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The term N-photon bundles has been coined for a specific type of photon emission, where light quanta are
released from a cavity only in groups of N particles. This emission leaves a characteristic number distribution of
the cavity photons that may be taken as one of their fingerprints. We study this characteristic N-photon bundle
statistics considering two solid-state cavity quantum electrodynamics (cQED) systems. As one example, we
consider a semiconductor quantum-dot–microcavity system coupled to longitudinal acoustic phonons. There, we
find the environmental influence to be detrimental to the bundle statistics. The other example is a superconducting
qubit inside a microwave resonator. In these systems, pure dephasing is not important and an experimentally
feasible parameter regime is found, where the bundle statistics prevails.

DOI: 10.1103/PhysRevB.106.115304

I. INTRODUCTION

Many innovative applications of the quantum realm rely
on the on-demand preparation of specific, highly nonclassical
target states. Cavity quantum electrodynamics (cQED) is a
well established tool for this purpose. On numerous different
platforms, e.g., atoms in resonators [1–3], superconduct-
ing qubits in microwave resonators [4,5], or semiconductor
quantum dots in microcavities [6–26], preparation of single
photons, entangled photon pairs, Fock states, and Schrödinger
or Voodoo cat states has been proposed or achieved. Recently,
a new class of emitters has been proposed [27,28], where
the photon emission takes place only in groups of an integer
number N . The term N-photon bundle has been coined to
describe these multiphoton structures. There are numerous
ways to characterize these structures, e.g., in terms of their
emission properties [29,30] or their internal correlations be-
tween the constituent photons [31], which can be interpreted
as a consequence of their specific temporal spacing, see sketch
in Fig. 1. In contrast to the ordinary Fock state |N〉, a bundle
is emitted as a cascade over successive Fock states |n〉, where
0 � n � N , after the preparation of the state |N〉. The cascade
is a direct result of the outcoupling via resonator losses. In a
resonator with loss rate κ , the Fock state |n〉 effectively decays
with the rate nκ , explaining the temporal spacing between
the photons constituting the bundle. A feature that has been
established in Ref. [27] as a major fingerprint of an N-photon
bundle, resulting from its cascaded generation, is its charac-
teristic stationary photon statistics:

PN (n) =
⎧⎨
⎩

1 − 〈n〉
N

∑N
j=1

1
j n = 0

〈n〉
N

1
n 1 � n � N

0 n > N
(1)

with 〈n〉 being the average photon number in the resonator.
Note that the stationary distribution of photon number states

is directly accessible to experiments [32–34], and thus the
statistics given by Eq. (1) is a measurable quantity.

The N-photon bundle is highly nonclassical and exhibits
two attractive properties: (i) a sharp cutoff for photon number
occupation probabilities PN (n) with n > N and (ii) it contains
a relatively high stationary N-photon component. The cutoff is
useful for applications, e.g., in quantum cryptography [35]. A
simultaneous creation of N photons is advantageous for med-
ical applications due to a greater penetration depth and better
resolution [27,36–40]. On timescales longer than the size of
the bundle, Planck’s constant is effectively renormalized in
the relationship between frequency and energy, E = Nh̄ω.
Since in a stationary state an N-photon component is always
redistributed to states with lower n < N due to cavity losses,
the characteristic bundle statistics according to Eq. (1) reflects
both important properties.

Cavity losses are both unavoidable and necessary for actual
quantum technological applications, because, typically, the
photon state created inside the cavity has to be delivered to
a recipient outside the cavity structure. Although the target
N-photon component in the stationary bundle state is lower
than subsequent n-photon components [cf. Eq. (1) for n < N],
it still realizes the highest possible relative N-photon compo-
nent that can be achieved in a stationary situation with loss
processes. In this sense, the N-photon bundle is probably the
best compromise between creating a pure N-photon Fock state
|N〉 only inside the cavity and delivering a high N-photon
component in a stationary fashion.

From a detection point of view this means the following:
When a Poissonian source emits photons, their arrival times
at the detector are distributed randomly; in the case of an
N-photon bundle emission, the bundles arrive randomly, but
the photons contained in each bundle obey the temporal order
as sketched in Fig. 1. Therefore there is a Poissonian distri-
bution over bundles. In this sense, N-photon bundles can be
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FIG. 1. Sketch of a two-level system (2LS) embedded in a cavity
resulting in the coupling to one cavity mode. The 2LS is driven by
a continuous external excitation. It can decay radiatively, while the
cavity is lossy. For particular sets of parameters, N-photon bundles
leave the cavity. They are characterized by the specific temporal
spacing between the constituent photons and their specific photon
number statistics. Exemplary, four five-photon bundles are depicted.

considered as an alternative to Fock states as building blocks
for more complex quantum states of light. In addition to
optical applications, even bundle generation using phonons
instead of photons has been proposed [41].

In this work, we consider the bundle statistics in Eq. (1)
as one of the possible ways to characterize a bundle and
study this fingerprint in two different solid-state platforms: (i)
semiconductor quantum dots (QDs) in microcavities and (ii)
superconducting qubits in microwave resonators.

In QDs, the coupling to longitudinal acoustic phonons
is known as the main source of decoherence. Further-
more, phonon emission and absorption can assist off-resonant
single-photon processes and, thus, influence the competition
between these processes and direct higher-order multi-photon
processes [42]. Because the N-photon bundle is associated
with an N-photon resonance, phonons can impact the bundle
generation. We therefore analyze a QD–cavity system coupled
to a phonon environment modeled in a microscopic picture.
This full many-body problem is solved in a numerically exact
way by employing a path-integral formalism. We compare
these results with those found in a model accounting for
phonons only via a phenomenological pure dephasing rate.
For realistic parameters that are currently achievable, we find
that the phonon influence leads to photon number distributions
that deviate significantly from the bundle statistics in Eq. (1).

In superconducting qubit–microwave resonator systems,
pure dephasing is negligible. For these systems, we propose a
set of parameters experimentally well within reach, where the
bundle statistics with N = 2 is preserved. We show that for
this purpose a resonator with a mediocre Q factor is optimal.

II. MODEL AND METHODS

A. cQED model

Both example systems can be described by a strongly
driven Jaynes–Cummings model with the Hamiltonian in a
frame corotating with the frequency of the external excitation
ωL in the usual dipole and rotating-wave approximations

HSys = − h̄�ωLX|X 〉〈X | + h̄�ωCLa†a

+ h̄g(|X 〉〈G|a + |G〉〈X |a†)

+ h̄ f (|X 〉〈G| + |G〉〈X |). (2)

FIG. 2. Schematic sketch of the N-bundle mechanism. Black
lines indicate the energetic position of systems states |±, n〉 where
the driven 2LS is in the upper (lower) laser-dressed state |+〉 ≈ |X 〉
(|−〉 ≈ |G〉) and n ∈ N0 photons are inside the resonator. Note that
in the rotating frame the contribution of a resonator photon h̄�ωCL

to the total energy is negative in the regime where bundles are found
(cf. Fig 3). The states |−, 0〉 and |+, N〉 are in resonance and the
resonator introduces an effective coupling Veff between them (blue
arrows). Green (dashed black) arrows indicate the action of the
resonator loss (radiative decay) with rate nκ (γ ) on a system state
|±, n〉.

The two-level system (2LS) has an excited state |X 〉 at energy
h̄ωX and a ground state |G〉 at energy zero. a (a†) is the anni-
hilation (creation) operator of a photon in the single resonator
mode at energy h̄ωC coupled to the 2LS by g. The detuning
between the external excitation with strength f and the upper
state |X 〉 is denoted by �ωLX = ωL − ωX and the detuning
between resonator and external excitation �ωCL = ωC − ωL

is defined analogously. The detuning between resonator and
the upper state |X 〉, �ωCX = ωC − ωX, is fixed by the growth
process of the structure. Hence, we keep it constant in our
analysis.

When the 2LS is strongly driven ( f � g) and it is in the
dispersive regime (�ωCX � g), a sharp N-photon resonance
emerges with N being an integer. It corresponds to a polari-
ton of the type (|G, 0〉 ± |X, N〉)/

√
2, where |χ, n〉 denotes

the product state of the 2LS state |χ〉 with χ ∈ {G, X } and
the photon number state |n〉. When dissipative channels are
included by introducing the excited state’s radiative decay
with rate γ and resonator losses with rate κ , this resonance
becomes a source of N-photon bundles [27].

This mechanism is sketched in Fig. 2. Because the 2LS is
strongly driven ( f � g) and the dispersive regime (�ωCX �
g) is considered, the coupling to the resonator represents a
small perturbation to the driven 2LS. Thus the system is best
discussed using the two eigenstates

|+〉 = α|G〉 + β|X 〉, (3a)

|−〉 = β|X 〉 − α|G〉 (3b)
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of the system Hamiltonian HSys without the resonator cou-
pling, i.e., g = 0 in Eq. (2), which are typically referred to as
the laser-dressed states. In general, the laser-dressed states are
admixtures of both bares states, and the mixing coefficients
α, β ∈ R depend on the driving strength f and the detuning
�ωLX. In order to create N-photon bundles, the resonator
mode (in the rotating frame) is adjusted to the N-photon
resonance between the lower laser-dressed state without pho-
tons |−, 0〉 and the higher laser-dressed state with N photons
inside the resonator |+, N〉. The resonator introduces then an
effective (N th-order) coupling between these two states [29],
which we denote as Veff in Fig. 2. In the relevant situation here,
were the laser is typically strongly detuned from the 2LS, the
laser-dressed states are essentially the bare states |+〉 ≈ |X 〉
and |−〉 ≈ |G〉. Therefore the polariton (|G, 0〉 ± |X, N〉)/

√
2

is formed which corresponds to N-photon Rabi oscillations
between the involved states. Dissipative channels lead to fur-
ther couplings between the states |±, n〉, cf. schematic sketch
in Fig. 2. Therefore, after the state |+, N〉 has been reached
due to the effective resonator coupling, the resonator losses
with rate nκ lead to a cascaded decay. The characteristic N-
photon bundle statistics is a direct result of the ratio (n + 1)/n
between subsequent loss rates nκ associated with the state
|+, n〉. In contrast, the radiative decay with rate γ provides
a pathway from |+, n〉 ≈ |X, n〉 to |−, n〉 ≈ |G, n〉 at the same
photon number.

We include both dissipative effects by accounting for the
Lindblad superoperators L|G〉〈X |,γ and La,κ acting on the den-
sity matrix ρ as

LO,
ρ = 

(
OρO† − 1

2 {ρ, O†O}+
)
, (4)

describing loss processes with rate 
 on a dissipation chan-
nel O, where {A, B}+ is the anti-commutator of operators A
and B.

The time evolution of the density matrix ρ is then governed
by the Liouville-von Neumann equation

∂

∂t
ρ = 1

ih̄
[H, ρ]− + La,κρ + L|G〉〈X |,γ ρ, (5)

where [A, B]− is the commutator of operators A and B. In the
following, we introduce two different driven 2LS-resonator
systems. Depending on the considered system, the Hamilton
operator H may include further contributions in addition to
HSys.

1. QD model

At first, we consider a self-assembled GaAs QD system
in a single-mode microcavity. In these systems, additionally
the pure-dephasing coupling of the electronic states to an
environment of longitudinal acoustic phonons is important
[43,44], i.e., H = HSys + HPh in Eq. (5). It is described by the
Hamiltonian [45–48]

HPh = h̄
∑

q

ωqb†
qbq

+ h̄
∑

q

(
γ X

q b†
q + γ X∗

q bq
)|X 〉〈X |, (6)

where bq (b†
q) annihilates (creates) a phonon of energy h̄ωq

in mode q with the coupling strength γ X
q . The phonons

are assumed to be initially in thermal equilibrium at
temperature T .

This coupling to phonons is the source of many well-
known effects in QDs, like the phonon sideband in the QD
emission spectrum [45,49], the renormalization of the Rabi
frequency [50,51], and the damping of Rabi oscillations
[52–54]. It should be noted that because of the QD-phonon
interaction resonances are found at different spectral positions
due to the polaron shift. Whenever we refer to the excited state
energy when phonons are taken into account, we mean the
polaron-shifted excited state energy.

To treat this full many-body Hamiltonian in a numerically
exact way, we employ an iterative real-time path-integral
formalism [55–59] to solve the Liouville–von Neumann equa-
tion. Details on the used path-integral algorithm can be found
in Appendix A. Within this approach, all effects mentioned
above are thus taken into account.

Unless noted otherwise, we take h̄g = 0.02 meV [60], γ =
1 ns−1, and κ = 8.5 ns−1 [61]. These values, in particular,
the cavity loss rate κ are realistically achievable [61]. The
record in cavity quality so far is around κ ≈ 4 ns−1 to 6 ns−1

[60], which means that it should be possible to achieve the
value of κ chosen here with current state-of-the-art equipment
with reasonable effort. Further, following Ref. [27], we set
h̄�ωCX = −60h̄g = −1.2 meV and h̄ f = 32h̄g = 0.64 meV.
For the phonon coupling, standard GaAs parameters [59,62]
are chosen for a QD with a radius of 3 nm.

2. Superconducting qubit model

As a second example, we consider a superconducting qubit
in a microwave resonator. Here, pure dephasing is negligible.
Therefore no addition to the model in Sec. II A is necessary,
i.e., H = HSys in Eq. (5).

We use the parameter set h̄g = 0.079 µeV, γ = 1.54 µs−1,
κ = 0.29 µs−1, i.e., κ 	 γ , taken from Ref. [5]. Again, fol-
lowing Ref. [27], we choose h̄�ωCX = −60h̄g = −4.71 µeV
and h̄ f = 32h̄g = 2.51 µeV.

III. RESULTS: QD-CAVITY SYSTEM

A. Resonance landscape and N = 2

The resonance corresponding to an N-photon bundle is
found at [27,63]

�ωLX =
√

4(N2 − 1) f 2 + N2�ω2
CX + �ωCX

N2 − 1

+ �ωCX. (7)

In this work, we focus mostly on the case N = 2. For
the QD–cavity system, this results in a detuning value of
h̄�ωLX = −0.51 meV. Higher-order bundles with N > 2 can
be reached by tuning the excitation to the corresponding res-
onance according to Eq. (7), however for the realistic set of
parameters assumed here they are negligible.

To illustrate the appearing resonances, we scan the station-
ary probability Pn of occupying the photon number states |n〉
with the laser frequency ωL. Figure 3 shows the corresponding
results for the photon number states |n〉 = |1〉, |2〉, and |3〉
in the QD–cavity system. Three resonance peaks emerge in
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FIG. 3. Stationary probability Pn of occupying the photon num-
ber states |n〉 in the QD–cavity system as a function of the
laser–exciton detuning �ωLX (a) without taking phonon effects into
account, (b) including phonons initially at T = 4 K (the insets show
the region marked by yellow boxes on a larger scale), (c) the cor-
responding energies of the laser-dressed states |+〉 and |−〉. The
energy of a photon in the rotating frame is given by the cavity–laser
detuning h̄�ωCL, which is plotted as a shaded area to illustrate its
modulus. Arrows indicate the number of photons involved in the
processes leading to the various resonance peaks, while their length
corresponds to their energy h̄�ωCL. The circular arrow indicates a
one-photon process with a photon energy (in the rotating frame)
of h̄�ωCL = 0. The blue lines above panel (a) mark the energetic
positions of the bundle resonances, starting for N = 1 and quickly
converging to h̄�ωCX for larger N . Since the bundle resonance is
derived from the condition that N cavity photons energetically fit
between the two dressed states, an equation analogous to Eq. (7) can
be found for the trivial case N = 1.

the vicinity of the bundle resonance [presented in Fig. 3(a)],
which itself is shown on a magnified scale in the inset.

The most prominent peaks are found for the limiting cases
N → ∞ and N = 1. For N → ∞ a double-peaked structure
emerges at h̄�ωLX = h̄�ωCX = −1.2 meV (cf. Fig. 8 in
Appendix B for a zoom-in). At its center the photon statis-
tics is Poissonian and is hardly influenced by phonons [cf.
Figs. 3(a) and 3(b)]. In contrast, the peak at h̄�ωLX ≈
0.08 meV corresponds to the resonance for N = 1. Here, Fock

FIG. 4. The stationary probability Pn of occupying the photon
number states |n〉 normalized to its value at n = 1 for the QD–cavity
system. While the data labeled ’realistic losses’ is obtained using
the parameters listed in Sec. II A 1, weaker losses of γ = 0.01g and
κ = 0.1g were chosen following Ref. [27] for the calculation shown
in gray. Note that in the phonon-free case, the absolute values of the
Fock state with n = 1 are 0.016 for the weaker losses and 0.003 for
the realistic parameter set.

states with n > 1 are not occupied due to a photon blockade
effect [cf. Fig. 3(a)], which is spoiled once phonons are con-
sidered: then, the system can climb up the Jaynes-Cummings
ladder [cf. Fig. 3(b)]. The different physical mechanisms giv-
ing rise to these two limiting cases and the phonon influence
on them is discussed in detail in Appendix B.

We now consider the range of bundle physics for 1 < N <

∞ and focus on N = 2. The characteristic bundle statistics as
denoted in Eq. (1) is well visible for the two-photon bundle
shown in the inset of Fig. 3(a), in particular, the three-photon
occupation probability is zero.

To understand all the resonances, we diagonalize the
Hamiltonian of the laser-driven 2LS neglecting the cavity
(since f � g). As a result, we obtain the laser-dressed states
|+〉 and |−〉. Their energies in the laser-rotating frame are
plotted in Fig. 3(c) along with the energy of a cavity photon
given by h̄�ωCL in this frame.

The analysis in terms of laser-dressed states confirms
the fact that the two-photon bundle resonance at h̄�ωLX =
−0.51 meV originates from a two-photon process [27], in
this case a transition from |−, 0〉 to |+, 2〉. The study of the
influence of the phonons on this resonance shows that already
at 4 K [inset of Fig. 3(b)], it is strongly suppressed. The
occupation probability P1 strongly rises around the resonance
peak. While the absolute value of P1 is only weakly affected
when phonons are included, the height of the peak associated
with P2 is reduced by one order of magnitude from 1.3 × 10−3

to 1.3 × 10−4. In particular, the characteristic 1/n fingerprint
[cf. Eq. (1)] of the number distribution is violated.

To illustrate this point in more detail, the stationary photon
number distribution normalized to its value at n = 1 is shown
in Fig. 4. First of all, it is interesting to note that the ideal
bundle statistics Pn ∝ 1/n is only observed for loss parame-
ters weaker than the realistic, state-of-the-art values (cf. gray
data in Fig. 4). This parameter set consists of γ = 0.01g =
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0.3 ns−1 and κ = 0.1g = 3 ns−1, following the values chosen
in Ref. [27]. Already the slightly higher values chosen in our
work in accordance with current experiments (cf. Sec. II A 1)
lead to a ratio of the stationary two- to the one-photon occu-
pation probability

r := lim
t→∞

〈|2〉〈2|〉(t )

〈|1〉〈1|〉(t )
= lim

t→∞
P2(t )

P1(t )
(8)

equal to 0.45. Thus the ratio deviates from the target of 0.50,
which is a necessary indicator for an N = 2 bundle. The
phonon coupling pushes this value down to r = 0.20 already
at T = 1 K. For higher temperatures up to 10 K, r swiftly
approaches zero and the two-photon bundle fingerprint cannot
be observed anymore. The N-photon bundle statistics (1 <

N < ∞) therefore seems to be hard to find in state-of-the-art
QD–cavity systems.

The reason for the drastic phonon influence can be under-
stood by revisiting Fig. 2. Besides the effective two-photon
process (blue arrows) creating the bundle, the coupling to
the cavity also introduces one-photon processes between
|±, n〉 and |±, n + 1〉. In the phonon-free situation, these
processes are strongly detuned from the cavity mode, and
therefore highly unlikely to occur. But when LA phonons
are considered, the energetic mismatch can be compensated
by a simultaneous phonon emission. Note that phonon emis-
sion is possible at any temperature and always dominates
over phonon absorption. The phonon-assisted one-photon
transitions from |−, 0〉 to |−, 1〉 are competing against
the two-photon bundle process (blue arrows). This com-
peting second-order process, where one photon and one
phonon are emitted simultaneously dominates over the bun-
dle mechanisms. After the state |−, 1〉 is reached due to the
phonon-assisted one-photon transitions, the cavity losses di-
rect the system back to state |−, 0〉, provided that the cavity
loss rate is larger than the phonon-assisted coupling towards
further states |−, n〉 with n > 1. Consequently, the system just
transitions back and forth between these two states, resulting
in a suppressed two-photon occupation probability and a vio-
lation of the bundle statistics. With increasing temperature,
phonon-assisted processes gain importance, resulting in an
even stronger suppression of the bundle.

Our finding that due to the phonon influence the occupation
probability P2 of the n = 2 Fock state compared with the
n = 1 state is much lower than expected for an N = 2 bundle
does, however, not mean that two-photon emission features
are precluded from observation. The latter can still be made
prominent, e.g., by spectrally filtering the emission as has
been shown in Ref. [29].

B. Comparison with a phenomenological dephasing model

The phonon environment has a drastic influence on the
N-photon bundle statistics as shown in the previous section for
the case N = 2. Already at a low temperature of T = 1 K the
1/n-distribution characteristic for the bundle [cf. Eq. (1)] is
not recognizable anymore (cf. Fig. 4). This result was obtained
within a microscopic model of the phonon influence. In con-
trast, in Ref. [27], the dephasing has been analyzed using a
phenomenological Lindblad operator L|X 〉〈X |,γφ

.
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FIG. 5. The stationary ratio between the two- and the one-
photon occupation probability in the QD–cavity system with the
phonon influence approximated by a Lindblad operator with a phe-
nomenological pure dephasing rate γφ instead of the microscopic
Hamiltonian HPh in Eq. (6), cf. main text. (a) γφ corresponding
to the full driven Jaynes–Cummings model at T = 4 K. (b) γφ

corresponding to a Jaynes–Cummings dynamics with n = 1. (c) γφ

corresponding to a Jaynes–Cummings dynamics with n = 2.

It is therefore instructive to compare the microscopic
model with the phenomenological one to check whether the
latter is valid. On first sight, we find a quite different be-
havior: for the phenomenological model taking values for the
corresponding Lindblad rate γφ from the literature on semi-
conductor QD-cavity systems, the impact of pure dephasing
is almost negligible [27].

To analyze this in more detail, we have plotted results
of the phenomenological model in Fig. 5, which shows the
stationary ratio r as a function of the phenomenological pure-
dephasing rate γφ which is incorporated into the model by
the addition of the Lindblad operator L|X 〉〈X |,γφ

instead of
the microscopic Hamiltonian model HPh. Indeed, in that ap-
proximation a large plateau range is found where the ratio
stays essentially at its phonon-free value of r = 0.45 (cf. also
Fig. 4).

To assess, what γφ should be chosen in the reduced model
to best approximate the full phonon effect, we apply the fol-
lowing procedure: We compare the exciton dynamics resulting
from the full calculation (where phonons are included by HPh)
with the phenomenological model (where HPh is replaced by
L|X 〉〈X |,γφ

) and vary γφ until the envelopes of the two dynami-
cal results essentially match. Note that we set κ = γ = 0 for
this procedure to extract the pure phonon influence on the
dynamics. Furthermore, this comparison is conducted for the
all-resonant case, i.e., �ωLX = �ωCX = 0. We perform this
procedure at T = 4 K for three different cases and mark the
resulting rate γφ by red squares in Fig. 5. (a) Driven Jaynes-
Cummings system with the initial state |G, 0〉, resembling
the closest approximation to the full calculation, (b) Jaynes-
Cummings system without driving ( f = 0) for the initial state
|G, 1〉, and (c) same as (b) but with |G, 2〉 as the initial state.
The three extracted rates (cf. Fig. 5) indicate that a very large
pure-dephasing rate of the order of 10−1 meV is necessary to
reproduce the dynamics of the full microscopic model [cf. red
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square labeled with (a)]. With such a large rate, the ratio r is
close to zero, meaning that no two-photon bundle statistics is
observed in accordance with the results of the full model at
T = 4 K (cf. Fig. 4).

The reason for such a significant increase in γφ lies in
the impact of the pure dephasing mechanism, which gains
in strength for larger Rabi frequencies related to the effective
couplings present in the system. While in (b) and (c) the cavity
Rabi frequency amounts to 2g

√
n + 1 with n the number of

photons present in the cavity, the driving f � g introduces
the highest transition frequency in (a). In Fig. 5, it becomes
clear that the pure-dephasing rate increases with larger effec-
tive coupling, in accordance with earlier observations in the
case of a microscopic description of phonons [53,64,65]. The
values of γφ in (b) and (c) are of the order of experimentally
found pure-dephasing rates for strong QD-cavity coupling like
the one studied here (cf. Sec. II A 1), but without external
driving. Choosing such values for the rate indeed results in
a marginal influence of pure dephasing, since both points lie
well inside the plateau region.

Thus the conclusion in Ref. [27] that dephasing does not
significantly affect the N-photon bundle generation can be
traced back to the fact that values for dephasing rates have
been considered that are no longer applicable in the regime of
very strong driving as required for this protocol. The phys-
ical reason lies in the fact that an optically driven system
is influenced by the phonon Hamiltonian in a profoundly
different way than its nondriven counterpart: while phonons
cannot induce transitions between the two electronic states in
the undriven case, they can lead to transitions between the
laser-dressed states, which are the eigenstates of the driven
two-level system [66]. In essence, the dephasing rate depends
on the driving strength. A quadratic dependence γφ ∝ f 2 can
be derived in a weak-coupling limit [67].

In conclusion, a phenomenological pure dephasing model
is also able to qualitatively predict that the characteristic
statistical fingerprint of N-photon bundles is violated. The
challenge is the choice of a proper rate, which has to be
calibrated to the full phonon system. Since non-Markovian
features are missing in the phenomenological model our re-
sults indicate that, in the present case, non-Markovian effetcs
are of minor importance and, indeed, phonon-induced tra-
nitions between laser dressed states are the origin of the
violation of the bundle statistics.

IV. RESULTS: SUPERCONDUCTING QUBIT-MICROWAVE
RESONATOR SYSTEMS

Superconducting qubit–microwave resonator systems have
been successfully used to demonstrate the on-demand prepa-
ration of various highly nonclassical photon states, such as
Fock states [4], superpositions thereof, and Voodoo cat states,
i.e., coherent superpositions of three coherent states [5]. In
none of these experiments, a significant impact of pure de-
phasing was reported.

For state-of-the-art superconducting systems [5], the res-
onator losses are much smaller than the decay of the qubit
(κ 	 γ as in Sec. II A 2). Again, the two-photon bundle res-
onance is achieved by an external excitation tuned according
to Eq. (7). The resulting photon number distribution is shown

FIG. 6. The stationary probability Pn of occupying the photon
number states |n〉 normalized to its value at n = 1 for the super-
conducting qubit–microwave system. The data labeled κ 	 γ is
obtained using the parameters from Sec. II A 2. In dark blue, the
result of a calculation with a cavity loss rate two orders of magnitude
larger than in Sec. II A 2 is shown, namely κ = 0.1g = 7.76γ , cf.
Fig. 4.

in Fig. 6, normalized to its value at n = 1 (light blue bars).
No bundle statistics is found, as higher order photon number
states can be reached. Consequently, the characteristic cutoff
for n > N = 2 is not observed.

The reason for this finding lies in the fact that the radiative
decay with rate γ can induce transitions from states |+, n〉 to
|−, n〉, as indicated in Fig. 2. After the state |+, N〉 is reached
due to the N-photon resonance in the bundle-mechanism,
these radiative transitions represent a competing channel in
addition to the cascaded decay caused by the resonator losses.
If at any point in the subsequent cascade, the radiative decay
rate γ becomes comparable to the resonator loss rate nκ

(n � N ) associated with the state |+, n〉, the system can reach
the state |−, n〉. Because the coupling to the resonator does not
only induce an effective coupling between the states |−, 0〉
and |+, N〉, but between all pairs |−, n〉 and |+, n + N〉, cf.
Fig. 2, a subsequent emission of N additional resonator pho-
tons is possible when the system transitions into the state
|+, n + N〉. Consequently, the characteristic cutoff is lost and
higher order Fock states can be reached, violating the bundle-
statistics.

This interpretation is supported by Fig. 6. For n = 5, the
resonator loss rate nκ becomes comparable to γ . Thus the
last significant two-photon emission occurs due to the tran-
sition from |−, 5〉 to |+, 7〉. Afterwards the resonator losses
dominate and the stationary probabilities Pn essentially vanish
for n > 7.

Thus the failure of the superconducting qubit to show the
statistical fingerprint can be traced back to the lack of res-
onator losses κ in comparison to radiative decay γ . Indeed,
if we consider a resonator loss rate much larger (following
Ref. [27], κ = 0.1g has been chosen, cf. also Fig. 4 for this
specific choice), we can obtain a near-perfect two-photon
bundle statistics. The resulting photon number distribution (cf.
dark blue bars in Fig. 6) indeed shows a near-perfect two-
photon bundle fingerprint, with r = 0.49 and no occupation
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FIG. 7. The stationary ratios of the two- to one-photon occu-
pation probabilities and of the three- to one-photon occupation
probabilities as functions of the resonator loss rate κ (in units of γ )
for the superconducting qubit–microwave system. The two vertical
black lines mark those values of κ , which are used to obtain the
corresponding data in Fig. 6. The dotted black line shows the target
value of 0.5 for the ratio r.

probability for n > 2. This means that though much effort is
usually invested into resonators of better quality, here the use
of a bad resonator is mandatory.

To analyze the impact of the losses in more detail, we
study the bundle statistics as a function of the resonator losses.
To this end, the two- to one-photon ratio r is shown as a
function of κ in Fig. 7 as well as the three- to one-photon
ratio, which should vanish for an ideal two-photon bundle
emission due to the cutoff for n > N = 2. Indeed, these two
quantities confirm that the chosen value of κ = 0.1g = 7.76γ

lies well within a plateau region of r ≈ 0.5 and a vanishing
occupation probability for n > 2. While resonator losses too
low compared to the decay of the qubit result in the occupation
of states with n > 2, using very low-quality resonators with
κ � 20γ (cf. Fig. 7) leads to a drastic reduction of r and thus
a photon statistics, which displays a two-photon component
much smaller than the ideal two-photon bundle. While con-
structing resonators of better quality is always an experimental
challenge, creating a resonator of intermediate quality should
be a lesser problem. Thus superconducting qubit-microwave
resonator systems are indeed suitable candidates for sources
of N-photon bundles, in agreement with Ref. [68].

V. CONCLUSION

We have studied the N-photon bundle statistics in
two solid-state platforms: semiconductor quantum-dot–cavity
systems and superconducting qubit-microwave resonator
systems.

In quantum-dot–cavity systems, pure dephasing is induced
by longitudinal acoustic phonons. We have found that even at
low operating temperatures of a few kelvin, the characteristic
bundle statistics [cf. Eq. (1)] cannot prevail for N = 2, thereby
implying that a corresponding statistics for N > 2 is also out
of reach with current state-of-the-art samples. The reason is
the considered driving regime that is required to address the

bundle resonance, which also favors the phonon activity in the
electronic subsystem of the quantum dot.

In contrast, superconducting qubit–microwave resonator
systems are suitable candidates for the observation of the
N-photon bundle statistics. Here, the pure dephasing does not
play a notable role. However, the quality of the resonator has
to be in a certain, optimal range. In particular, it should not be
too high to facilitate the emission of photon bundles.
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APPENDIX A: ITERATIVE REAL-TIME PATH-INTEGRAL
ALGORITHM

In this section, a brief description of the iterative real-time
path-integral algorithm is given. This formalism is used to
obtain the time evolution of the reduced density matrix ρ̄

for the system of interest, i.e., the driven QD-cavity system,
which is coupled to LA phonons via the pure-dephasing type
Hamiltonian HPh.

The time evolution of the full statistical operator ρ of the
system, containing all QD, photonic and phonon degrees of
freedom, is governed by the Liouville-von Neumann equation

∂

∂t
ρ = LSysρ + LPhρ, (A1a)

LSysρ = 1

ih̄
[HSys, ρ]− + La,κρ + L|G〉〈X |,γ ρ, (A1b)

LPhρ = 1

ih̄
[HPh, ρ]−. (A1c)

First, a basis of ket states |μ〉 and corresponding bra states
〈ν| for the system of interest is introduced. In the situation
studied here, the basis |μ〉 comprises the states |G, n〉, |X, n〉
with n � Nmax ∈ N0, where Nmax is the maximum number
of cavity photons that are considered in our numerical sim-
ulations. The reduced density matrix ρ̄ = TrPh[ρ], which is
obtained from the statistical operator of the complete system
by performing the trace over the phonon degrees of freedom
can be expressed in the basis of the driven QD-cavity system
as

ρ̄ =
∑
ν,μ

ρ̄νμ |ν〉〈μ|, (A2a)

ρ̄νμ = 〈ν|TrPh[ρ]|μ〉. (A2b)

In Ref. [55], it was demonstrated that when the system
dynamics is Hamiltonian, ρ̄νμ can be expressed as a sum over
paths that can be performed iteratively, without introducing
further approximations to the model. Furthermore, it has been
shown recently that this still holds when non-Hamiltonian
contributions to LSys are taken into account, as provided, e.g.,
by La,κ and L|G〉〈X |,γ [58].

The general idea is to rewrite the formal solution of
Eq. (A1a) by discretizing the time-evolution operator into
small steps and integrating over the phonon degrees of free-
dom. When an equally spaced time discretization t� = �t �
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with time step �t and � ∈ N0 as well as a finite memory
length tm = nm�t is considered, and the states of the driven
QD-cavity system at time t� are labeled by ν� or μ�, the
reduced density matrix at time tn is given by

ρ̄νnμn (tn) =
∑

νn−1...νn−nm+1
μn−1...μn−nm+1

ρμn...μn−nm+1
νn...νn−nm+1

. (A3)

The so called augmented density matrix (ADM) [55,56]
ρ

μn...μn−nm+1
νn...νn−nm+1 := ∑

νn−nm ...ν0
μn−nm ...μ0

Rμn...μ0
νn...ν0

obeys the recurrence [58]

ρμn...μn−nm+1
νn...νn−nm+1

= Mνn−1μn−1
νnμn

∑
νn−nm
μn−nm

exp

(
n∑

�=n−nm

Sν�μ�

νnμn

)
ρμn−1...μn−nm

νn−1...νn−nm
, (A4)

where

Mν�−1μ�−1
ν�μ�

= 〈ν�| Mt�−1,t� [|ν�−1〉〈μ�−1|] |μ�〉, (A5a)

Mt,t ′ [·] = T exp

(∫ t ′

t
LSys dt ′′

)[ · ]
, (A5b)

Rμn...μ0
νn...ν0

:= ρ̄ν0μ0

n∏
�=1

Mν�−1μ�−1
ν�μ�

exp

(
n∑

�=1

�∑
�′=1

Sν�′ μ�′
ν�μ�

)
.

(A5c)

Here it is assumed that initially the system is in its ground
state |G, 0〉 while the phonons are in a thermal equilibrium at
temperature T . The influence of the phonons is captured in the
functions Sν�′ μ�′

ν�μ�
, which introduce a finite memory.

For the pure-dephasing type Hamiltonian HPh with real
couplings γ X

q , the explicit expressions for these functions are
[57,59]

Sν�′ μ�′
ν�μ�

= −Kν�′ ν�
(t� − t�′ ) − K∗

μ�μ�′
(t� − t�′ ) + K∗

ν�μ�′
(t� − t�′ ) + Kν�′ μ�

(t� − t�′ ), (A6a)

Kν�μ�′ (τ ) = 2
∫ ∞

0
dω

Jν�μ�′ (ω)

ω2
[1 − cos(ω�t )]

[
coth

(
h̄ω

2kBT

)
cos(ωτ ) − i sin(ωτ )

]
, τ > 0 (A6b)

Kν�μ�
(0) =

∫ ∞

0
dω

Jν�μ�
(ω)

ω2

[
coth

(
h̄ω

2kBT

)
(1 − cos(ω�t )) + i sin(ω�t ) − iω�t

]
, (A6c)

Jνμ(ω) =
∑

q

γ ν
q γ μ∗

q δ(ω − ωq); with γ ν
q = nνγ

X
q . (A6d)

They display two important properties. (i) In the case of
a continuum of phonon modes, the induced memory is finite,
i.e., the memory kernel Kν�μ�′ (t� − t�′ ), and in turn Sν�′ μ�′

ν�μ�
, be-

come negligibly small for t� − t�′ > tm = nm�t . This property
is already exploited in the recurrence Eq. (A4), where it is
sufficient to memorize only the past nm time steps to calculate
the next one.

(ii) The function Sν�′ μ�′
ν�μ�

depends on the indices
ν�, μ�, ν�′ , μ�′ solely via the phonon spectral density
Jνμ(ω) and its dependence on the corresponding couplings
γ ν

q = nνγ
X
q , where nν ∈ {0, 1} is the number of excitons

present in the QD-cavity state |ν〉. This property is exploited

in an advanced algorithm, that was first introduced in the
supplement of Ref. [59].

The central idea is to divide the QD-cavity states |ν〉 into
groups where each member couples identically to the phonon
degrees of freedom. In the situation considered here, the cou-
pling to the LA phonons depends solely on the QD state.
Thus the states |ν〉 can be sorted into two groups {|G, n〉} and
{|X, n〉}. Formally, the states can be re-labeled |ν〉 → |λ, k〉
and |μ〉 → |λ̄, k̄〉, where λ ∈ {1, 2} denotes the group and k
distinguishes the different members within this group. After
defining the partially summed ADM (PSADM)

ρ
(λ̄n,k̄n )λ̄n−1...λ̄n−nm+1

(λn,kn )λn−1...λn−nm+1
:=

∑
kn−1...kn−nm+1

k̄n−1...k̄n−nm+1

ρ
(λ̄n,k̄n )(λ̄n−1,k̄n−1 )...(λ̄n−nm+1,k̄n−nm+1 )
(λn,kn )(λn−1,kn−1 )...(λn−nm+1,kn−nm+1 ) . (A7)

One obtains the recursion relation [59]

ρ
(λ̄n,k̄n )λ̄n−1...λ̄n−nm+1

(λn,kn )λn−1...λn−nm+1
=

∑
kn−1

k̄n−1

M(λn−1,kn−1 )(λ̄n−1,k̄n−1 )
(λn,kn )(λ̄n,k̄n )

∑
λn−nm
λ̄n−nm

exp

(
n∑

�=n−nm

Sλ�λ̄�

λnλ̄n

)
ρ

(λ̄n−1,k̄n−1 )λ̄n−2...λ̄n−nm
(λn−1,kn−1 )λn−2...λn−nm

(A8)

for this quantity. Then, the reduced density matrix for the
driven QD-cavity system at time tn is given by

ρ̄νnμn (tn) =
∑

λn−1...λn−nm+1

λ̄n−1...λ̄n−nm+1

ρ
(λ̄n,k̄n )λ̄n−1...λ̄n−nm+1

(λn,kn )λn−1...λn−nm+1
. (A9)

Equations (A7)–(A9) represent an exact reformulation
without any additional approximation to the model. Numer-
ical errors can be caused either by the number of considered
photons per QD state Nmax or by two intrinsic parameters of
the path-integral algorithm: (i) The finite time step �t and (ii)
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the truncation of the memory to tm. Usually, these convergence
parameters can be well controlled. A simulation is considered
to be numerically complete if neither a further reduction of
�t nor a further increase of tm or Nmax changes the numerical
results noticeably.

An explicit expression for the phonon spectral density
Jνμ(ω) and the material parameters used in the simulations
can be found in the supplement of Ref. [59]. Typically, cal-
culations at low temperatures are most demanding, since they
require the longest memory length [57]. For the calculations
at a temperature of T = 1 K performed in the main text,
numerically complete simulations were obtained for the pa-
rameter set: �t = 0.65 ps, nm = 9, and Nmax = 4. Note that,
for this set of parameters, the advanced algorithm based on
the PSADM reduces the number of terms to be iterated from
NADM = 102nm ≈ 1.0 × 1018 for the full ADM to NPSADM =
102 · 22(nm−1) ≈ 6.6 × 106 [59]. Thus this reduction of the
numerical demand by more than 11 orders of magnitude is
the reason that a numerically complete investigation of the
considered system of interest becomes feasible at all. How-
ever, it is indeed the numerically complete treatment of the
microscopic model that enables us to make a judgment on the
phonon influence on the bundle statistics without prejudice.

APPENDIX B: RESONANCE PEAKS
FOR N → ∞ AND N = 1

Since the peaks at h̄�ωLX = −1.2 meV and 0.08 meV are
the most striking features in Fig. 3, we shall discuss them in
some detail in this Appendix. This will give additional insights
into the physics taking place in this parameter regime in
general, although the analysis reveals that these peaks are not
related to the bundles which are the main target of our paper.
The most prominent peak in Fig. 3 at h̄�ωLX = h̄�ωCX =
−1.2 meV is obtained in the limit N → ∞ and corresponds
to a process where the photon energy in a frame rotating with
the laser frequency is h̄�ωCL = 0 and the system can climb
up the photon ladder from |−, n〉 to |−, n + 1〉, such that a
Poissonian distribution with respect to n emerges. Note that
one observes a double-peaked structure at this resonance in
Fig. 3. At its center, the order of the photon occupation proba-
bilities is reversed, i.e., the occupation probability of n = 2 is
higher than that of n = 1, consistent with a Poissonian with an
average photon number of 〈n〉 = 6.6 and a maximum occupa-
tion probability of 0.15 at n = 6. A magnification of this peak,
where the reversal of the photon order is visible, is replotted
in Fig. 8. An analysis of the corresponding Wigner function
[5,26] (not shown here) confirms that the corresponding state
is a (Glauber) coherent state.

The peak at h̄�ωLX ≈ 0.08 meV corresponds to a one-
photon bundle resonance, i.e., a one-photon Fock state, and
also results from a one-photon process. But in contrast to the

FIG. 8. Stationary probability Pn of occupying the photon num-
ber states |n〉 in the QD–cavity system as a function of the
laser-exciton detuning �ωLX without taking phonon effects into ac-
count. This is a magnification of the resonance peak for N → ∞ in
Fig. 3(a). On this scale, the double-peak structure and the reversal of
the photon order at its center are well visible.

previously discussed case, the photon is emitted only by the
transition from |−, 0〉 to |+, 1〉. Due to an energy mismatch
between the photon energy and the transition between |+, 1〉
and |±, 2〉, no further photons are put into the cavity, as can
be seen in the stationary probabilities Pn of occupying the
photon number states |n〉 at this peak in Fig. 3(a). This effect
is commonly known as the photon blockade [69].

The phonon influence on the stationary probability Pn of
occupying the photon number states |n〉 at T = 4 K as shown
in Fig. 3(b) could not be more different for these two res-
onances. The first one for N → ∞ at h̄�ωLX = −1.2 meV
is hardly influenced by phonons at all. Indeed, the photon
number distribution remains Poissonian with a slightly lower
average photon number of 〈n〉 = 5.6 and a similar maximum
occupation probability of 0.16 at n = 5. The reason lies in
the fact that the photons are emitted from transitions, where
the electronic (laser-dressed) state remains |−〉 and does not
change. Since this is the energetically lower dressed state and
at temperatures below a few tens of kelvins phonon absorption
is highly unlikely, phonons have only a slight influence on the
stationary photon distribution.

On the other hand, the second peak at h̄�ωLX ≈ 0.08 meV
for N = 1 experiences strong phonon enhancement, since the
photon blockade is spoiled. The energy mismatch between
|+, n〉 and |−, n〉 is now bridged by phonon emission, which
is possible for all temperatures down to absolute zero, and a
subsequent resonant transition to |+, n + 1〉 can take place.
Therefore the phonon coupling drives the occupation proba-
bility of higher-order Fock states beyond n = 1 [59,70].
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