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CLASSROOM NOTE

The kinematics and static equilibria of a Slinky

Peter Cumber

School of Engineering and Physical sciences, Heriot-Watt University, Edinburgh, UK

ABSTRACT
A Slinky is a loose helical coil spring and is a well-known educational
toy. In this paper a model for a Slinky is presented. The Slinky is
represented as a sequence of rigid half coils connected by torsional
springs. A range of Slinky configurations in static equilibrium are cal-
culated. Where possible the torsion spring model is compared with
the much simpler point mass model of a Slinky, and a more sophisti-
catedmodel that includes axial and shear deformation. The torsional
springmodel is shown for themostpart toproduce similar qualitative
behaviour as the more complex model. The simplicity of the tor-
sional spring model makes it a candidate for a discrete stair walking
dynamic model of a Slinky, The point mass model is straightfor-
ward to derive and solve andmakes it possible for an undergraduate
engineering student in the early part of their degree course to under-
stand. The torsional spring model is a useful tool for showing what
canbedone in amore advancedmechanics course tomodel a system
that most students would have previous experience of.
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1. Introduction

The Slinky is a child’s toy, patented in 1947 (James, 1947). It consists of a flexible helical
spring, see Figure 1. Figure 1 shows a Slinky in an arch configuration. A Slinky’s behaviour
be it ‘walking’ down some stairs, (Cunningham, 1947) or dropped from a height (Cross &
Wheatland, 2012) is mesmerizing and particularly when dropped surprising, when anal-
ysed in detail (Graham, 2001). As well as being an educational toy it has also been used to
demonstrate physical properties other than the effects of gravity, such as the generation of
horizontal and vertical pulses (Blake & Smith, 1979; Gluck, 2010; Vandergrift et al., 1989).
The dynamic modelling of Slinkies has for the most part been restricted to approximat-
ing the helical spring to a sequence of point masses connected by linear springs. This is a
useful model for investigating the dynamics of a dropped spring but cannot be extended
to a Slinky descending a stair. One dynamic model for a Slinky descending a stair is a
simple two degrees of freedom, two-link model (Hu, 2010). The remaining articles look-
ing at the dynamic behaviour of Slinkies descending stairs are experimental investigations
(Cunningham, 1947; Longuet-Higgins, 1954).
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Figure 1. Slinky in an arch configuration.

For the modelling of static equilibrium, the point mass model has been applied and
some interesting results derived (Eskandari-asl, 2018). For example, for a Slinky fixed at
both ends and modelled as a point mass system, the Slinky forms a parabola, and the max-
imum vertical displacement is independent of the horizontal separation distance between
the two fixing points (Eskandari-asl, 2018). As pointed out by Holmes et al. (2014), and
considered further below this is a property of the model not the Slinky.Wilson (2001) pro-
duced a model for static equilibria of a Slinky by approximating the coils as bars connected
by torsional springs. He looked at the arch configuration and the stability of a Slinky. Wil-
son used his model to predict the number of coils in the arch and the slope angle required
for a Slinky to tumble over. Holmes et al. (2014) extendedWilson’s model to include addi-
tional springs to account for axial deformation and the effects of shear. Holmes et al. (2014)
ultimate intention was to produce a dynamic model, but as yet no model has appeared in
the open literature.

The present investigation is one based on a model similar to Wilson’s original model
but could ultimately be extended to a dynamic model for analysing a Slinky descending a
stair. In this paper attention will be restricted to static equilibria of Slinkies. We will look
at the arch configuration as well as other free-end and fixed-end configurations not con-
sidered by Wilson (2001). The educational value of analysing a Slinky, be it as a dynamic
system or one in static equilibrium, is well known (French, 1994; Gardner, 2000; Gluck,
2010; Graham, 2001; Sawicki, 2002). It is considered here as a window into mechanics for
mechanical engineering undergraduate students. The engagement of weaker students in
courses in mechanics due to poor mathematical skills is well known and there is a body
of knowledge in the literature (Berry et al., 1989; Biggoggero & Rovida, 1977; Graham &
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Peek, 1997; Graham & Rowlands, 2000), where this problem is analysed and a wealth of
solutions presented. For example Cumber (2015) and Widener (2003) present a graph-
ical user interface (GUI) for a pendulum model. A GUI is a software tool that initially
shields the student from the mathematics and programming, allowing students to explore
parameter space and model behaviour, without getting bogged down in the mathemati-
cal detail. Another approach is to present dynamic models that students have some insight
into, such as the dynamics of a washingmachine (Cumber, 2021). Other papers in this area
have looked at how the humble pendulum, often a student’s first experience of a dynamic
model has far more interesting behaviour than first imagined (Cumber, 2022; Fay, 2002).
This paper is one of a series (Cumber, 2015, 2016, 2017, 2021, 2022) where a simple model
is presented that can be derived easily by an undergraduate student and then the analysis
of a related more advanced model is presented, making them aware of what is possible in
mechanics and the linkages to topics in advanced mechanics.

In this paper amodel for static equilibriumof a Slinky is presented. Themodel is simpler
than Holmes et al. (2014), in that it does not consider axial and shear effects. In this respect
the model is similar to Wilson (2001) except the helical spring is considered as a series of
rigid half coils connected by torsional springs. The analysis of such amodel is taken further
than Wilson’s investigation. It is also proposed that the simplifications introduced relative
to Holmes et al.’s (2014) model in principle can lead to a dynamic model produced by
applying the Lagrangian method (Gray et al., 2010) applied to the energy of the system.

2. Point mass model of a Slinky

In this representation of a Slinky, the helical coils are represented as pointmasses connected
by linear springs, see Figure 2. The springs are assumed to satisfy Hooke’s law. The free
body diagram for a portion of the point mass model is given in Figure 3. Applying a force
balance in the x and y directions gives the following system of equations:

kpt|xC,k+1 − xC,k|x = kpt|xC,k − xC,k−1|x
kpt|xC,k+1 − xC,k|y + mg = kpt|xC,k − xC,k−1|y

k = 1, 2, . . . , n (1)

The x and y subscripts denote the x and y components of the point vectors. kpt denotes the
spring constant for a linear spring, xC,k is the location of the kth point mass and m is the
mass of a single half coil. The force balance in the x direction leads to the conclusion that
the point masses are equi-spaced in the x-direction. The force balance in the y direction
can be represented by the linear system

Ay = b

where y is the vector of vertical coordinates of the point masses and

A =

⎛
⎜⎜⎜⎜⎜⎜⎝

2 −1 0
−1 2 −1

. . .

. . . 0
0 . . . 0

0
0

0 2 −1
0 −1 2

⎞
⎟⎟⎟⎟⎟⎟⎠

b =

⎛
⎜⎜⎝
mg
mg
. . .

mg

⎞
⎟⎟⎠ (2)
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Figure 2. Kinematics of a point mass model for a Slinky.

The solution to the above gives a parabolic curve for the location of the point masses. An
interesting point is that the force balance for the vertical components does not depend on
the distance between the two fixed ends of the Slinky (Eskandari-asl, 2018). The Slinky
model based on rigid half coils and torsional springs for convenience is labelled as the
torsional spring model. As we will see below when considering the torsional spring model,
this is an artefact of the point mass model not a property of the Slinky. The point mass
model is straightforward to formulate but has limited accuracy and the configurations that
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Figure 3. Free body diagram for a point mass model of a Slinky.

it can be applied to are limited. It is an excellent starting point for an undergraduate to
consider the static equilibrium of a Slinky.

3. Torsional springmodel of a Slinky

The basic assumption of the torsional spring model is the helical coils are represented as a
series of rigid half coils connected by torsional springs. Consider the Slinky arch configu-
ration shown in Figure 1. The maximum distortion of the spring occurs at the edge of the
coils on the inside of the arch. This would imply the moment generated by the distortion
of the coils on the inside of the arch behaves like a torsional spring. Whether it is large
relative to the axial behaviour of the spring is a more open question and will depend on the
location and orientation of the fixed ends of the Slinky as well as other physical parameters
of the Slinky. The validity of the rigid coil/torsional spring assumption will be considered
further below. For the most part we are content to explore the qualitative behaviour of the
model. Neglecting shear effects is generally only an issue when the stability of a Slinky is
of interest or the end points of the slinky are close together (Holmes et al., 2014).

3.1. Kinematics of the torsional springmodel

Initially a slinky fixed at one end will be considered. The starting point is the relationship
between the centre of mass of each half coil, xC,k and the torsion angles θk, between each
pair of half coils, see Figure 4. In Figure 4(a) a number of sequences of angles and point
vectors are geometrically defined. The centre of mass of the half coils

{xC,k}nk=1

The end points of the half coils

{xE,k}n+1
k=1

The torsion angles

{θk}nk=1
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Figure 4. Kinematics of a torsional spring model for a Slinky.

and the angles the half coils make with the x axis that allows the coordinates of the end
points of the half coils to be specified

{ϕk}nk=0

The initial orientation of the surface the Slinky is fixed to is also specified in Figure
4. The slope angle orientation is denoted as ϕ0. For ϕ0 = 0 the Slinky is orientated to be
suspended vertically down. For ϕ0 = 180o the Slinky is considered to be fixed to the top
side of the surface.

An examination of Figure 4 shows that the orientation angles ϕk and torsion angles θk
are linked. The angle θk represents the angle between the half coils labelled as k−1 and k.

ϕk =
{
ϕk−1 + θk + π k is odd
ϕk−1 − θk + π k is even

}
(3)

Defining the sequence

�k = ϕ0 +
k∑

j=1
θj(−1)j+1 (4)
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and using the trigonometric addition formulae

cos(�k + π) = − cos�k

sin(�k + π) = − sin�k

makes it possible to define the half coil edge point vectors and centre of mass point vectors
as

xE,k+1 = xE,k + 2R
(
cos�k
sin�k

)
(−1)k (5)

xC,k+1 = xC,k + R
(
cos�k − cos�k+1
sin�k − sin�k+1

)
(−1)k (6)

where R is the radius of the Slinky coils, xC,k is the centre of mass of the kth half coil, and
xE,k is the kth edge as looking at the Slinky from one side. All nomenclature relating to
the kinematics of the Slinky is defined in Figure 4. It is possible to simplify (6) further by
the application of the trigonometric addition formulae, but the resulting equation is not
as useful as (6) in the analysis below. When deriving the energy equation, it is useful to
consider the vertical location of the centre of mass of the half coils. Repeated application
of (6) gives the following expression for the vertical location of the centres of mass of the
half coils.

yC,k = R

⎛
⎝sin�0 + 2

k−1∑
j=1

sin�j(−1)j + sin�k(−1)k
⎞
⎠ (7)

3.2. Energy equation for a Slinky

Weare now in a position to formulate the energy equation for a Slinky. Considering a Slinky
with a vertical orientation suspended from a plane with an orientation, ϕ0, the energy, E,
is a summation of the elastic potential energy in the torsional springs and the gravitational
potential energy of half coils.

E =
n∑

i=1

1
2
krθ2i +

n∑
j=1

mgyC,j (8)

where kr is the torsion spring constant. The static equilibria can be found by minimizing
the energy

dE
dθi

= 0

krθi + mg
n∑
j=1

dyC,j
dθi

= 0, i = 1, 2, . . . , n (9)

dyC,j
dθi

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 i > j
−Rcos�j i = j

R

(
2
j−1∑
k=i

cos�k(−1)k+i+1 + cos�j(−1)j+i+1

)
i < j

⎫⎪⎪⎪⎬
⎪⎪⎪⎭
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The above is the system of equations to solve for a Slinky with a vertically down orienta-
tion (ϕ0 = 0) and fixed at one end only. If the Slinky is fixed at both ends or the initial
orientation is above a threshold, then additional physical constraints come into play. For
example, the torsion angles cannot be negative and in fact must be above an angle based
on the geometry of the Slinky

θi ≥ θmin = tan−1
(

Δ

2R

)
(10)

where D is the thickness of a coil. For a Slinky to be fixed at both ends introduce the
constraint

xE,k = xb,k for k = n, n + 1 (11)

where xb,k denotes a point vector for the boundary condition imposed on the end half coil
of the Slinky. These constraints are accounted for by introducing penalty functions into the
energy equation to give the augmented energy.

EA = E + Pθmin + Pb (12)

Pθmin = αθmin

n∑
i=1

{max(0,−(θi − θmin))}2 (13)

Pb = αb

n+1∑
k=n

(xE,k − xb,k).(xE,k − xb,k) (14)

αθmin and αb are weightings for the constraints, if these are given too high a value then
the numerical optimization process discussed below is more difficult, too low a value and
the constraint is not satisfied sufficiently well. The point vectors xb,n and xb,n+1 are the
boundary conditions for the Slinky. The minimum augmented energy condition is given
as

dEA
dθi

= dE
dθi

+ dPθmin

dθi
+ dPb

dθi
= 0, i = 1, 2, . . . , n (15)

dPθmin

dθi
= αθmin

n∑
i=1

2{max(0,−(θi − θmin))} (16)

dPb
dθi

= 2αb

n+1∑
k=n

{
(xE,k − xb,k)x

dxE,k,x
dθi

+ (xE,k − xb,k)y
dxE,k,y
dθi

}
(17)

where xE,k,x represents the x coordinate of the point vector, xE,k and xE,k,y represent the y
coordinate of the point vector, xE,k.

dxE,n,x
dθi

= 2R
n−1∑
k=i

sin�k(−1)k−i (18)

dxE,n,y
dθi

= 2R
n−1∑
k=i

cos�k(−1)k−i+1 (19)
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3.3. Small angle approximate static equilibria

The derivation of an analytic solution of the minimization problem defined by (9) in gen-
eral is not possible. This leaves the options of looking for approximate solutions that are
analytically tractable and numerical optimization algorithms. One approximation tech-
nique that is often used in dynamic model analysis is the linearization of the system
by making the assumption that the angles in the system are sufficiently small that the
approximations for cosine and sine are valid

cos�j ≈ 1

sin�j ≈ �j

Making these substitutions in (9) gives the approximate solution

θi = mgR
kr

(n − i + 1), i = 1, 2, . . . , n (20)

How good a solution this is will be explored in the next section.

3.4. Numerical minimization of energy

Theminimizing of the energy requires the solution of the nonlinear system (8) or (12). One
method for finding solutions of nonlinear equations is Newton’s method. This method has
a second order rate of convergence but requires an initial estimate close to the solution.
Unfortunately, the large dimension of the problem makes Newton’s method unsuitable. A
further consideration is that as we will discuss later for any given configuration there are
multiple solutions. Each solution being a local minimizer of the energy equation (8) or the
augmented energy equation (12).

The solution of (9) or (15) is a challenging problem as there aremany degrees of freedom
depending on the number of coils that make up the Slinky. The two Slinkies considered in
the results section below are manufactured from plastic and steel. The parameters for each
Slinky are given in Table 1. During the lifetime of this investigation a number of different
optimization algorithms have been implemented and applied to the minimization of the
energy equation (8) and augmented energy equation (12).

The first method implemented is the Nelder Mead method (Nelder & Mead, 1965),
sometimes called the Simplex method or the Amoeba method. One of the points in the
simplex is the small angle approximation (20). This optimization method is relatively

Table 1. Physical parameters of Slinkies.

Material Nu. Coils m (g) R (mm) L0(mm) kr (N/rad) kpt(N/m)

Plastic 37.5 39 31.5 67 2.572× 10−2 26.48
Steel 78.5 192 34 53 0.1582 104.5
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straightforward to implement and does not require the evaluation of the gradient vector

g(θ) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

krθ1 + mg
n∑
j=1

dyC,j
dθ1

krθ2 + mg
n∑
j=1

dyC,j
dθ2

. . .

krθn + mg
n∑
j=1

dyC,j
dθn

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

but tends to work well for low-dimensional spaces only. For the plastic Slinky, see Table 1
for the number of half coils, n = 75. For the Nelder Mead method this is large, but the
method does find the minimum energy although it takes many iterations to do so. For the
metal Slinky, n = 157, the Nelder Mead method fails to converge.

The second optimization algorithm implemented is the Fletcher–Reeves conjugate
gradient method (Fletcher, 1980; Fletcher & Reeves, 1964). This is a guess and correct
approach based on solving one-dimensional search problems. The initial guess is the small
angle approximate solution (20). This is an optimization method that works well for find-
ing the minimum energy of both the plastic and steel Slinky fixed at one end only. For a
Slinky fixed at both ends, the Fletcher–Reeves conjugate gradient method fails to find the
minimum augmented energy of the system.

The final optimization method is a quasi-Newton method, the BFGS method (Broy-
den, 1970a, 1970b; Fletcher, 1980). The quasi-Newton method is a particularly efficient
approach that at each iteration generates a search direction based on the gradient vector
and an approximation to the Jacobian and in the limit of the iteration count performs in a
similar way to Newton’s method. The multiple solution problem, i.e. ensuring that the cor-
rect minimizer is found is achieved by starting the problem with αθmin and αb set to zero
and then gradually increase these parameters until the boundary condition constraint and
minimum angle constraint are satisfied sufficiently accurately.

4. Predictions of static equilibria of a Slinky

In this section the point mass model and the torsion spring model are used to calculate the
static equilibria for the plastic and steel Slinky. The main focus is the torsion spring model
as it is amore realistic representation of a Slinky and can be applied tomore configurations.

4.1. Prediction of a Slinky fixed at one end

The spring constants kr and kpt are calibrated to reproduce the length of the Slinkies in
a vertical orientation. For example, the plastic Slinky has a self-weight vertical length of
0.535m. In Figure 5(a) the plastic Slinky shape is calculated using the torsional spring
model satisfying the energy equation (8) and the small angle approximation (20). To make
it possible to see the two predictions of the Slinky in Figure 5(a) an origin shift of 0.2m
is applied to the small angle approximation Slinky. The small angle approximation Slinky
predicts the correct length but the orientation is incorrect. This is understandable as for



INTERNATIONAL JOURNAL OF MATHEMATICAL EDUCATION IN SCIENCE AND TECHNOLOGY 11

Figure 5. The plastic Slinky with (a) 37.5 coils and (b) 15 coils.

coils near the bottom of the Slinky, the small angle approximation is an accurate assump-
tion. At the fixed end near the origin the torsion angles are large due to the self-weight and
the small angle approximation is no longer valid. In Figure 5(b) a mini plastic Slinky with
15 coils in a vertical orientation is shown. In this case the small angle approximation works
very well.

In Figure 6, two static equilibria for the plastic Slinky are shown. The initial orientation
of the Slinky is ϕ0 = 135o. Figure 6(a) shows the static equilibrium of the plastic Slinky
calculated by minimizing the energy and the initial estimate of the torsion angles is given
by the small angle approximation (20). To calculate the static equilibrium shown in Figure
6(b) the initial estimate in the optimization process is

θ0 =

⎛
⎜⎜⎜⎜⎝

0
π

0
. . .

0

⎞
⎟⎟⎟⎟⎠

This shows two static equilibria for the same boundary condition, demonstrating that there
are multiple static equilibria. In fact, there are many states of static equilibria. To appreciate
this, consider the Slinky’s annoying property that it can easily become tangled. There are
an almost infinite number of tangled configurations, and each tangled configurationwould
lead to a local minimum of the energy equation.
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Figure 6. Multiple equilibria of a plastic Slinky fixed at one end with an initial orientation of 135o.

4.2. Prediction of a Slinky fixed at both ends

In this subsection the static equilibrium of a plastic and steel Slinky fixed at both ends is
considered. The first configuration considered is a Slinky with an orientation ϕ0 = 0 and
varying the distance between the two end points, D.

In Figure 7 the steel Slinky is shown with ϕ0 = 0, D = 20R and the vertical location
of the mid-point of the Slinky, labelled as ymid is shown with ymid = −0.28m. Figure 8(a)
shows the functional dependence of ymid on D for ϕ0 = 0. The graph is made dimension-
less with ymid divided by the radius of the slinky, R, and the separation distance,D, divided
by the unstretched length of the Slinky, L0. Three predictions are shown, the y-coordinate
of the mid-point of the Slinky modelled as a series of point masses is a constant line as
discussed above, ymid /R = −4.3. The two other curves are calculated using the torsion
spring model, with and without the minimum torsion angle constraint (13) applied. For
large spacings,D/L0 greater than 3, the two predictions are equivalent as the torsion spring
angles in static equilibrium are above θmin and the constraint is not applied. For D/L0 less
than three, the reduced space available for the Slinky coils means that the torsion angles in
the midsection of the Slinky are reduced to a point where the θmin constraint is imposed.
The constraint changes the gradient of the curve exhibiting nonlinear behaviour for D/L0
below 2.

The torsion spring model is more complicated and reflects the kinematics of a Slinky
compared to the point mass model. This on its own does not guarantee the torsion
spring model is more accurate than the point mass model. Fortunately, Holmes et al.
(2014) considered the same configuration for a different Slinky and exactly the same
behaviour is demonstrated. Holmes et al.’s (2014) model is more complicated than the
torsion spring model as it includes axial and shear deformation effects. Further Holmes
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Figure 7. Steel Slinky fixed at either end with ϕ0 = 0, defining D and ymid .

et al. (2014) present experimental measurements that follows their models theoretical
prediction closely, responding to the θmin constraint in the same way as the torsion spring
model prediction. On this basis it is reasonable to conclude that the torsion spring model
is a more accurate model than the point mass model. The point mass model prediction is
located at the approximate average ymid of the torsion spring model over the range ofD/L0
in the figure. This is encouraging but as demonstrated below is not generally the case. In
Figure 8(b) the same predicted D/L0 vs. ymid/R curves for the torsion spring model for the
metal Slinky are shown. The prediction of ymid/R of the point mass model, not shown in
Figure 8(b), is −10.5, significantly below the torsion spring model curves, for separation
distances D/L0 below 13. The shape of the curves in Figure 8(b) is the same as in Figure
8(a) except the range is −8.1 to −7.4.

The discussion of the following figures extends the configurations to 0o ≤ ϕ0 ≤ 180o
for different separation distances. Figure 9 shows the metal Slinky for three symmetric
configurations, with ϕ0 = 0o, 90o, and 180o. As expected, the shape of the Slinky in static
equilibrium is very different for different orientation angles, ϕ0. In Figure 9, for all three
configurations the separation distance isD = 10R. For small separation distances it is clear
that forϕ0 = 180o there is reduced space for the Slinky and the configuration changes from
a V shaped configuration to an arch. Figure 10 shows ymid/R vs.D/L0, calculated using the
torsion spring model. The curves for 0o ≤ ϕ0 ≤ 90o have a similar slope to ϕ0 = 0o with
the θmin constraint (13) growing in significance as the separation distance, D, is reduced.
For the ‘up’ configurations, 90o < ϕ0 ≤ 180o the behaviour is similar with the vertical
displacement of the midpoint of the Slinky and gradually decreasing with increasing sepa-
ration distance. For smaller separation distances a saddle-node bifurcation occurs (Holmes
et al., 2014) where the configuration changes from a hanging shape to an arch.
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Figure 8. Dimensionless ymid vs D for ϕ0 = 0, a) plastic Slinky and b) steel Slinky.

Comparing Figure 10 to the equivalent figure in Holmes et al. (2014), Figure 4, the tor-
sion spring model has the same qualitative behaviour as Holmes et al.’s (2014) model and
the experimental measurements for all orientation angles, ϕ0 except ϕ0 = 0o. The differ-
ence is the local minimum at D/L0 = 3.85, this is not present in Holmes et al. (2014). The
reason for the difference is unclear. One possibility is that the axial deformation and shear
deformation effects are important in this part of parameter space. When the fixed ends of
a Slinky are close together, the axial deformation of the Slinky is small and is not expected
to be important. One interesting point is thatD/L0 = 3.85 is equivalent toD = 6R and the
separation distance between the edges of the coils is 4R, the space just sufficient for coils to
fit side by side. This leads to a hypothesis that neglecting shear deformation is important
and the rigidity of coils in the radial direction assumption for this configuration is incor-
rect. The radial deformationmakes it difficult for coils to be aligned side by side and instead
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Figure 9. Ametal Slinky in symmetric configurationswith (a)ϕ0 = 0o, (b)ϕ0 = 90o and (c)ϕ0 = 180o.

Figure 10. Dimensionless ymid vsD for ametal Slinkywithϕ0 = 0o, 60o, 90o, 120o, 150o, 165o and 180o.

the Slinky forms an arch. A second hypothesis is for a given ϕ0 and D there are multiple
states of static equilibrium. Which equilibrium state is realized depends on the path taken
in parameter space. Starting with a small value of D and systematically increasing D gives
a smooth transition from an arch configuration to a V shaped configuration. Whereas if
D is initially large and is systematically reduced then the behaviour of ymid/R for ϕ0 = 0
follows the shape shown in Figure 10. The path dependency of the static equilibrium real-
ized is called hysteresis. The phenomenon of hysteresis occurs in many areas of physics,
chemistry, and engineering. Which hypothesis is correct needs further investigation.

To help appreciation and interpretation of Figure 10 for ϕ0 = 0o and D/L0 = 3.85, the
equivalent of D = 6R, the Slinky static equilibria at D = 5.5R, D = 6R, and D = 6.5R are
shown in Figure 11. ForD = 5.5R the configuration can be considered arch like in that ymid
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Figure 11. A metal Slinky in symmetric configurations with ϕ0 = 180o, (a) D = 5.5R, (b) D = 6R and
(c) D = 6.5R.
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Figure 12. Slinkies in a stair configuration, (a) metal Slinky and (b) plastic Slinky.

is above the base of the Slinky. For D = 6.5R the Slinky forms a V shaped configuration
and for D = 6R the configuration is subtlety different forming a U shape.

The final Slinky configuration considered is labelled as a ‘stair’ configuration as it is
the equivalent of a Slinky with one end on a stair and the other end placed on another
stair 0.15m below. In Figure 12, both the plastic and metal Slinky are shown in the stair
configuration. The x coordinate of the centre of the bottom end of the Slinkies are 3R from
the centre of the top end of the Slinkies. Both Slinkies look similar to each other apart
from the number of coils. The important point is the energy present. The elastic potential
energy in both Slinkies is approximately 50% of the total energy present. The metal Slinky
has approximately 3.7 times the total energy of the plastic Slinky. The primary interest
in this configuration is it provides an initial condition for a dynamic model for a Slinky
descending a stair, the starting point for any dynamic model. The torsion spring model
captures nearly all the qualitative behaviour Holmes et al. (2014), and is a simpler model.

5. Conclusion

In this paper twomodels of a Slinky are considered, a pointmass/linear springmodel and a
torsion springmodel where the Slinky is represented as a series of rigid half coils connected
by torsion springs. The torsion spring model is shown to be a more general model than the
point mass model as it can be applied to a variety of configurations such as ϕ0 >0o and
the stair configuration. One conclusion of this investigation is the point mass/linear spring
theory showing the vertical displacement of the midpoint of a Slinky is independent of the
distance between the two fixed end points is a property of the theory rather than the Slinky.

The point mass model still has value as it can be derived using concepts such as force
equilibrium, free body diagrams, and Hooke’s law for springs. These concepts are intro-
duced in most introductory undergraduate courses in mechanics. They provide the first
steps on the road to more advanced topics in mechanics, such as advanced kinematics,
energy conservation, and the Lagrangian method.

The torsion springmodel does not include axial and shear deformation, these simplifica-
tions are demonstrated to be for the most part second-order effects on the static equilibria
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of a Slinky. The exception beingwhen the two endpoints of a Slinky are close togetherwhen
shear deformation may be important. These simplifications have the potential to provide
a route to a dynamic model of a Slinky that more reflects a Slinky’s behaviour than is pos-
sible at present using the multiple point mass assumption. This is possible as the route to a
dynamic model is to apply the Lagrangian method (Gray et al., 2010) to the expression for
the energy of the Slinky (8).

When the torsion springmodel could not reproduce the shape of a Slinky i.e. ϕ0 = 180o

andD/L0 = 3.85, two hypotheses are proposed. The shear deformation not included in the
torsion spring model is important or the multiple static equilibria come into play and hys-
teresis determines the actual static equilibria realized. This requires further investigation
to identify which hypothesis is correct.
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