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ABSTRACT
Examples of extracting meaningful information from image projection data using tomographic reconstruction techniques can be found in
many areas of science. Within the photochemical dynamics community, tomography allows for complete three-dimensional (3D) charged
particle momentum distributions to be reconstructed following a photodissociation or photoionization event. This permits highly dif-
ferential velocity- and angle-resolved measurements to be made simultaneously. However, the generalized tomographic reconstruction
strategies typically adopted for use with photochemical imaging—based around the Fourier-slice theorem and filtered back-projection
algorithms—are not optimized for these specific types of problems. Here, we discuss pre-existing alternative strategies—namely, the
simultaneous iterative reconstruction technique and Hankel Transform Reconstruction (HTR)—and introduce them in the context of
velocity-map imaging applications. We demonstrate the clear advantages they afford, and how they can perform considerably better
than approaches commonly adopted at present. Most notably, with HTR we can set a bound on the minimum number of projections
required to reliably reconstruct 3D photoproduct distributions. This bound is significantly lower than what is currently accepted and
will help make tomographic imaging far more accessible and efficient for many experimentalists working in the field of photochemical
dynamics.

© 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0101789

I. INTRODUCTION

Over the past 30 years, charged particle imaging has become
a ubiquitous technique for the study of gas-phase photochemical
dynamics.1,2 This approach permits simultaneous measurement of
complete three-dimensional (3D) photoproduct velocities and angu-
lar distributions following a photoionization or photodissociation
process, with the Velocity-Map Imaging (VMI) method introduced
by Eppink and Parker now being by far the most commonly used
variant.3 Using a system of electrostatic lenses within a vacuum
spectrometer, VMI directs particles with the same initial veloc-
ity vector to the same spatial coordinate of a position sensitive
detector, removing any blurring effects introduced by the finite ion-
ization volume size. This detector is usually a microchannel plate
(MCP) array coupled to a phosphor screen, which is then imaged
with some form of digital camera. Although there are now numer-
ous experimental techniques that allow the full 3D distribution

(or subsections of it) to be recorded directly—using techniques
based around slice imaging,4–7 coincidence measurments,8 or with
the use of fast frame cameras9–11—many experiments instead rely
on recording a two-dimensional (2D) projection of the full distri-
bution (i.e., an integral along the spectrometer time-of-flight axis
connecting a laser–molecule interaction region to the detector—see
Fig. 1). While these projection-based experiments offer a cheaper
and more convenient alternative to 3D imaging strategies, they
often lead to additional constraints in the choice of laser polariza-
tion geometries when interrogating photochemical processes. For
measurements using linear laser polarizations solely directed par-
allel to the detection plane, the 3D photoproduct distribution will
exhibit cylindrical symmetry about the polarization axis. When
using exclusively circular polarizations, cylindrical symmetry will
also be present—although now about the laser propagation axis.12

In both of these scenarios, there are numerous ways to process
a single 2D projection image and recover the entire original 3D
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FIG. 1. Schematic illustrating the collection of projection data and tomographic
reconstruction for a typical charged particle distribution. Top panel – a standard
VMI experiment records a 2D geometric projection of a 3D particle distribution
along the time-of-flight axis (here, the x-axis). Center panel – different projec-
tions of the 3D distribution may be recorded by rotating the distribution by some
angle α with respect to the detection ( yz) plane. Lower panel – the projection data
measures the sinogram of each slice of the 3D distribution along the z-direction.
These slices are then reconstructed from the sinogram by utilizing some form of
the inverse Radon transform (iRT). See main text for details.

distribution. This is because distributions with cylindrical symmetry
are uniquely related to their projection via the Abel transform, which
has been a long-standing area of interest for the photochemical
imaging community.13–22 For more general cases that lack this cylin-
drical symmetry, however, there is no analytical method available
to recover the original 3D distributions from a single 2D projec-
tion. Such problems arise when using, for example, orthogonal linear
laser polarizations in pump–probe multiphoton detection schemes
or when using elliptically polarized light (see Secs. III and IV for
more details).

Recently, we have demonstrated the use of a machine learning
strategy dubbed Arbitrary Image Reinflation (AIR) to recover a 3D
distribution from a single 2D projection for a range of experimen-
tal imaging scenarios—including those where cylindrical symmetry
is absent.23 This is subject to the general form of the 3D distribu-
tion being known so that appropriate network training data may
be easily simulated numerically. Although AIR has clear poten-
tial to greatly simplify experiments involving more complicated
polarization geometries, the use of complementary numerical meth-
ods (e.g., tomography) to process data is still currently required
to help build confidence and trust in novel machine learning
techniques—particularly in the early stages of its adoption.

Without resorting to 3D imaging techniques directly (which
can be challenging and time consuming to implement, especially
when imaging photoelectrons7), analytical 2D to 3D reconstruction
of objects lacking cylindrical symmetry about the imaging plane is
only possible if multiple object images are recorded over a range of
different projection angles. A schematic demonstrating this varia-
tion in projection is shown in Fig. 1. Tomographic reconstruction
techniques can then be used to calculate the original 3D distribu-
tion. This strategy is used across many areas of science but can
be found most notably in the medical imaging community. Vari-
ous techniques such as Computer Aided Tomography (CAT or CT)
scans and Positron Emission Tomography (PET) scans are used to
image internal organs by recording transmission or emission of radi-
ation or particles through patients’ bodies at various angles.24 Slices
through the patient can then be imaged using various reconstruction
approaches.

All tomographic reconstruction algorithms are based around
the Radon transform (RT).25 The process of this transform and
reconstruction are illustrated schematically in Fig. 1, along with a
definition of the relevant Cartesian coordinate system that will be
used throughout. The examples shown here are specifically tailored
to the context of VMI experiments, but the ideas apply more gen-
erally to all tomographic problems. Multiple projections of the 3D
distribution of interest I(x, y, z) are recorded at a series of angles α,
relative to the detection plane. This is done in practice by rotating
the ionizing/dissociating laser polarization using a half-waveplate.26

These projection images Pα(y, z) are related to the RT of I(x, y, z).
For a simple analysis, we can consider the full 3D distribution by
examining each of the 2D slices I(x, y, z0) lying parallel to the xy-
plane along the z-direction. The RT of each of these slices at a given
value for α is defined by Eq. (1), which is simply the distribution
I(x, y, z0) that has been rotated by α with respect to the y-axis and
then integrated along the x-axis. The set of one-dimensional (1D)
RTs obtained from the 2D slices of I(x, y, z0) for all α is called the
sinogram of I(x, y, z0),

RT{I(x, y, z0)} = Pz0(α, u) = ∫
∞

−∞
∫

∞

−∞

I(x, y, z0)

× δ(u − x cos α − y sin α)dxdy, (1)

where u is the perpendicular distance from the origin to a line par-
allel to the x-axis at a given y-coordinate. This information can
easily be extracted from the set of projection images Pα(y, z), and
I(x, y, z0) can then be reconstructed by applying some form of the
inverse Radon transform (iRT). Repeating this process for all z
will recreate the original distribution in 3D. This, however, can be
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challenging since inversion of the Radon transform is an ill-posed
problem.25

Analytically, if the sinogram is known exactly, the original
object image can be recovered perfectly via the projection-slice
theorem (also known as the Fourier-slice theorem), which relates the
Fourier transform of each line of constant α within the sinogram to
an angular slice through the 2D Fourier transform of the original
image.25 A detailed and clear proof of this relationship, specifically
within the context of photoelectron imaging, can be found in the
work of Wollenhaupt et al.26 In reality, though, a perfect measure-
ment of the sinogram is not possible as only a finite number of
projections can be recorded and analyzed. Furthermore, all image
data is recorded in Cartesian coordinates (the natural readout from
a pixelated digital camera array). When performing parts of the
reconstruction calculations in polar coordinates (as is required),
low spatial frequency components of the object may effectively be
over-sampled and higher spatial frequencies must be obtained via
interpolation in the Fourier domain. This is not ideal and can some-
times lead to blurry reconstructions. The projection-slice theorem
is therefore not typically used directly in most tomography applica-
tions, although it has been popular within the photoelectron imaging
community.27–30

As an alternative to solving the iRT, the popular Filtered Back-
Projection (FBP)25 strategy offers a solution to the limitations of
the projection-slice method. By extruding (or back-projecting) each
individual one-dimensional RT along its specific projection angle α,
a 2D image may be generated. Then by summing together the series
of images produced from the full set of RTs (spanning all projec-
tion angles), one arrives at an approximation—albeit a poor one—of
the original image (see Fig. 2). The improved performance of FBP
comes in the filtering step, where the projections are processed in
Fourier space before being back-projected. The simplest filter used
(known as a Ram-Lak filter) weights each element by its absolute
frequency value before back-projection. This effectively cancels out
the over-sampling of low-level frequencies in the object image but
can introduce some additional noise at higher frequencies. The FBP
reconstruction method is implemented in many software packages
(e.g., MATLAB) and has been adopted by several authors for VMI
applications.31–34

Both the projection-slice and FBP reconstruction approaches
perform optimally when a large number of projections (i.e., a
high-resolution sinogram) are used, and the reconstruction qual-
ity can drop dramatically as this number is lowered (see Fig. 2). In
medical imaging scenarios (where the FBP approach is commonly
exploited due to its speed), a typical CT scan requires several hun-
dred individual x-ray images to obtain sufficiently high-resolution
output data.24 Within the photochemical imaging community, how-
ever, this high volume of data acquisition is potentially extremely
time-consuming, and around 50 or fewer individual projections
are typically recorded.26,27,29–34 This places tomographic reconstruc-
tion of photoion/electron image data firmly within the class of
angle-sparse reconstruction problems. This adds an additional layer
of complexity to the already ill-posed nature of the iRT. Fortu-
nately, there are alternative approaches for tomographic reconstruc-
tion that can outperform the Fourier and FBP methods, even for
particularly angle-sparse cases. Here, we demonstrate two recon-
struction strategies that have yet to be exploited within the chem-
ical dynamics imaging community—the Simultaneous Iterative

FIG. 2. An illustration of the back-projection and filtered back-projection (FBP)
reconstruction approaches in action. The top panel shows a simple Gaussian ring
distribution and its corresponding RT. In the lower panel, the BP and FBP iRT algo-
rithms are used to reconstruct the distribution with (from left to right) 5, 10, and 50
projections. Clearly, even for a large number of projections, the BP algorithm pro-
duces poor and blurry reconstructions. The FBP algorithm, on the other hand, can
produce excellent output, provided enough projections are used. See main text for
additional details.

Reconstruction Technique (SIRT)35 and Hankel Transform Recon-
struction (HTR).36 The following sections will discuss the operating
principles of these two approaches and the different advantages they
offer for VMI applications. This will include an in-depth compari-
son of both simulated and real data reconstructed using SIRT and
HTR, including benchmarking against the FBP method.

II. ALGEBRAIC RECONSTRUCTION
AND THE SIRT METHOD

Moving away from the analytical Fourier-based inversion
strategies discussed earlier, algebraic reconstruction methods
instead model the RT as a system of linear equations.35,37,38 Each
pixel intensity in every slice of the original 3D distribution,
I(x, y, z0), can be thought of as an unknown to be determined, and
each recorded projection provides a set of linear equations in terms
of a weighted sums of these values. If the weighting coefficients of
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this expansion are known, the tomographic reconstruction can be
simply reduced to a linear algebra problem. One can consider a sin-
gle 2D cut through the 3D distribution, I(x, y, z0) as a sum of simple
pixel-oriented basis functions

I(x, y, z0) = I =
no pixels

∑

m=1
imFm, (2)

where im is the intensity of the mth pixel and each element of the
basis function matrix Fm is given by

f n =

⎧
⎪⎪
⎨
⎪⎪
⎩

0 for n ≠ m,

1 for n = m.
(3)

Alternatively, Eq. (2) can be written in matrix form

v = Fv, (4)

where the elements of the vector v are the pixel intensities im, and
each column of the matrix F contains the elements of a basis func-
tion Fm. While this expansion is trivial in the original image domain
(since F is just the identity matrix), it provides much more insight
into the projection domain. For a set number of projections at a
known image resolution, it is possible to calculate the forward RT
of each of the Fm basis functions (i.e., each pixel) at each projection
angle—yielding a set of Gm basis functions defined in the projec-
tion domain. In this work, this is done numerically using the radon
function within MATLAB; applying it to each Fm basis function.
An example pair of pixel basis functions is shown in Fig. 3. These
functions are then sufficient to completely describe the measured
projection sinogram,

P =
no pixels

∑

m=1
imGm. (5)

In the matrix form, Eq. (5) can be rewritten as

p = Gv, (6)

FIG. 3. An example pair of pixel-oriented basis functions used in algebraic tomo-
graphic reconstructions. Pixels in an image are represented by the F(x, y) basis
functions. The RT of each F(x, y) function is given by the corresponding G(α, u)
function. By expanding a sinogram as a sum of G(α, u) basis functions, the original
image pixels can be determined using linear algebra.

where each column of G contains the elements of a basis func-
tion Gm. This idea is analogous to the basis functions used in the
rapid matrix19 and basis set expansion (BASEX)16 methods for Abel
inversion of VMI data where the original 3D distribution is cylindri-
cally symmetric about the y-axis. Inverting Eq. (6) and solving for
v provides an algebraic route to finding the iRT. A naïve approach
to tackling this problem would be to evaluate the Moore–Penrose
pseudo-inverse of the matrix G using a singular value decomposition
(or similar method) and directly calculate the linear least squares
solution for v. While such matrix inversion approaches are used
in a variety of inverse Abel transform techniques,16,17,19 the matri-
ces involved in this tomographic reconstruction problem are much
larger. As such, direct inversion of G is not an efficient route to
finding a solution. Even if this approach is attempted, the condi-
tion number of G (the ratio of the largest to smallest singular value)
is sufficiently high that acceptable results are not always obtained
and the solution to the linear problem is highly unstable. Instead,
more elegant approaches have been developed within the tomo-
graphic imaging community,35,37,38 which do not rely on inverting
any large, poorly conditioned matrices. These techniques use an iter-
ative method to optimize some initial ansatz for the object image v
to find the solution that minimizes ∣p −Gv∣. In this communication,
we will consider specifically the Simultaneous Iterative Reconstruc-
tion Technique (SIRT).35 The SIRT algorithm is based on a simple
loop

vk+1
= vk
+ CGTR(p −Gvk

). (7)

With the elements of R and C,

rnn = 1/∑
m

gnm, (8)

cmm = 1/∑
n

gnm, (9)

where the optimal solution for v is updated in each iteration. First,
the difference between the measured projection p and the projection
(RT) of vk is weighted by the reciprocal of the sum of each row in
G. This result is then back-projected and weighted now by the recip-
rocal column sums of G. This outcome is then added on to vk to
update the ansatz. Convergence of this algorithm is guaranteed and
finds the linear least-squares solution to the inverse problem.

Crucially, this iterative approach also has the benefit that infor-
mation about the projected object can be easily incorporated into the
reconstruction algorithm. For example, negative pixel values in the
original distribution would be unphysical for most real-world imag-
ing scenarios (including photoproduct imaging). Whereas simple
matrix inversion techniques (and also the Fourier and FBP meth-
ods discussed earlier) do not allow for non-negativity to be easily
enforced, it is simple to implement within an iterative algorithm.
This can be introduced without any other compromises or restric-
tions for the tomographic reconstruction. It is also anticipated that
additional constraints to the functional form of the reconstructed
object distribution could be applied. As expanded upon in Sec. III,
typical VMI experiments generally involve 3D photofragment distri-
butions of very high symmetry that can be described with only a few
spherical harmonic terms.12 By imposing restrictions on the angular
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form of the reconstructed image by using basis sets that exploit this
symmetry (analogous to the relation between the BASEX and polar
basis set expansion (pBASEX) Abel inversion routines),16,17 one can
likely reduce the number of projection images needed for a reliable
reconstruction. Although this approach is not investigated here, an
alternative method for handling projection-sparse data is described
in detail in Sec. III.

For the examples considered in this report, the SIRT algorithm
converges to an acceptable solution within 100 iterations. Despite
this iterative process being slower than the simple and direct FBP
algorithm, the vastly improved performance of SIRT is well worth
the additional computational cost (see Sec. IV for full details). This
increased runtime is really the only significant disadvantage of SIRT,
although this has limited its adoption in medical imaging applica-
tions. For the photochemical imaging community, however, the run
time of SIRT should be acceptable for retrieving the best possible
results from experimental data in most instances.

III. MINIMUM ANGULAR SAMPLING
AND THE HTR METHOD

A problem common to all real-world applications using tomo-
graphic imaging is knowing how many object projections are
required to produce a reliable and reasonably artifact-free recon-
struction. As an upper limit, if the projection is detected on an
n × n pixel grid, sampling exactly n projection images will yield a
perfect reconstruction. This is best understood by considering the
algebraic reconstruction methods discussed earlier—the number of
unknowns in the linear system is equal to the number of equations
so the system is determined, and a unique solution can be obtained.
Sampling more sparsely will result in an underdetermined system of
equations (where an acceptable linear least-squares solution may still
be found), whereas sampling a greater number of projections will
only provide superfluous information. In cases specific to the tomo-
graphic reconstruction of VMI data, however, this sparsity threshold
can be improved upon significantly. For many experiments the laser
polarization(s) and number of photons involved in a photodisso-
ciation/ionization process dictate a general expression for the 3D
angular distribution of photoproducts. In its most general form, this
is simply an expansion in spherical harmonics,12

I(x, y, z) = I(r, θ, ϕ) =
lmax

∑

l=0

l

∑

m=−l
Blm(r)Ylm(θ, ϕ). (10)

The angles θ and ϕ lie in the yz- and xz-planes, respectively, with
θ = 0○ and 180○ lying along the y-axis for linear polarizations and the
z-axis for circular/elliptical polarizations (see Fig. 1), and ϕ = 0○ and
180○ lying along the z-axis in both cases. Each Blm value is a weight-
ing coefficient (or anisotropy parameter) for the corresponding
spherical harmonic, given by

Ylm(θ, ϕ)∝ Pm
l (cos θ) × cos mϕ, (11)

where Pm
l is an associated Legendre polynomial, and l and m

take integer values subject to the constraints of the summation in
Eq. (10). For many real experimental scenarios, this expression can
be simplified significantly and truncated, with only a few l terms
(and often even fewer m terms) being non-zero. For example, for an

N-photon ionization of a randomly orientated target using lin-
ear laser polarizations, only the even order harmonic terms up to
lmax = 2N need to be considered. If the laser polarizations are all
parallel to the detection plane, the distribution has further simpli-
fications, with only the m = 0 terms being non-zero. Projections
of these limiting-case distributions can easily be processed using
the Abel transform, as discussed in Sec. I. For any non-zero angle
between the reference axis of different laser pulses, however, addi-
tional m ≠ 0 terms must also be included. From Eq. (11), we can see
that these terms have a ϕ-dependence and are therefore not cylin-
drically symmetric. Thus, it is these types of polarization geome-
tries that require tomographic imaging techniques for an in-depth
study.

From Eq. (10), we can again consider any slice of this distri-
bution in the xy-plane I(x, y, z0). For convenience, we define the
angle in the xy-plane as θ′, with θ′ = 0○ and 180○ lying parallel to the
y-axis. Although this angle is not required for defining the spheri-
cal harmonics in Eq. (11), it greatly simplifies any definitions and
derivations made in the xy-plane. The resulting 2D distribution will
be smooth, continuous, real and non-negative. It will also have a
period in the angle θ′ of at most 2π. Therefore, the polar Fourier
transform of this slice will be discrete in θ′, and the distribution
can be described as a simple sum of integer order sine and cosine
terms. During a tomographic measurement, it is the RT of each of
these transverse slices that is recorded (see Fig. 1). Figure 4 shows
a series of example even order cosine distributions and their cor-
responding RT. One can clearly see by inspection (and by Fourier
analysis39) that the original distribution and its Radon transform
share the same angular dependence. Thus, the angular part of the
polar Fourier transform of I(x, y, z0) can be found exactly by tak-
ing the Fourier transform of the sinogram P(α, u) along α. From
a Nyquist sampling-based argument,40 this sets a lower bound on
the number of angular projection images required to provide suf-
ficient information to reconstruct the original distribution. If the
distribution being investigated has some maximum cos kθ′ and/or
sin kθ′ dependence (which, for typical photoproduct imaging exper-
iments, it will), just k + 1 Radon projections between 0○ and 180○

are formally required to arrive at the correct reconstruction. For
example, an angular distribution produced from a two-photon ion-
ization process using two orthogonal laser pulses will contain terms
up to cos 4θ and/or cos 4ϕ. Therefore, just five projections (α = 0○,
45○, 90○, 135○, and 180○, for instance) are sufficient for Nyquist
sampling of the original distribution. Additional superfluous pro-
jections can, of course, be also recorded, but these will not introduce
physically meaningful higher order terms in the Fourier series. If
one assumes that the distribution will only contain even order har-
monic terms (a reasonable assumption to make when working with
orthogonal linear polarizations12), even fewer projections will be
required because the projections recorded at 0○ and 180○ will be
identical, and so will the 45○ and 135○ projections. This is due
to the symmetry of the cosine functions around 90○. Additionally,
by setting frequency terms above the Nyquist threshold to zero,
experimental noise can be filtered out during the reconstruction
step. The Nyquist sampling limit described here is around an order
of magnitude smaller than the typical number of projections cur-
rently recorded in the majority of VMI tomography applications.
The overall photon order of a photodissociation/ionization pro-
cess along with the polarization states of all the lasers involved
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FIG. 4. Example cos kθ′ images for k = 0, 2, 4 (left) and their corresponding
Radon transform projections (right). The polar angular dependence of each image
maps directly to the projection angle dependence in the RT. This sets a lower
bound on the number of projections required for reconstruction. See main text for
additional details.

will usually be known quantities for any VMI experiment. Thus,
there will typically be some known maximum cos kθ and/or cos kϕ
constraint on the 3D distribution, and therefore a bound on the min-
imum number of projections required for an accurate tomographic
reconstruction.

To extract the radial part of the distribution, there are severable
options available. Knowing that the distribution only contains inte-
ger multiple sine and cosine terms up to some maximum order, a
sinogram of arbitrary resolution can easily be generated by inter-
polating additional “virtual projections.”41 This can then be used
in any conventional reconstruction algorithm, such as FBP, and
achieve excellent results. Using SIRT would also be possible, but the
large resolution sinogram would make the calculation very com-
putationally expensive. Adapting the basis functions of SIRT to

incorporate this symmetry would likely be a more efficient strat-
egy. These approaches, however, are not discussed here in favor of a
more elegant approach which requires no interpolation or compli-
cated basis functions. Instead, the radial part of the distribution can
be retrieved by further examination of the projection data.

By taking the Fourier transform of the sinogram along the α-
direction, the radial contribution of each cos kα and/or sin kα term
can be found. These are directly related to the radial component
of the cos kθ′ and/or sin kθ′ term of the original distribution by a
Fourier transform followed by a kth order Hankel transform.36 A
schematic illustration of this relationship is shown in Fig. 5. Many
readers may already be familiar with the k = 0 case of this relation-
ship (i.e., the constant DC term in the Fourier series, corresponding
to a radially symmetric distribution). Application of a Fourier trans-
form followed by the zeroth order Hankel transform is equivalent to
the inverse Abel transform—as used for inversion of (cylindrically
symmetric) photoproduct images in many previous studies (i.e., if
a sinogram of the distribution being studied has no α-dependence,
then the projection image of the distribution will be Abel-invertible).
In fact, the Fourier–Hankel transform was the Abel inversion strat-
egy adopted by Chandler and Houston for their pioneering initial
demonstration of charged particle imaging and image reconstruc-
tion.1 The Hankel Transform Reconstruction (HTR)36 technique is

FIG. 5. A schematic illustrating the individual steps of the HTR algorithm. Shown
in the top left image is an example simulated 2D slice through a 3D velocity dis-
tribution. Adjacent to this is the sinogram (or RT) of the 2D slice that is recorded
during a tomographic measurement. Following the arrows (which each indicate an
integral transform), the iRT of the sinogram can be found by first taking the Fourier
transform (FT) along the α-direction. Because the original 2D slice is even and
4-fold symmetric in this example, it can be fully described using just even order
cosine terms. In this case, the FT is equal to the discrete cosine transform (DCT)
of the sinogram. If the original slice image is restricted with some maximum cos kθ′
dependence, then so will the sinogram image. The Hankel Transform Reconstruc-
tion (HTR) algorithm – shown within the dotted box – relates the DCT coefficients
of the sinogram to the radial coefficients of the polar Fourier transform of the orig-
inal slice, using a FT followed by an HT. A final polar FT reconstructs the original
2D slice. See main text for additional details.
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simply the generalized application of this relationship for higher
order terms in the Fourier series of the sinogram. Hopefully, view-
ing this reconstruction technique as an elegant extension of the
familiar Abel transform to more complicated distributions will aid
in the adoption of HTR within the imaging community. Alterna-
tively, the HTR approach can be thought of as a reformulation
of the projection-slice theorem in polar coordinates – replacing
the 2D Fourier transform step with 1D Fourier transforms and a
Hankel transform. Working exclusively in polar coordinates also
helps minimize the reconstruction noise that appears when using
a normal implementation of projection-slice algorithms, since no
interpolation is required.42,43 Furthermore, for many physical exper-
imental laser polarization geometries, the 3D distribution will have
additional symmetry properties, such as fourfold rotational and/or
reflection symmetry about the x -, y -, or z-axes. With this further
constraint, only the even order cosine terms in the Fourier expan-
sion of I(x, y, z0) will be non-zero. This additional simplification
can be introduced—and is used throughout Sec. IV A—to improve
reconstruction quality and can be thought of as an additional noise
filtering step, similar to the Nyquist thresholding discussed earlier.
In general, however, a set of projections of any 3D object (with arbi-
trary symmetry properties) can only be reconstructed using the HTR
approach so long as the full complex (i.e., magnitude and phase)
nature of the sinogram is considered in the calculation.

A much smaller volume of literature exists for the HTR method
when compared to the more popular FBP and algebraic (e.g., SIRT)
techniques. This is likely because, for many practical tomographic
applications (most notably, for medical imaging), the reconstruction
problem does not become any simpler to solve using this approach
(as slices through human bodies are not well approximated by a
small number of sines and cosines). The treatment of typical charged
particle image reconstruction problems, however, is still likely to be
a much simpler undertaking using HTR.

IV. COMPARISONS AND ANALYSIS
This section will provide the first detailed performance exam-

ination of the SIRT and HTR methods when reconstructing distri-
butions from simulated and real VMI data. In each example, SIRT
and HTR will be benchmarked against the popular FBP algorithm,
and the reconstruction quality will be assessed as the number of
projection images is varied. For certain cases, additional parameters
(radial/velocity distributions, anisotropy parameters, etc.) will be
calculated and contrasted for the various reconstruction models.

A. Simulated data—two photons with orthogonal
polarizations

A 3D photoproduct distribution was simulated using a special
case of Eq. (10). Here, the limits of the Blm coefficients were tailored
to resemble a distribution resulting from a two-photon ionization
process using orthogonally polarized laser pulses. In this instance,
the distribution has the following angular form:12

I(θ, ϕ)∝ B00Y00(θ, ϕ) + ∑
l=2,4

Bl0Yl0(θ, ϕ) + Bl2Yl2(θ, ϕ). (12)

The simulated distribution is shown in the top panel of Fig. 6. It
consists of two spherical shells with a Gaussian width profile, each

FIG. 6. A demonstration of various tomographic reconstruction methods (from left
to right, FBP, SIRT and HTR) using simulated data with different angular sampling
increments (from top to bottom, 5○, 15○ and 45○ steps). Half views of each 3D dis-
tribution are shown for clarity. The FBP method performs worst in each example
considered, with the reconstruction quality being highly dependent on the num-
ber of projection images used. On the other hand, the SIRT method appears to
perform best for finely and moderately sampled data and only begins to fail for the
extremely sparse case. The HTR method, however, has the strongest performance
overall, showing no strong dependence on the number of angular projections, right
down to the Nyquist limit.

exhibiting a different angular anisotropy. The details of these simu-
lation parameters are shown in Figs. 7 and 8. Simulated VMI data
were then generated by projecting this distribution along the x-axis
onto the yz-plane at a series of angles α between 0○ and 180○ using
incremental step sizes of 5○, 15○, or 45○ (the latter being the Nyquist
limit for this distribution). Realistic experimental noise levels were
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FIG. 7. Velocity distributions extracted from each reconstructed distribution shown
in Fig. 6. The extracted distributions are in excellent agreement with each other,
with the notable exception of the SIRT algorithm at 45○ steps. See text for further
details and discussion.

applied to each of the projection images by randomly sampling
106 particle trajectories from the distribution. A further 104 ran-
dom events (dispersed across the entire 160 × 160 pixels image)
were also added to simulate camera background noise. The FBP,
SIRT, and HTR algorithms were applied to each set of simulated
projections, and the reconstructed distributions are shown in the
lower panel of Fig. 6. Visually from these examples, the FBP method
clearly introduces a great deal of oscillating background “streaking”
noise into the reconstruction. Some of this may be removed by set-
ting all negative array elements to zero, but this will leave behind

a positive background noise, which may interfere with accurate
extraction of dynamical parameters from the reconstructions. The
FBP reconstruction quality is also highly dependent on the num-
ber of projections. For most VMI applications using tomography,
a step size of around 5○ is typical, but reconstruction noise may still
be a problem even in this regime. The SIRT algorithm, on the other
hand, performs extremely well, introducing virtually no background
noise for the 5○ and 15○ step size cases. This is due to the non-
negative constraint built into the optimization loop (as discussed
in Sec. II) allowing for much higher quality reconstructions to be
extracted from the same data, even when fewer projections are used.
SIRT does, however, start to break down as we approach the Nyquist
limit, and some streaking noise is introduced. In this regime, there
simply are not enough linear equations to be constructed from the
projection data to reliably determine each volume element in the
reconstruction process. The HTR method, however, does not suffer
the same issues and the resulting reconstruction quality has virtually
no dependence on the number of recorded projections—provided
the Nyquist threshold is met. This demonstrates the clear potential
for HTR to dramatically reduce the volume of data required for pho-
tochemical dynamics studies when using VMI in conjunction with
tomography.

For each 3D distribution in Fig. 6, the corresponding
radial/velocity distributions (Fig. 7) and anisotropy parameters
(Fig. 8) were evaluated and compared against the original simulation
to quantitatively evaluate the performance of each reconstruction
approach. For the angular parameters, the Bl0 coefficients are first
calculated exclusively through examination of the ϕ = 45○ slice of
the distribution [where the m ≠ 0 terms in this instance are all equal
to zero due to the cos 2ϕ terms in Eqs. (11) and (12)] and expanding
in Legendre polynomials. Once calculated, the contribution of these
terms to the full distribution can be subtracted away, leaving behind
only the m ≠ 0 terms, which are then extracted in a second fitting
step by expanding the ϕ = 0 slice using the appropriate associated
Legendre polynomials.

For the FBP reconstructed distributions at each sparsity level,
the integrated velocity distributions are essentially identical and
accurate to the original simulation. This is a surprising consequence
of the fluctuating background noise canceling out to zero when
integrated over all angles (θ and ϕ). However, this cancellation
requires negative voxel elements in the 3D distribution, which are
inherently unphysical. The FBP reconstructions also shows some
of the poorest performance when extracting angular parameters
(Fig. 8), particularly for small anisotropies in angle-sparse recon-
structions, where the noisy background level begins to interfere
with the fitting procedure. The SIRT algorithm outperforms FBP
for the 5○ and 15○ reconstructions, recovering accurate velocity dis-
tributions along with correct angular anisotropy parameters. For
the sparse 45○ reconstruction, however, some background noise
issues begin to present in both the velocity distribution and angular
parameters. Unlike the FBP reconstructions, there is no net cancel-
lation from the oscillating background noise. This is because the
whole reconstruction—including any background—is enforced to
be strictly positive within the SIRT algorithm. Therefore, despite
producing the best 3D distributions for well-sampled data, SIRT
is unable to outperform FBP when extracting spectroscopic infor-
mation and anisotropy parameters from extremely sparse data. On
the other hand, the HTR method produces accurate and reliable
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FIG. 8. Angular distribution anisotropy parameters extracted from the various reconstructions presented in Fig. 6. In each case, plotted values are averaged over the
outermost (top row) and innermost (bottom row) peak in the reconstructed distribution and are normalised by dividing by the B00 parameter. Error bars denote 2σ standard
deviation. See text for further details and discussion.

reconstructions in both the velocity and angular domains. It is the
only method explored here to produce acceptable results across all
sparsity levels investigated. By making use of the simple spherical
coordinate description of typical photoproduct velocity distribu-
tions, the maximum amount of information can be extracted from
the projection data using the HTR approach. We stress again that
the overall photon order and polarization state(s) of photoioniza-
tion/photodissociation experiments are usually known and con-
trolled experimental parameters, and so the significant time savings
offered by the HTR approach can benefit any experimental group
making tomographic VMI measurements.

To further illustrate and emphasize the idea of a Nyquist
threshold for tomographic imaging, we use the HTR method to
reconstruct just four projections (i.e., a 60○ projection angle step
size) of the simulated distribution in Fig. 6. In Fig. 9, cuts through
the xy -, yz -, and xz-plane of the simulated distribution are shown,
along with the same cuts through three different HTR reconstruc-
tions performed using 5○, 45○, and 60○ steps. It should be clear
to the reader that the 5○ and 45○ reconstructions (the two cen-
ter panels of Fig. 9) are in excellent agreement with the original
simulation. In fact, because the 45○ step reconstruction can only
contain angular terms that were in the original simulation, the

reconstructed xy-plane appears slightly less noisy than in the 5○

step reconstruction. The lower panel of Fig. 9 shows the recon-
struction using the 60○ step size. Whilst the output is not obviously
noisy or corrupted by the low angular sampling rate, it is no longer
accurate to the original simulation. This difference is most clearly
seen in the xy-plane images, where the four lobes on the inner
and outer rings are now both missing. Since only four projections
are being sampled, it is impossible to extract any angular features
corresponding to a cos 4θ or higher dependence. This highlights fur-
ther the fact that the laser polarization(s) and photon order of the
photoionization/dissociation process are the crucial factors when
deciding how many projections to record in a specific tomography
experiment.

B. Real data—photoelectron circular dichroism
of (-)-α-pinene

A popular experimental application of tomographic imaging
is the reconstruction of 3D photoelectron angular distributions
(PADs) following photoionization using shaped laser fields. The
use of elliptical polarizations, in particular, has proven to be an
important probe for studying the photoionization dynamics of chiral
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FIG. 9. Cuts in various planes through simulated and tomographic reconstructed
distributions (see Fig. 6 for coordinate system reference). Above the Nyquist
threshold of five projections, the features of the original simulation can be accu-
rately reconstructed using HTR. With just one fewer projection, however, the
reconstruction is no longer accurate to the original simulated distribution. See main
text for discussion.

systems.27 In such experiments, gas phase chiral molecules are ion-
ized using alternately left- and right-handed polarized laser pulses.
The interaction of the chiral molecule with the rotating laser field
introduces a forward-backward asymmetry in the outgoing PAD.
The direction of this asymmetry reverses when either the handed-
ness of the laser polarization or of the molecule itself is exchanged.
For purely circular laser polarizations, this effect is known as Pho-
toelectron Circular Dichroism (PECD)44–46 and has proven to be
a powerful chiroptical probe. Extending the principles of PECD

to elliptical polarizations, one arrives at Photoelectron Elliptical
Dichroism (PEELD).27,47 By adding the extra experimental degree
of freedom of the pulse ellipticity, PEELD experiments can reveal
additional information about the system under study that would be
otherwise unavailable. One drawback, however, is that use of ellip-
tical pulses breaks the cylindrical symmetry of the PAD.26,48 This
makes the retrieval of 3D photoelectron angular distributions from
PEELD data time consuming and unappealing when using a tomo-
graphic strategy, such as FBP, especially when making time-resolved
measurements.49

As a part of an ongoing study, our group has been examining
how the 3D-PAD and 3D-PECD/PEELD distributions of (-)-α-
pinene evolve following 2 + 1 resonance enhanced multiphoton
ionization (REMPI) with 400 nm laser pulses exhibiting different
degrees of elliptical polarization. The details of this experiment,
along with a full analysis of its findings will appear in a future pub-
lication. Just a small subset of this data is shown here for illustration
purposes. Three example polarizations are considered here, with
the degree of ellipticity of each polarization being described by the
third Stokes parameter, S3:50 linear ( S3 = 0), left- and right-circular
(S3 = ∓1), and an elliptical polarization (S3 = −0.5). The elliptic-
ity and spatial orientation of each polarization state are controlled
using a half- and quarter-waveplate pair. For each polarization, a
total of 46 angular projections (corresponding to 4○ steps from 0○

to 180○) were recorded by rotating the laser polarization using the
half waveplate. Each projection image was recorded for a total of
three minutes at a 1 kHz repetition rate and with an average of ∼10
electron counts per laser shot. The 3D-PADs can be reconstructed
from each set of projections using any tomographic approach. For
circular/elliptical polarizations, the 3D-PECD/PEELD distribution
is found by taking the difference of two the 3D-PADs that have
the same value but opposite sign for their ellipticity (left- minus
right-handed). In the circular case, the distribution is expected
to be cylindrically symmetric about the laser propagation direc-
tion, and so a tomographic reconstruction procedure is not strictly
necessary. However, 3D-PECD distributions have been studied pre-
viously using such methods,51 and this will still provide a simple
yet rigorous test of our different tomographic approaches. Figure 10
shows reconstructions of the circularly polarized 3D-PADs and
the corresponding 3D-PECD distributions obtained from the FBP,
SIRT, and HTR algorithms when using all 46 angular projections.
While each of the distributions in Fig. 10 produces a qualitatively
acceptable result, the FBP algorithm performs most poorly, with
significant background noise being present in the reconstructed
data. This issue becomes more problematic in the 3D-PECD differ-
ence distribution, where the signal level of interest is already small.
The noise is, however, significantly reduced in the SIRT and HTR
reconstructions.

For each 3D-PAD, the angle-integrated velocity distribution
(averaged over the left- and right-circularly polarized 3D-PADs) was
evaluated. These distributions are converted to units of photoelec-
tron kinetic energy, producing photoelectron spectra, and plotted
in Fig. 11. The two peaks in the distribution at around 0.4 and
1.0 eV correspond to the 3s- and 3p-Rydberg excited states accessed
resonantly during the 2 + 1 REMPI process, respectively.52 A quan-
titative description of the 3D-PECD may be found by decomposing
the (cylindrically symmetric) 3D-PAD into its Legendre polynomial
contributions, using the following equation:

J. Chem. Phys. 157, 114201 (2022); doi: 10.1063/5.0101789 157, 114201-10

© Author(s) 2022

https://scitation.org/journal/jcp


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

FIG. 10. Half view 3D-PADs from (-)-α-pinene reconstructed from VMI projection
data recorded with left- (left) and right-circularly polarized (center) laser pulses
(46 projections per distribution). The 3D-PECD distribution is obtained by taking
the difference between the left and right 3D-PADs (shown on the right). In each
instance, the light propagation direction is from left to right along the z-axis. The
3D-PECD has been anti-symmetrized (i.e., any distribution elements which exhibit
reflection symmetry about the xy-plane have been removed) and the center of
each distribution has been masked for clarity. The axes labels for the top left
distribution are applicable to each set of axes.

I(r, θ, ϕ) =
I(r)
4π
× (1 +

6

∑

l=1
bl(r)Pl cos θ), (13)

where I(r) is the total angle-integrated intensity. The forward-
backward asymmetry in the 3D-PAD is described by the odd-order
polynomials. These terms are then isolated in the 3D-PECD, since
all the symmetric even-order terms cancel out when the difference
between the two 3D-PADs (left minus right) is taken,

3D-PECD(r, θ) =
I(r)
4π
× ∑

l=1,3,5
2bl(r)Pl cos θ. (14)

The values calculated for b1, b3, and b5 for each tomographic recon-
struction model as a function of photoelectron kinetic energy are
overlayed on the photoelectron spectra in Fig. 11. While each of
these reconstructions are in agreement with previous studies on α-
pinene at similar wavelengths,52 and are reasonably consistent with
each other, we note the particularly noisy bn-parameters extracted
for the 3s-state using the FBP algorithm. This is likely due to the

FIG. 11. Photoelectron spectra (PES) extracted from the 3D-PAD tomographic
reconstructions in Fig. 10 – using all 46 recorded projections. Overlayed in blue,
red and green are the b1, b3 and b5 angular parameters, respectively, calculated
from the 3D-PECD distributions. The bn-parameters are only plotted in energy
regions where there is sufficient photoelectron signal. See main text for further
discussion.

larger oscillating background noise found in the corresponding
3D-PAD and 3D-PECD data. Such background noise makes a quan-
titative analysis of weaker resolved features particularly challenging
when using the FBP algorithm. In contrast, the SIRT and HTR meth-
ods display much lower levels of background noise, and do not suffer
from the same problem.

An interesting final point to discuss here is the impressive
performance of the HTR algorithm for extremely sparse sets of angu-
lar projections. The most general form of the angular distribution
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resulting a three-photon ionization process may be written as a
simple expansion of spherical harmonics with lmax = 6,

I(r, θ, ϕ) =
6

∑

l=0

l

∑

m=0
Blm(r)Ylm(θ, ϕ). (15)

Therefore, the maximum angular dependence (i.e., the last non-zero
term in the Fourier series) for any slice of the distribution in any
plane (regardless of laser polarization) will be of the form cos 6θ and
cos 6ϕ, and so just seven projections between 0○ and 180○ contain
enough information to reconstruct the 3D-PAD using the HTR tech-
nique. Two example polarization cases (for S3 = 0 and S3 = −0.5) are
illustrated in Fig. 12 (left and right columns, respectively). Notably,
in the elliptical polarization case, the 3D-PAD may be rotated
out of the xy-plane,26,48 and so no symmetry assumptions (i.e.,

restricting the reconstruction to even order cosine terms) can be
imposed on the distribution, and the first Fourier transform step
in the HTR algorithm may result in complex values correspond-
ing to sin kα terms in the sinogram. This does not, however, affect
the Nyquist threshold of the distribution, and the HTR method can
still reconstruct projection-sparse datasets. In each case, the recon-
struction analysis is performed twice: once using all 46 recorded
projections, and a second time using just 7. The top panel of Fig. 12
shows the sinograms corresponding to the two sparsity levels consid-
ered for each polarization. The frequency content of each sinogram
is plotted below it. The corresponding 3D-PADs from each recon-
struction are shown separately in Fig. 13. Each of the examples
reveal that the only dominant frequency contributions are the DC
and cos 2α terms, even though (formally) terms up to and includ-
ing cos 6α may be non-zero. In the instance where S3 = 0, both the

FIG. 12. Demonstration of the HTR method applied to both conventionally and sparsely sampled data for two polarization cases. The top panel shows example sinograms
recorded from a 2 + 1 REMPI photoelectron study of (-)-α-pinene. From the Fourier expansions of each sinogram, it can be seen that the sparse sinograms contain virtually
the same information as the full sinograms. For the S3 = 0 projection data, only even order cosine terms are expected to be non-zero from a theoretical description of the
3D-PAD. In the S3 = −0.5 case additional terms may generally be non-zero. In each case, however, only even order cosine terms contribute significantly to the sinogram.
Odd cosine terms and all sine terms are measured to be zero within experimental error. See main text for discussion.
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FIG. 13. Reconstructed 3D-PADs using the conventional and sparse example
datasets presented in Fig. 12. The dramatic reduction in the number of projec-
tions does not compromise the reconstruction in any noticeable way. See main
text for discussion.

odd cosine and all the integer sine terms in the sinogram are mea-
sured to be zero within experimental error—thus confirming the
symmetry assumptions discussed previously. Although sine terms
up to sin 6α are formally allowed in the S3 = −0.5 case, we see no
significant evidence for this in the FT of our sinogram (see Fig. 12),
and so the 3D-PAD is not noticeably rotated out of the xy-plane.
Each of the formally contributing Fourier terms may be determined
uniquely from the subset of seven projections and so the 3D-PADs
reconstructed at the Nyquist limit are essentially identical to the ones
retrieved from the full set of 46 projections. While it is possible to
reconstruct the S3 = 0 distribution using alternative simpler meth-
ods (e.g., the inverse Abel transform), we stress here that for the
S3 = −0.5 case, there is no other analytical alternative to tomogra-
phy for reconstructing the full 3D-PAD from projection data alone.
Thus, HTR again can offer the potential for around an order of
magnitude reduction in acquisition time for future tomography
experiments where exotic polarization geometries are used.

V. SUMMARY
This report has discussed the Fourier-slice and FBP tomo-

graphic data reconstruction methods that are in common use within
the field of charged particle imaging experiments for the study of
photochemical dynamics. We have also presented the first evalua-
tion of the alternative SIRT and HTR approaches for tomographic

reconstruction of 3D photoproduct distributions. The implementa-
tion and benefits of these methods have been considered in detail,
and they have been benchmarked against the FBP technique. We
conclude that SIRT can outperform FBP in cases where many
(typically around 50) projection images are recorded. This improve-
ment in performance comes from the non-negative constraint that
can easily be integrated within the iterations of SIRT to remove
unwanted streaking noise that is common when using FBP. Unfor-
tunately, this can introduce a small background noise contribution
when calculating angle-integrated velocity distributions, which is an
essential step for extracting useful spectroscopic information from
reconstructions. This does, however, only become a significant issue
when using a very low number (i.e.,≪ 50) of projection data images.
With the use of the HTR technique, on the other hand, the high
symmetry of the 3D photoproduct distribution can be exploited to
dramatically reduce the total number of angular projections required
for robust tomographic reconstruction. We have shown that recon-
struction of a 3D distribution with a maximum angular dependence
of the form cos kθ and/or cos kϕ is possible by Nyquist sampling of
the distribution with just k + 1 projections recorded between 0○ and
180○. Even for complicated multi-photon polarization geometries,
the 3D angular distribution is still usually simply described by some
finite expansion in spherical harmonics, and so a lower bound on the
number of required projections can be deduced. Through the use of
machine learning, the AIR technique can, in principle, reduce this
number down even further to just a single projection.23 This strategy
is in its infancy, however, and so it is still important to benchmark
and compare the results of AIR against robust tomographic data.
In addition to these novel machine learning methods, the analyti-
cal SIRT and HTR approaches for tomographic reconstruction are
therefore an important addition to the image processing toolbox
for photochemical dynamics applications. In particular, the HTR
approach has significant potential to reduce the current burden
of extended data acquisition times, reducing typical measurement
benchmarks by an order magnitude.
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