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A B S T R A C T

The saturation solution to the capillary retention phenomenon is critical to understand how much and what
type of phase is retained by a heterogeneous medium. Hence, this paper studies the solution qualitatively using
methods from the qualitative theory of differential equations. In particular, when the capillary function, defined
as the square root of the ratio of permeability to porosity, is differentiable and monotonic is examined. The
analysis shows that the saturation solution is bell shaped with a local minimum or maximum point depending
on the Leverett curve and the derivative of the capillary function. The case with a discontinuous capillary
function is identified here as the limiting case when the regularisation parameter approaches zero. Analytical
solution of the linearised differential equation enables the derivation of a parameter that characterises the local
flow regime of the solution. The parameter is a function of the capillary number, the viscous limit fractional
flow and the diffusivity functions. The results of the analysis are validated and demonstrated numerically.
1. Introduction

At steady-state conditions, capillary retention occurs whenever two
immiscible fluids flow across a heterogeneous porous medium under
the influence of capillary force. The notion of the word retention should
not be interpreted in an absolute or traditional sense in which the
medium has an extra possession of oil or water phase relative to how
much is there originally. What we mean by retention is the extra
possession of water or oil phase by capillary force relative to how
much it would be if this force is absent or negligible under steady
state condition. The time dimension and the initial condition (resident
fluids) do not play a role in our definition of capillary retention.
The description of the solution to this phenomenon for discontinuous
media has been reviewed both analytically and numerically (Bear,
1975; Kortekaas, 1985; Yortsos and Chang, 1990; Chang and Yortsos,
1992; Chaouche et al., 1993; Van Duijn et al., 1995; van Duijn and
de Neef, 1998; Helmig et al., 2007; Hoteit and Firoozabadi, 2008;
van Duijn et al., 2008; Fučík et al., 2008; Debbabi et al., 2017). In
such type of media, Bear (1975) showed that the capillary pressure
is constant in the capillary regime, and the saturation is a mirror
image of the heterogeneity, permeability and porosity. In the capillary–
viscous regime, Kortekaas (1985) simulated a one-dimensional and
two-phase model with multiple discontinuities and showed that the
medium can retain oil phase if the water-wet capillary pressure function
is used. Yortsos and Chang (1990) showed that at a steady state, the
saturation jump (discontinuity) is governed by the continuity of the
capillary pressure at the interface. Van Duijn et al. (1995) verified this
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result for the general unsteady state displacements. The first exper-
imental evidence of the existence of capillary retention is attributed
to Chaouche et al. (1993). Fučík et al. (2008) derived a semianalytical
solution of the retention problem in the presence of an advection term
in a limited way, yet valuable for the verification of complex numerical
models.

Concerning continuousmedia, and to our knowledge, the earliest and
latest theoretical work is attributed to Yortsos and Chang (1990). In
their analysis, porosity and residual saturations were constant through-
out the domain of the porous medium, and the capillary function is
only a function of permeability. To begin with, they employed simple
forms of the capillary function described by ramp and piecewise linear
(periodic) functions and used integration by quadrature analysis to
derive analytical results. Such assumptions seem restrictive when it
comes to model representation and, in particular, porosity which, as
we shall demonstrate, has a significant impact on the characteristics
of the capillary function and hence, the solution to the phenomenon.
Another limitation is the use of the water-wet Leverett function. In this
article, we complement their work by easing the assumptions above
and deriving new and general analytical results.

The article is organised as follows: In Section 2, we examine the
fractional flow equation at steady state that governs the capillary
retention and present the assumptions associated with it. The saturation
solution is well-behaved if the capillary function is monotonic; hence in
Section 3.1, we explore the condition that renders it monotonic. Then,
in Section 3.2, we study the solution behaviour using techniques from
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Nomenclature

Greek Symbols

𝛽 Slope in ln 𝑘 − 𝜙 relationship (−)
𝛥 Difference
𝛿 Slope in ln𝑆 − 𝜙 relationship (−)
𝛾 Capillary number (−)
�̂�𝑖 phase mobility (𝑀𝐿−1𝑇 −1)
𝜙 Porosity (−)
𝜎𝑜𝑤 Interfacial tension between oil and water

(𝑀𝑇 −2)
𝜏 capillary function (−)
𝜃 Contact angle (−)

Latin Symbols

�̂� Permeability (𝐿2)
�̂� Pressure (𝑀𝐿−1𝑇 −2)
�̂�𝑐 Capillary Pressure (𝑀𝐿−1𝑇 −2)
�̂� Saturation (−)
�̂�𝑣 Viscous limit saturation (−)
�̂�𝑖𝑟 Residual saturation of phase 𝑖 (−)
�̂�𝑜𝑚 Mobile Oil Saturation (−)
𝑡 Time (𝑇 )
�̂� Space (𝐿)
𝜕 Partial derivative operator
𝑑 Ordinary derivative operator
𝑓 Viscous limit fractional flow (−)
𝑓 (−1) Inverse function of 𝑓 (−)
𝐻 Heaviside function
ℎ Diffusivity (−)
𝐽 Leverett function (−)
𝐽 (−1) Inverse of Leverett function (−)
𝐿 Length (𝐿)
𝑀𝑒 End-point mobility ratio (−)
𝑢 Fractional flow (−)
𝑢𝑡 Injection velocity (𝐿𝑇 −1)

Subscripts and Superscripts

̄ Average
̂ Dimensional
+ Downstream/Right hand limit
− Upstream/Left hand limit
𝑜 End-point
′ Ordinary derivative
𝑖 Phase type, 𝑜 for oil and 𝑤 water

the qualitative theory of ordinary differential equations seeking critical
points and asymptotic behaviours. The analysis is complemented by
deriving analytical solutions to some limiting and linearised cases in
Section 3.3. Then we validate the results by solving the differential
equation numerically in Section 4. Finally, we discuss the physical
interpretation of the analysis, followed by a conclusion of the main
results in Sections 5 and 6, respectively.

2. Statement of the problem

Consider the flow of two immiscible fluids, water and oil, in a one-
dimensional heterogeneous porous medium where 𝜙 and 𝑘 are spatially
2

e

varying functions. The fractional flow of water in the dimensionless
form can be derived as

𝑢𝑤(𝑥, 𝑡) = 𝑓𝑤 + 𝛾𝑓𝑤𝜆𝑜𝑘
𝜕𝑝𝑐
𝜕𝑥

(2.1)

here

𝑤(𝑆𝑤) =
𝑀𝑒𝜆𝑤

𝑀𝑒𝜆𝑤 + 𝜆𝑜
(2.2)

s, by definition, the viscous limit of the fractional flow 𝑢𝑤(𝑥, 𝑡) occurring
when 𝛾 → 0. The derivation of (2.1) from the two-phase governing
flow equations is presented in Appendix. Upon the expansion of the
capillary pressure gradient using Eqs. (A.13) and (A.14), the fractional
flow equation becomes

𝑢𝑤(𝑥, 𝑡) = 𝑓𝑤 − 𝛾𝜙
(

ℎ𝜏
𝜕𝑆𝑤
𝜕𝑥

+ 𝑔 𝑑𝜏
𝑑𝑥

)

(2.3)

where

ℎ(𝑆𝑤) = −𝑓𝑤𝜆𝑜𝐽 ′, 𝑔(𝑆𝑤) = 𝑓𝑤𝜆𝑜𝐽 (2.4)

We impose conditions on 𝐽 (𝑆𝑤) namely: lim𝑆𝑤→0 𝐽 = +∞ and 𝐽 (1) =
0 for water-wet medium and 𝐽 (0) = 0 and lim𝑆𝑤→1 𝐽 = −∞ for oil-wet
medium. For mixed-wet medium, lim𝑆𝑤→0 𝐽 = +∞ and lim𝑆𝑤→1 𝐽 = −∞.
In all wettability types, we require that 𝐽 ′ < 0. In the continuity
equation for water phase, we shall consider steady-state conditions
which implies that 𝑢𝑤 ∈ (0, 1) is constant along the flow domain. Hence,
the argument 𝑢𝑤, along with 𝛾, are considered parameters in Eq. (2.3)
and the partial derivative is replaced by the normal derivative since 𝑥
is the only variable argument of 𝑆𝑤.

Before characterising the solution to the differential equation, (2.3),
it is important to understand the character of 𝜏 given the permeability
𝑘(𝜙) and the porosity 𝜙(𝑥) of the porous medium. The solution is
well-behaved if 𝜏 is monotonic with 𝑥.

3. Analysis

3.1. The monotonicity of 𝜏(𝑥)

Let 𝜙 be continuous, smooth, monotonic, and changes from 𝜙− to
𝜙+ over a small transition of width 2𝑤. Let us restrict the analysis for
the case 𝜙+ > 𝜙− with an inflection point in [−𝑤,𝑤]. The analysis for
the case 𝜙+ < 𝜙− is identical. If 𝑘(𝜙) is an increasing monotone, then
𝑑𝑘
𝑑𝑥

= 𝑑𝑘
𝑑𝜙

𝑑𝜙
𝑑𝑥

≥ 0 (3.1)

which shows that 𝑘(𝑥) is also an increasing monotone. Also, consider-
ation of

𝑑2𝑘
𝑑𝑥2

= 𝑑2𝑘
𝑑𝜙2

(

𝑑𝜙
𝑑𝑥

)2
+ 𝑑𝑘
𝑑𝜙

𝑑2𝜙
𝑑𝑥2

(3.2)

implies that the 𝑥 position of the inflection point of 𝑘(𝑥) occurs between
those of the inflection points of 𝑘(𝜙) and 𝜙(𝑥). If 𝑘(𝜙) does not exhibit
ny inflection, then the position of the inflection point of 𝑘(𝑥) is always
o the right of that of 𝜙(𝑥) as in Fig. 1(b).

The monotonicity of the capillary function is an interesting one.
aking the first derivative of 𝜏 with respect to 𝑥 gives:

𝜏 𝑑𝜏
𝑑𝑥

= 1
𝜙

(

𝑑𝑘
𝑑𝜙

− 𝜏2
)

𝑑𝜙
𝑑𝑥

(3.3)

which is an increasing monotone if and only if
𝑑𝑘
𝑑𝜙

− 𝜏2 ≥ 0 (3.4)

or all 𝑥. If the above condition is satisfied only for a subset of 𝑥,
ocal extrema are expected to be found. In general, the number of local
xtrema depends on the number of disjoint intervals for which the
ondition (3.4) is violated. For a monolithologic and clean sandstone
nder the absence of any diagenetic processes after deposition, it is
mpirically found that the permeability in a logarithmic scale is linear
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Fig. 1. (a) Porosity profile given by an arbitrary function 1
2

(

2�̄� + 𝛥𝜙 sin ( 𝜋𝑥
2𝑤

)
)

in [−𝑤,𝑤] where 𝜙− = 0.1, 𝜙+ = 0.3 and 𝑤 = 0.5. (b) The permeability profile calculated using (3.5)
ith 𝑘− = 0.4 and 𝛽 = 12.425. The red points are the corresponding inflection points.
Fig. 2. Two capillary function profiles calculated from 𝜏(𝑥) =
(

𝑘
𝜙

)
1
2 for three selection cases for 𝜙− and 𝜙+. The resulting 𝜏1 is when 𝜙− = 0.1 and 𝜙+ = 0.3 are used so the

ondition (3.6) is satisfied. The resulting 𝜏2 and 𝜏3 are when 𝜙− = 0.06, 𝜙+ = 0.26 and 𝜙− = 0.04, 𝜙+ = 0.24 respectively, are used so the condition (3.6) is not satisfied. The value
𝑐 = 𝛽−1 = 0.08 is where 𝜏2 changes its monotonicity in [−𝑤,𝑤] = [−0.5, 0.5].
3

w

i
e

ith porosity, (Coates and Dumanoir, 1973). This can be stated in the
xponential form as

(𝑥) = 𝑘−𝑒𝛽(𝜙−𝜙
−) (3.5)

here 𝑘− and 𝜙− are the downstream permeability and porosity and 𝛽
s the constant of proportionality measured in the logarithmic scale. We
otify that such correlation does not imply causation. To appreciate this
rgument, think of the dependence of 𝑘 and independence of 𝜙 on the
rain size, for example. Beside the aforementioned relationship, various
odels of 𝑘 have been proposed (Kozeny, 1927; Carman, 1937; Tixier,
949; Wyllie and Rose, 1950; Timur, 1968; Coates and Dumanoir,
973; Amaefule et al., 1993). We choose to use Eq. (3.5) and in view
f the condition (3.4), 𝜏 will only be an increasing monotone if

𝜙 ≥ 1 (3.6)

s in Fig. 2, solid line, or the converse could occur, for instance, if we
llow 𝛽 to be small. This gives an important message that we may start
ith 𝜙(𝑥) and 𝑘(𝑥) that are increasing monotones, yet 𝜏(𝑥) is decreasing,
hich seems counter-intuitive from an engineering point of view. It is
ossible that for clean sandstone, that 𝛽𝜙 ≤ 0 for smaller values of 𝜙
nd then shifts to the condition (3.6) as 𝜙 increases beyond a particular
alue 𝜙𝑐 , as in Fig. 2, blue dots.

To study the solution character qualitatively, we assume that the
ondition (3.4) is satisfied and hence 𝜏(𝑥) is monotonic. This is a reason-
ble assumption as far as the monolithologic sandstone is concerned.
he permeability has an order of (10s-1000s md) and hence 𝛽−1 is

−

3

onsiderably smaller than 𝜙 .
.2. The solution character to the capillary retention

At the steady state condition, Eq. (2.3) can be rearranged as

𝑑𝑆
𝑑𝑥

= 𝐹 (𝑥, 𝑆) = 1
ℎ𝜏

(

1
𝛾𝜙

(𝑓 − 𝑢) − 𝑔 𝑑𝜏
𝑑𝑥

)

, 𝑆(∞) = 𝑆𝑣 (3.7)

here we have dropped the subscript (𝑤) from the saturation variable
and the saturation dependent functions since water is the only phase
involved in the above equation. The parameter 𝑆𝑣 = 𝑓−1

𝑤 (𝑢) ∈ (0, 1)
is the viscous limit solution of the above equation as 𝛾 → 0. This
s an initial value problem of a nonlinear first order ordinary differ-
ntial equation in which the functions 𝐹 and 𝜕𝐹

𝜕𝑆 are continuous in
the rectangular domain 𝑅 ∶ |𝑥| ≤ ∞, |𝑆 − 1

2 | <
1
2 . Given a known

initial condition, the continuity of the aforementioned functions are
adequate to guarantee the existence and uniqueness of 𝑆(𝑥) following
Picard Iterative and Banach Fixed Point theorems (Coddington, 1961;
Bramwell and Kreyszig, 1979).

In view of our prescription to 𝜏, the above equation is autonomous
in |𝑥| > 𝑤 and it reduces to

𝐹 (𝑥 > 𝑤,𝑆) = 1
𝛾𝜙+𝜏+

(

𝑓 − 𝑢
ℎ

)

, 𝐹 (𝑥 < −𝑤,𝑆) = 1
𝛾𝜙−𝜏−

(

𝑓 − 𝑢
ℎ

)

(3.8)

In both equations, if the direction field is examined at 𝑆𝑣 and its
neighbourhood, then

𝐹 (𝑆 = 𝑆𝑣) = 0, 𝐹 (𝑆 > 𝑆𝑣) > 0, 𝐹 (𝑆 < 𝑆𝑣) < 0 (3.9)

This shows that the critical point 𝑆𝑣 is stable as 𝑥 → 𝑤 in (𝑤,∞).
The direction field gradually converges to the line 𝑆 = 𝑆 as in Fig. 3.
𝑣
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Fig. 3. Direction field for 𝐹 (𝑥 > 𝑤,𝑆). For the purpose of illustration, 𝜆𝑤 = 𝑆4,
𝜆𝑜 = (1 − 𝑆)2, 𝐽 = 1

10

(

𝑆−2 − 1
)

1
4 and 𝑀𝑒 = 160 are used to compute 𝑓 and ℎ. We

use 𝛾 = 17, 𝜙+ = 0.3, 𝜏+ = 𝜏(𝜙+) = 4 and 𝑢 = 0.98. The red line is the critical point
𝑆𝑣 = 𝑓−1(𝑢) = 0.5. The direction field for 𝐹 (𝑥 < −𝑤,𝑆) is a rescaling of 𝐹 (𝑥 > 𝑤,𝑆) by
(

𝜙+

𝜙−

)(

𝜏+

𝜏−

)

.

his convergence is presented schematically by a phase line drawn to
he right of the figure. This implies that the integral curve

= 𝑆𝑣 (3.10)

is the only solution to Eq. (3.7) in (𝑤,∞) satisfying the prescribed initial
condition.

However, 𝑆𝑣 is asymptotically stable critical point as 𝑥 → −∞ in
(−∞,−𝑤). The direction field converges to the line 𝑆(𝑥) = 𝑆𝑣 and in
particular

lim
𝑥→−∞

𝑆(𝑥) = 𝑆𝑣 (3.11)

These results concerning the characteristics of 𝑆(𝑥) in |𝑥| > 𝑤 can be
arrived at using a different approach which is as follows: First, observe,
from Eq. (A.13), that for any given 𝜏

𝑑𝑝𝑐
𝑑𝑆

= 1
𝜏
𝑑𝐽
𝑑𝑆

≤ 0 (3.12)

which shows that 𝑝𝑐 , like 𝐽 , is a decreasing monotone with 𝑆. Also,
Eq. (3.7) can be rearranged as

1
𝜏
𝑑𝜏
𝑑𝑥

− 𝐽 ′

𝐽
𝑑𝑆
𝑑𝑥

= 1
𝛾
𝑓 − 𝑢
𝜙𝜏𝑔

(3.13)

Integrating from 𝑥 to 𝑥𝑜 > 𝑥 gives

ln
(

𝜏𝑜𝐽
𝜏𝐽𝑜

)

= 1
𝛾 ∫

𝑥𝑜

𝑥

𝑓 − 𝑢
𝜙𝜏𝑔

𝑑𝑥 (3.14)

which can be written in a more recognisable form as

𝑝𝑐 (𝑥) = 𝑝𝑐 (𝑥𝑜) exp
(

1
𝛾 ∫

𝑥𝑜

𝑥

𝑓 − 𝑢
𝜙𝜏𝑔

𝑑𝑥
)

(3.15)

Given (𝑥, 𝑆) and (𝑥𝑜, 𝑆𝑤𝑜), the above equation gives the relationship
between the capillary pressure points 𝑝𝑐 (𝑥) and 𝑝𝑐 (𝑥𝑜). The aim here
is to determine the relationship between 𝑆 and 𝑆𝑤𝑜 provided that
Eqs. (3.12) and (3.15) hold. If we take 𝑥 and 𝑥𝑜 to be in (𝑤,∞), then
𝜏 = 𝜙+𝜏+. Note also that if we let 𝑥𝑜 = ∞, then 𝑆𝑤𝑜(𝑥𝑜) = 𝑆𝑣
nd Eq. (3.15) reduces to:

𝑐 (𝑆) = 𝑝𝑐 (𝑆𝑣) exp
(

1
𝛾𝜙+𝜏+ ∫

∞

𝑥

𝑓 − 𝑢
𝑔

𝑑𝑥
)

(3.16)

It implies that

• If 𝑆 < 𝑆𝑣, then 𝑝𝑐 (𝑆) < 𝑝𝑐 (𝑆𝑣).
• If 𝑆 > 𝑆𝑣, then 𝑝𝑐 (𝑆) > 𝑝𝑐 (𝑆𝑣).
4

• If 𝑆 = 𝑆𝑣, then 𝑝𝑐 (𝑆) = 𝑝𝑐 (𝑆𝑣).
Fig. 4. The capillary pressure curves 𝑝𝑐 (𝑆, 𝜏) for two capillary function values: 𝜏+ and
𝜏−. The monotonicity of 𝑝𝑐 (𝑆, 𝜏+) gives rise to the inequalities shown above for the
ases: 𝑆 < 𝑆𝑣, 𝑆 = 𝑆𝑣 and 𝑆 > 𝑆𝑣.

Fig. 5. The saturation jump occurring at 𝑝𝑐 = 𝑐 as 𝑤→ 0 viewed on the 𝑝𝑐 − 𝑆 plane.

Fig. 6. The function 𝛥𝑆𝑠𝑣(𝑝𝑐 ) corresponds to the difference of the curves 𝑆(𝑝𝑐 , 𝜏−) and
𝑆(𝑝𝑐 , 𝜏+) shown in Fig. 5.

The first two implications violate the monotonicity of the capillary
pressure dictated by (3.12). This contradiction is illustrated geometri-
cally in Fig. 4. It follows that 𝑆(𝑥) = 𝑆𝑣 in (𝑤,∞) as dictated by the
third implication and in agreement with the result (3.10).

Now if we consider 𝑥 and 𝑥𝑜 to be in (−∞,−𝑤), then 𝜙𝜏 = 𝜙−𝜏−.
Note also that if we let 𝑥𝑜 = −∞, then 𝑆𝑤𝑜(𝑥𝑜) = 𝑆𝑣 and Eq. (3.12)
reduces to

𝑝𝑐 (𝑆) = 𝑝𝑐 (𝑆𝑣) exp
(

− 1 𝑥 𝑓 − 𝑢
𝑑𝑥

)

(3.17)

𝛾𝜙−𝜏− ∫−∞ 𝑔
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Fig. 7. Mixed-wet 𝐽 curve given by 𝐽 = ln
(

1−𝑆
𝑆

)

. The red point is when 𝐽 (𝑆𝑚) = 0
hich splits the curve into two regions: water-wet and mixed-oil-wet.

Fig. 8. The 𝑔 function computed by Eq. (2.3) using the mixed-wet 𝐽 curve shown in
Fig. 7, 𝜆𝑤 = 𝑆4, 𝜆𝑜 = (1 − 𝑆)2 and 𝑀𝑒 = 160.

which implies that

• If 𝑆 < 𝑆𝑣, then 𝑝𝑐 (𝑆) > 𝑝𝑐 (𝑆𝑣).
• If 𝑆 > 𝑆𝑣, then 𝑝𝑐 (𝑆) < 𝑝𝑐 (𝑆𝑣).
• if 𝑆 = 𝑆𝑣, then 𝑝𝑐 (𝑆) = 𝑝𝑐 (𝑆𝑣).

These implications are all dictated by the monotonicity of the
capillary pressure as in Fig. 4 with the consideration that we are now
on the 𝑝𝑐 (𝑆, 𝜏−) curve. These results show that 𝑆 is approaching 𝑆𝑣 as
𝑥 → −∞ and hence in agreement with the result (3.11).

In the transition, Eq. (3.7) is non-autonomous and the space depen-
dent functions will warp the direction field. Observe that

𝐹 (𝑥, 𝑆 = 𝑆𝑣) < 0, 𝐹 (𝑥, 𝑆 = 1 − 𝜖) > 0 (3.18)

for a given 𝑥 in [−𝑤,𝑤] and where 𝜖 > 0 is a very small number.
The above results and the continuity of 𝐹 dictates the existence of a
stationary point (𝑥𝑠, 𝑆𝑠) such that
𝑑𝑆𝑠
𝑑𝑥𝑠

= 0 (3.19)

as implied by the intermediate value theorem. To study the relationship
between the type of the stationary point, 𝜏′(𝑥) and 𝐽 , absorbed in the
𝑔 function, we substitute the above condition into (3.7) to give
𝑓𝑠 − 𝑢
𝑔𝑠

= 𝛾𝜙𝑠
𝑑𝜏𝑠
𝑑𝑥𝑠

(3.20)

The fractional flow 𝑓 is an increasing monotone with 𝑆. To verify
this, we examine 𝑓 ′(𝑆) derived from Eq. (2.2) as

′ = 𝑓 (1 − 𝑓 )
(𝜆′𝑤 −

𝜆′𝑜
)

(3.21)
5

𝜆𝑤 𝜆𝑜
Note that from its definition (2.2), 0 ≤ 𝑓 (𝑆) ≤ 1 and since 𝜆′𝑤 ≥ 0
and 𝜆′𝑜 ≤ 0, the expression inside the last bracket on the right-hand side
is positive and hence 𝑓 ′ ≥ 0 which completes the proof. This is also true
for 𝑓 − 𝑢. This implies that 𝑆𝑠 − 𝑆𝑣 > 0, 𝑆𝑠 − 𝑆𝑣 < 0 and 𝑆𝑠 − 𝑆𝑣 = 0 if
and only if 𝑓𝑠 − 𝑢 > 0, 𝑓𝑠 − 𝑢 < 0 and 𝑓𝑠 − 𝑢 = 0 respectively.

Eq. (3.20) shows that the relationship between 𝑆𝑠 and 𝑆𝑣 depends
on the signs of 𝐽 and 𝜏′(𝑥). In particular, it implies that if 𝜏′(𝑥) ≥ 0,
then

• For 𝐽 ≥ 0

𝑆𝑠 > 𝑆𝑣 (3.22)

• For 𝐽 ≤ 0

𝑆𝑠 < 𝑆𝑣 (3.23)

The two implications occur in water-wet and oil-wet porous media
respectively. Observe the proportionality between 𝛥𝑆𝑠𝑣 = 𝑆𝑠 − 𝑆𝑣 and
𝛾 which implies that if 𝛾 → 0, then 𝑆𝑠 = 𝑆𝑣, consistent with the
viscous limit solution. Also, the result (3.22) along with (3.10) and
(3.11) implies that the solution is nonmonotonic and bounded, i.e. 𝑆𝑣 ≤
𝑆 ≤ 𝑆𝑠 and (𝑥𝑠, 𝑆𝑠) is a local extremum point. To infer about the relative
position of 𝑥𝑠 in the transition, one can examine the second derivative
at this stationary point derived from (3.7) as

𝑑2𝑆𝑠
𝑑𝑥2𝑠

=
𝐽𝑠

𝜙𝑠𝜏𝑠𝐽 ′
𝑠

𝑑
𝑑𝑥𝑠

(

𝜙𝑠
𝑑𝜏𝑠
𝑑𝑥𝑠

)

(3.24)

In view of (3.22) and (3.24), the above equation has to be negative,
i.e. the spatial derivative on the right-hand side is positive. The mono-
tonicity of the function 𝜙𝜏′ is similar to 𝜏′ as inferred from (3.3). If the
condition (3.4) is satisfied, then

− ℎ ≤ 𝑥𝑠 ≤ 𝑥𝑢 (3.25)

where 𝑥𝑢 is the root of
𝑑
𝑑𝑥

(

𝜙𝑑𝜏
𝑑𝑥

)

= 0 (3.26)

Once the behaviour of 𝑆(𝑥) is established, the behaviour of 𝑝𝑐 (𝑥) is
eadily known. In Eq. (3.15), letting 𝑥 to be variable in (−∞,∞) and
𝑜 = ∞, then differentiation with respect to 𝑥 gives
𝑑𝑝𝑐
𝑑𝑥

= −𝑝𝑐 (𝑆𝑣)𝑝𝑐 (𝑥)
𝑓 − 𝑢
𝛾𝜙𝜏𝑔

≤ 0 (3.27)

hich is, unlike 𝑆(𝑥), a decreasing monotone with 𝑥. Also, from
qs. (A.13), (3.10) and (3.11), it follows that

(𝑥) =
𝐽 (𝑆𝑣)
𝜏+

, 𝑥 ∈ (𝑤,∞) (3.28)

and

lim
𝑥→−∞

𝑝(𝑥) =
𝐽 (𝑆𝑣)
𝜏−

(3.29)

In Eq. (3.15), if we let 𝑥 = −∞ and 𝑥𝑜 = 𝑤 and hence 𝑆(𝑥) = 𝑆(𝑥𝑜) =
𝑣, then the capillary function ratio 𝜏𝑟 = 𝜏+

𝜏− satisfies the following
integral identity

𝜏𝑟 = exp
(

1
𝛾 ∫

𝑤

−∞

𝑓 − 𝑢
𝜙𝜏𝑔

𝑑𝑥
)

(3.30)

It is expected that if 𝑤 → ∞, 𝜙(𝑥) = �̄�, i.e. the average porosity, and
the medium is homogenised. In this case, the local extremum 𝑆𝑠 = 𝑆𝑣.
As 𝑤 decreases, 𝛥𝑆𝑠𝑣 increases. In the limiting case 𝑤 → 0 and if we
take 𝑥 = 𝑥𝑠 and 𝑥𝑜 = 𝑤 in (3.15), then

𝑝𝑐 (𝑆(0+)) = 𝑝𝑐 (𝑆𝑣) = 𝑝𝑐 (𝑆𝑠(0−)) exp (0) ⟹ 𝑝𝑐 (𝑆𝑣) = 𝑝𝑐 (𝑆𝑠) (3.31)

This shows, unlike 𝑆(𝑥), that capillary pressure preserves its con-
tinuity with the development of discontinuity at 𝜏(0), in agreement
with Yortsos and Chang (1990) and Van Duijn et al. (1995). The

geometric interpretation of (3.31) in the 𝑝𝑐−𝑆 plane is shown in Fig. 5.
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Fig. 9. Various saturation dependent functions used as inputs for the numerical scheme. (a) The phase mobilities are given by (4.2). (b) The phase mobilities along with the
end-point mobility ratio 𝑀𝑒 = 160 are used to calculate the fractional flow using (A.7). (c) The Leverett 𝐽 -function is given by (4.3). The ℎ and 𝑔 functions are calculated using
(A.9).
Fig. 10. The saturation and capillary pressure solutions for 𝑢 = 0.75 and 𝛾 = 17. (a) The saturation solution is illustrated with a red line and the viscous limit solution with the
agenta line in a direction field background given by 𝐹 (𝑥, 𝑆). (b) The resulting capillary pressure curve.
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his also implies the generation of a saturation discontinuity, saturation
ump, where 𝑆(0+) = 𝑆𝑣 ≠ 𝑆(0−) = 𝑆𝑠.

The size of the saturation jump, the length of 𝑆𝑣𝑆𝑠 in Fig. 5, is
ariable with respect to capillary pressure and there exists a maximum
ump. To verify this claim, observe that 𝑆𝑣𝑆𝑠 is also equal to 𝛥𝑆𝑠𝑣(𝑝𝑐 ) =
(𝑝𝑐 , 𝜏−) − 𝑆(𝑝𝑐 , 𝜏+) where 𝑆(𝑝𝑐 , 𝜏−) and 𝑆(𝑝𝑐 , 𝜏+) are the inverses of
𝑐 (𝑆, 𝜏−) and 𝑝𝑐 (𝑆, 𝜏+) respectively. Since 𝛥𝑆𝑠𝑣 > 0 in (0, 𝑝𝑐 ≫ 0) and
im𝑝𝑐→0 𝛥𝑆𝑠𝑣 = lim𝑝𝑐→∞ 𝛥𝑆𝑠𝑣 = 0, it follows that 𝛥𝑆𝑠𝑣 is nonmonotonic
hich verify the existence of a maximum jump, Fig. 6.

We remark that one would arrive at the pressure continuity conclu-
ion by only inspecting the specific form of the transformation (3.15).
n this transformation, the exponent is the integral of a bounded and
ontinuous or, at worst, piecewise continuous function of 𝑥 and 𝑆.
his class of functions is Riemann integrable and gives continuous
unction when evaluated. This implies that the transformation gives

continuous capillary pressure. Hence, this transformation can be
6

egarded as a statement for the continuity of the capillary pressure. We 𝐽
lso observe that 𝑢(𝑥, 𝑡) does not need to be constant and the statement
an be generalised to the unsteady-state conditions.

.2.1. Mixed-wet medium
Water-wet and oil-wet porous media are types of homogeneous wet-

ability in which the entire rock surface has a uniform molecular
ffinity for either water or oil. Conversely, a mixed-wet porous medium
s a common type of heterogeneous wettability in which distinct rock
urface regions have different affinities for water or oil (Salathiel, 1973;
orrow, 1990; Kovscek et al., 1993). A common mixed-wet 𝐽 curve

ccurring during imbibition process is shown in Fig. 7. It has

lim
→0
𝐽 = ∞, lim

𝑆→1
𝐽 = −∞ (3.32)

nd hence, there exist 𝑆 = 𝑆𝑚 such that

(𝑆 ) = 0 (3.33)
𝑚
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Fig. 11. The saturation and capillary pressure solutions resulting when the order of
𝜙− and 𝜙+ is reversed.

s implied by the intermediate value theorem. This saturation value
plits the curve into two regions: the water-wet region which consti-
utes the smaller pores and the mixed-oil-wet region which constitutes
he larger pores as shown in Fig. 7 (Kovscek et al., 1993). The surfaces
f the larger pores undergo partial wettability alteration during a
rainage process, prior to imbibition, by a particular type of oil.

The diffusivity function ℎ is still positive as it depends on 𝐽 ′, similar
to the water-wet and oil-wet case, Fig. 8. However, the function 𝑔 is
ositive in (0, 𝑆𝑚) and negative in (𝑆𝑚, 1) since it depends on 𝐽 . An
xample of 𝑔 is shown in Fig. 8.

Outside the transition zone, 𝐹 is independent of 𝑔 and the previous
nalysis applies here regarding the character of the solution 𝑆. How-

ever, inside the transition, 𝐹 depends on 𝑔 and the solution depends
on whether the prescribed initial condition is 𝑆𝑣 < 𝑆𝑚, 𝑆𝑣 = 𝑆𝑚, or
𝑣 > 𝑆𝑚. For 𝜏′(𝑥) > 0,

• If 𝑆𝑣 < 𝑆𝑚, then the analytical results of the water-wet case
applies and the solution is bell-like with a local maximum.

• If 𝑆𝑣 = 𝑆𝑚, then 𝐹 = 0 regardless of the size of 𝜏′(𝑥). Hence the
solution is

𝑆(𝑥) = 𝑆𝑚 (3.34)

• If 𝑆𝑣 > 𝑆𝑚, then the analytical results of the oil-wet case applies
and the solution is bell-like with a local minimum.

The character of the capillary pressure also follows from the analy-
is. It is a decreasing monotone if 𝑆𝑣 < 𝑆𝑚, an increasing monotone if
𝑆𝑣 > 𝑆𝑚 and constant if 𝑆𝑣 = 𝑆𝑚.

.3. Analytical solutions to limiting and linearised cases

Discontinuous Medium
In the limit 𝑤 → 0 and for particular forms of 𝑓 and ℎ, a closed form

or 𝑆 can be obtained for 𝑥 ≤ 0. In particular, we assume a linear 𝑓 and
a constant unit ℎ. This can be established, without loss of generality by
defining 𝜆𝑤 ≡ 1

𝑀𝑒
𝑆, 𝜆𝑜 ≡ 1 − 𝑆 and 𝐽 ′ ≡ −𝛼

𝜆𝑜𝑓
which implies

𝐽 = 𝛼 ln
(1 − 𝑆

𝑆

)

+ 𝑐 (3.35)

where 𝑐 is the constant of integration. For the limit 𝑤 → 0, the
ifferential Eq. (3.7) reduces to

𝑑𝑆
𝑑𝑥

= 1
𝛾𝜙−𝜏−

𝑓 − 𝑢
ℎ

, 𝑆(0) = 𝑆𝑠 = 𝐽−1
(

𝐽 (𝑆𝑣)
𝜏𝑟

)

(3.36)

and with our prescription for 𝑓 and ℎ, the above equation becomes
linear
𝑑𝑆 = 1 (𝑆 − 𝑢) (3.37)
7

𝑑𝑥 𝛾𝜙−𝜏−
By noting that 𝑢 = 𝑆𝑣, the solution becomes

𝑆(𝑥) = 𝑆𝑣 + 𝛥𝑆𝑠𝑣 exp
(

1
𝛾𝜙−𝜏−

𝑥
)

(3.38)

This shows, for the linear case, that saturation decreases exponen-
ially with a rate of decay of 1

𝛾𝜙−𝜏− and approaches 𝑆𝑣 as 𝑥 → −∞. The
capillary pressure solution follows from Eqs. (3.35), (3.38) and setting
𝜏 = 𝜏− for 𝑥 ≤ 0.

In a two-phase flow in porous media, typical 𝑓 and ℎ are nonlinear
and hence (4.36). However, for a small 𝛥𝑆𝑠 = 𝑆 − 𝑆𝑠, we can linearise
𝑓 and ℎ about (0, 𝑆𝑠) to study how the solution depends locally on 𝑓𝑠
and 𝑔𝑠. Small 𝛥𝑆𝑠 can be satisfied if we choose either 𝛥𝑆𝑠𝑣 in Fig. 6 to
be small since 𝛥𝑆𝑠 ≤ 𝛥𝑆𝑠𝑣, or choose 𝛾 to be near the capillary limit.
To do this, Eq. (3.36) is first rearranged as
ℎ

𝑓 − 𝑢
𝑑𝑆 = 1

𝛾𝜙−𝜏−
𝑑𝑥 (3.39)

aking the Taylor expansion of 𝑓 and ℎ up to the first derivatives and
integrating

∫

𝑆

𝑆𝑠

ℎ′𝑠𝛥𝑆𝑠 + ℎ𝑠
𝑓 ′
𝑠𝛥𝑆𝑠 + (𝑓𝑠 − 𝑢)

𝑑𝑆 = ∫

𝑥

0

1
𝛾𝜙−𝜏−

𝑑𝑥 (3.40)

he integration gives 𝑆(𝑥) implicitly as

(𝑆) = 𝛥𝑆𝑠 +
(

ℎ𝑠
ℎ′𝑠

−
𝑓𝑠 − 𝑢
𝑓 ′
𝑠

)

ln
( 𝑓 ′

𝑠
𝑓𝑠 − 𝑢

𝛥𝑆𝑠 + 1
)

= 1
𝛾𝜙−𝜏−

𝑓 ′
𝑠
ℎ′𝑠
𝑥 (3.41)

Observe that if the coefficient on the right-hand side of the above
equation approaches zero, then 𝑀(𝑆) = 𝛥𝑆𝑠 = 0 and hence 𝑆 = 𝑆𝑠,
the capillary limit solution. Also, suppose that the coefficient is small,
then applying Taylor’s expansion of 𝑀(𝑆) about (0, 𝑆𝑠) up to the first
derivative gives

𝑆 = 𝜔𝑥 + 𝑆𝑠, ℎ′𝑠 ≠ 0 (3.42)

where

𝜔 = 1
𝛾𝜙−𝜏−

𝑓𝑠 − 𝑢
ℎ𝑠

(3.43)

This equation is a straight line with a positive slope if 𝑓𝑠 − 𝑢 > 0 or
egative if 𝑓𝑠 − 𝑢 < 0. In or near the capillary region, the experimental
esults by Chaouche et al. (1993) is in agreement with Eq. (3.42). There
s an important physical implication of the parameter |𝜔| in the context
f flow regime. Numerical observations show that the flow regime does
ot only depend on 𝛾 but also on the saturation. If we except the linear
hange in saturation occurring at a small |𝑥| to be characteristic of
he flow regime, then these numerical observations are dictated by
he parameter |𝜔|. Very rapid change implies that the solution is in
he viscous regime whereas very slow change implies that it is in the
apillary regime . Between these two regimes, there is a spectrum of
𝜔| that characterises the viscous–capillary regime.

When ℎ′𝑠 = 0, Eq. (3.41) reduces to

=
𝑓𝑠 − 𝑢
𝑓 ′
𝑠

(

exp
(

𝜔
𝑓 ′
𝑠

𝑓𝑠 − 𝑢
𝑥
)

− 1
)

+ 𝑆𝑠, ℎ′𝑠 = 0 (3.44)

hich is an exponential decrease if 𝑓𝑠 − 𝑢 > 0 or increase if 𝑓𝑠 − 𝑢 < 0
as 𝑥 → −∞. Eq. (3.43) is of great importance since it enables one to
derive a normalised formula for the capillary retention 𝜅 for a small
𝛥𝑆𝑠. In our context, capillary retention is the area confined by �̂� and
�̂�𝑣 behind the discontinuity and averaged over a certain length. To
derive 𝜅, subtract 𝑆𝑣 from either side of Eq. (3.43) and multiply by
�̂�𝑜𝑚(𝜙−) = �̂�−

𝑜𝑚

𝛥�̂�𝑣 = �̂�−
𝑜𝑚𝜔𝑥 + 𝛥�̂�𝑠𝑣 (3.45)

if we take (−𝐿, 0) as our domain with the discontinuity being at 𝑥 = 0,
then the capillary retention is

̂ = 1 0
𝛥�̂�𝑣 𝑑𝑥 = −1 �̂�− 𝐿𝜔 + 𝛥�̂�𝑠𝑣 (3.46)
𝐿 ∫−𝐿 2 𝑜𝑚
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Fig. 12. (a) The 𝐽𝑜 curve for oil-wet medium. (b) The resulting ℎ𝑜 and 𝑔𝑜 from 𝐽𝑜 where the subscript (𝑜) denotes oil-wet.
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Fig. 13. The saturation and capillary pressure solutions resulting from applying 𝐽𝑜 in
the base case.

We choose to normalise the capillary retention by 𝛥�̂�𝑠𝑣 and the above
equation becomes

𝜅 = −𝜋 + 1 (3.47)

where

𝜋 = 1
2
𝜔𝐿
𝛥𝑆𝑠𝑣

(3.48)

A plot of 𝜅 vs 𝜋 is a decreasing line with a unit slope and unit
intercept. The accuracy can be extended a little if we take the Taylor’s
expansion of 𝑀(𝑆) up to the second derivative. The resulting 𝑘 is
identical in form to Eq. (3.47) but with complicated definition for 𝜋.

apillary Limit
In this case, 𝛾 → ∞ and Eq. (3.7) reduces to

𝑑𝑆
𝑑𝑥

= 𝐽
𝐽 ′

1
𝜏
𝑑𝜏
𝑑𝑥

(3.49)

by separating variables followed by integration, this gives

𝐽 (𝑆(𝑥)) = 𝑐𝜏(𝑥) (3.50)

where 𝑐 is the constant of integration. The solution is given by

𝑆(𝑥) = 𝐽−1(𝑐𝜏(𝑥)) (3.51)

Since 𝐽 is a decreasing monotone with 𝑆, the solution is essentially
a mirror image of 𝜏. The laboratory demonstration by Chaouche et al.
(1993) is in agreement with (3.39). Also

𝑝𝑐 =
𝐽
𝜏

= 𝑐 (3.52)

as expected.

Viscous Limit
In this case, 𝛾 → 0 and Eq. (3.7) reduces to

𝑢 = 𝑓 (3.53)
8

which implies that the solution is

𝑆(𝑥) = 𝑓−1(𝑢) = 𝑆𝑣 (3.54)

4. Numerical validation

The differential Eq. (3.7) is solved numerically to verify the ana-
lytical results. The porosity used is the following regularised Heaviside
function:

𝜙(𝑥) = 𝐻𝑤(𝑥) =

⎧

⎪

⎨

⎪

⎩

𝜙− if 𝑥 < −𝑤
1
2

(

2�̄� + 𝛥𝜙 sin ( 𝜋𝑥2𝑤 )
)

if −𝑤 ≤ 𝑥 ≤ 𝑤
𝜙+ if 𝑥 > 𝑤

(4.1)

where 𝜙− = 0.1, 𝜙+ = 0.3, �̄� = 𝛥𝜙 = 0.2 and 𝑤 = 0.5. For
he calculation of permeability, we use 𝛽 = 2.485 and 𝑘− = 0.4

in Eq. (3.5). The porosity, permeability and capillary functions were
plotted previously in Figs. 1(a), 1(b) and 2 respectively, with solid black
lines. The resulting capillary function ratio is 𝜏𝑟 = 2. The end-point
mobility ratio is 𝑀𝑒 = 160. The phase mobilities given by Brooks and
Corey’s form, (Brooks and Corey, 1966)

𝜆𝑤 = 𝑆4, 𝜆𝑜 = (1 − 𝑆)2 (4.2)

and the water-wet 𝐽 -curve given by Van Genuchten form, (van
Genuchten, 1980)

𝐽 = 1
10

(

𝑆−2 − 1
)

1
4 (4.3)

re used to calculate 𝑓 , ℎ and 𝑔. The resulting 𝜆𝑤, 𝜆𝑜, 𝑓 , 𝐽 , ℎ and 𝑔
functions are shown in Fig. 9. A fractional flow of 𝑢 = 0.75 is used
which gives 𝑆𝑣 = 𝑓−1(𝑢) = 0.31 as shown in Fig. 9(b). These inputs are
treated as a base of reference.

A domain of |𝑥| ≤ 1 is specified and hence, the point (1, 0.31) is
egarded as the initial condition. The fourth order Runge–Kutta method
s employed to solve Eq. (3.7) numerically starting from the initial
ondition and moving backwards (Howlett and Henrici, 1966). The
cheme is as follow:

= 𝑆𝑣 + 𝛥𝑥
𝑘
∑

𝑖=0
�̄�𝑖, |𝑥𝑖| ≤ 1 (4.4)

here

̄ 𝑖 =
1
6
(

𝜓𝑖1 + 2(𝜓𝑖2 + 𝜓𝑖3) + 𝜓𝑖4
)

(4.5)

𝜓𝑖1 = 𝐹 (𝑥𝑖, 𝑆𝑖), 𝜓𝑖2 = 𝐹 (𝑥𝑖, 𝑆𝑖 +
𝛥𝑥
2
𝜓𝑖1) (4.6)

𝜓𝑖3 = 𝐹 (𝑥𝑖, 𝑆𝑖 +
𝛥𝑥
2
𝜓𝑖2), 𝜓𝑖4 = 𝐹 (𝑥𝑖, 𝑆𝑖 + 𝛥𝑥𝜓𝑖3) (4.7)

nd 𝑆𝑣 = 0.31. Figs. 10(a) and 10(b) show the saturation, capillary
pressure profiles when 𝛾 = 17. The saturation solution is plotted along
with the direction field constructed using Eq. (3.7). The field is tangent
when it coincides with the solution and, in particular, the zero field
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Fig. 14. (a) Saturation profiles for three initial conditions: 𝑆𝑣 < 𝑆𝑚, 𝑆𝑣 = 𝑆𝑚 and 𝑆𝑣 > 𝑆𝑚 where 𝑆𝑚 = 0.5 for mixed-wet case. (b) The capillary pressure profiles corresponding to
he three initial conditions.
n the interval 0.5 ≤ 𝑥 ≤ 1 at 𝑆 = 𝑆𝑣 explains why the solution is
onstant there as derived previously. On the other side of the transition,
(𝑥) approaches 𝑆𝑣, rapidly in this case. Note also that the solution is
ounded, i.e. 𝑆𝑣 ≤ 𝑆(𝑥) ≤ 𝑆𝑠.

Fig. 10(b) shows that the capillary pressure is decreasing monotoni-
ally as derived in (3.25) since the input data have 𝐽 ≥ 0 and 𝜏′(𝑥) ≥ 0.
ike 𝑆(𝑥), 𝑝𝑐 (𝑥) is constant, 𝐽 (𝑆𝑣)

𝜏+ , in (𝑤, 1) and approaches 𝐽 (𝑆𝑣)
𝜏− as

𝑥 → −∞.
If the order of 𝜙− and 𝜙+ is reversed so that 𝛥𝜙 is now negative, then

𝜏′(𝑥) ≤ 0. If the water-wet base 𝐽 curve is used, then the characteristics
of the resulting saturation and capillary pressure curves are similar to
that of the oil-wet case with 𝜏′(𝑥) > 0 as shown in Fig. 11.

To check the solutions in the oil-wet medium, we choose to alter the
base 𝐽𝑤 = 𝐽 so that 𝐽𝑜(0) = 0 and lim𝑆→1 𝐽𝑜 = −∞ where the subscripts
𝑤 and 𝑜 denotes the wettability of the medium respectively. A quick
way to establish this is by using the transformation 𝐽𝑜 = −𝐽𝑤(1 − 𝑆).
The resulting curve is plotted as |𝐽𝑜| in Fig. 12(a). This will affect the
two curves as illustrated in Fig. 12(b). Note that 𝑔𝑜 ≤ 0.

Fig. 13 shows the resulting saturation and capillary pressure solu-
ions respectively. The concavity of the saturation curve in the transi-
ion zone and the monotonicity of the capillary pressure curve are in
greement with the analytical results.

For the mixed-wet medium, we use the 𝐽 curve plotted in Fig. 7
nd the resulting ℎ and 𝑔 function were plotted in Fig. 8. We take
hree fractional flow cases 𝑢 = 0.75, 0.976, 0.999 which give 𝑆𝑣 =
.31, 0.50, 0.77 respectively and are used as initial conditions at 𝑥 = 1.

The resulting saturation and capillary pressure curves are shown in
Figs. 14(a) and 14(b). They show that for 𝑆𝑣 < 𝑆𝑚 = 0.5, the saturation
urve has a local maximum and the corresponding capillary pressure
urve is monotonically decreasing. For 𝑆𝑣 > 𝑆𝑚, the saturation curve
as a local minimum and the corresponding capillary pressure curve is
onotonically increasing. For 𝑆𝑣 = 𝑆𝑚, both saturation and capillary
ressure curves are constant.

In the base case, the size of the width is varied in Eq. (4.1) and the
esulting capillary function, saturation and capillary pressure solutions
re shown in Figs. 15, 16(a) and 16(b).

The local maximum of the saturation curve grows gradually as
→ 0 and the curve becomes gradually skewed. On the other hand,

he capillary pressure curve is sigmoidal and as 𝑤 → 0, the curve is
ontinuous at 𝑥 = 0 but not differentiable since 𝑆 is discontinuous
here.

The solutions shown in Figs. 16(a) and 16(b) are plotted in the
𝑐 − 𝑆 plane in Fig. 17 to see how the path traversed by the point
𝑆, 𝑝𝑐 ) changes as 𝑤 changes. All the paths start at (𝑆𝑣, 𝑝𝑐 (𝑆𝑣, 𝜏+)) and
race continuous 𝜏 until they reach (𝑆𝑣, 𝑝𝑐 (𝑆𝑣, 𝜏−)) asymptotically. As

is decreased, the paths are tapering towards (𝑆𝑠, 𝑝𝑐 (𝑆𝑠, 𝜏−)), the case
with 𝑤 = 0.005 is nearly there. As 𝑤 → 0, there will be a saturation
jump from, 𝛥𝑆𝑠𝑣, at which 𝑝𝑐 (𝑆𝑠) = 𝑝𝑐 (𝑆𝑣) and then approaches

−

9

𝑆𝑣, 𝑝𝑐 (𝑆𝑣, 𝜏 )) asymptotically. In this case, 𝛥𝑆𝑠𝑣 = 0.48.
Fig. 15. The capillary function profile for various width values.

Figs. 18(a) and 18(b) show the saturation and capillary pressure
solutions, black lines, for various capillary numbers near the limit 𝑤 →

0. The blue lines in the range −0.5 ≥ 𝑥 ≥ 0 are the corresponding
analytical solutions of the linearised differential equation . The approx-
imation becomes accurate with increasing 𝛾 at which the saturations
curves become linear with a slope given by (3.43).

In the base case, we change the capillary number to be near the
capillary limit. The saturation solution is a mirror image of 𝜏 and the
capillary pressure is constant, in agreement with Eqs. (3.51) and (3.52).

We also change the capillary number to be near the viscous limit.
As expected, the saturation curve is constant while the capillary pres-
sure is monotonically decreasing. It is worth mentioning that viscous
dominated displacement does not imply zero capillary pressure. The
capillary pressure is very similar to that of the base case, Fig. 10(b).
Similarly, the corresponding dimensional capillary pressure will also be
very similar provided that the characteristic capillary pressure is the
same for both. It only means that the dominance of the viscous term
resembled in large capillary number renders the effect of the capillary
term negligible so that it can be dropped out of the differential equation
in (2.3).

The analysis describes the solution character of the normalised satu-
ration and the unnormalised saturation can be obtained using Eq. (A.8)
as

�̂�(𝑥) = �̂�𝑤𝑟(𝑥) + �̂�𝑜𝑚(𝑥)𝑆(𝑥) (4.8)

This is typically a nonlinear transformation and Eq. (4.8) suggests
that �̂�𝑣 still bounds �̂� from above or below depending on the sign
of 𝐽 curve and 𝜏′(𝑥). For the purpose of illustration and in the base
reference, we set

̂ ̂− 𝛿(𝜙−𝜙−)
𝑆𝑤𝑟 = 𝑆𝑤𝑟𝑒 (4.9)
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Fig. 16. (a) Saturation profiles for various width size. (b) Capillary pressure profiles for various width size.
Fig. 17. Three curves parameterised by (𝑆(𝑥), 𝑝𝑐 (𝑥)) in the 𝑝𝑐 − 𝑆 plane.

here �̂�−
𝑤𝑟 = 0.4 and 𝛿 = −6.9315. We also set �̂�𝑜𝑟(𝑥) = 0.2. Fig. 21(a)

hows the resulting unnormalised saturations. Observe how the viscous
imit saturation curve upstream and downstream the transition reaches
ifferent viscous limit saturation values. This can be best explained by
onsidering the viscous limit fractional flow as a function of the unnor-
alised data, defined by 𝑓 (�̂�, �̂�𝑤𝑟, �̂�𝑜𝑟) = 𝑓 (𝑆(�̂�, �̂�𝑤𝑟, �̂�𝑜𝑟)). Upstream

and downstream the transition, we have 𝑆−
𝑤𝑟 and 𝑆+

𝑤𝑟 respectively
and this results in two different viscous limit fractional flow curves,
Fig. 21(b). This figure shows that

�̂�− =
(

𝑓−)−1 (𝑢) ≠ �̂�+ =
(

𝑓+)−1 (𝑢) (4.10)

which have the values of 𝑆− = 0.52 and 𝑆+ = 0.32. Observe also in
Fig. 19 how the viscous limit saturation curve bounds the solution curve
from below.

5. Discussion

When two phases flow through a gradually coarser or finer medium,
the saturation profile is controlled by the capillary pressure and its
continuity. Away from the transition, the saturation approaches the
viscous limit saturation, Fig. 10(a). In the coarser case, the capillary
pressure upstream the transition is higher than the downstream cap-
illary pressure, simply due to the difference in the pore size, i.e. 𝜏,
as depicted in Fig. 10(b). As the fluids flow through the transition,
the saturation increases, peaks and then decreases towards the same
saturation (immediately after it leaves the transition) so that there
exists a gradual change from the upstream to the downstream capillary
pressures. In the finer case, the converse occurs, Fig. 11.

The dependency of the saturation profile on the continuity of the
capillary pressure is well appreciated if an abrupt change occurs in
10

the pore size. In the coarser case, the saturation builds up upstream
of the heterogeneity interface and then undergoes an abrupt change
at the interface, Fig. 16(a). This behaviour occurs so that the capillary
pressure changes gradually from higher to lower and becomes, unlike
the saturation, continuous at the interface, Fig. 16(b). The maximum
saturation value upstream of the interface depends on the capillary
pressure curves, as shown in Fig. 17.

The analysis shows that the critical saturation point depends on
the grading of the pore size in the flow direction. Compared to the
coarser case, Fig. 10, the finer medium gives a trough instead of a peak,
Fig. 11. Also, wettability affects the type of critical point. Compared to
the water-wet case, Fig. 10, the oil-wet case gives results similar to the
water-wet finer case, Fig. 13. In the mixed wet case, the saturation and
capillary pressure profiles depend on 𝑆𝑚, the root of the 𝐽 curve and
the viscous limit saturation 𝑆𝑣. If 𝑆𝑣 > 𝑆𝑚, the water-wet results apply
and if 𝑆𝑣 < 𝑆𝑚, the oil-wet results apply. The case 𝑆𝑣 = 𝑆𝑚 gives rise to
the trivial constant saturation and capillary pressure profiles, Fig. 14.

In the capillary regime, the saturation profile is a mirror image
of the capillary function, whereas the capillary pressure is constant,
Fig. 19. In contrast, the saturation profile is constant and equal to the
viscous limit saturation, whereas the capillary pressure is, by definition,
proportional to the reciprocal of the capillary function, Fig. 20.

Typically, the residual water saturation is related to the pore size. In
this case, the unnormalised saturation profile approaches different sat-
uration values upstream and downstream of the transition, Fig. 21(a).
This behaviour is because different residual water saturation values on
either side of the transition correspond to two distinct viscous limit
fractional flow curves, as shown in Fig. 21(b). As illustrated in the
figure, two viscous limit saturation values exist in the 𝑥 axis for one
fractional flow value in the 𝑦 axis.

As addressed earlier, capillary retention depends primarily on the
saturation profile which the current work has explained rigorously. Re-
cent use of the current result has been the derivation of an upper bound
for the steady state capillary retention (Al Ghafri et al., 2022). Also, this
work has important implications for unsteady state capillary retention,
which directly affects oil recovery by unsteady displacements. This
subject is under current investigation. While the origin of the work is
the simultaneous flow of water and oil, the results are applicable to any
immiscible two-phase flow in porous media. An example of such flow
is the 𝐶𝑂2 migration in water aquifers.

6. Conclusion

Capillary retention is an important phenomenon that may have
a major impact on oil recovery. By employing techniques from the
qualitative theory of differential equations, the solution shape to the
phenomenon is bell-like when a differentiable and monotonic capillary
function is assumed. The type of the local extremum of the solution
depends on the Leverett function and the capillary function derivative.
The case with a discontinuous capillary function is identified here

as the limiting case when the regularisation parameter approaches
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Fig. 18. (a) The saturation profiles for various capillary numbers. (b) the capillary pressure profiles for various capillary numbers. In the base case, 𝑤 = 10−4 is used.
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Fig. 19. The saturation and capillary pressure solutions near the capillary limit,
𝛾 = 17 × 104.

Fig. 20. The saturation and capillary pressure solutions near the viscous limit 𝛾 =
7 × 10−4.

ero, and our analytical results agree with previous ones. Analytical
olution of the linearised differential equation enables the derivation
f a parameter that characterises the local flow regime of the solution.
he parameter is a function of the Macroscopic capillary number,
he viscous limit fractional flow and the diffusivity functions. The
umerical solutions and the parameter sensitivity are in agreement with
he analytical results.
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ppendix. Inspectional analysis

Consider the incompressible flow of water and oil through a one-
imensional porous medium with porosity 𝜙 = 𝜙(𝑥) and permeability
̂ = �̂�(𝑥). The two-phase flow is governed by the continuity and

omentum equations

𝜕�̂�𝑖
𝜕𝑡

+
𝜕�̂�𝑖
𝜕�̂�

= 0 (A.1)

̂𝑖 = −�̂�𝑖�̂�
𝜕�̂�𝑖
𝜕�̂�

(A.2)

long with the complementary equations

̂𝑤 + �̂�𝑜 = 1 (A.3)

�̂�𝑜 − �̂�𝑤 = �̂�𝑐 (A.4)

where the subscript 𝑖 denotes either water phase (𝑤) or oil phase (𝑜).
The variables �̂�𝑖, �̂�𝑖, �̂�𝑖, �̂�𝑖 are saturation, mobility, Darcy velocity and
pressure of the phase 𝑖 respectively. The phase mobilities, �̂�𝑖(�̂�𝑤), are
smooth, monotonic and in particular, we require that �̂�′𝑤 ≥ 0 and
�̂�′𝑜 ≤ 0. We define the residual saturations, �̂�𝑤𝑟(𝑥) and �̂�𝑜𝑟(𝑥), to be the
saturation at which �̂�𝑤(�̂�𝑤𝑟) = 0 and �̂�𝑜(1− �̂�𝑜𝑟) = 0 respectively, i.e. the
phase becomes immobile. The domain of the phase mobility functions is
defined over the interval [�̂�𝑤𝑟, 1− �̂�𝑜𝑟] and the difference between these
end-points is the movable oil saturation, �̂�𝑜𝑚 = 1 − �̂�𝑤𝑟 − �̂�𝑜𝑟. Also, the
maximum values of �̂�𝑤 and �̂�𝑜 occur at �̂�𝑜𝑤 = �̂�𝑤(1−�̂�𝑜𝑟) and �̂�𝑜𝑜 = �̂�𝑜(�̂�𝑤𝑟)
respectively. The variable �̂�𝑐 given by Eq. (A.4) is the capillary pressure
and is a function of 𝜙, �̂� and �̂�𝑤. To put the governing flow equations
in the dimensionless form, we define the variables

𝑥 = �̂�
𝐿

(A.5)

𝑡 =
𝑢𝑡𝑡 (A.6)

𝐿
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𝑢

Fig. 21. (a) The unnormalised saturation after applying (4.8). (b) The viscous limit fractional flow curves corresponding to �̂�−
𝑤𝑟 = �̂�𝑤𝑟(𝜙−) and �̂�+

𝑤𝑟 = �̂�𝑤𝑟(𝜙+) and constant �̂�𝑜𝑟.
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𝑖 =
�̂�𝑖
𝑢𝑡

(A.7)

𝑆𝑖 =
�̂�𝑖 − �̂�𝑖𝑟
�̂�𝑜𝑚

=
�̂�𝑖 − �̂�𝑖𝑟

1 − �̂�𝑤𝑟 − �̂�𝑜𝑟
(A.8)

𝑝𝑖 =
�̂�𝑜𝑜
̄̂𝑘�̂�𝑖
𝑢𝑡𝐿

(A.9)

𝜆𝑖 =
�̂�𝑖
�̂�𝑜𝑖

(A.10)

𝑀𝑒 =
�̂�𝑜𝑤
�̂�𝑜𝑜

(A.11)

𝑘 = �̂�
̄̂𝑘

(A.12)

𝑝𝑐 =

√

̄̂𝑘�̂�𝑐
𝜎𝑜𝑤𝑐𝑜𝑠𝜃

= 𝐽
𝜏

(A.13)

𝜏 =
(

𝑘
𝜙

)
1
2

(A.14)

where 𝐿, 𝑢𝑡,
̄̂𝑘, 𝑀𝑒 and 𝐽 are length of the flow domain, total velocity,

average permeability, end-point mobility ratio and Leverett 𝐽 -function
respectively. The Leverett relationship, Eq. (A.13), is used to define
𝑝𝑐 (𝑆𝑤, 𝜏) where the variable 𝜏 defined by Eq. (A.14) is referred to as
the capillary function (Leverett et al., 1942; Yortsos and Chang, 1990).
Using the new variables, the system of Eqs. (A.1) to (A.4) can be recast
into the dimensionless system

𝜙�̂�𝑜𝑚
𝜕𝑆𝑖
𝜕𝑡

+
𝜕𝑢𝑖
𝜕𝑥

= 0 (A.15)

𝑢𝑤 = −𝑀𝑒𝜆𝑤𝑘
𝜕𝑝𝑤
𝜕𝑥

, 𝑢𝑜 = −𝜆𝑜𝑘
𝜕𝑝𝑜
𝜕𝑥

(A.16)

𝑆𝑤 + 𝑆𝑜 = 1 (A.17)

𝑝𝑜 − 𝑝𝑤 = 𝛾𝑝𝑐 (A.18)

where the parameter 𝛾 defined as

𝛾 =
𝜆𝑜𝑜𝜎𝑜𝑤𝑐𝑜𝑠𝜃

√

̄̂𝑘
𝑢𝐿

(A.19)

is the capillary number. Writing two continuity equations of (A.15) for
water and oil, and in view of (A.17), gives the divergence form 𝜕𝑢

𝜕𝑥 = 0
where 𝑢 = 𝑢𝑤 + 𝑢𝑜 = 1 is the total velocity (dimensionless). This form
along with Eqs. (A.16) and (A.18) gives the fractional flow of water

𝑢 (𝑥, 𝑡) = 𝑓 + 𝛾𝑓 𝜆 𝑘
𝜕𝑝𝑐 (A.20)
12

𝑤 𝑤 𝑤 𝑜 𝜕𝑥
where

𝑓𝑤(𝑆𝑤) =
𝑀𝑒𝜆𝑤

𝑀𝑒𝜆𝑤 + 𝜆𝑜
(A.21)

s, by definition, the viscous limit fractional flow of water occurring
hen 𝛾 → 0.
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