already achieved
for nT � 3. On the right are dynamical paths in the high-temperature
limit for the two oscillators initially prepared in a two-mode squeezed
vacuum state with different values of initial entanglement. The curves
correspond to (from bottom to top) r0 = 0.5,0.7,1.0,1.5,2.0.

may be delayed or accelerated depending on the spectrum of
the environment. A question thus arises as to whether these
differences also affect significantly the dynamical path in the
space of parameters. As we will see, this is not the case and
universality occurs. The results about the dynamics that we
are going to discuss are independent of the particular choice
of environment spectrum, which is a crucial point of our
analysis. However, in order to show some numerical solutions,
we employ a few examples corresponding to white noise and
both Ohmic and super-Ohmic spectral densities with a cutoff
ωc. More specifically, we are going to consider the Ohmic
spectrum

j (ω) ∝ ωω2
c

ω2 + ω2
c

,

which leads to non-Markovian features when out of resonance,
i.e., when ω0 
 ωc, the super-Ohmic spectrum

j (ω) ∝ ω2ωc

ω2 + ω2
c

and white noise spectrum j (ω) ∝ ωc.
We start by analyzing the high-temperature regime, where

over a time scale τ ∼ τM we can neglect the damping �(t)
(it becomes relevant over times τ ∼ γ −1

M 
 τM , which is def-
initely in the Markovian regime). Short-time non-Markovian
dynamics is thus due to the behavior of the heating function
��(t) and in turn is very sensitive to the details of the
environment spectrum j (ω). In this limit non-Markovian
effects can be seen during the whole decoherence process,
with entanglement oscillation across the separability threshold
[10]. The dynamics is driven by the approximate dynamical
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equation

σt � σ0 +
∫ t

0
ds �(s)

I4

2
(15)

corresponding to

a(t) = a0 + 1

2

∫ t

0
dτ �(τ ) (16)

c(t) = c0. (17)

The minimum symplectic eigenvalue is thus given by

λ(t) = λ0 + 1

2

∫ t

0
dτ �(τ ). (18)

The condition c(t) = c0 imposes a constraint on the dynamical
paths, which is the same independently of whether the dynamic
of a(t) is Markovian or displays oscillations, as long as a(t) �
a0 ∀t and a(t) → aT . In other words, the paths are the same
as in the Markovian case and the possible oscillations of a(t)
influence only the speed of running over the dynamical path.
In the right panel of Fig. 1 we show the dynamical paths for
different values of the initial squeezing r0.

D. Discord at the separability threshold

The condition c(t) = c0 also implies that the Gaussian
discord may be written as

D(a,c) � D(λ + c0,c0), T 
 1,

i.e., it depends on the temperature and the initial squeezing [37]
only through the minimum symplectic eigenvalues. At the
separability threshold, i.e., for t = tsep such that λ(tsep), we
have

Dsep ≡ Dsep(r0)

= D
( 1

2 [1 + sinh(2r0)], sinh(2r0)
)
, (19)

i.e., the discord at separability is a universal function of the
initial squeezing. In Fig. 2 we show the Gaussian discord at
separability as a function the initial squeezing. The solid black
line corresponds to the above high-temperature approximation
Dsep(r0) and the colored symbols correspond to the full
non-Markovian solutions for nT = 10, obtained taking into
account the damping and different environment spectra. As
it is apparent from the plot, there is excellent agreement
between the two solutions, independently of the environment’s
spectrum. We also notice that Dsep saturates to a limiting value

d∗ = lim
r0→∞ Dsep(r0) = −1 + 2 ln 2 � 0.3863

as the initial squeezing increases. The initial squeezing needed
to achieve the saturation regime increases with temperature.
As it may be seen from the plot, for high temperatures, i.e., for
nT � 1, it is about r0 � 2.

For lower temperature the approximation c(t) � c0 is no
longer valid and the Gaussian discord at separability is given
by (Markovian expression)

Dsep ≡ Dsep(r0,nT ) = D
( 1

2 + c(tsep),c(tsep)
)
.

In Fig. 2 we show Dsep(r0,nT ) as a function of r0 for
different values of nT (dashed gray lines). We also report

0 1 2 3 4 5 r0

0.1

0.2

0.3

d

Dsep

FIG. 2. (Color online) Discord at the separability threshold as
a function of the initial squeezing. The solid black line denotes
the universal function Dsep(r0) of Eq. (19) obtained in the high-
temperature limit, whereas the colored symbols are the solutions
of the full non-Markovian dynamics in Eq. (8) for nT = 10 and
for three different environment spectra corresponding to Ohmic,
super-Ohmic, and white-noise spectral density, respectively (red
circles, green diamonds, and blue squares). The horizontal dashed line
is the high-temperature high-squeezing limiting value d∗ � 0.3863.
The dashed gray lines denote the low-temperature Markovian curves
D( 1

2 + c(tsep),c(tsep)) for nT = 0.5,0.1,10−2,10−3 respectively. We
also report the solutions of the full non-Markovian dynamics for
nT = 0.5,0.1 and the same three spectra, whereas for nT = 10−2,10−3

the separability threshold is definitely in the Markovian regime.

the values obtained from the full non-Markovian solutions for
different environment spectra and not too low temperature, i.e.,
nT = 0.5,0.1. As it is apparent from the plot, the two solutions
are in excellent agreement and this may be understood as
follows. At low temperatures the damping γ (t) and the heating
function �(t) become of the same order of magnitude and thus
the separability threshold tsep depends on the environment’s
spectrum. In contrast, separability is always achieved in the
Markovian regime and thus Dsep is a universal quantity. The
plot confirms that this argument holds also if the temperature
is not too low, i.e., for nT = 0.5,0.1. For times t � τM ,
there is a competition between γ (t) and �(t) and, in principle,
one would not expect a universal behavior. However, low
temperature and weak coupling make the effect of damping and
heating very weak, with appreciable perturbation of the initial
state only after a long time. In other words, any dynamical
effect of the interaction is taking place in the Markovian
regime, thus regaining universality and independence of the
environment’s spectrum. This also means that the dynamical
paths in the left panel of Fig. 1 legitimately describe non-
Markovian dynamical trajectories at low temperatures.

E. Universality of constants of motion

Any path-dependent property may be checked analytically
using the set of Markovian equations and then extended to
the non-Markovian regime, where an analytic approach would
be unfeasible. In particular, we introduce the rescaled time
τ = �t and recall that in the Markovian regime we have

∂τλ = e−τ (λT − λ0),

∂τ (λμ)−1 = e−τ [(λ0μ0)−1 + 4λT ],

where the subscript 0 (T ) refers to the initial (stationary)
state. Then any constant of motion, e.g., C = λ + y/4λμ, with
y = (λT − λ0)/λT + (4μ0λ0)−1, built using the Markovian
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dynamical equation is a constant of motion also in the
non-Markovian regime, independently of the environment’s
spectrum, and with potential application for the development
of general channel engineering strategies. The temperature
dependence disappears in the high-temperatures limit.

III. DISCUSSION AND CONCLUSIONS

We have addressed the dynamics of quantum correlations in
continuous-variable open systems and analyzed the evolution
of bipartite Gaussian states in independent noisy channels. We
have assumed weak coupling between the system and the en-
vironment as well as the secular approximation. These are the
minimal assumptions to have a model that displays remarkable
differences between Markovian and non-Markovian dynamics
and at the same time allows the use of analytic tools to describe
results.

In describing the noisy evolution of two-mode symmetric
Gaussian states we introduced the concept of dynamical paths,
i.e., lines in the three-dimensional space individuated involv-
ing Gaussian entanglement, Gaussian discord, and the overall
purity of the state. Dynamical paths describe the evolution
of symmetric Gaussian states with no explicit dependence on
time. This has been proven suitable to address the decoherence
effects of both Markovian and non-Markovian Gaussian maps
and to reveal which properties do and do not distinguish
Markovian and non-Markovian processes. At the same time,
dynamical paths allow us to reveal the relationships among the
different kinds of quantum correlations in a dynamical context.
Each dynamical path actually describes an equivalence class
of dynamical time-dependent trajectories (including both
Markovian and non-Markovian ones), characterized by a
specific dependence of the Gaussian discord on the other two
parameters.

Upon describing the dynamics as a path in the three-
dimensional space individuated by the above variables, we
have observed universality: The dynamical paths do not
depend on the specific features of the environment’s spectrum
and are determined only by the initial state and the effective
temperature of the environment. Non-Markovianity manifests

itself in the velocity of running over a given path. This
phenomenon allows one to map non-Markovian processes onto
Markovian ones and may reduce the number of parameters
needed to study a dynamical process, e.g., it may be exploited
to build constants of motion valid for both Markovian and
non-Markovian maps.

Universality is also observed for the value of discord at
the separability threshold, which moreover depends on the
initial squeezing in the high-temperature limit. We also found
that the geometrical constraints provided by the structure of
the parameter space imply the existence of excluded regions,
i.e., sets of Gaussian states that cannot be linked by any
Gaussian dynamical map, despite the fact that they have
reduced entanglement and purity compared to the initial one.

Our results have been obtained for Gaussian states and
are not directly transferable to the non-Gaussian sector of the
Hilbert space. Indeed, there are no necessary and sufficient cri-
teria to individuate and quantify non-Gaussian entanglement
and there are no analytic formulas to evaluate non-Gaussian
quantum discord. The interplay between Gaussian and non-
Gaussian quantum correlations has been discussed in recent
years [38–41], but a complete understanding has not yet been
achieved.

Finally, we emphasize once again that the universality
of dynamical paths does not depend on the environment
spectrum, i.e., it is a consequence of the assumptions of weak
coupling and the linear interaction between the system and
environment. It may therefore be conjectured that universality
represents a more general feature, characterizing any open
quantum system admitting a Markovian limit.
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[16] Á. Rivas, S. F. Huelga, and M. B. Plenio, Phys. Rev. Lett. 105,
050403 (2010).

[17] X.-M. Lu, X. Wang, and C. P. Sun, Phys. Rev. A 82, 042103
(2010).

032121-6

http://dx.doi.org/10.1103/RevModPhys.81.865
http://dx.doi.org/10.1103/RevModPhys.84.1655
http://dx.doi.org/10.1103/RevModPhys.75.715
http://dx.doi.org/10.1038/nphys2085
http://dx.doi.org/10.1103/PhysRevA.84.032112
http://dx.doi.org/10.1103/PhysRevLett.100.180402
http://dx.doi.org/10.1103/PhysRevA.88.012108
http://dx.doi.org/10.1103/PhysRevA.75.062119
http://dx.doi.org/10.1103/PhysRevA.75.062119
http://dx.doi.org/10.1103/PhysRevA.79.032102
http://dx.doi.org/10.1103/PhysRevA.79.032102
http://dx.doi.org/10.1103/PhysRevA.80.062324
http://dx.doi.org/10.1103/PhysRevA.82.012313
http://dx.doi.org/10.1103/PhysRevA.86.012110
http://dx.doi.org/10.1103/PhysRevA.86.012110
http://dx.doi.org/10.1103/PhysRevA.77.062102
http://dx.doi.org/10.1103/PhysRevLett.103.210401
http://dx.doi.org/10.1103/PhysRevLett.103.210401
http://dx.doi.org/10.1103/PhysRevA.81.062115
http://dx.doi.org/10.1103/PhysRevLett.105.050403
http://dx.doi.org/10.1103/PhysRevLett.105.050403
http://dx.doi.org/10.1103/PhysRevA.82.042103
http://dx.doi.org/10.1103/PhysRevA.82.042103


DYNAMICAL PATHS AND UNIVERSALITY IN . . . PHYSICAL REVIEW A 88, 032121 (2013)

[18] R. Vasile, S. Maniscalco, M. G. A. Paris, H.-P. Breuer, and
J. Piilo, Phys. Rev. A 84, 052118 (2011).

[19] R. Vasile, S. Olivares, M. G. A. Paris, and S. Maniscalco,
Phys. Rev. A 83, 042321 (2011).

[20] A. W. Chin, S. F. Huelga, and M. B. Plenio, Phys. Rev. Lett.
109, 233601 (2012).

[21] P. Zanardi and M. Rasetti, Phys. Rev. Lett. 79, 3306 (1997).
[22] L. Viola and S. Lloyd, Phys. Rev. A 58, 2733 (1998).
[23] B. L. Hu, J. P. Paz, and Y. Zhang, Phys. Rev. D 45, 2843 (1992).
[24] G. W. Ford and R. F. O’Connell, Phys. Rev. D 64, 105020 (2001).
[25] C. Weedbrook, S. Pirandola, R. Garcia-Patron, N. J. Cerf, T. C.

Ralph, J. H. Shapiro, and S. Lloyd, Rev. Mod. Phys. 84, 621
(2012).

[26] S. Olivares, Eur. Phys. J. Spec. Top. 203, 3 (2012).
[27] R. Simon, Phys. Rev. Lett. 84, 2726 (2000).
[28] P. Giorda and M. G. A. Paris, Phys. Rev. Lett. 105, 020503

(2010); P. Giorda, M. Allegra, and M. G. A. Paris, Phys. Rev. A
86, 052328 (2012).

[29] G. Adesso and A. Datta, Phys. Rev. Lett. 105, 030501 (2010).
[30] S. Maniscalco, J. Piilo, F. Intravaia, F. Petruccione, and

A. Messina, Phys. Rev. A 70, 032113 (2004).

[31] F. Intravaia, S. Maniscalco, and A. Messina, Phys. Rev. A 67,
042108 (2003).

[32] A. Serafini, F. Illuminati, M. G. A. Paris, and S. De Siena,
Phys. Rev. A 69, 022318 (2004).

[33] R. Simon, E. C. G. Sudarshan, and N. Mukunda, Phys. Rev. A
36, 3868 (1987).

[34] G. Giedke, B. Kraus, L. M. Duan, P. Zoller, J. I. Cirac, and
M. Lewenstein, Fortschr. Phys. 49, 973 (2001).
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