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Abstract
We give a pedagogical introduction to L∞-algebras and their uses in organis-
ing the symmetries and dynamics of classical field theories, as well as of the
conventional noncommutative gauge theories that arise as low-energy effective
field theories in string theory. We review recent developments which formulate
field theories with braided gauge symmetries as a new means of overcoming
several obstacles in the standard noncommutative theories, such as the restric-
tions on gauge algebras and matter fields. These theories can be constructed by
using techniques from Drinfel’d twist deformation theory, which we review in
some detail, and their symmetries and dynamics are controlled by a new homo-
topy algebraic structure called a ‘braided L∞-algebra’. We expand and elaborate
on several novel theoretical issues surrounding these constructions, and present
three new explicit examples: the standard noncommutative scalar field theory
(regarded as a braided field theory), a braided version of BF theory in arbitrary
dimensions (regarded as a higher gauge theory), and a new braided version of
noncommutative Yang–Mills theory for arbitrary gauge algebras.
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1. Introduction and summary

In this paper we review some recent developments which offer a new perspective on symme-
tries in noncommutative field theory; in this paper, by a ‘noncommutative field theory’ we
will mean a field theory that is a deformation of a classical field theory (and in almost all
instances via a star-product on the relevant algebras of fields). To motivate and introduce these
investigations, we begin with a flash review of one of the best understood natural occurrence
of noncommutative geometry in a candidate theory of quantum gravity, namely open string
theory on spacetimes with non-trivial background NS–NS (NS = Neveu–Schwarz) fields.

1.1. D-branes and noncommutative gauge theory

Consider open string theory on flat spacetime in the background of a constant Kalb–Ramond
B-field. With suitable boundary conditions the open strings are constrained to move in direc-
tions transverse to a submanifoldR1,p ⊆ R1,9 which is the worldvolume wrapped by a stack of
coincident flat Dp-branes. It is a classic and remarkable result that the effects of the B-field on
open string interactions in worldsheet conformal field theory correlation functions on the disk
are completely captured by the noncommutative Moyal–Weyl star-product5

f � g = μ ◦ exp

(
i h̄
2

θμν ∂μ ⊗ ∂ν

)
( f ⊗ g)

= f · g +

∞∑
n=1

(
i h̄
2

)n 1
n!

θμ1ν1 . . . θμnνn ∂μ1 . . . ∂μn f · ∂ν1 . . . ∂νn g, (1.1)

5 Notation: x = (xμ) are (local) coordinates on the worldvolume R1,p, and ∂μ = ∂
∂xμ are vector fields of the

corresponding (local) holonomic frame.
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where μ( f ⊗ g) = f · g is the pointwise product of fields f and g, h̄ is treated as a formal
deformation parameter6 and the constant Poisson bivector θ = 1

2 θ
μν ∂μ ∧ ∂ν is related to the

pullback of the two-form B on R1,9 to R1,p [5, 39, 48, 82, 83]. In a suitable low-energy scaling
limit, the boundary operator product expansion of tachyon vertex operators becomes exactly
the Moyal–Weyl star-product.

The massless bosonic modes of the open strings consist of gauge fields A = Aμ dxμ on
the worldvolume and scalar fields Xa describing the transverse fluctuations of the D-branes.
Their low-energy dynamics is described by a noncommutative gauge theory onR1,p with gauge
group U(n), where n is the number of coincident Dp-branes. This noncommutative field the-
ory is defined by deformation of the standard (dimensionally reduced) Yang–Mills action on
R1,p ⊆ R1,9 via replacements of ordinary pointwise matrix products of fields by the
Moyal–Weyl star-product (1.1) composed with matrix multiplication. See [49, 84] for exten-
sive reviews of this subject.

This story extends to curved D-branes in flat space, where the Poisson structure θ is no
longer constant and the Moyal–Weyl star-product (1.1) is replaced by the more general Kontse-
vich star-product [63], and also to curved backgrounds with a non-zero pullback of the NS–NS
three-form flux H = dB to the D-brane worldvolume [40, 54]. A standard class of examples
comes from D-branes in Wess–Zumino–Witten (WZW) models [1, 2], and more recently as
holographic dual gauge theories to backgrounds obtained via integrable deformations of string
sigma-models whose target space is A𝕕S5 × S5 [4, 89].

Despite their intensive investigation for over 20 years by various communities in physics
and mathematics, there are still many open general problems surrounding the construction and
description of these gauge theories on curved D-branes. Foremost amongst these problems
is the structure of the algebra of star-gauge transformations. Consider for definiteness U(1)
noncommutative gauge theory on a manifold M with the star-commutator

[λ �, A] :=λ � A − A � λ (1.2)

among a gauge parameter λ ∈ Ω0(M) = C∞(M,R) and a gauge field A ∈ Ω1(M). Then the
naive definition of a star-gauge transformation

δ�λA = dλ+ [λ �, A] (1.3)

will generally obstruct the closure of the gauge algebra:[
δ�λ1

, δ�λ2

]
◦A :=

(
δ�λ1

◦ δ�λ2
− δ�λ2

◦ δ�λ1

)
A 	= δ�[λ1

�,λ2]A. (1.4)

This problem is related to the failure of the Leibniz rule of the de Rham differential d for a
general non-constant Poisson bivector θ. For instance

d( f � g) 	= d f � g + f � dg (1.5)

for functions f , g ∈ C∞(M). This means that in general there is no well-defined noncom-
mutative differential calculus on M from which to obtain the standard ingredients of a field
theory.

Both of these issues are related to the problem of firstly extending the corresponding Pois-
son algebra on C∞(M,R) to the exterior algebra Ω•(M) of differential forms on M in such a
way as to extend the de Rham complex

(
Ω•(M), d

)
to a differential graded Poisson algebra, and

6 Recall that there are also convergent integral expressions for the Moyal–Weyl star-product, defined on the space of
Schwartz functions on R1,p, whose asymptotic series expansions in h̄ coincide with (1.1), see e.g. [84].
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subsequently quantizing this to a noncommutative differential graded algebra. There is a fairly
extensive literature of investigations into this problem through different approaches during the
last two decades, most of which involve a choice of an auxiliary (symplectic) connection and
work only at the semi-classical (Poisson) level without achieving the second step of quantiza-
tion; see e.g. [55]. Here we focus instead on recent approaches to this problem which are tied
to more modern perspectives on classical and quantum field theory.

1.2. Homotopy algebras

Higher structures in string theory and quantum field theory have become more and more promi-
nent in the last few years. In this paper we study occurrences of ‘higher algebras’, and in partic-
ular homotopy Lie algebras. Their role in physics makes nice contact with recent mathematical
developments in deformation theory and derived geometry. Homotopy algebraic techniques
and concepts have also recently been shown to offer a natural arena and physically motivated
tools for formulating the closure of the noncommutative gauge algebra, as well as constructing
a differential graded algebra structure on the fields and their dynamics. As these developments
are central to the discussion of this paper, let us offer a brief and somewhat sketchy history
of the appearance of L∞-algebras in physics and mathematics, emphasising those occurrences
which fit contextually into our treatment. More precise definitions and explanations will be
given later on in this article.

The origins of L∞-algebras in physics can be traced back to early work from the 1980s on
higher spin gauge theories [25], where it was observed that the closure of the gauge algebra
takes place in an extended space of field dependent gauge parameters:[

δλ1 , δλ2

]
◦Φ = δC(λ1,λ2;Φ)Φ, (1.6)

where here and below Φ symbolically denotes the collection of fields of the theory, and
λ the corresponding gauge parameters. The first full structural occurrence of L∞-algebras
appeared in the early 1990s in the work of Zwiebach on closed string field theory [93],
where the generalized7 gauge symmetries were shown to involve infinitely-many higher
bracket operations �n for n � 1:

δλΦ = �1(λ) +
∞∑

n=1

(−1)(
n
2 )

n!
�n+1(λ,Φ⊗n). (1.7)

Inspired by these algebraic structures from string field theory, it has been recently emphasised
by [56, 60] that the dynamics of any perturbative8 classical field theory with generalized gauge
symmetries is naturally organised by an L∞-algebra9. This observation is useful because it
enables one to develop new techniques for studying perturbative quantum field theories in a
unifed setting using the powerful tools of homotopical algebra, see e.g. [6, 31, 70, 72] for some
recent applications.

The connection between homotopy algebras and field theories arises because L∞-
algebras are the natural algebraic structure underlying the Batalin–Vilkovisky (BV) formal-
ism [60]. Mathematically, this is due to the duality between L∞-algebras and differential

7 Here and in the following by ‘generalized’ we mean local symmetries of a field theory which do not necessarily
correspond to infinitesimal automorphisms of a principal bundle formulation.
8 By ‘perturbative’ here we mean theories with only polynomial interactions among the fields.
9 Our conventions for the brackets �n agree with [56], whereas the operations μn of [60] are related to ours by a sign:
μn = (−1)(

n
2 ) �n.
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graded commutative algebras [69]. These are also useful tools in deformation theory. For
example, Kontsevich’s formality theorem [63], which lies at the heart of deformation quantiza-
tion of Poisson manifolds, is based on L∞-quasi-isomorphisms between differential graded Lie
algebras, namely the Schouten–Nijenhuis algebra of multivector fields and the Gerstenhaber
algebra of differential operators.

These developments have recently inspired systematic descriptions of noncommutative
gauge theories on curved D-branes based on L∞-algebras [29, 65] (homotopy coherent
weakenings of Lie algebras) and also on P∞-algebras [67] (homotopy coherent weaken-
ings of Poisson algebras). However, while these approaches are superior to earlier ones in
that they do not involve auxiliary choices such as a symplectic connection, they have also
so far not been understood beyond the semi-classical level. The purpose of this paper is to
review more recent developments which use homotopy algebras to go beyond the Poisson
approximation, and to use these techniques to present new examples of noncommutative gauge
theories that are based on fully fledged noncommutativedifferential graded algebras for the first
time.

1.3. Non-geometric backgrounds and noncommutative gravity

The new homotopy algebraic techniques which we review are in part inspired by much less
concrete and understood appearances of noncommutative geometry in closed string theory.
On general grounds, it is expected that noncommutative theories of gravity should serve as
low-energy limits of any theory of quantum gravity, retaining some features of a quantized
spacetime. In particular, in certain non-geometric flux backgrounds, it has been conjectured
that the low-energy dynamics of closed strings may be described by a theory of noncommuta-
tive gravity [27, 71, 76] (see [87] for a review). One of the hopes here is that noncommutative
geometry may serve as a more precise description of the notion of ‘non-geometry’; see e.g.
[57] for how this works in the open string sector, and [12] for a recent rigorous perspec-
tive, where the target space geometry probed by D-branes is a noncommutative torus bun-
dle. This is difficult to check explicitly, physically because the low-energy limits are much
harder to control as compared to the open string sector, and mathematically because the
metric aspects of noncommutative differential geometry are only partially developed so far
[9, 14, 16, 19, 26]. In particular, no general version of the Einstein–Hilbert action functional
is currently known.

This has led to attempts to treat noncommutative gravity as a deformation of a ‘gauge
theory’, that is, in the first order formalism for general relativity: one uses the Einstein–Cartan
principal bundle formulation, with star-gauge symmetry, where the corresponding variational
principle is based on the Palatini action functional [10, 22, 34, 38, 42]. However, diffeomor-
phisms can never be implemented as star-gauge symmetries, in any formalism, and instead
the noncommutative theory of gravity is invariant under a ‘twisted’ action of infinitesimal
diffeomorphisms [16, 19]. This dichotomy between the local Lorentz and diffeomorphism
symmetries presents a serious obstruction to the formulation of noncommutative gravity for
general backgrounds in the setting of homotopy algebras, because the twisted diffeomorphism
symmetry does not appear to fit naturally into the standard L∞-algebra picture of star-gauge
symmetries.

These issues prompt another approach. Firstly, we resolve the dichotomy between the dif-
ferent types of symmetries by letting the local Lorentz rotations instead act in a ‘twisted’
manner, like the diffeomorphisms, which replaces the notion of star-gauge symmetry with
braided gauge symmetry. Secondly, we do not attempt to package this symmetry into a stan-
dard L∞-algebra, which indeed does not seem possible to do in a closed or algorithmic manner,
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but rather deform the underlying L∞-algebra itself to make it compatible with the new type of
symmetry. This results in a systematic construction of new theories of noncommutative gravity,
which were formulated in detail by [44, 45].

1.4. Summary and outlook

The procedure discussed above works without any reference to gravity (even though this
is what motivated the construction), and leads to both a new symmetry principle for
noncommutative field theories from a physics perspective, as well as a new homotopy alge-
braic structure from a mathematics perspective, that was called a braided L∞-algebra in
[44, 45]. Noncommutative field theories whose symmetries and dynamics are organised by
braided L∞-algebras are correspondingly called braided field theories. The purpose of this
contribution is to review the definition of noncommutative field theories with braided gauge
symmetries, together with their formulation through a general notion of braided L∞-algebras,
and to explain how the mathematical machinery constructs novel examples with exciting new
features. We further expand and elucidate various details of the general theory which were
not addressed in [45]. In addition to reviewing the basic example of braided Chern–Simons
theory from [45], we present three new examples: the standard noncommutative scalar
field theory (regarded as a braided field theory), braided BF theory in any dimension (which
serves as an elementary example of a higher gauge theory), and a new braided version of non-
commutative Yang–Mills theory for an arbitrary gauge algebra. The reader interested in the
applications to noncommutative gravity is invited to consult [45] where a detailed exposition
can be found.

We should stress that the notion of ‘braided gauge symmetry’ that we review here is not
really new: kinematical aspects of this idea have appeared long before (see e.g. [33]), while
some concepts and techniques are borrowed from twisted noncommutative gravity, for which
there is a fairly extensive literature. What is new however is the application of these techniques
to ordinary (non-gravitational) gauge theories, the full treatment of braided noncommutative
dynamics through the organising principle of a braided L∞-algebra, and the new examples of
noncommutative field theories with braided symmetries that this produces. We further empha-
sise that the braided noncommutative gauge and gravity theories considered here and in [45]
are not the same as the ‘twisted’ noncommutative gauge and gravity theories considered in the
mid-2000s (see e.g. [18, 19]). In particular, braided symmetries are based on braided deriva-
tions closing a braided Lie algebra, whereas twisted symmetries are based on a classical Lie
algebra and a deformed Leibniz rule following from twist deformation of the coproduct of the
associated enveloping Hopf algebra.

There are several obvious open questions which we do not address in this contribution, as
these are still under development in this very new subject. For instance, what do the correspond-
ing quantum field theories look like? The quantization of our noncommutative field theories are
related to Oeckl’s symmetric braided quantum field theory [78, 79], which however does not
consider theories with gauge symmetries. Preliminary investigations in this direction within
the context of fuzzy field theories are found in [77], which should be related to the lattice regu-
larization of braided quantum field theory discussed in [41]. A simple example of a continuum
field theory with gauge symmetry is under development in [47].

Another immediate question concerns the explicit realizations of our braided noncommu-
tative field theories in string theory (or in other theories of quantum gravity). For this, one
could consider the Hopf algebraic symmetries of string worldsheet conformal field theory
correlation functions discussed by [7, 8], and then mimick the route used derive the stan-
dard noncommutative field theories. This approach should be made feasible by comparing

7
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with the Ward–Takahashi identities of braided quantum field theory developed in [81]. Such a
development then further has the exciting potential of providing the very first precise deriva-
tion of a (braided) noncommutative theory of gravity from string theory, bypassing previ-
ous no-go results concerning the realisation of twisted diffeomorphisms as symmetries of
string theory in the low-energy limit [3, 26]. This will rely on a deeper understanding of the
Hopf algebra symmetry of string theory with a B-field background, which can be understood by
viewing quantisation of the string using Drinfel’d twist deformations [8]. Braided diffeomor-
phisms which are consistent with the closed string sector are necessarily different from their
actions in the low-energy effective theory on D-branes, as the latter is known to be insuffi-
cient for describing symmetries in brane-induced gravity [3]. The twisted Hopf algebras of [8]
enable extensions to couplings of D-branes to the closed string sector, or even to closed string
amplitudes. Braided noncommutative deformations of string theory are also argued by [89] to
underlie the AdS/CFT dual gauge theories to Yang–Baxter deformations of A𝕕S5 × S5 string
sigma-models. Understanding these approaches better may realise how the noncommutative
geometry probed by D-branes carries over naturally to the bulk closed string sector.

1.5. Outline of the paper

Throughout this paper we have endeavoured to give a pedagogical and relatively self-contained
presentation of both the relevant physical and mathematical concepts. We provide a fairly in-
depth review of L∞-algebras and their uses in formulating classical field theory, and how the
formalism immediately adapts to some standard examples of conventional noncommutative
gauge theories. We review only the salient mathematical aspects of homotopy algebras and
Drinfel’d twist deformation techniques that we need, but formulated in a language that we hope
is palatable to both novices and experts alike. We elaborate and expand on various aspects of
the notion of braided L∞-algebra that was introduced by [45], as well as of their applications
to braided field theories. In particular, we expand the repertoire of examples presented in [45]
beyond the realm of diffeomorphism invariant theories.

We begin in section 2 by giving a fairly detailed review of the L∞-algebra formulation of
classical field theories, starting with a pedagogical review of gauge symmetries through the
prototypical example of Chern–Simons gauge theory. We then explain the notion of an L∞-
algebra and its connection with the BV formalism, in a way that is immediately adaptable to
the braided generalizations that we consider later on in the paper. We further elucidate on the
role of higher gauge transformations in field theories with reducible gauge symmetries, and
in particular their dual notion of ‘higher Noether identities’ which are not usually stressed in
the literature, but which are of paramount importance in braided field theory, as we discuss.
We also discuss the basic example of Yang–Mills theory whose homotopy algebraic structure
goes beyond the differential graded Lie algebra organising Chern–Simons theory.

In section 3 we revisit some standard examples of noncommutative gauge theories which
arise as low-energy effective field theories on D-branes in string theory, and how the classi-
cal L∞-algebra formulation easily adapts to them using the examples considered in section 2.
These include the conventional noncommutative field theories on flat Minkowski spacetime
with Moyal–Weyl star-gauge symmetry, as well as the fuzzy field theories supported by curved
D-branes in WZW models, treating the examples of gauge theories on the fuzzy sphere in detail.
We further discuss the issues involved in adapting the standard L∞-algebra picture to generic
examples of noncommutative gauge theories on D-branes in curved backgrounds, which serves
as a (partial) motivation for moving outside of the framework of classical homotopy algebras.

With the classical framework and its limitations in noncommutative field theory understood,
we proceed in section 4 to our main topic of braided gauge symmetry and the accompanying
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notion of a braided L∞-algebra. We start by reviewing some well-known issues with the closure
of standard noncommutative gauge transformations and diffeomorphisms, which motivates
the use of Drinfel’d twist deformation techniques that we explain in detail. These methods
naturally lead to the notions of braided gauge symmetry and associated noncommutative kine-
matics. Like we did in the classical case, we illustrate the novel ensuing properties through the
simplest example of a braided version of Chern–Simons gauge theory, which inspires a natural
braided deformation of the definition of an L∞-algebra. We expand on several technical points
surrounding the mathematical presentation of braided L∞-algebras in [45], and their applica-
tions to the unambiguous construction of noncommutative field theories, such as their reality
properties. Following [77] we explain the relation to a braided version of the BV formalism,
and we further discuss some preliminary ideas on how to make sense of moduli spaces of clas-
sical solutions in braided field theories, which seems to resolve some paradoxical observations
in a way that is common to the usual thinking in noncommutative geometry, but which requires
a great deal of further technical development to make precise.

In the remaining three sections we proceed to analyse new explicit examples in the braided
L∞-algebra formalism. We revisit the standard noncommutative scalar field theory with poly-
nomial interactions in section 5 and show that it is naturally encoded in a braided L∞-algebra.
As a braided field theory, this example exhibits a number of interesting features compared to
its incarnation in the usual noncommutative field theory framework. In particular, we address
the well-known problem of implementation of global symmetries in noncommutative field the-
ory and show that they too have a natural realisation in the language of braided L∞-algebras,
treating the traditional example of Lorentz transformations in detail.

In section 6 we turn to the natural extensions of Chern–Simons gauge theory to arbitrary
dimensions provided by BF theories. After reviewing their classical L∞-algebra formulation,
we describe their braided noncommutative deformations following the braided L∞-algebra pre-
scription. These theories provide simple illustrative examples of gauge symmetries that are
reducible, which are naturally described in the L∞-algebra framework. We discuss the concep-
tual issues surrounding the braided versions of these higher gauge symmetries, and how they
may be resolved along the lines of our sketch of the description of the classical moduli spaces
of braided field theories.

Finally, in section 7 we proceed to our main example. By twist deforming the L∞-algebra
structure of classical Yang–Mills theory, we obtain a new braided version of noncommutative
Yang–Mills theory for arbitrary gauge algebras. Unlike the examples of scalar field theory,
or the topological gauge theories which are based on differential graded Lie algebras, the
braided noncommutative Yang–Mills theory does not follow the obvious deformation of its
classical counterpart, like it does in conventional noncommutative field theories. We derive
the modified field equations, Noether identities and action functional in detail, and we fur-
ther discuss the implementation of global symmetries of the theory in the braided L∞-algebra
framework. We provide all necessary details that we hope will inspire further investigations of
this somewhat complicated but interesting gauge theory, and in particular a detailed comparison
with its (unbraided) standard noncommutative counterpart, but we leave this for future work.
Of particular immediate interest are basic questions concerning the corresponding braided
quantum field theory, such as unitarity and the behaviour of perturbation theory.

2. Gauge symmetry and L∞-algebras

In this section we will give a basic and pedagogical introduction to the L∞-algebra formu-
lation of classical field theories with generalized gauge symmetries, reviewing the necessary

9
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mathematical concepts which we will later generalize to the case of noncommutative field
theories with braided gauge symmetries.

2.1. What is a gauge symmetry?

To motivate the uses of L∞-algebras in classical field theory, as well as to highlight some salient
features of the notion of gauge symmetry that we will need later on, we begin with a simple
prototypical model which illustrates most essential features of more general field theories, like
the ones discussed in section 1. We consider the well-known example of Chern–Simons theory
on a closed oriented three-dimensional manifold M. Let g be a quadratic Lie algebra, that is,
g is a real vector space equipped with a Lie bracket [−,−]g : g ∧ g→ g and a non-degenerate
bilinear pairing Trg : g⊗ g→ R which is invariant under the natural adjoint action of g on
itself:

Trg
(
[X, Z]g ⊗ Y + Z ⊗ [X, Y]g

)
= 0, (2.1)

for all X, Y, Z ∈ g. We denote by Ω•(M, g) :=Ω•(M) ⊗ g the graded Lie algebra of g-valued
differential forms on M with Lie bracket given by the tensor product of the Lie bracket of gwith
exterior multiplication; by a slight abuse of notation we also denote this extended Lie bracket
by [−,−]g. The de Rham differential acts non-trivially only on the form part of Ω•(M, g), and
we denote d ⊗ 𝟙 simply by d here and in the following.

The Chern–Simons action functional S : Ω1(M, g) → R for a gauge field A ∈ Ω1(M, g) is
defined by

S(A) =
∫

M
Trg

(
1
2

A ∧ dA +
1
3!

A ∧ [A, A]g

)
. (2.2)

Despite its seemingly non-covariant dependence on A, this action functional is invariant under
the standard infinitesimal gauge transformations

δλA = dλ+ [A,λ]g (2.3)

for λ ∈ Ω0(M, g), that is, δλS(A) = 0. Using the graded derivation property of the de Rham
differential d with respect to the Lie bracket [−,−]g and the Jacobi identity for [−,−]g, one
easily verifies that the gauge variations close off-shell to the Lie algebra Ω0(M, g):[

δλ1 , δλ2

]
◦A :=

(
δλ1 ◦ δλ2 − δλ2 ◦ δλ1

)
A = δ[λ1,λ2]gA. (2.4)

Varying (2.2) with respect to arbitrary variations δA of the gauge fields, one easily derives
the corresponding Euler–Lagrange equationsFA = 0, which are given in terms of the curvature
of the connection A as

FA = FA := dA +
1
2

[A, A]g = 0 ∈ Ω2(M, g). (2.5)

The critical locus of the Chern–Simons functional thus consists of flat g-connections on the
three-manifold M. Unlike the gauge field A, the equations of motion transform covariantly
under gauge transformations by virtue of the covariance of the curvature two-form FA:

δλFA = −[λ,FA]g. (2.6)

This implies that the gauge symmetry acts on the classical solutions of Chern–Simons
theory because

10
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FA+δλA = FA + δλFA + O(λ2), (2.7)

and so the first order gauge variation of a solution A to FA = 0 produces another solution
A + δλA. Thus there are gauge redundancies in the description of the classical degrees of free-
dom, and the physical states are gauge orbits of classical solutions. The space of physical states
of the classical field theory is therefore the moduli space of classical solutions modulo gauge
transformations, which in this case is the moduli space Mflat(M, g) of flat g-connections on
M.10

What is important for us is an equivalent but perhaps less widely appreciated perspective
on the gauge redundancies. The key observation, that has already been implicitly used, is that
conventional gauge transformations δλA are just special instances of general field variations
δA along specified directions in the tangent space to the space of fields Ω1(M, g). The gauge
variation of the action functional (2.2) for an arbitrary gauge parameter λ ∈ Ω0(M, g) can be
computed as

δλS(A) =
∫

M
Trg (δλA ∧ FA) = −

∫
M

Trg
(
λ ∧ dAFA

)
, (2.8)

where

dAFA = dFA + [A,FA]g ∈ Ω3(M, g) (2.9)

is the gauge covariant derivative of the Euler–Lagrange equation FA = FA. The first equality
follows from an integration by parts as well as ad(g)-invariance (2.1) using the Leibniz rule for
the gauge variations δλ, and is the same calculation one does when deriving the equations of
motion (2.5). The second equality similarly follows using (2.3).

Of course, we know that

dAFA = dAFA = 0 (2.10)

by the standard Bianchi identity for the curvature FA, and this is what guarantees the
gauge invariance of the action functional. On the other hand, if we did not know about the
Bianchi identity, we would have deduced it from the requirement of gauge invariance of
the Chern–Simons functional. Thus the Bianchi identity dAFA = 0 is equivalent to gauge
invariance of the action functional δλS(A) = 0 for all λ ∈ Ω0(M, g).

What we have just explained is a simple example of the more general statement of

Theorem 2.11 (Noether’s second theorem). Gauge symmetries of a classical field
theory are in a one-to-one correspondence with differential identities among its
Euler–Lagrange derivatives.

The proof is a generalization of the computation in (2.8). We stress that Noether’s second
theorem asserts the existence of identities, which hold off-shell, i.e. when FA 	= 0.11 These
identities are called Noether identities and they exhibit the interdependence of the classical
degrees of freedom due to the gauge symmetries, offering a different perspective on the gauge

10 For the time being we do not go into any technical details on how one should make rigorous sense of such a moduli
space, which is possible but we are solely interested in a motivational discussion here. We will return to a more precise
description of this and other related moduli spaces in section 4.9.
11 This is not to be confused with the more commonly known Noether’s first theorem, which is an on-shell state-
ment asserting the existence of weakly conserved currents (and corresponding weakly conserved charges) for every
continuous global symmetry of a classical field theory.

11
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redundancies of the field theory. In particular, the converse of Noether’s second theorem is
a means of recovering gauge symmetries of an action functional S which may be unknown a
priori. Notice that Chern–Simons theory is a special case where the geometric Bianchi identity
coincides with the Noether identity, but in general Noether identities do not coincide with
Bianchi identities.

Let us now recap what mathematically went into the description of classical Chern–Simons
theory. To describe the classical moduli space we relied on two ingredients:

• The graded vector space

V = Ω•(M, g) = V0 ⊕ V1 ⊕ V2 ⊕ V3, (2.12)

where V p = Ωp(M, g) is the space of g-valued p-forms on the three-manifold M. The
homogeneous subspace for p = 0 contains the gauge parameters λ, for p = 1 the fields
A, for p = 2 the field equations FA, and for p = 3 the Noether identities dAFA = 0.

• The ‘brackets’

�1 = d and �2 = −[−,−]g. (2.13)

The linear map �1 : V → V of degree 1 is a differential making V into a cochain com-
plex, which in this case is just the de Rham complex

(
Ω•(M, g), d

)
of g-valued differential

forms on M. The bilinear map �2 : V ⊗ V → V of degree 0 is a graded Lie bracket on V ,
i.e. it is graded antisymmetric and satisfies the graded Jacobi identity, and �1 is a deriva-
tion of �2. With these brackets, the gauge transformations, field equations and Noether
identities can be written in the form

δλA = �1(λ) + �2(λ, A), FA = �1(A) − 1
2
�2(A, A),

dAFA = �1(FA) + �2(FA, A),
(2.14)

with gauge closure and covariance represented by[
δλ1 , δλ2

]
◦A = δ−�2(λ1,λ2)A and δλFA = �2(λ,FA). (2.15)

In order to derive the dynamics and Noether identities from a variational principle, we
further required:

• The ‘cyclic inner product’

〈α, β〉 =
∫

M
Trg(α ∧ β) (2.16)

on V , which pairs differential forms α and β on M in complementary degrees; in other
words, 〈−,−〉 : V ⊗ V → R is a bilinear map of degree −3, and so is non-vanishing only
on the homogeneous subspaces V0 ⊗ V3 and V1 ⊗ V2. With it, the action functional is
constructed by pairing a gauge field A ∈ V1 with �1(A) ∈ V2 and �2(A, A) ∈ V2 through

S(A) =
1
2
〈A, �1(A)〉 − 1

3!
〈A, �2(A, A)〉. (2.17)

The cyclic property in this case is just the statement of �1-invariance of the pairing, which
follows from integration by parts, and of ad(g)-invariance with respect to the brackets
(2.13), both of which were used when varying (2.17) to derive the equations of motion as
well as the Noether identities.

12
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The first two items simply say that the triple
(
Ω•(M, g), �1, �2

)
is a differential graded Lie

algebra, while the third item equips this with a cyclic structure. In other words, the sym-
metries and dynamics of Chern–Simons gauge theory are governed in an algebraic way by
the objects and relations of a cyclic differential graded Lie algebra. This is the simplest pro-
totypical example of a more general statement: any perturbative classical field theory with
generalized gauge symmetries is organised by a cyclic L∞-algebra [56, 60]. In the remainder
of this section we will explain this general statement in detail, beginning with an introduction
to the mathematical concepts involved.

2.2. What is an L∞-algebra?

We begin with a simple and concise version of the notion of an ‘L∞-algebra’, following [68,
69], which also nicely ties in with its field theory realisations. Let V =

⊕
k∈Z Vk be a Z-

graded real vector space with (reduced) graded symmetric algebra Sym(V[1])
⊕

⊕n�1V[1]�n,
where V[1] is the same underlying vector space as V but with the degrees of its homogeneous
subspaces shifted by 1, i.e. V[1]k :=Vk+1 for all k ∈ Z. Then Sym(V[1]) can be regarded as
a free cocommutative coalgebra with coproduct ΔV : Sym(V[1]) → Sym(V[1]) ⊗ Sym(V[1])
defined on homogeneous subspaces by

ΔV|V[1]�n :=
n−1∑
i=1

∑
σ∈Sh(i;n−i)

(
𝟙�i ⊗ 𝟙�n−i) ◦ τσ , (2.18)

where Sh(i; n − i) ⊂ Sn is the set of (i; n − i)-shuffled permutations of degree n, which are
ordered as σ(1) < . . . < σ(i) and σ(i + 1) < . . . < σ(n), and τσ : V[1]⊗n → V[1]⊗n denotes
the action of the permutation σ via the trivial transposition isomorphism τ times the Koszul
sign multiplication which interchanges factors in a tensor product of graded vector spaces.

Definition 2.19. An L∞-algebra is a graded vector space V together with a coderivation

D : Sym(V[1]) −→ Sym(V[1]) (2.20)

of degree 1 which is a differential, that is, D2 = 0.

The coderivation property

ΔV ◦ D = (D ⊗ 𝟙+ 𝟙⊗ D) ◦ΔV (2.21)

implies that the differential D : Sym(V[1]) → Sym(V[1]) is completely determined by its
‘Taylor components’ defined by projecting its image to the generating subspace to give a map

V[1]D : Sym(V[1]) → V[1] with the expansion

V[1]D =
∑
n�1

bn, (2.22)

where each bn : V[1]�n → V[1] is a graded symmetric multilinear map of degree 1. We can
restore the original grading by introducing the ‘suspension’ isomorphism s : V → V[1] which
is simply the identity map but decreases the grading by 1, and defining multilinear graded
antisymmetric maps �n : ∧nV → V of degree 2 − n by

�n := s−1 ◦ bn ◦ s⊗n, (2.23)

for each n � 1. The maps �n are called the n-brackets of the L∞-algebra.

13
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Graded antisymmetry is encoded by

�n(v1, . . . , vn) = −(−1)|vi| |vi+1| �n(v1, . . . , vi−1, vi+1, vi, vi+2, . . . , vn) (2.24)

for i = 1, . . . , n − 1, where |v| denotes the degree of a homogenous element v ∈ V . Nilpotency
D2 = 0 translates into an infinite set of identities12

n∑
i=1

(−1)i (n−i) �n−i+1 ◦
(
�i ⊗ 𝟙⊗n−i) ◦

∑
σ∈Sh(i;n−i)

sgn(σ) τσ = 0 (2.25)

for each n � 1. These identities are called the homotopy Jacobi identities of the L∞-algebra.
Let us unravel the first few homotopy Jacobi identities to get an idea of their meaning. For

n = 1 the identity (2.25) reads

(�1)2 = 0, (2.26)

which states that the linear map �1 : V → V is a differential. Thus every L∞-algebra has an
underlying cochain complex (V , �1). The identity (2.25) for n = 2 states that �2 : V ⊗ V → V
is a cochain map. This is equivalent to saying that the differential �1 is a graded derivation of
the two-bracket �2; explicitly, when evaluated on elements v1, v2 ∈ V:

�1 (�2(v1, v2)) = �2 (�1(v1), v2) + (−1)|v1| �2 (v1, �1(v2)) . (2.27)

For n = 3 the identity (2.25) states that the two-bracket �2 obeys the Jacobi identity up to the
cochain homotopy �3 : V ⊗ V ⊗ V → V; explicitly, when evaluated on elements v1, v2, v3 ∈ V:

�2 (�2(v1, v2), v3) − (−1)|v2| |v3| �2 (�2(v1, v3), v2) + (−1)(|v2|+|v3|) |v1| �2 (�2(v2, v3), v1)

= −�3 (�1(v1), v2, v3) − (−1)|v1| �3 (v1, �1(v2), v3)

− (−1)|v1|+|v2| �3 (v1, v2, �1(v3)) − �1 (�3(v1, v2, v3)) . (2.28)

This continues in general for all n � 4 to higher coherence conditions for the n-brackets. In
the special instance when �n = 0 for all n � 3, an L∞-algebra is simply a differential graded
Lie algebra. Thus L∞-algebras are homotopy coherent generalizations of Lie algebras; for this
reason, L∞-algebras are also sometimes called (strong) homotopy Lie algebras. In particular,
the cohomology H•(V , �1) of an L∞-algebra is a Z-graded Lie algebra.

The natural notion of an invariant inner product on an L∞-algebra is called a cyclic pairing.

Definition 2.29. A cyclic L∞-algebra is an L∞-algebra (V , {�n}) together with a non-
degenerate graded symmetric cochain map 〈−,−〉 : V ⊗ V → R that satisfies the cyclicity
condition

〈−,−〉 ◦ (𝟙⊗ �n) = sgn(σ)〈−,−〉 ◦ (𝟙⊗ �n) ◦ τσ , (2.30)

for all n � 1 and for all cyclic permutations σ ∈ Cn+1 ⊂ Sn+1.

Explicitly, when evaluated on elements v0, v1, . . . , vn ∈ V , cyclicity translates to

〈v0, �n(v1, v2, . . . , vn)〉 = ±〈vn, �n(v0, v1, . . . , vn−1)〉, (2.31)

12 The peculiar extra signs here and in the following are due to shifting degree and using (s−1)⊗n ◦ s⊗n = (−1)(
n
2 ) 𝟙

(see e.g. [60]).
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where the ± sign is determined by the grading of the elements vi.13 Thus cyclic L∞-algebras
are homotopy coherent generalizations of quadratic Lie algebras.

The dualization of the differential graded cocommutative coalgebra (V , D) leads to an equiv-
alent formulation of an L∞-algebra in terms of a differential graded commutative algebra with
respect to the symmetric tensor product of Sym(V[1]).

Definition 2.32. The Chevalley–Eilenberg algebra of an L∞-algebra (V , D) is the differen-
tial graded commutative algebra (Sym(V[1])∗, Q), where

Q = D∗ : Sym(V[1])∗ −→ Sym(V[1])∗ (2.33)

is a graded derivation of degree 1 such that Q2 = 0.

This is a homotopy coherent generalization of the Chevalley–Eilenberg algebra of a Lie
algebra. In this dual language, a cyclic pairing translates to a graded symplectic two-form
ω ∈ Ω2(V[1]) which is Q-invariant. Evidently, one could equivalently use definition 2.32 as
the starting point for the definition of an L∞-algebra, and this is the point of view which nat-
urally makes contact between the objects and relations of L∞-algebras and the symmetries
and dynamics of field theories, as we now briefly sketch; see e.g. [60] for a more detailed and
precise review of the correspondence.

2.3. Batalin–Vilkovisky formalism

The Batalin–Vilkovisky (BV) formalism constructs a differential graded commutative alge-
bra14 (Sym(V[1])∗, QBV) for a graded vector space V =

⊕
k∈Z Vk which encodes the BV fields,

namely ghosts and fields associated to a generalized gauge field theory, together with their anti-
fields. More precisely, the space of BRST fields is V�1 [1] where V�1 :=

⊕
k�1 Vk with V1

encoding the fields and V0 the ghosts, while the negatively graded homogeneous subspaces are
non-zero only if there are higher gauge redundancies so that they encode ghosts-for-ghosts,
etc. The BV field space extends these by their corresponding antifields to the −1-shifted
cotangent bundle V[1] � T ∗[−1]V�1 [1]. This data is supplemented by the BV antibracket
{−,−}BV, which is the canonical graded Poisson bracket compatible with the differential QBV

and whose inverse is the BV symplectic formωBV on V of degree−1; using this non-degenerate
symplectic pairing we identify the dual V∗ � V[1] and15

Sym(V[1])∗ � Sym(V[2]). (2.34)

For illustrative purposes, let us first sketch how to build the corresponding L∞-algebra, and
then make a more precise statement afterwards. The action of the BV differential is given by
taking the BV antibracket with the BV action functional SBV, QBV = {SBV,−}BV. The action
functional can be expanded as

SBV =
∑
m�2

S(m)
BV, (2.35)

13 See [45, 60] for the explicit cumbersome sign factors.
14 The field observables actually form a much bigger space of functionals on V[1] which are smooth in a suitable sense,
but for our illustrative purposes here it suffices to consider only polynomial field observables in the dual symmetric
algebra Sym(V[1])∗.
15 We do not delve into precise technical details of defining duals and tensor products of infinite-dimensional vector
spaces, such as those which typically arise in field theories, as these involve subtle topological considerations.
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where S(m)
BV is the part of SBV which is a polynomial of degree m in the BV fields. Then the

brackets �n of the L∞-algebra are given by
{

S(n+1)
BV ,−

}
BV

for n � 1. Nilpotency (QBV)2 = 0, or

equivalently the classical master equation {SBV, SBV}BV = 0, then translates to the homotopy
Jacobi identities (2.25) for the brackets �n, and (V , {�n}) is an L∞-algebra. The (−1)-shifted
symplectic structure ωBV induces a cyclic pairing of degree −3 on V , making it into a cyclic
L∞-algebra.

The action of the BV differential QBV on fields A ∈ V1 and ghosts c−k ∈ V−k for k � 0
encodes the kinematical gauge symmetry of the field theory, that is, the (higher) gauge
transformations and the closure of the gauge algebra. Its action on the antifields A+ ∈ V2

incorporates the dynamical brackets of the L∞-algebra, while the BV transformations of the
antifields c+k ∈ Vk+3 correspond to the (higher) Noether identities and the corresponding
actions of the gauge parameters. The cohomology of QBV in degree 0 thus simultaneously
encodes the quotients of the space of fields by the ideal of Euler–Lagrange derivatives and by
the Lie algebra action of gauge transformations, that is, the classical observables of the field
theory.

Altogether, the natural algebraic structure underlying the BV formalism organises the gauge
symmetries and dynamics of a field theory in a cochain complex that can be interpreted in the
form

. . . −−−−→
V0{

gauge

parameters

}
−−−−→ V1

{fields}
−−−−→

V2{
equations

of motion

}
−−−−→

V3{
Noether

identities

}
−−−−→ . . .

(2.36)

The homogeneous subspaces V−k for k � 1 to the left encode ‘higher’ gauge transformations
for reducible symmetries, while Vk+3 to the right dually encode ‘higher’ Noether identities
(differential relations among the Noether identities, and so on).

Conversely, starting from an L∞-algebra (V , {�n}) with a cyclic structure 〈−,−〉 of
degree −3, choose a basis {τα} ⊂ V of the L∞-algebra with corresponding dual basis
{τα} ⊂ V∗ � V[3] relative to the cyclic pairing, that is, 〈τα, τβ〉 = δαβ for all α, β. Following
[60], we introduce the ‘contracted coordinate functions’ as the elements16

ξ := τα ⊗ τα ∈ Sym(V[2]) ⊗ V (2.37)

of degree 1. The L∞-algebra structure on V naturally extends to the tensor product Sym(V[2]) ⊗
V through the extended brackets17

� ext
n (ζ1 ⊗ v1, . . . , ζn ⊗ vn) := ± (ζ1 � · · · � ζn) ⊗ �n(v1, . . . , vn), (2.38)

for all n � 1, ζ1, . . . , ζn ∈ Sym(V[2]) and v1, . . . , vn ∈ V; the explicit Koszul sign factors ±
depend on the gradings and can be found in [60, section 2.3]. Similarly, the cyclic struc-
ture naturally extends to a symmetric non-degenerate pairing 〈−,−〉ext : (Sym(V[2]) ⊗ V) ⊗
(Sym(V[2]) ⊗ V) → Sym(V[2]) of degree −3 given by

16 Throughout this paper we adhere to the Einstein summation convention over repeated upper and lower indices.
17 More generally, the tensor product of any differential graded commutative algebra with an L∞-algebra admits an
L∞-algebra structure with grading defined by the total degree, see section 4.9; this generalizes the corresponding
statement for Lie algebras, a prominent example being the Lie algebra Ω•(M, g) = Ω•(M) ⊗ g of differential forms
valued in a Lie algebra g that we encountered before. Here we view Sym(V[2]) as equipped with the zero differential.
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〈ζ1 ⊗ v1, ζ2 ⊗ v1〉ext := ± (ζ1 � ζ2) 〈v1, v2〉. (2.39)

With the contracted coordinate functions (2.37), we now set

QBVξ = −
∑
n�1

(−1)(
n
2 )

n!
� ext

n (ξ⊗n), (2.40)

which we interpret as acting on elements of Sym(V[1]). The homotopy Jacobi identities (2.25)
imply that (QBV)2 = 0. The extended pairing 〈−,−〉ext induces a (−1)-shifted symplectic
structure

ωBV := − 1
2
〈δξ, δξ〉ext ∈ Ω2(V[1]). (2.41)

In this way we recover the differential QBV and antibracket {−,−}BV of the BV formalism
directly from the cyclic L∞-algebra of a field theory. Moreover, the BV action functional is
obtained from the element [60, section 4.3]

SBV =
∑
n�1

(−1)(
n
2 )

(n + 1)!
〈ξ, � ext

n (ξ⊗n)〉ext ∈ Sym(V[2]) (2.42)

of degree 0. Then

QBV = {SBV,−}BV, (2.43)

and nilpotency (QBV)2 = 0 is equivalent to the classical master equation

{SBV, SBV}BV = 0. (2.44)

2.4. L∞-algebras of classical field theories

We can turn the formalism sketched in section 2.3 into a concrete prescription for explicitly
developing the classical dynamics of any generalized gauge field theory entirely from its under-
lying L∞-algebra (V, {�n}); in this framework the equations of motion of the theory are the
Maurer–Cartan equations of the L∞-algebra. For a field theory on a manifold M we always
assume that its L∞-algebra is local, that is, all bracket operations are given by polydifferential
operators. Focusing momentarily on field theories with only irreducible gauge symmetries, i.e.
with independent gauge transformations, the four-term cochain complex

V0 �1−−−−→V1 �1−−−−→V2 �1−−−−→V3 (2.45)

encodes the free field dynamics, that is, the linearized gauge transformations, equations of
motion and Noether identities. In particular, the free fields (solutions to the linearized equations
of motion modulo linearized gauge transformations) live in the degree 1 cohomology H1(V , �1)
of this complex. The higher brackets �n with n � 2 encode the interactions, and recover the full
symmetries and dynamics of the generalized gauge theory. The homotopy Jacobi identities
ensure covariance of the field equations, (on-shell) closure of gauge transformations, and the
Noether identities, as we now explain.
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The vector spaces V0 and V1 are respectively the spaces of gauge parameters and dynamical
fields. Given λ ∈ V0 and A ∈ V1, a gauge transformation is the map A �→ A + δλA where the
infinitesimal gauge variation is given by18

δλA = �1(λ) +
∑
n�1

(−1)(
n
2 )

n!
�n+1(λ, A⊗n). (2.46)

The gauge variations extend to maps δλ : V → V of degree 0 by acting trivially on V0, by
commuting with arbitrary maps V → V , and as derivations of operations μ defined on V ⊗ V ,
that is, they satisfy the Leibniz rule

δλμ(v1 ⊗ v2) = μ(δλv1 ⊗ v2) + μ(v1 ⊗ δλv2) (2.47)

for all v1, v2 ∈ V .
The vector space V2 is the space that the field equations of the theory belong to. They are

encoded as the Maurer–Cartan equations FA = 0, where

FA := �1(A) +
∑
n�2

(−1)(
n
2 )

n!
�n(A⊗n), (2.48)

with the covariant gauge variations

δλFA = �2(λ,FA) +
∑
n�1

(−1)(
n
2 )

n!
�n+2(λ,FA, A⊗n), (2.49)

which follow from homotopy Jacobi identity (2.25) evaluated on (λ, A⊗n) and summed
over n � 1. Using symmetry of the brackets under exchange of degree 1 elements along
with the Leibniz rule, it is easy to see that FA+δλA = FA + δλFA + O(λ2), and so the gauge
symmetry acts on the subspace of classical solutions A ∈ V1. The quotient of the space of
solutions to the equations of motion FA = 0 by the action of gauge transformations is the
Maurer–Cartan moduli space MC (V , {�n}), which is the space of classical physical states
of the field theory. The BV complex (Sym(V[1])∗, QBV) of section 2.3 provides a rigorous
definition of this moduli space as a homological resolution of the classical observables. On the
other hand, the form of the dynamical equation (2.48) suggest that L∞-algebras are a dual for-
mulation of the free differential algebras which play a central role in the geometric formulation
of supergravity theories [35].

The closure relation for the gauge algebra then has the form

[δλ1 , δλ2 ]◦A = δC(λ1,λ2;A)A +�λ1,λ2 A, (2.50)

where [δλ1 , δλ2 ]◦ := δλ1 ◦ δλ2 − δλ2 ◦ δλ1 is the commutator, while

C(λ1,λ2; A) = −�2(λ1,λ2) −
∑
n�1

(−1)(
n
2 )

n!
�n+2(λ1,λ2, A⊗n) (2.51)

18 Here and in the following we use the convention
( k

2

)
:= 0 for k < 2.
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and

�λ1,λ2 A =
∑
n�0

(−1)
(

n−2
2

)

n!
�n+3(λ1,λ2,FA, A⊗n). (2.52)

This follows from the homotopy Jacobi identity (2.25) evaluated on (λ1,λ2, A⊗n) and
summed over n � 1. The algebra of gauge transformations thus closes on-shell, that is, when
FA = 0, and on this locus the gauge algebra generally depends on the fields A; in other words,
the gauge symmetries generally form an open gauge algebra. The homotopy relations of the
L∞-algebra guarantee that the Jacobi identity is generally satisfied for any triple of maps δλ1 , δλ2

and δλ3 . The field theories considered in this paper will always have closed field-independent
gauge algebras generated by gauge transformations that are linear in the fields; that is, (2.52)
vanishes identically at each order in A⊗n, while the sums in (2.46) and (2.51) terminate at the
two-bracket �2.

Finally, the vector space V3 accomodates Noether’s second theorem: it contains the image
of a local differential operator dA on V2, which may depend on the fields. The Noether identities
are then encoded by

dAFA := �1(FA) +
∑
n�1

(−1)(
n
2 )

n!
�n+1(FA, A⊗n) = 0, (2.53)

which vanishes identically as a consequence of the homotopy relations of the L∞-algebra: eval-
uating (2.25) on A⊗n, using symmetry of the brackets under interchange of degree 1 elements,
shows that

n∑
k=0

(−1)(
n
2 )

k! (n − k)!
�k+1

(
�n−k(A⊗n−k), A⊗k

)
= 0, (2.54)

and summing over n � 1 yields (2.53). This expresses local differential relations among the
Euler–Lagrange derivatives FA which hold off-shell.

The action functional of the field theory is encoded via a symmetric non-degenerate bilinear
pairing 〈−,−〉 : V ⊗ V → R of degree −3, which makes V into a cyclic L∞-algebra. The only
non-trivial pairings are

〈−,−〉 : V1 ⊗ V2 −→ R and 〈−,−〉 : V0 ⊗ V3 −→ R. (2.55)

It is easy to see that the equations of motion FA = 0 follow from varying the Maurer–Cartan
action functional

S(A) :=
1
2
〈A, �1(A)〉+

∑
n�2

(−1)(
n
2 )

(n + 1)!
〈A, �n(A⊗n)〉, (2.56)

since then cyclicity and the Leibniz rule imply δS(A) = 〈δA,FA〉. Note that �1(A) is associated
with the free field equations of motion, while �n(A⊗n) for n � 2 contribute interaction vertices
in the action functional.

Cyclicity and the Leibniz rule also imply

19



J. Phys. A: Math. Theor. 55 (2022) 353001 Topical Review

δλS(A) = 〈δλA,FA〉 =
∑
n�0

(−1)(
n
2 )

n!
〈�n+1(λ, A⊗n),FA〉

= −
∑
n�0

(−1)(
n
2 )

n!
〈λ, �n+1(A⊗n,FA)〉 = −〈λ, dAFA〉.

(2.57)

Thus gauge invariance of the action functional δλS(A) = 0, for all λ ∈ V0, is equivalent to the
Noether identities dAFA = 0 by non-degeneracy of the pairing. This is simply a reformulation
of Noether’s second theorem. From this perspective, the Noether operator dA : V2 → V3 is
the adjoint, with respect to the cyclic inner product, of −δλ viewed as a differential operator
−δ(−)A : V0 → V1 acting on a gauge parameter λ ∈ V0 with image in V1.

2.4.1. Higher gauge symmetries. If the symmetries themselves have non-trivial symmetries,
that is, there are further gauge redundancies in the description and the gauge symmetries are
reducible, then the cochain complex (2.45) should be extended into negative degrees V−k for
k � 1, which are the spaces of ‘higher’ gauge parameters, together with their duals Vk+3 which
contain the corresponding ‘higher’ Noether identities. The vector space V−1 parametrizes
gauge transformations of the gauge parameters, V−2 parametrizes gauge variations of the gauge
transformations of gauge parameters, and so on. These higher gauge symmetries are encoded
as

δ(λ−k−1,A)λ−k = �1(λ−k−1) +
∑
n�1

(−1)
(

n+1
2

)
+n k

n!
�n+1(λ−k−1, A⊗n), (2.58)

where λ−k ∈ V−k for k � 0.
Like the commutator of gauge transformations, these close only on-shell in general, as

δ(λ−k−2,A)

(
δ(λ−k−1,A)λ−k

)
= �2(λ−k−2,FA)

+
∑
n�1

(−1)
(

n+2
2

)
+n k

n!
�n+2(λ−k−2,FA, A⊗n), (2.59)

for all k � −1 with the convention λ+1 :=A, which follow from the homotopy Jacobi iden-
tity (2.25) evaluated on (λ−k−2, A⊗n) and summed over n � 1. Thus gauge transformations of
level k gauge parameters leave level k gauge transformations unchanged up to the equations
of motion FA = 0. At the classical level, their inclusion is purely algebraic and only serves to
alter the cohomology H•(V , �1) of the underlying cochain complex at its extremities, leaving
the moduli space MC (V , {�n}) of classical states unchanged. The inclusion of higher gauge
parameters is necessary so that the resulting BV complex (Sym(V[1])∗, QBV) of section 2.3
properly forms a resolution of the space of classical observables.

Higher gauge redundancies are equivalent to higher Noether identities. Taking into account
level 1 higher gauge parameters extends the underlying graded vector space V with a non-trivial
homogeneous subspace V−1 and its dual V4, and hence the duality pairing

〈−,−〉 : V−1 ⊗ V4 −→ R. (2.60)

Using cyclicity, we define the level 1 Noether operator d(1)
A : V3 → V4 as the adjoint of δ(λ−1,A)

from (2.58) viewed as an operator δ(−,A)λ : V−1 → V0 on V−1 with values in V0, that is,
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〈δ(λ−1,A)λ,Λ〉 =: 〈λ−1, d(1)
A Λ〉, (2.61)

for all Λ ∈ V3. Explicitly

d(1)
A Λ = �1(Λ) +

∑
n�1

(−1)
(

n+1
2

)
+n

n!
�n+1(Λ, A⊗n). (2.62)

Applying δ(λ−1,A) on both sides of 〈δλA,A〉 = −〈λ, dAA〉 for arbitrary A ∈ V2, we get

〈δ(λ−1,A)(δλA),A〉 = −〈δ(λ−1,A)λ, dAA〉. (2.63)

Using the closure property (2.59), the definition (2.62) of the level 1 Noether operator, and
finally cyclicity and non-degeneracy of the pairing, we obtain the level 1 Noether identities

d(1)
A ◦ dA = −�2(FA,−) −

∑
n�1

(−1)(
n
2 )

n!
�n+2(FA, A⊗n,−), (2.64)

which state that, up to the equations of motion FA = 0, not all components of the level 0
Noether operator dA are independent19. This is naturally ‘dual’ to the statement that the level
0 gauge parameters generate reducible gauge symmetries, i.e. that not all gauge directions
are independent in the tangent space to the space of fields V1. This is to be compared
with the level 0 Noether identities dA ◦ F− = 0, which state that not all components of the
Maurer–Cartan operator F− : V1 → V2 are independent due to the existence of level 0 gauge
symmetries.

Proceeding inductively, the existence of level k gauge transformations extends the under-
lying graded vector space V with a non-trivial homogeneous subspace V−k and its dual Vk+3,
with the duality pairing 〈−,−〉 : V−k ⊗ Vk+3 → R. The adjoint of δ(λ−k ,A) defines the level k

Noether operator d(k)
A : Vk+2 → Vk+3 which encodes the interdependence of the level k − 1

Noether operator through the level k Noether identities

d(k)
A ◦ d(k−1)

A = −�2(FA,−) −
∑
n�1

(−1)(
n
2 )

n!
�n+2(FA, A⊗n,−). (2.65)

2.5. Example: Yang–Mills theory in the L∞-algebra formalism

Yang–Mills theory is the basic example of a field theory with gauge symmetries where the
underlying L∞-algebra is not a differential graded Lie algebra. The higher bracket arises
from the quartic interaction vertex in the Yang–Mills action functional. The Yang–Mills
L∞-algebra has appeared many times in the literature. It was first explicitly noted in [92] and
has more recently reappeared in [50, 56, 60]. We close this section with a review of the L∞-
algebra formulation of Yang–Mills theory, which along with the Chern–Simons gauge theory
of section 2.1 will play a prominent role in some of our later examples.

Let (M, g) be a d-dimensional oriented Lorentzian manifold20, and ∗
H : Ωk(M) → Ωd−k(M)

the corresponding Hodge duality operator. Let (g, [−,−]g, Trg) be a quadratic Lie algebra. As
in section 2.1, we extend the Lie bracket on g to a Lie bracket on g-valued differential forms

19 Of course, this can also be derived directly from the homotopy Jacobi identities of the extended L∞-algebra.
20 The discussion below is presented for Lorentzian signature in light of our later considerations, but it is easily adapted
to more general pseudo-Riemannian manifolds.
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Ω•(M, g) :=Ω•(M) ⊗ g via the tensor product with exterior multiplication, and we denote this
extended Lie bracket with the same symbol [−,−]g.

The Yang–Mills action functional for a gauge field A ∈ Ω1(M, g) is defined by

S(A) =
∫

M
Trg(FA ∧ ∗HFA), (2.66)

where as before FA := dA + 1
2 [A, A]g ∈ Ω2(M, g) is the curvature two-form. It is invariant

under the usual gauge transformations

δλA = dλ+ [A,λ]g (2.67)

for λ ∈ Ω0(M, g). The Yang–Mills field equations state that the Hodge dual of the curvature is
covariantly constant:

FA = dA ∗HFA = d ∗HFA + [A, ∗HFA]g = 0 ∈ Ωd−1(M, g), (2.68)

whereas the corresponding Noether identities are

dAFA =
(
dA
)2∗HFA = [FA, ∗HFA]g = 0 ∈ Ωd(M, g). (2.69)

These may be also verified directly by symmetry and antisymmetry of the d-form [FA, ∗HFA]g
valued in the Lie algebra g. From these expressions the L∞-algebra organising Yang–Mills
theory may be determined.

The underlying graded vector space is V = V0 ⊕ V1 ⊕ V2 ⊕ V3, where

V0 :=Ω0(M, g), V1 :=Ω1(M, g), V2 :=Ωd−1(M, g) and V3 :=Ωd(M, g).

(2.70)

Denoting the corresponding elements by λ, A, A and Λ respectively, the L∞-algebra structure
is given by the differential

�1(λ) = dλ, �1(A) = d∗HdA and �1(A) = dA, (2.71)

along with the two-brackets

�2(λ1,λ2) = −[λ1,λ2]g, �2(λ, A) = −[λ, A]g ,

�2(λ,A) = −[λ,A]g, �2(λ,Λ) = −[λ,Λ]g, �2(A,A) = −[A,A]g ,

�2(A1, A2) = −d∗H[A1, A2]g−[A1, ∗Hd A2]g + (−1)d [∗Hd A1, A2]g,

(2.72)

and finally the non-zero three-bracket

�3(A1, A2, A3) = −
[
A1, ∗H[A2, A3]g

]
g
−
[
A2, ∗H[A1, A3]g

]
g

+ (−1)d
[
∗H[A1, A2]g, A3

]
g
, (2.73)

owing to the quartic interaction vertex. Note that the underlying cochain complex differs from
that of Chern–Simons theory (see section 2.1), and that now the L∞-algebra is no longer a
differential graded Lie algebra because �3 	= 0.
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The resulting cyclic inner product is given by

〈A,A〉 :=
∫

M
Trg(A ∧ A) and 〈λ,Λ〉 :=

∫
M

Trg(λ ∧ Λ), (2.74)

with cyclicity following from ad(g)-invariance of the pairing Trg : g⊗ g→ R, integration by
parts (for fields with suitable asymptotic decay) and symmetry properties of the Hodge duality
operator. By design, this cyclic L∞-algebra encodes the full data of classical Yang–Mills theory
as described in section 2.4.

3. Noncommutative gauge symmetry and L∞-algebras

As a first step towards understanding noncommutative field theories in the modern context of
this paper, in this section we look at some basic examples, mentioned in section 1, of non-
commutative gauge theories arising in string theory which fit into the standard L∞-algebra
framework discussed in section 2. These are the examples of flat D-branes in a constant
B-field, which lead to the standard Moyal–Weyl deformations of gauge theories, and also
curved D-branes in WZW models based on compact Lie groups, which lead to fuzzy field
theories (i.e. matrix models). We will then discuss the limitations of this perspective when con-
fronted with the noncommutative gauge theories on D-branes wrapping curved submanifolds
with non-trivial worldvolume fluxes in a generic background.

3.1. Star-gauge theories in the L∞-algebra formalism

Let us start with the conventional noncommutative field theories on flat d-dimensional
Minkowski spacetime R1,d−1 with a constant Poisson bivector θ = 1

2 θ
μν ∂μ ∧ ∂ν . We consider

for illustration a noncommutative gauge theory with gauge algebra u(1) and fields multiplied
with the Moyal–Weyl star-product (1.1).21

Let us start by introducing some notation: given functions λ, ρ ∈ Ω0(R1,d−1), we denote
their star-commutator by

[λ �, ρ] :=λ � ρ− ρ � λ, (3.1)

which makes Ω0(R1,d−1) into a Lie algebra due to associativity of the Moyal–Weyl star-
product. Given differential forms α, β ∈ Ω•(R1,d−1), we denote their star-exterior product by
α ∧� β, which is defined by regarding the graded commutative exterior algebra Ω•(R1,d−1)
as a module over the noncommutative algebra of functions

(
Ω0(R1,d−1), �

)
; in particu-

lar, the holonomic coframe on R1,d−1 obeys dxμ ∧� dxν = dxμ ∧ dxν = −dxν ∧� dxμ and
λ � dxμ = λ · dxμ = dxμ � λ for λ ∈ Ω0(R1,d−1). Similarly to (3.1), we define the graded
star-commutator of arbitrary homogeneous differential forms by

[λ �, β] :=α ∧� β − (−1)|α| |β| β ∧� α. (3.2)

Then
(
Ω•(R1,d−1), [− �, −], d

)
is a differential graded Lie algebra, and noncommutative field

theory with the Moyal–Weyl star-product has a simple noncommutative differential calculus.
With these preliminaries, it is clear that the conventional noncommutative U(1) gauge the-

ories are formally identical to their classical counterparts with nonabelian gauge symmetry, as

21 The extension to nonabelian gauge algebras u(n) with n > 1 is a straightforward modification (with no essential
novelties) obtained by composing the star-product (1.1) with matrix multiplication and all integrations with the trace
in the fundamental representation of u(n).
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is well-known. In particular, the star-gauge transformation of a gauge field A ∈ Ω1(R1,d−1) by
a gauge parameter λ ∈ Ω0(R1,d−1) is given by the usual expression

δ�λA = dλ− [λ �, A]. (3.3)

Using the Leibniz rule for the star-commutator [− �, −] with respect to the de Rham differential
d, together with its Jacobi identity, one easily checks the off-shell gauge closure[

δ�λ1
, δ�λ2

]
◦A = δ�[λ1

�,λ2]A (3.4)

to the Lie algebra
(
Ω0(R1,d−1), [− �, −]

)
.

Under these star-gauge transformations, the noncommutative field strength

F�
A := dA +

1
2

[A �, A] = dA + A ∧� A ∈ Ω2(R1,d−1) (3.5)

transforms covariantly:

δ �
λ F�

A = −[λ �, F�
A]. (3.6)

This similarity to the analysis of ordinary nonabelian gauge theories was used in [29] to cast
noncommutative U(1) Chern–Simons and Yang–Mills theories into the framework of standard
L∞-algebras, which we now describe.

3.1.1. Noncommutative Chern–Simons theory. The L∞-algebra formulation of noncommuta-
tive Chern–Simons theory in three dimensions follows the analysis of the usual nonabelian
Chern–Simons gauge theory presented in section 2.1. In this case the organising L∞-algebra
is simply the differential graded Lie algebra with underlying graded vector space

V = Ω•(R1,2) (3.7)

and the non-zero brackets

�1(α) = dα and �2(α, β) = −[α �, β] (3.8)

for α, β ∈ V . Note that the underlying cochain complex (2.45) (the de Rham complex in this
case) is unchanged by the noncommutative deformation; that is, the free fields are the same and
only the interactions are modified by the noncommutativity, as is well-known for Moyal–Weyl
type noncommutative field theories.

Applying the standard machinery from section 2.4, one easily verifies that the noncommu-
tative gauge symmetry (3.3) is reproduced in the expected way as

δ�λA = �1(λ) + �2(λ, A), (3.9)

with the closure (3.4) expressed through[
δ�λ1

, δ�λ2

]
◦A = δ�−�2(λ1,λ2)A. (3.10)

The Maurer–Cartan equationsFA = 0 reproduce the noncommutative Chern–Simons equation
of motion

FA = �1(A) − 1
2
�2(A, A) = F�

A, (3.11)

with the covariance (3.6) expressed as
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δ�λFA = �2(λ,FA). (3.12)

The Noether identities

0 = dAFA = �1(FA) + �2(FA, A) = dF�
A + [A �, F�

A] =: dA
�F�

A (3.13)

are simply the star-gauge Bianchi identities dA
�F�

A = 0 satisfied by the noncommutative field
strength F�

A, where dA
� is star-gauge covariant derivative.

The inner product

〈α, β〉 =
∫
R1,2

α ∧� β =

∫
R1,2

α ∧ β (3.14)

on V pairs differential forms α and β on R1,2 in complementary degrees, where the second
equality follows from an integration by parts and is sometimes expressed as saying that the
Moyal–Weyl star-product is cyclic. This makes V into a cyclic L∞-algebra, and the corre-
sponding Maurer–Cartan action functional then reproduces the standard noncommutative U(1)
Chern–Simons functional:

S(A) =
1
2
〈A, �1(A)〉 − 1

3!
〈A, �2(A, A)〉 = 1

2

∫
R1,2

A ∧� dA +
2
3

A ∧� A∧� A,

(3.15)

where we used [A �, A] = 2 A ∧� A. Thus, like the classical theory, noncommutative U(1)
Chern–Simons theory fits nicely into the algebraic framework of a differential graded Lie
algebra.

3.1.2. Noncommutative Yang–Mills theory. A similar analysis can be done for noncommu-
tative Yang–Mills theory in any spacetime dimension d, using the L∞-algebra of usual
nonabelian Yang–Mills theory from section 2.5. Let ∗H : Ωk(R1,d−1) → Ωd−k(R1,d−1) be the
Hodge duality operator induced by the standard flat Minkowski metric of R1,d−1.

The underlying graded vector space is V = V0 ⊕ V1 ⊕ V2 ⊕ V3, where

V0 = Ω0(R1,d−1), V1 = Ω1(R1,d−1),

V2 = Ωd−1(R1,d−1) , V3 = Ωd(R1,d−1). (3.16)

Denoting the corresponding elements by λ ∈ V0, A ∈ V1, A ∈ V2 and Λ ∈ V3, the differential
is given by

�1(λ) = dλ, �1(A) = d ∗HdA and �1(A) = dA, (3.17)

the two-brackets are

�2(λ1,λ2) = −[λ1
�,λ2], �2(λ, A) = −[λ�,A] ,

�2(λ,A) = −[λ�,A], �2(λ,Λ) = −[λ�,Λ], �2(A,A) = −[A�,A] ,

�2(A1, A2) = −d ∗H[A1
�, A2]−[A1

�, ∗Hd A2] + (−1)d [∗Hd A1
�, A2],

(3.18)

and finally there is a non-zero three-bracket
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�3(A1, A2, A3) = −
[
A1

�, ∗H[A2
�, A3]

]
−
[
A2

�, ∗H[A1
�, A3]

]
+ (−1)d

[
∗H[A1

�, A2] �, A3
]
. (3.19)

The noncommutative gauge transformations and their closure again follow as in (3.9) and
(3.10), while the Maurer–Cartan equations FA = 0 reproduce the vacuum equation of motion
for noncommutative U(1) Yang–Mills theory:

FA = �1(A) − 1
2
�2(A, A) − 1

3!
�3(A, A, A) = dA

� ∗HF�
A, (3.20)

with covariance again captured by (3.12). The Noether identities

0 = dAFA = �1(FA) + �2(FA, A) = dA
�FA =

(
dA
�

)2∗HF�
A = [F�

A
�,∗HF�

A] (3.21)

may be checked directly using symmetry properties of the d-form [F�
A
�,∗HF�

A] ∈ Ωd(R1,d−1).
The inner product on V given by

〈A,A〉 =
∫
R1,d−1

A∧�A and 〈λ,Λ〉 =
∫
R1,d−1

λ∧�Λ (3.22)

defines a cyclic structure on the noncommutative Yang–Mills L∞-algebra, and the corre-
sponding Maurer–Cartan action functional reproduces (after integration by parts) the standard
noncommutative U(1) Yang–Mills functional:

S(A) =
1
2
〈A, �1(A)〉 − 1

3!
〈A, �2(A, A)〉 − 1

4!
〈A, �3(A, A, A)〉

=
1
2

∫
R1,d−1

F�
A∧�∗HF�

A. (3.23)

3.2. Fuzzy field theories in the L∞-algebra formalism

A particularly well understood and tractable class of noncommutative gauge theories on
D-branes wrapping curved submanifolds with a non-constant gauge flux is provided by D-
branes in WZW models. These involve target spaces which are group manifolds G with
non-trivial NS–NS three-form fluxes, and they contain D-branes that wrap conjugacy classes
of G carrying non-constant two-form flux [1]. Here we focus on the simplest example
G = SU(2) for illustration, where the conjugacy classes are two-spheres S2 ⊂ S3 labelled by
the spin j of a representation of the su(2)k current algebra at WZW level k ∈ Z>0. In the semi-
classical limit with k →∞, the space of open string ground states forms a finite-dimensional
matrix algebra, in contrast to the infinite-dimensional flat space case from section 3.1, and
the noncommutative matrix product f g now plays the analogue role of the Moyal–Weyl
star-product.

The noncommutative gauge theory supported by the two-dimensional worldvolume of the
D-brane is thus no longer a continuum field theory but rather a matrix model [2], called a ‘fuzzy’
field theory, or alternatively a field theory on the ‘fuzzy sphere’ which is a matrix approximation
of the standard two-sphere S2 obtained by quantizing conjugacy classes in SU(2), and which is
covariant under SU(2). Being finite-dimensional systems, these noncommutative field theories
are particularly well tailored to the formalism developed in section 2, as they avoid the many
functional analytic complications brought in by continuum field theories.
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Let us first explain how to set up a differential calculus on the fuzzy sphere suitable for the
formulation of fuzzy field theories. The algebra of functions on the fuzzy sphere S2

N is defined
by

CN := ( j) ⊗ ( j)∗ � Mat(N), (3.24)

where ( j) denotes the irreducible spin j = (N − 1)/2 representation of su(2) for an integer
N > 1 and ( j)∗ denotes the dual representation; the isomorphism with N × N complex matrices
follows from the fact that ( j) is N-dimensional. Fix a basis of the Lie algebra su(2) where the
structure constants are given by the Levi–Civita symbol εab

c, for a, b, c = 1, 2, 3, and denote
by 1

rN
Xa ∈ CN the generators of su(2) in the spin j representation, where rN := 1√

j ( j+1) . Then
the matrices Xa generate the algebra CN and satisfy the relations

[Xa, Xb] = i rN εab
c Xc, δab Xa Xb = 𝟙 and X∗

a = Xa (3.25)

of the fuzzy unit sphere, where

[λ, ρ] :=λρ− ρ λ (3.26)

denotes the matrix commutator of λ, ρ ∈ CN , which makes CN into a Lie algebra, and ∗ denotes
Hermitian conjugation.

The fuzzy two-sphereS2
N has a three-dimensional su(2)-covariant differential calculus given

by the Chevalley–Eilenberg algebra

Ω•(CN) := CN ⊗ ∧•su(2)∗ (3.27)

of su(2) with coefficients in the fuzzy sphere algebra (3.24), which as an su(2)-module
decomposes into irreducible representations as

CN �
N−1⊕
J=0

(J). (3.28)

Let ϑa ∈ su(2)∗ ⊂ Ω1(CN) for a = 1, 2, 3 be a compatible coframe for the CN-module of
one-forms defined by the dual of the chosen Lie algebra basis, with ϑa ∧ ϑb = −ϑb ∧ ϑa,
which generates the entire differential calculus Ω•(CN) and commutes with Ω0(CN) = CN . The
Chevalley–Eilenberg differential dCE is then defined by

dCEλ :=
1
rN

[Xa,λ]ϑa (3.29)

for λ ∈ Ω0(CN) = CN , together with the Maurer–Cartan equations

dCEϑ
a = − i

2
εa

bc ϑ
b ∧ ϑc, (3.30)

and extended to the whole of Ω•(CN) by the graded Leibniz rule. We extend the matrix
commutator on CN to arbitrary homogeneous differential forms α, β ∈ Ω•(CN) by

[α, β] :=α ∧ β − (−1)|α| |β| β ∧ α, (3.31)

which makes
(
Ω•(CN), [−,−], dCE

)
into a differential graded Lie algebra, enabling the con-

struction of field theories on the fuzzy sphere S
2
N .
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With this noncommutative differential calculus it is now straightforward to formulate non-
commutative gauge symmetries in the standard way: the fuzzy gauge transformation of a gauge
field A ∈ Ω1(CN) by a gauge parameter λ ∈ Ω0(CN) is given by the usual formula

δCE
λ A = dCEλ− [λ, A], (3.32)

and using the by now familiar arguments one shows that they close to the Lie algebra
(CN , [−,−]): [

δCE
λ1

, δCE
λ2

]
◦ = δCE

[λ1,λ2]. (3.33)

The field strength defined by

FCE
A := dCEA +

1
2

[A, A] = dCEA + A ∧ A ∈ Ω2(CN) (3.34)

transforms covariantly under this gauge symmetry:

δCE
λ FCE

A = −[λ, FCE
A ]. (3.35)

The low-energy effective field theory on a D-brane of type j wrapping this fuzzy two-sphere
was derived in [2] as a noncommutative gauge theory whose action functional is a sum of a
Yang–Mills term and a Chern–Simons term, each of which is individually invariant under the
gauge transformations (3.32).22 The underlying L∞-algebra was described in [29] in a flat holo-
nomic coframe. Here we give an alternative treatment which uses the more natural covariant
coframe ϑa appropriate to a curved space; Yang–Mills and Chern–Simons gauge theories in
this formulation were first discussed in [53]. The advantage of this description is that, like the
flat space Moyal–Weyl type noncommutative gauge theories of section 3.1, the two theories
can be treated separately and the L∞-algebra structure exactly parallels the case of ordinary
nonabelian gauge theories.

3.2.1. Chern–Simons theory on the fuzzy sphere. The L∞-algebra formulation of
Chern–Simons theory on S2

N in the coframe formalism was discussed in [77]. As usual
it is based on a differential graded Lie algebra whose underlying graded vector space is

V = Ω•(CN) (3.36)

with the non-zero brackets

�1(α) = dCEα and �2(α, β) = −[α, β] (3.37)

for α, β ∈ V . Notably, in this framework the underlying cochain complex is markedly dif-
ferent from the classical case, as its differential is the Chevalley–Eilenberg differential
dCE, rather than the de Rham differential d. This is not so surprising since the geometry
of the fuzzy sphere S2

N involves a three-dimensional differential calculus on a fuzzy ver-
sion of a two-dimensional space. This is due to the imposition of su(2)-covariance, which
requires an embedding of the classical two-sphere in three-dimensional flat space: the extra
dimension comes from the pullback of the tangent bundle TR3 → R3 to S2, which decomposes

22 One can extend this description to stack of n > 1 D-branes of type j by considering the differential graded noncom-
mutative algebra Ω•(CN , u(n)) :=Ω•(CN) ⊗ u(n) of u(n)-valued forms on the fuzzy two-sphere, with the differential
dCE ⊗ 𝟙, and the (graded) Lie bracket extended to the matrix commutator on Mat(N) ⊗ Mat(n), and similarly for the
normalised trace below.
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as the Whitney sum TR3 |S2 = TS2 ⊕ NS2 with NS2 → S2 the normal bundle to the embedding
S2 ↪→ R3. Higher-dimensional covariant calculi are a common feature of a broad range of
examples in noncommutative geometry.

The gauge symmetry (3.32) and (3.33) and field equation FCE
A = 0 arise in the standard way

from these brackets, as does the usual Bianchi identity

dA
CEFCE

A := dCEFCE
A + [A, FCE

A ] = 0 (3.38)

from the corresponding Noether identity of the L∞-algebra. We introduce a cyclic structure in
the usual way by the pairing

〈α, β〉 =
∫
S2

N

α ∧ β (3.39)

of forms α, β ∈ Ω•(CN) in complementary degrees, where the integration of top-forms Ω3(CN)
is defined via the normalized N × N matrix trace∫

S2
N

λ ϑ1 ∧ ϑ2 ∧ ϑ3 :=
4π
N

Tr(λ), (3.40)

where λ ∈ CN . The Maurer–Cartan action functional

S(A) =
1
2
〈A, �1(A)〉 − 1

3!
〈A, �2(A, A)〉 = 1

2

∫
S2

N

A ∧ dCEA +
2
3

A ∧ A ∧ A

(3.41)

is just the standard Chern–Simons functional on the fuzzy sphere as written in [53]. It has a
natural global SU(2) symmetry given by rotations of the coframe ϑa, and in the continuum
limit N →∞ it describes a BF-type topological field theory on the classical two-sphere S2.
We shall give a more thorough account of general BF theories in the L∞-algebra formalism in
section 6.1.

We can write the action functional (3.41) in a more transparent form of a matrix model.
For this, we write the gauge field A ∈ Ω1(CN) explicitly in component form A = Aaϑ

a with
Aa ∈ Mat(N) and define LaAb := 1

rN
[Xa, Ab]. Then we can write (3.41) as

S(A) =
2π
N

Tr
(
εabc CSabc

)
, (3.42)

where

CSabc = LaAb Ac +
1
3

Aa [Ab, Ac] −
i
2
εab

d Ad Ac. (3.43)

This is the form of the fuzzy Chern–Simons functional derived in [2] from a worldsheet
conformal field theory analysis23.

23 This form of the Chern–Simons functional can be extended to any semi-simple Lie algebra g of higher rank by
replacing the Levi–Civita symbol εab

c with the structure constants fab
c of a basis of g, in which case it is part of the

low-energy effective field theory on a D-brane wrapping conjugacy classes in the corresponding compact semi-simple
Lie group G [2]. However, the noncommutative geometric origin of the action functional in these extensions is not
clear.
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3.2.2. Yang–Mills theory on the fuzzy sphere. To define Yang–Mills theory on S2
N we need an

analogue of the Hodge operator ∗CE : Ωk(CN) → Ω3−k(CN), which is defined on the compatible
coframe of Ω•(CN) by

∗CE𝟙 :=
1
3!

εabc ϑ
a ∧ ϑb ∧ ϑc and ∗CE ϑa :=

1
2
εa

bc ϑ
b ∧ ϑc, (3.44)

together with involutivity (∗CE)2 = 𝟙. The underlying graded vector space of the L∞-algebra
is again

V = Ω•(CN), (3.45)

and, with similar notation as in section 3.1, the differential is given by

�1(λ) = dCEλ, �1(A) = dCE ∗CE dCE A and �1(A) = dCE A, (3.46)

the two-brackets are

�2(λ1,λ2) = −[λ1,λ2], �2(λ, A) = −[λ, A] ,

�2(λ,A) = −[λ,A], �2(λ,Λ) = −[λ,Λ], �2(A,A) = −[A,A] ,

�2(A1, A2) = −dCE ∗CE[A1, A2]−[A1, ∗CE dCE A2] − [∗CE dCE A1, A2],

(3.47)

and the non-zero three-bracket is

�3(A1, A2, A3) = − [A1, ∗CE[A2, A3]] − [A2, ∗CE[A1, A3]] − [∗CE[A1, A2], A3] .

(3.48)

The Maurer–Cartan equation FA = 0 leads to the usual covariant equation of motion given by
dA

CE ∗CE FCE
A = 0, and, with the same cyclic inner product (3.39), the Maurer–Cartan action

functional

S(A) =
1
2
〈A, �1(A)〉 − 1

3!
〈A, �2(A, A)〉 − 1

4!
〈A, �3(A, A, A)〉

=
1
2

∫
S2

N

FCE
A ∧ ∗CEFCE

A (3.49)

is precisely the SU(2)-symmetric Yang–Mills functional on the fuzzy sphere as presented
in [53]. Written explicitly in component form FCE

A = 1
2 Fab ϑ

a ∧ ϑb with Fab ∈ Mat(N), this
becomes explicitly a matrix model

S(A) =
π

N
Tr

(
Fab Fab

)
, (3.50)

where

Fab = LaAb − LbAa + [Aa, Ab] − εab
c Ac (3.51)

and Fab := δacδbdFcd , which is precisely the form of the fuzzy Yang–Mills functional derived
in [2].
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3.3. Working with non-trivial fluxes

The two special classes of noncommutative field theories which we have considered thus far in
this section have the special feature that they each admit a natural noncommutative differential
calculus, which enabled a straightforward adaptation of techniques from ordinary nonabelian
gauge theories to reformulate them algebraically in the formalism of standard L∞-algebras,
even in the curved space example of the fuzzy sphere. As discussed in section 1, this will not
be the case in general for curved D-branes and for curved backgrounds. For a non-constant
Poisson bivector θ = 1

2 θ
μν ∂μ ∧ ∂ν , the deformation quantization of the worldvolume M is

described by the Kontsevich star-product [63] which up to second order in the deformation
parameter h̄ can be written in the form

f � g = f � g − h̄2

12
θμρ ∂ρθ

νλ
(
∂μ∂ν f ∂λg + ∂μ∂νg ∂λ f

)
+ O(h̄3) (3.52)

for fields f and g on M, where f � g is given by the standard Moyal–Weyl formula (1.1).
The usual de Rham differential d is evidently not a derivation of this star-product unless θ

is constant. This also implies that the naive definition (3.3) of noncommutative gauge trans-
formations no longer satisfies the gauge closure property (3.4). Moreover, in the case that the
pullback of the NS–NS three-form flux to the D-brane worldvolume is non-zero, the bivector
θ defines a twisted Poisson structure and the star-product (3.52) is no longer associative; in this
case the star-commutator [−,−]� fails to define a Lie bracket on Ω0(M).

In [29] a homotopy algebraic approach to constructing generic noncommutative gauge the-
ories was proposed and dubbed the ‘L∞-bootstrap’. According to this prescription, one starts
with the natural brackets

�1(λ) = dλ and �2(λ1,λ2) = −[λ1,λ2]� (3.53)

on the vector space V0 = Ω0(M) of gauge parameters, and attempts to construct the rest of
the L∞-algebra structure by consistently solving the homotopy Jacobi identities order by order
in the deformation parameter h̄. The approach of [66, 67], based on symplectic embeddings
of (almost) Poisson structures, improves this perspective because it can in principle com-
pute all orders expressions, which are sometimes asymptotic expansions of analytic functions
known in closed form. However, while these approaches suggest novel algebraic constructions
which go beyond earlier approaches, they suffer from a more serious problem: so far they have
only been developed in detail for the semi-classical limit of a full noncommutative gauge the-
ory, where the star-commutator is approximated by the underlying almost Poisson bracket. It is
not currently clear how these methods can be extended to construct complete noncommutative
gauge theories, beyond their semi-classical approximations.

In the remainder of this contribution we will explain an alternative homotopy algebraic
construction of noncommutative field theories, which does not handle generic (almost) Poisson
structures, but is suggestive of a more systematic and elegant approach to dealing with the gen-
eral problems discussed above. Rather than attempting to fit noncommutative gauge symmetry
into the standard structure of an L∞-algebra, we adapt the L∞-algebra itself by deforming it in
a way which is compatible with the underlying noncommutative algebra of differential forms.
This yields a new perspective on the implementation of general symmetries in noncommu-
tative field theories while producing new deformations of the standard gauge theories, and it
introduces a new type of homotopy algebraic structure which to our knowledge has not been
previously discussed in the mathematics literature.
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4. Braided gauge symmetry and braided L∞-algebras

In this section we come to the main topic of this paper. We shall introduce the notion of braided
gauge symmetry using Drinfel’d twist deformation techniques, comparing it to the more con-
ventional star-gauge symmetries that were discussed in section 3.1. After going back to our
simple prototypical example of Chern–Simons gauge theory from section 2.1 and describing
its braided noncommutative deformation, we introduce braided L∞-algebras as the organis-
ing algebraic principle behind noncommutative field theories with braided gauge symmetry.
Throughout we stress the novelties behind these ‘braided field theories’ as compared to the
standard noncommutative field theories, and we discuss a braided version of the BV formalism
which should serve as a useful tool for the quantization of these theories.

4.1. Closing noncommutative gauge transformations

In section 3.3 we pointed out issues involved in attempting to close an algebra of star-gauge
transformations (3.3) for generic (almost) Poisson structures. Let us discuss a somewhat dif-
ferent but equally well-known closure issue with these noncommutative gauge symmetries,
which will serve to motivate the constructions which follow later on in this section.

As in section 3.1, consider a noncommutative field theory defined with the Moyal–Weyl
star-product (1.1) for a constant Poisson bivector θ on flat space M = R1,d−1. Let g be a matrix
Lie algebra, and endow the exterior algebra Ω•(M, g) = Ω•(M) ⊗ g of g-valued forms with the
graded star-commutator

[α �, β]g :=α ∧� β − (−1)|α| |β| β ∧� α (4.1)

for homogeneous differential forms α, β ∈ Ω•(M, g), where here the star-products are com-
posed with the matrix multiplication in g. Again we define the star-gauge transformation of
a gauge field A ∈ Ω1(M, g) by a gauge parameter λ ∈ Ω0(M, g) as the naive deformation of a
classical gauge transformation:

δ�λA = dλ− [λ �, A]g. (4.2)

The problem now is that these star-gauge variations do not generally close on the Lie algebra
g: whereas the commutator of two gauge variations still closes onto the star-commutator as[
δ�λ1

, δ�λ2

]
◦
= δ�[λ1

�,λ2]g
, the star-commutator itself does not close:

[λ1
�, λ2]g = λ1 � λ2 − λ2 � λ1 /∈ Ω0(M, g). (4.3)

Moreover, the naive deformation of the field strength

F�
A = dA +

1
2

[A �, A]g = dA + A ∧� A /∈ Ω2(M, g) (4.4)

is no longer valued in g. In other words, the star-commutator (4.1) does not generally define
a Lie bracket on the exterior algebra Ω•(M, g). An easy calculation in a basis of g shows that
the exception is when g is a matrix Lie algebra which is also closed under the anticommutator
of matrices, such as g = gl(n) or g = u(n); if the gauge theory is coupled to matter fields then
those must further be restricted to the trivial, (anti-)fundamental or adjoint representations
of g. This is a well-known issue in noncommutative gauge theory, noted originally in [88]
and subsequently elucidated by [30, 37]. We note that exactly the same problem arises in the
fuzzy field theories from section 3.2: the extension of the graded matrix commutator (3.31) to
Mat(N) ⊗ g does not close in g unless g is also closed under anticommutators.
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Let us briefly discuss the two most common workarounds of the problem of defining
Moyal–Weyl star-gauge theories for generic Lie algebras g, each of which has its own draw-
backs. Firstly, one can notice that the star-gauge closure takes place not in the Lie algebra g but
rather in its universal enveloping algebra Ug, which is the free unital algebra over R generated
by g modulo the two-sided ideal generated by X Y − Y X − [X, Y]g for all X, Y ∈ g. This leads
to the notion of enveloping algebra-valued gauge symmetry [10, 61], generated by extended
gauge parameters λ ∈ Ω0(M, Ug) acting on extended gauge fields A ∈ Ω1(M, Ug). While this
extension is appealing because it makes sense for arbitrary (not necessarily matrix) Lie alge-
bras g, its drawback is that it introduces infinitely many new degrees of freedom for the gauge
fields A due to the infinite dimensionality of the algebra Ug. These new fields have no clear
meaning in the underlying gauge theory at h̄ = 0, and so these noncommutative gauge theories
do not possess good classical limits.

Alternatively, one can use the Seiberg–Witten map [83], which was originally found as
an equivalence of low-energy effective descriptions of open strings in a constant B-field back-
ground in terms of ordinary as well as noncommutative gauge theories. This identifies the non-
commutative and classical gauge orbits through a field redefinition which maps ordinary gauge

parameters and fields (λ, a) to noncommutative gauge parameters and fields
(

Â(a), Λ̂(λ, a)
)

defined by

Â(a + δλa) = Â(a) + δ�
Λ̂(λ,a)

Â(a). (4.5)

If the gauge theory is coupled to matter fields, then there is a further map from ordinary matter
fields φ to noncommutative matter fields Φ̂(φ, a). In this case no new degrees of freedom are
introduced, while the noncommutative variables are functions of the corresponding ordinary
variables and the background deformation. Interesting new interaction vertices appear which
enable the construction of noncommutative gauge theories [62]; this has been used extensively
over the years in phenomenological explorations of noncommutative field theories (see e.g.
[86] for a review).

The Seiberg–Witten map has a clear geometric interpretation which enables its extension to
arbitrary Poisson structures [58, 59] and even to twisted Poisson structures [15, 76]. It can also
be interpreted as an L∞-quasi-isomorphism of the underlying L∞-algebras [28]. However, the
drawback of this approach is that it does not produce the intrinsically noncommutativedifferen-
tial graded algebra underlying a noncommutative gauge theory, along the lines we anticipated
in section 1, but rather maps the problem into a non-local classical field theory.

In the following we review a more recent approach to the construction of noncommutative
gauge theories which circumvents these problems: these field theories are defined analyti-
cally in closed form for arbitrary gauge algebras g and matter field representations without
the introduction of spurious degrees of freedom, and they possess good classical limits to
the corresponding classical field theories. Their construction is based on a precise and sys-
tematic homotopy algebraic organising principle which avoids the sometimes cumbersome
ordering ambiguities in definitions of interaction vertices due to noncommutativity of fields
(e.g. Φ1 � A � Φ2 	= Φ1 � Φ2 � A): the entire noncommutative field theory is uniquely defined
by the structure of an underlying ‘braided L∞-algebra’ which is constructed as an unambiguous
and precise noncommutative deformation of the standard L∞-algebra underlying the classical
field theory.

4.1.1. Noncommutative diffeomorphisms. To help motivate how the braided algebraic struc-
ture appears, let us bring gravity into the present discussion and attempt to analyse its noncom-
mutative deformation through the methods just explained (recall the motivation from section 1).
The symmetries underlying general relativity are spacetime diffeomorphisms which are
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generated by vector fields in v :=Γ(TM), which is a Lie algebra with the usual Lie bracket
of vector fields which we denote by [−,−]v. In the Moyal–Weyl deformation, we define
the star-bracket [− �, −]v in the enveloping algebra Uv by regarding the vector space Γ(TM)
as a module over the noncommutative algebra of functions (C∞(M,R), �), with the holo-
nomic frame on M = R1,d−1 obeying f � ∂μ = f · ∂μ and ∂μ � f = ∂μ f for f ∈ C∞(M,R),
and ∂μ � ∂ν = ∂μ∂ν = ∂ν � ∂μ in Uv. As above, if ξ1, ξ2 ∈ v are vector fields, then an easy cal-
culation in components reveals that the star-bracket [ξ1

�, ξ2]v ∈ Uv is no longer a vector field
in general. However, no analogue of the Seiberg–Witten map is generally known for deformed
diffeomorphisms, which are instead most naturally defined through Drinfel’d twist techniques
[16, 19]. We now proceed to review these techniques, and then demonstrate how they can be
fruitfully applied to internal gauge symmetries as well.

4.2. Drinfel’d twist deformation theory

We shall now briefly review the basics of the Drinfel’d twist deformation formalism, which
is a method to consistenly deform symmetries (described by a Hopf algebra). Here we only
recall the salient aspects that we will use explicitly in the following; see [24, 74] for a more
detailed and complete account. A lot of what we say in the remainder of this section can
be applied in a much more general context, and in particular to incorporate the fuzzy field
theories discussed in section 3.2 (see [77]). For the examples we treat in the present paper,
however, we will always start from a continuum field theory on a manifold M and suitably
deform it analogously to the Moyal–Weyl type noncommutative field theories. Hence we start
from the Lie algebra of vector fields v :=Γ(TM), which generate infinitesimal diffeomorphisms
of M, and later on specialize to suitable subalgebras appropriate to the spacetime symmetries
of a given field theory example at hand.

The universal enveloping algebra Uv of the Lie algebra v is naturally a cocommutative Hopf
algebra with coproduct Δ : Uv→ Uv⊗ Uv defined on generators by

Δ(ξ) = ξ ⊗ 1 + 1 ⊗ ξ and Δ(1) = 1 ⊗ 1, (4.6)

for all ξ ∈ v. The map Δ is extended as an algebra homomorphism to all of Uv (analogously
to (2.18)). Cocommutativity is the property τ ◦Δ = Δ, where τ is the transposition which
interchanges the factors in a tensor product of vector spaces; this is equivalent to saying that Uv

has a triangular structure with trivial R-matrix 1 ⊗ 1. The Hopf algebra structure is completed
by defining a counit and antipode whose explicit forms will not be needed in this paper. These
structure maps together satisfy a compatibility condition with the product and the unit 1 of Uv

as a unital algebra [24, 74].
There is a symmetric monoidal category UvM whose objects are left Uv-modules and

whose morphisms are equivariant maps (see e.g. [20]), that is, linear maps which com-
mute with the action of v = Γ(TM) via the trivial coproduct Δ. Since Uv is a cocommu-
tative Hopf algebra, the braiding isomorphism of UvM is just the trivial transposition τ .
A Uv-module algebra is an algebra in the category UvM . By this we mean an associative
algebra (A,μ) with a left Uv-action � : Uv⊗A→A which is compatible with the algebra
multiplication via the coproduct Δ, that is

X � μ(a ⊗ b) = μ (Δ(X) � (a ⊗ b)) (4.7)

for all X ∈ Uv and a, b ∈ A, where μ : A⊗A→A is the product on A. In the following we
will drop the symbol � to simplify the notation, and usually omit the adjective ‘left’ with the
understanding that only left modules are considered in this paper.
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Example 4.8. In our concrete applications to field theory later on, (A,μ) will be, for
instance, the space of functions A = C∞(M,R) on the manifold M with μ = · the pointwise
product, the space of differential forms A = Ω•(M) with μ = ∧ the exterior product, or more
generally the space of tensor fields with the tensor product. These are all modules over the
Lie algebra of vector fields v, where the (left) action of ξ ∈ v on a ∈ A is given by the Lie
derivative Lξ along ξ:

ξ(a) :=Lξa. (4.9)

This makes (A,μ) into a Uv-module algebra, by virtue of the Leibniz rule for the Lie derivative:

ξ (μ(a ⊗ b)) = Lξ ◦ μ(a ⊗ b) = μ(Lξa ⊗ b) + μ(a ⊗ Lξb) = μ ◦Δ(ξ)(a ⊗ b).

(4.10)

This is of course just the basis of diffeomorphism symmetry: the algebras (A,μ) are covariant
under the action of the universal enveloping algebra of infinitesimal diffeomorphisms Uv.

If V is a real vector space, we denote by V[[h̄]] the vector space of formal power series
in a deformation parameter h̄ with coefficients in the complexification VC = V ⊗ C;24 it is
naturally a module over C[[h̄]]. If V and W are real vector spaces, then V[[h̄]] ⊗ W[[h̄]] �
(V ⊗ W)[[h̄]].25 With these conventions, we denote by Uv[[h̄]] the formal power series exten-
sion of the cocommutative Hopf algebra Uv, with operations extended linearly over C and
applied term by term to the coefficients of series.

Definition 4.11. A Drinfel’d twist on a manifold M is an invertible element F ∈ Uv[[h̄]] ⊗
Uv[[h̄]] satisfying the cocycle condition

F12 (Δ⊗ 𝟙)F = F23 (𝟙⊗Δ)F , (4.12)

where F12 = F ⊗ 1 and F23 = 1 ⊗F , together with the normalization condition F = 1 ⊗
1 + O(h̄).

We write the power series expansion of the twist as F =: fk ⊗ fk ∈ Uv[[h̄]] ⊗ Uv[[h̄]], with
the sum over k understood, and likewise for the inverse twist F−1 =: f̄k ⊗ f̄k ∈ Uv[[h̄]] ⊗
Uv[[h̄]] which satisfies a condition similar to (4.12) that can be expressed as

f̄k ⊗Δ(̄fk) (̄fl ⊗ f̄l) = Δ(̄fk) (̄fl ⊗ f̄l) ⊗ f̄k. (4.13)

The normalization condition ensures that the twist deformations induced by F below have
good classical limits at h̄ = 0.

A Drinfel’d twistF defines a new Hopf algebra structure on the universal enveloping algebra
Uv[[h̄]], which we denote by UFv. As algebras UFv = Uv[[h̄]], while the new coproduct ΔF
is given by

ΔF (X) :=F Δ(X)F−1, (4.14)

24 We should more accurately write VC[[h̄]], but we drop the subscript C to simplify the notation, as no confusion
should arise.
25 To keep the notation simple, we do not distinguish between the appropriate topological tensor product needed for
formal power series extensions and the usual tensor product of vector spaces over C.
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for all X ∈ Uv[[h̄]]. This new Hopf algebra is not cocommutative in general, but the cocom-
mutativity is controlled up to a braiding given by the invertible universal R-matrix R ∈
Uv[[h̄]] ⊗ Uv[[h̄]] induced by the twist as

R = F21 F−1 =: Rk ⊗ Rk, (4.15)

where F21 = τ (F ) = fk ⊗ fk is the twist with its legs swapped. Explicitly

τ ◦ΔF (X) = RΔF (X)R−1. (4.16)

It is easy to see that the R-matrix is triangular, that is

R21 = R−1 = Rk ⊗ Rk, (4.17)

and moreover that

(ΔF ⊗ 𝟙)R = R13 R23 and (𝟙⊗ΔF )R = R13 R12, (4.18)

where R13 = Rk ⊗ 1 ⊗ Rk, or equivalently

ΔF (Rk) ⊗ Rk = Rl ⊗ Rk ⊗ Rl Rk and Rk ⊗ΔF (Rk) = Rl Rk ⊗ Rk ⊗ Rl.

(4.19)

These identities tell us that passing an element ‘at once’ over a pair of elements in a triple
tensor product Uv[[h̄]] ⊗ Uv[[h̄]] ⊗ Uv[[h̄]] is the same as passing successively over ‘each
one’ individually.

Drinfel’d twist deformation quantization consists in twisting the enveloping Hopf alge-
bra Uv to a non-cocommutative Hopf algebra UFv, while simultaneously twisting all of its
modules [17]. A Drinfel’d twist F defines a symmetric monoidal category UFvM of left UFv-
modules and equivariant maps, that is, linear maps which commute with the action of Γ(TM)
via the twisted coproduct ΔF . The category UFvM is functorially equivalent to UvM [20].
The braiding isomorphism τR of UFvM is now non-trivial and given by composing the trans-
position τ with the action of the inverse R−1 of the universal R-matrix. Since R is triangular,
R21 = R−1, the braiding is symmetric, i.e. the braiding isomorphism τR squares to the identity
morphism.

If (A,μ) is a (left) Uv-module algebra, then we can deform the product μ on A by
precomposing it with the inverse of the twist F to get a new product

μ�(a ⊗ b) = μ ◦ F−1(a ⊗ b) = μ
(̄
fk(a) ⊗ f̄k(b)

)
, (4.20)

for a, b ∈ A, where on the right-hand side we extend μ (linearly over C) to A[[h̄]] ⊗A[[h̄]] �
(A⊗A)[[h̄]] by applying it term by term to the coefficients of a formal power series. The
cocycle condition (4.12) on F guarantees that this produces an associative star-product μ� on
A[[h̄]], and it generally defines a noncommutative UFv-module algebra (A[[h̄]],μ�), that is,
an algebra in the category of UFv-modules, because it carries a representation of the twisted
Hopf algebra UFv:

X (μ�(a ⊗ b)) = X
(
μ ◦ F−1(a ⊗ b)

)
= μ ◦Δ(X)

(
F−1(a ⊗ b)

)
= μ ◦ F−1 (ΔF (X)(a ⊗ b)) = μ� (ΔF (X)(a ⊗ b)) ,

(4.21)

for all X ∈ Uv and a, b ∈ A.
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If the algebra (A,μ) is commutative, i.e. μ ◦ τ = μ, then (A[[h̄]],μ�) is braided commu-
tative, i.e. μ� ◦ τR = μ�. The noncommutativity in this case is controlled by the triangular
R-matrix as

μ�(a ⊗ b) = μ�

(
Rk(b) ⊗ Rk(a)

)
, (4.22)

which is easily seen by recalling that R = F21 F−1.
Let us now illustrate the formalism above by giving some concrete examples of Drinfel’d

twists which commonly appear in noncommutative field theory.

Example 4.23. The Moyal–Weyl twist on M = R
1,d−1 is given by

F = exp

(
− i h̄

2
θμν ∂μ ⊗ ∂ν

)

= 1 ⊗ 1 +

∞∑
n=1

(
− i h̄

2

)n 1
n!

θμ1ν1 . . . θμnνn ∂μ1 . . . ∂μn ⊗ ∂ν1 . . . ∂νn =: fk ⊗ fk,

(4.24)

where (θμν) is a constant d × d antisymmetric real-valued matrix. This twist is built on the
enveloping Hopf algebra UR1,d−1 ⊂ UΓ(TR1,d−1) of the abelian Lie algebra of infinitesimal
spacetime translations. In this case F21 = F−1 so that the universal R-matrix is given by

R = F−2 = exp
(

i h̄ θμν ∂μ ⊗ ∂ν
)
=: Rk ⊗ Rk. (4.25)

The twist deformation
(
C∞(R1,d−1)[[h̄]],μ�

)
of the algebra of functions on R1,d−1

gives precisely the Moyal–Weyl star-product (1.1). More generally, the twist deforma-
tion

(
Ω•(R1,d−1)[[h̄]],∧�

)
of the exterior algebra of differential forms on R1,d−1 gives the

noncommutative differential calculus discussed in section 3.1; for the holonomic coframe
L∂ν dxμ = 0, so that indeed dxμ ∧� dxν = dxμ ∧ dxν and λ � dxμ = dxμ � λ = λ · dxμ for
λ ∈ Ω0(R1,d−1).26 Similarly, for the holonomic frame L∂μ∂ν = [∂μ, ∂ν]v = 0, so that indeed
λ � ∂μ = λ · ∂μ.

The Moyal–Weyl twist (4.24) has a natural extension from R1,d−1 to any manifold M with
a non-constant Poisson bivector θ whose components in a local holonomic frame satisfy

θμρ ∂ρθ
νλ = 0, (4.26)

see (3.52). An important class of examples arises in the noncommutative gauge theories on
D-branes in non-geometric T-duals to string theory compactifications with duality twists, see
e.g. [12, 57].

Example 4.27. The angular twist on M = R1,d−1 is given by [46]

F = exp

(
− i h̄

2
(∂0 ⊗ Mθ − Mθ ⊗ ∂0)

)

= 1 ⊗ 1 +

∞∑
n=1

(
− i h̄

2

)n n∑
l=0

(−1)l

l! (n − l)!
(∂0)n−l (Mθ)l ⊗ (∂0)l (Mθ)n−l =: fk ⊗ fk,

(4.28)

26 For these and other considerations in this paper, the Cartan formula Lξ = d ◦ ıξ + ıξ ◦ d for the action of the Lie
derivative on forms is very useful, where ıξ is the interior multiplication with the vector field ξ ∈ v.

37



J. Phys. A: Math. Theor. 55 (2022) 353001 Topical Review

where

Mθ := θi j Mi j with Mi j = xi ∂ j − x j ∂i (4.29)

for a constant (d − 1) × (d − 1) antisymmetric real matrix (θi j) and i, j = 1, . . . , d − 1. Here
we denote coordinates on R1,d−1 by (xμ) =

(
x0, (xi)

)
= (x0, x1, . . . , xd−1) with x0 the time

coordinate. This twist is built on the enveloping Hopf subalgebra of UΓ(TR1,d−1) generated
by the direct product Lie algebra R× so(d − 1) of infinitesimal time translations and spatial
rotations. The corresponding triangular R-matrix is again given by R = F−2.

For the corresponding twist deformation
(
Ω•(R1,d−1)[[h̄]],∧�

)
of the exterior algebra, the

holonomic coframe again has undeformed exterior products dxμ ∧� dxν = dxμ ∧ dxν . To
describe the deformation of the C∞(R1,d−1)-bimodule structure it is convenient to perform a
spatial rotation of the coordinates which brings the matrix (θi j) into its Jordan canonical form
with non-zero skew-eigenvalues θa for a = 1, . . . , r, where 2r is the rank of (θi j). Then

dx2a−1 � λ = cos(i h̄ θa ∂0)λ � dx2a−1 + sin(i h̄ θa ∂0)λ � dx2a ,

dx2a � λ = − sin(i h̄ θa ∂0)λ � dx2a−1 + cos(i h̄ θa ∂0)λ � dx2a,
(4.30)

for a = 1, . . . , r and λ ∈ Ω0(R1,d−1), whereas dx0 � λ = λ � dx0 and dxi � λ = λ � dxi for i =
2r + 1, . . . , d − 1.

Example 4.31. Both the Moyal–Weyl twist of example 4.23 and the angular twist of
example 4.27 are special instances of a more general class of twists called abelian twists [16].
These can be defined on any manifold M and are given by

F = exp

(
− i h̄

2
θab Xa ⊗ Xb

)

= 1 ⊗ 1 +

∞∑
n=1

(
− i h̄

2

)n 1
n!

θa1b1 . . . θanbn Xa1 . . .Xan ⊗ Xb1 . . .Xbn =: fk ⊗ fk,

(4.32)

where (θab) is a constant antisymmetric real-valued matrix and {Xa} ⊂ Γ(TM) is a set of mutu-
ally commuting vector fields, [Xa, Xb]v = 0. These twists are built from an abelian subalgebra
of the Lie algebra v of vector fields on M. For such twists the universal R-matrix is always
given as R = F−2. They are a common choice in noncommutative geometry and field theory
because they share many of the special simplifying properties enjoyed by the Moyal–Weyl
twist. In particular, in an open neighbourhood of every point of M outside a set of measure
zero, an abelian twist is equivalent to a Moyal–Weyl twist via a suitable change of local frame
[11]. This is useful for practical considerations, as it means that the legs of the twistF commute
with the local basis vector fields in almost every open set.

Example 4.33. Twists need not only be associated to commuting vector fields. As an
example of a Drinfel’d twist which is not an abelian twist, consider the Jordanian twist on
M = R1,d−1 given by [13]

F = exp (−D ⊗ log(1 − i h̄ ∂0)) = 1 ⊗ 1 +

∞∑
n=1

(i h̄)n

n!
Dn ⊗ (∂0)n =: fk ⊗ fk,

(4.34)
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where

D := xμ ∂μ, (4.35)

and the lower factorial Xn ∈ Uv of a vector field X ∈ v for n � 1 is defined by

Xn = X (X − 1) . . . (X − (n − 1)) . (4.36)

This is built on the enveloping Hopf algebra of the semi-direct product Lie algebra R � R of
infinitesimal dilatations and time translations. The corresponding universal R-matrix is given
by

R = F21 F−1 = exp (− log(1 − i h̄ ∂0) ⊗ D) exp (D ⊗ log(1 − i h̄ ∂0))

= 1 ⊗ 1 +

∞∑
n=1

(−i h̄)n
n∑

l=0

(−1)l

l! (n − l)!
(∂0)n−l Dl ⊗ (∂0)l Dn−l =: Rk ⊗ Rk.

(4.37)

The holonomic coframe dxμ of the deformed exterior algebra
(
Ω•(R1,d−1)[[h̄]],∧�

)
once

again has trivial star-exterior products dxμ ∧� dxν = dxμ ∧ dxν . The C∞(R1,d−1)-bimodule
structure is non-trivial and given by

λ � dxμ = dxμ � (1 − i h̄ ∂0)−1λ, (4.38)

for all λ ∈ Ω0(R1,d−1).
These twists appear in κ-deformed field theories on Minkowski spacetimes which are

covariant under the action of a κ-Poincaré quantum group [13]. Jordanian twists can be
more generally associated to the Borel subalgebra of any Lie algebra g ⊂ v = Γ(TM) [16].
By further combining these with the abelian twists of example 4.31, we obtain more gen-
eral Drinfel’d twists which provide realizations of the extended Jordanian twists of [64]. Such
twists arise in the holographic dual gauge theories to backgrounds obtained via Yang–Baxter
deformations of string theory in A𝕕S5 × S5 [89].

4.3. Braided gauge symmetry and noncommutative kinematics

Let us now spell out the kinematical ingredients of braided noncommutative gauge symme-
try, incorporating dynamics later on. Let F ∈ Uv[[h̄]] ⊗ Uv[[h̄]] be any Drinfel’d twist on
a manifold M, and let g be any Lie algebra. As in section 2.1, let Ω•(M, g) = Ω•(M) ⊗ g

be the exterior algebra of g-valued differential forms on M with graded Lie bracket [−,−]g
given by the tensor product of exterior multiplication with the Lie bracket of g. The graded
Lie algebra

(
Ω•(M, g), [−,−]g

)
is naturally a Uv-module with Uv acting trivially on g and

via the Lie derivative on Ω•(M) (see example 4.8), that is, it is a graded Lie algebra in the
category UvM .

Drinfel’d twist deformation then produces a UFv-module
(
Ω•(M, g)[[h̄]], [−,−]�g

)
with the

star-bracket

[α, β]�g := [−,−]g ◦ F−1(α⊗ β) = [̄fk(α), f̄k(β)]g. (4.39)

This bracket makes Ω•(M, g)[[h̄]] into a braided (or quantum) graded Lie algebra in the sense
of [73, 91], that is, a graded Lie algebra in the category UFvM [21]. It is braided graded
antisymmetric:
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[α1,α2]�g = −(−1)|α1| |α2| [Rk(α2), Rk(α1)]�g, (4.40)

and satisfies the braided graded Jacobi identity:

[α1, [α2,α3]�g]�g = [[α1,α2]�g,α3]�g + (−1)|α1| |α2|
[
Rk(α2),

[
Rk(α1),α3

]�
g

]�
g
,

(4.41)

for all homogeneous α1,α2,α3 ∈ Ω•(M, g). This braided graded Lie algebra has a natural
braided Lie subalgebra

(
Ω0(M, g)[[h̄]], [−,−]�g

)
which will play an important role below.

It is important to note that this definition makes sense for any Lie algebra g. In the special
instance that g is a matrix Lie algebra, the braided commutator does not coincide with the
graded star-commutator (4.1):

[α, β]�g = α ∧� β − (−1)|α| |β| Rk(β) ∧� Rk(α) 	= [α �, β]g, (4.42)

where we used F−1
21 = F−1 R−1 = F−1 R21. In particular, if g is an abelian Lie algebra, then

the braided commutator (4.42) always vanishes on Ω0(M, g)[[h̄]], while the star-commutator
(4.1) does not.

Recall that the de Rham differential d : Ω•(M) → Ω•(M) makes
(
Ω•(M, g), [−,−]g

)
into a

differential graded Lie algebra, as a consequence of the Leibniz rule on the underlying exterior
algebra. By the Cartan structure equations, d ◦ Lξ = Lξ ◦ d for all ξ ∈ v, so the exterior deriva-
tive commutes with the Lie derivatives that enter into the definition of the star-exterior product
via the inverse twist F−1. It follows that the standard undeformed de Rham differential is also
an ordinary graded derivation of the underlying star-exterior algebra

(
Ω•(M)[[h̄]], ∧�

)
:

d(α∧� β) = dα ∧� β + (−1)|α| α ∧� dβ. (4.43)

This makes
(
Ω•(M, g)[[h̄]], [−,−]�g, d

)
into a differential graded braided Lie algebra, and pro-

vides a natural noncommutative differential calculus for the construction of field theories on
M.

We are now ready to define notions of braided gauge fields and matter fields. The idea is
to deform representations of the Lie algebra g in which fields transform to braided representa-
tions of g, of which there are two types, regarded as acting from the ‘left’ and from the ‘right’.
The left and right braided gauge transformations of a gauge field A ∈ Ω1(M, g) by a gauge
parameter λ ∈ Ω0(M, g) are given respectively by twisting the action of a classical gauge
variation δλ as

LδRλ A := δ̄fk(λ) f̄k(A) = dλ− [λ, A]�g ,

RδRλ A := LδRRk (λ)R
k(A) = δ̄fk (λ) f̄

k(A) = dλ+ [A,λ]�g,
(4.44)

where in the second line we again used F−1 R21 = F−1
21 . Since [A,λ]�g = −[Rk(λ), Rk(A)]�g,

these are different transformations. In contrast, star-gauge transformations do not see this
left/right distinction, as [A�,λ]g = −[λ�,A]g.

Similarly, if φ ∈ Ωp(M, W) is a p-form matter field in a linear representation W of g, then
its left and right gauge transformations are defined respectively by

LδRλ φ = −λ � φ and RδRλ φ = −Rk(λ) � Rk(φ), (4.45)

where here λ � φ := f̄k(λ) · f̄k(φ) is given by the tensor product of multiplication of forms by
functions and the g-action on W , and Rk(λ) � Rk(φ) = f̄k(λ) · f̄k(φ). As left and right braided
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gauge symmetries behave in a completely analogous way [45], we will consider only left vari-
ations from now on and drop the superscript L from the notation for simplicity; we will usually
also omit the adjective ‘left’.

By setting δRλ |Ω0(M,g) = 0 and V :=Ω•(M, g)[[h̄]] ⊕ Ω•(M, W)[[h̄]], a braided gauge trans-
formation is extended to a map δRλ : V → V of bidegree (0, 0) by commuting with arbitrary
maps V → V and as a braided derivation of operations μ� defined on V ⊗ V in the category

UFvM , that is, it obeys the braided Leibniz rule

δRλ μ�(υ1 ⊗ υ2) = μ�

(
δRλ υ1 ⊗ υ2

)
+ μ�

(
Rk(υ1) ⊗ δR

Rk(λ)
υ2

)
(4.46)

for all υ1, υ2 ∈ V . Generally, only braided (not ordinary) derivations are compatible with
braided symmetry properties of such maps μ� [45]. This rule also defines the tensor products
of braided representations. They furthermore close under the braided commutator

[
δRλ1

, δRλ2

]�
◦ := δRλ1

◦ δRλ2
− δRRk(λ2) ◦ δRRk(λ1)

= δR[λ1,λ2]�g
. (4.47)

The braided commutator generally makes the braided derivations of a UFv-module algebra
into a braided Lie algebra [21]. That (4.44) and (4.45) give the representation (4.47) of the
braided Lie algebra

(
Ω0(M, g)[[h̄]], [−,−]�g

)
on V is proven in [45].

Braided noncommutative kinematics is now defined by the braided left and right covariant
derivatives

dA
�Lφ := dφ+ A ∧� φ and dA

�Rφ := dφ+ Rk(A) ∧� Rk(φ) (4.48)

in Ωp+1(M, W)[[h̄]], where A ∧� φ = f̄k(A) ∧ f̄k(φ) is given by the tensor product of
exterior multiplication of forms with the action of g on the representation W , and
Rk(A) ∧� Rk(φ) = f̄k(A) ∧ f̄k(φ). They are both braided covariant:

δRλ
(
dA
�Lφ

)
= −λ �

(
dA
�Lφ

)
and δRλ

(
dA
�Rφ

)
= −λ �

(
dA
�Rφ

)
, (4.49)

as proven in [45].
Similarly, one defines the braided curvature

FR
A := dA +

1
2

[A, A]�g ∈ Ω2(M, g)[[h̄]], (4.50)

where now there is no left/right distinction due to braided symmetry of the bracket [−,−]�g on
one-forms, i.e. [A, A]�g = [Rk(A), Rk(A)]�g. The braided curvature is also braided covariant:

δRλ FR
A = −[λ, FR

A ]�g. (4.51)

Note that for a matrix Lie algebra g, one can write

FR
A = dA +

1
2

(
A ∧� A + Rk(A) ∧� Rk(A)

)
	= F�

A, (4.52)

which differs from the usual field strength (4.4) in conventional noncommutative gauge
theories (see e.g. (3.5) and (3.34)).
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4.3.1. Braided diffeomorphisms. The discussion above carries through verbatum to space-
time symmetries of field theories, such as the diffeomorphism symmetry of gravity, which
is in fact where the formalism was originally developed (see e.g. [14, 16, 17]) and which
inspired the present treatment of gauge symmetries. This is generated infinitesimally by vector
fields ξ ∈ v = Γ(TM) acting via the Lie derivative Lξ on generic tensor fields T: δξT = LξT
(see example 4.8). The Cartan structure equations tell us that this gives a representation of the
Lie algebra (v, [−,−]v) of vector fields on tensor fields: [Lξ1 , Lξ2 ]◦ = L[ξ1,ξ2]v .

This is obviously a Uv-module, and following the twisting procedure above we define
braided diffeomorphisms δRξ T = L�

ξ T through the braided Lie derivative L�
ξ given by

L�
ξ T := L̄fk(ξ) f̄k(T). (4.53)

The braided Lie derivative is a braided derivation of the star-tensor product ⊗� = ⊗ ◦ F−1

which closes the braided Lie algebra
(
v[[h̄]], [−,−]�v

)
:[

L�
ξ1

, L�
ξ2

]�
◦ = L�

[ξ1,ξ2]�v
. (4.54)

Note that the braided Lie bracket of vector fields may be represented as

[ξ1, ξ2]�v = ξ1 � ξ2 − Rk(ξ2) � Rk(ξ1) 	= [ξ1
�, ξ2]v (4.55)

in the twist deformation of the universal enveloping algebra Uv, which by construction is again
a vector field in v[[h̄]], in contrast to the star-bracket [ξ1

�, ξ2]v.
It is worth stressing once more that these braided diffeomorphisms are not the same

as the ‘twisted diffeomorphisms’ of [19]. Twisted diffeomorphisms act through the twisted
enveloping Hopf algebra UFv, whose underlying algebra is the same as that of the classical
Hopf algebra Uv. In particular, an infinitesimal twisted diffeomorphism of a single field simply
follows the classical rule with the usual Lie derivative Lξ so that they also close on the classi-
cal Lie algebra (v, [−,−]v) of diffeomorphisms, while on star-products of fields they follow a
deformed Leibniz rule defined by the twisted coproduct ΔF (Lξ) from (4.14).

4.4. Example: braided Chern–Simons theory

As a simple illustration of a field theory with braided gauge symmetry where we can explore
some of the novelties that arise, let us go back to the beginning of our story with the simplest
prototypical example, namely the Chern–Simons gauge theory from section 2.1, and consider
its braided noncommutative deformation. We define the braided noncommutative version of
the Chern–Simons functional (2.2) in the obvious way as

S�(A) =
∫

M
Trg

(
1
2

A ∧� dA +
1
3!

A ∧� [A, A]�g

)
, (4.56)

for a gauge field A ∈ Ω1(M, g).
In order to be able to use this in a standard variational principle, we need a technical restric-

tion on the Drinfel’d twist F : we require that the usual integral over M is graded cyclic with
respect to the deformed exterior product ∧�, that is,∫

M
α ∧� β = (−1)|α| |β|

∫
M
β ∧� α, (4.57)

for all homogeneous forms α, β ∈ Ω•(M)[[h̄]] in complementary degrees. For example, this
holds for abelian twists (see example 4.31), whereby R−1 = F2 and (4.57) follows from
integration by parts with respective to the Lie derivative.
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Using this graded cyclicity repeatedly, along with invariance of the quadratic form Trg on g

and the R-matrix identities (4.19) as well as the braided Leibniz rule (4.46), one checks explic-
itly that the action functional (4.56) is invariant under the (left) braided gauge transformations

δRλ A = dλ− [λ, A]�g, (4.58)

for an arbitrary gauge parameter λ ∈ Ω0(M, g), that is, δRλ S�(A) = 0. This holds for arbitrary
quadratic Lie algebras g without the introduction of extra degrees of freedom for the gauge
fields A. On the other hand, by the ordinary Leibniz rule its variation is given by

δS�(A) =
∫

M
Trg

(
δA ∧� dA +

1
2
δA ∧� [A, A]�g

)
(4.59)

for arbitrary variations δA ∈ Ω1(M, g) of the gauge fields, as in the classical case. This leads
to the equations of motion

F�
A = FR

A = 0 (4.60)

describing a flat braided g-connection, which are braided covariant by virtue of (4.51):

δRλ F�
A = −[λ,F�

A]�g. (4.61)

So far everything we have said is just the obvious braided deformation of what was said
in the classical case from section 2.1, as in the conventional noncommutative field theories of
section 3. At this point, however, the braided field theory deviates from the naive expectations.
Despite the covariance of the field equations, braided gauge symmetries do not produce new
solutions: an infinitesimal gauge variation produces the field equation

F�
A+δR

λ
A
= d(A + δRλ A) +

1
2

[A, A]�g +
1
2

(
[δRλ A, A]�g + [A, δRλ A]�g

)
+ O(λ2),

(4.62)

and due to the braided Leibniz rule (4.46) this cannot be combined to the form F�
A + δRλ F�

A +
O(λ2). That is,

δRλ F�
A 	= F�

A+δR
λ

A − F�
A + O(λ2), (4.63)

and hence a braided gauge transformation of a solution A to F�
A = 0 may produce a field

configuration with F�
A+δR

λ
A
	= 0. In other words, there is generally no moduli space of flat

g-connections modulo braided gauge transformations in this sense, and the space of phys-
ical states cannot be described as in the commutative case27. We will say more about this
unusual yet consistent feature of the ‘braided moduli space’ from a more technical standpoint
in section 4.9.

How then should we interpret, or even justify, the meaning of the term ‘braided gauge
symmetry’? The key point is our alternative interpretation of gauge symmetries via Noether’s
second theorem, which for the standard Chern–Simons theories from sections 2.1 and 3.1 coin-
cides with the Bianchi identity for the curvature two-form. The latter is known to be generally

27 The trivial (and uninteresting) exception is of course when g is an abelian Lie algebra and the resulting
Chern–Simons theory is a non-interacting field theory, whose classical and braided versions are the same.
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violated in braided noncommutative differential geometry (see e.g. [9, 14, 22]): the braided
version of the Bianchi identity is readily calculated by taking the exterior derivative of the
expression (4.50) and rewriting it in terms of FR

A to get the differential identity

dFR
A − 1

2
[FR

A , A]�g +
1
2

[A, FR
A ]�g +

1
4

(
[[A, A]�g, A]�g − [A, [A, A]�g]�g

)
= 0.

(4.64)

The last term vanishes in the classical case with trivial R-matrix R = 1 ⊗ 1 by symmetry of
the Lie bracket [−,−]g on one-forms Ω1(M, g), but it is non-vanishing in general. We can
rewrite the modified Bianchi identity in terms of the left and right covariant derivatives (4.48)
as

1
2

(
dA
�LF

�
A + dA

�RF
�
A

)
= −1

4
[Rk(A), [Rk(A), A]�g]�g, (4.65)

where we used the braided (odd) Jacobi identity (4.41) on one-forms with α1 = α2 = α3 = A.
Again this identity holds off-shell, but it differs from its classical form by inhomogeneous
terms involving the gauge field A itself.

In analogy to the classical case, it is natural to interpret this as the ‘braided Noether identity’
that should follow via braided gauge invariance of the action functional. This is indeed the case,
but one can no longer use the formula (4.59) as in the classical case, because braided gauge
transformation obey a braided Leibniz rule and so are no longer special directions of a general
field variation, which obeys the standard Leibniz rule; that is,

δRλ S�(A) 	=
∫

M
Trg

(
δRλ A ∧� F

�
A

)
. (4.66)

Nonetheless, the braided Noether identity (4.65) follows from δRλ S�(A) = 0 by using cyclicity
and integration by parts, along with ad(g)-invariance of the inner product Trg and the braided
Jacobi identity, to isolate the gauge parameter λ while making the Euler–Lagrange derivative
F�

A appear; that is,

δRλ S�(A) = −
∫

M
Trg

(
λ ∧�

(
1
2

(
dA
�LF

�
A + dA

�RF
�
A

)
+

1
4

[Rk(A), [Rk(A), A]�g]�g

))
.

(4.67)

This provides a braided version of Noether’s second theorem: braided gauge symmetries
still induce interdependence among the equations of motion, and hence gauge redundancies.
This justifies the interpretation of local braided symmetries as ‘gauge’. Note that there is
only one braided Noether identity, corresponding to the fact that left and right braided gauge
transformations are not independent (see (4.44)).

We now notice that, analogously to section 2.1, the formulation of braided Chern–Simons
gauge theory can be written entirely in terms of the ‘bracket’ operations

��1 = d and ��2 = −[−,−]�g (4.68)

which define a differential graded braided Lie algebra structure on the graded vector space
V :=Ω•(M, g)[[h̄]], as well as the (strictly) cyclic inner product

〈α, β〉� := 〈−,−〉 ◦ F−1(α⊗ β) =
∫

M
Trg(α∧� β) (4.69)
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on V , where strict cyclicity follows using the classical properties together with the graded
commutativity (4.57) and the R-matrix identities (4.19). That is, the braided gauge transfor-
mations of the fields, the equations of motion and the gauge redundancy via the braided Noether
identities are encoded respectively by

δRλ A = ��1(λ) + ��2(λ, A), F�
A = ��1(A) − 1

2
��2(A, A) ,

d�
AF

�
A := ��1(F�

A) +
1
2

(
��2(F�

A, A) − ��2(A,F�
A)
)
+

1
4
��2
(
Rk(A), ��2(Rk(A), A)

)
= 0,

(4.70)

with gauge closure and braided covariance represented by[
δRλ1

, δRλ2

]�
◦A = δR−��2(λ1,λ2)A and δRλ F�

A = ��2(λ,F�
A). (4.71)

The braided Chern–Simons functional is encoded as

S�(A) =
1
2
〈A, ��1(A)〉� −

1
3!

〈A, ��2(A, A)〉�, (4.72)

from which the equations of motion F�
A = 0 are derived by varying and using cyclicity of the

inner product.
The structure maps in this formulation of the braided gauge theory are all evidently simply

twist deformations, via the procedure of section 4.2, of those from section 2.1. This motivates
an extension of the notion of an L∞-algebra to the braided setting, and the construction of more
general noncommutative field theories with braided gauge symmetry by twisting the formalism
from section 2.4. This extension will occupy the remainder of this section.

4.5. Braided L∞-algebras

In this section we shall work with L∞-algebras as presented in section 2 in terms of brackets
and relations, and define a braided generalization in these terms, deferring a discussion of
their incarnations as braided versions of coalgebras and Chevalley–Eilenberg algebras until
section 4.8. The key observation is that the definition of a classical L∞-algebra takes place
in the category of vector spaces and linear maps, which is a symmetric monoidal category
with braiding given by the trivial transposition isomorphism τ . This definition can be made
in any symmetric monoidal category with a non-trivial braiding, just like the definition of
a Lie algebra. In this paper we will only need the definition in the category UFvM of left
UFv-modules, and we restrict to this setting for definiteness.

Definition 4.73. A braided L∞-algebra is a Z-graded UFv-module28 V =
⊕

k∈Z Vk with a
collection �n : V⊗n → V , n � 1 of equivariant graded braided antisymmetric multilinear maps
of degree 2 − n that satisfy the braided homotopy Jacobi identities

n∑
i=1

(−1)i (n−i) �n−i+1 ◦
(
�i ⊗ 𝟙⊗n−i) ◦

∑
σ∈Sh(i;n−i)

sgn(σ) τσR = 0 (4.74)

for each n � 1, where τσR : V⊗n → V⊗n denotes the action of the permutationσ via the symmet-
ric braiding τR of the category UFvM times the Koszul sign multiplication which interchanges
factors in a tensor product of graded UFv-modules.

28 We regard UFv itself as a Z-graded UFv-module sitting in degree 0.
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Let us unravel this definition in a bit more detail. Graded braided antisymmetry is the
property

�n(v1, . . . , vn) = −(−1)|vi| |vi+1| �n

(
v1, . . . , vi−1, Rk(vi+1), Rk(vi), vi+2, . . . , vn

)
(4.75)

for i = 1, . . . , n − 1 and homogeneous elements v1, . . . , vn ∈ V . The permutation action τσR
includes, in addition to the usual Koszul signs, appropriate insertions of the R-matrix as in
(4.75). The braided homotopy Jacobi identities (4.74) are unchanged from their classical coun-
terparts for n = 1, 2, that is, (2.26) and (2.27) continue to hold. Thus, similarly to the classical
case, every braided L∞-algebra has an underlying cochain complex (V , �1) in the category

UFvM and �2 : V ⊗ V → V is a cochain map in UFvM . The first homotopy relation which
differs from the classical case is for n = 3, which is a modification of (2.28) in accordance
with the non-trivial braiding (4.75):

�2 (�2(v1, v2), v3) − (−1)|v2| |v3| �2
(
�2(v1, Rk(v3)), Rk(v2)

)
+ (−1)(|v2|+|v3|) |v1| �2

(
�2(Rk(v2), Rl(v3)), Rl Rk(v1)

)
= −�3 (�1(v1), v2, v3) − (−1)|v1| �3 (v1, �1(v2), v3) − (−1)|v1|+|v2| �3 (v1, v2, �1(v3))

− �1 (�3(v1, v2, v3)) . (4.76)

When the only non-zero bracket is �2, a braided L∞-algebra is a braided Lie algebra in the sense
of [73] and it coincides with the notion of Lie algebra in UFvM discussed by [21]. Thus braided
L∞-algebras are homotopy coherent generalizations of braided Lie algebras. In particular, the
cohomology H•(V , �1) of a braided L∞-algebra is a Z-graded braided Lie algebra.

In the following we regard the one-dimensional vector space C[[h̄]] as a trivial graded left
UFv-module, sitting in degree 0.

Definition 4.77. A cyclic braided L∞-algebra is a braided L∞-algebra (V , {�n}) together
with a non-degenerate graded braided symmetric cochain map 〈−,−〉 : V ⊗ V → C[[h̄]] that
satisfies the braided cyclicity condition

〈−,−〉 ◦ (𝟙⊗ �n) = sgn(σ) 〈−,−〉 ◦ (𝟙⊗ �n) ◦ τσR, (4.78)

for all n � 1 and for all cyclic permutations σ ∈ Cn+1.

Evaluated on elements v0, v1, . . . , vn ∈ V , cyclicity in the category UFvM reads as

〈v0, �n(v1, v2, . . . , vn)〉 = ±
〈
Rk0 Rk1 . . .Rkn−1 (vn), �n

(
Rk0 (v0), Rk1 (v1), . . . , Rkn−1 (vn−1)

)〉
.

(4.79)

In this paper we are predominantly interested in braided L∞-algebras that result from
twist deformations of classical L∞-algebras, via the techniques described in section 4.2.
This can be done starting from an L∞-algebra (V , {�n}) in the category UvM of left
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Uv-modules. This means that V =
⊕

k∈Z Vk is a Z-graded Uv-module and the n-brackets
�n : V⊗n → V are equivariant maps. Given any Drinfel’d twist F ∈ Uv[[h̄]] ⊗ Uv[[h̄]], we can
deform the brackets �n to new brackets ��n : V[[h̄]]⊗n → V[[h̄]] which are morphisms in the
twisted representation category UFvM of UFv-modules. Following the standard prescription
(4.20), we set ��1 := �1 and

��n(v1 ⊗ · · · ⊗ vn) := �n(v1⊗� . . .⊗�vn) (4.80)

for n � 2, where v ⊗� v
′ :=F−1(v ⊗ v′) = f̄k(v) ⊗ f̄k(v′) for v, v′ ∈ V . The functorial equiva-

lence between the symmetric monoidal categories UvM and UFvM then implies the following
central result, whose proof is found in [45, proposition 4.8].

Proposition 4.81. If (V, {�n}) is an L∞-algebra in the category UvM , then (V[[h̄]], {��n})
is a braided L∞-algebra.

This result is a far reaching generalization of what we did in section 4.4, where the
differential graded Lie algebra

(
Ω•(M, g), �1, �2

)
underlying Chern–Simons gauge theory

on a three-manifold M was twist deformed to the differential graded braided Lie alge-
bra

(
Ω•(M, g)[[h̄]], ��1, ��2

)
of braided Chern–Simons theory on M. We will discuss how

this procedure extends to more general field theories organised by generic L∞-algebras in
section 4.6.

Similarly, we can twist deform cyclic structures on L∞-algebras to obtain cyclic braided
L∞-algebras. Let (V, {�n}, 〈−,−〉) be a cyclic L∞-algebra in the category UvM of left Uv-
modules, with R regarded as a trivial graded Uv-module sitting in degree 0. This means that
(V, {�n}) is an L∞-algebra in UvM and the cyclic inner product 〈−,−〉 : V ⊗ V → R is Uv-
invariant:

X〈v1 ⊗ v2〉 = 〈Δ(X)(v1 ⊗ v2)〉 = 0, (4.82)

for all X ∈ Uv and v1, v2 ∈ V. Following the standard prescription (4.20), we can twist deform
the inner product 〈−,−〉 to a new pairing 〈−,−〉� defined by

〈v1, v2〉� := 〈−,−〉 ◦ F−1(v1 ⊗ v2) = 〈̄fk(v1), f̄k(v2)〉. (4.83)

Proposition 4.84. If (V, {�n}, 〈−,−〉) is a cyclic L∞-algebra in the category UvM , then
(V[[h̄]], {��n}, 〈−,−〉�) is a cyclic braided L∞-algebra.

Proof. Non-degeneracy of the pairing 〈−,−〉� : V[[h̄]] ⊗ V[[h̄]] → C[[h̄]] follows from the
untwisted non-degeneracy and an order by order argument in the formal deformation parameter
h̄. Graded symmetry of the cyclic inner product 〈−,−〉 implies that the twisted inner product
〈−,−〉� is naturally graded braided symmetric.

To check braided cyclicity, we compute
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〈v0, ��n(v1, . . . , vn)〉�
=

〈̄
fk(v0) ⊗ f̄k

(
�n(̄fl(v1 ⊗� . . . ⊗� vn−1) ⊗ f̄l(vn))

)〉
=

〈
(𝟙⊗ �n)

(̄
fk(v0) ⊗Δ(̄fk)

[̄
fl(v1 ⊗� . . . ⊗� vn−1) ⊗ f̄l(vn)

])〉
=

〈
(𝟙⊗ �n)

(
Δ(̄fk)

[̄
fl(v0) ⊗ f̄l(v1 ⊗� . . . ⊗� vn−1)

]
⊗ f̄k(vn)

)〉
= ±

〈̄
fk(vn) ⊗ �n

(
Δ
(̄
fk
) [̄

fl(v0) ⊗ f̄l(v1 ⊗� . . . ⊗� vn−1)
])〉

= ±
〈̄
fk(vn) ⊗ f̄k

(
�n (̄fl(v0) ⊗ f̄l(v1 ⊗� . . . ⊗� vn−1))

)〉
= ±

〈̄
fk Rm(vn) ⊗ f̄k Rm (

�n (̄fl(v0) ⊗ f̄l(v1 ⊗� . . . ⊗� vn−1))
)〉

= ±
〈
Rm(vn) ⊗ Rm (

��n(v0 ⊗ v1 ⊗ · · · ⊗ vn−1)
)〉

�

= ±
〈
(𝟙⊗ ��n)

(
Rm(vn) ⊗ΔF (Rm) [v0 ⊗ (v1 ⊗ · · · ⊗ vn−1)]

)〉
�

= ±
〈
Rk0 Rk1 . . .Rkn−1 (vn), ��n

(
Rk0 (v0), Rk1 (v1), . . . , Rkn−1 (vn−1)

)〉
�
.

(4.85)

In the first and seventh lines we use the definitions of the star-pairing and the star-brackets, in
the second and fifth lines we use commutativity of �n with the Uv-action, in the third line we
use the cocycle property (4.13) for the inverse of the Drinfel’d twist along with Uv-invariance
(4.82) of the classical pairing, in the fourth line we use classical cyclicity, in the sixth line
we use the definition of the R-matrix, in the eighth line we use commutativity of ��n with the
UFv-action, and in the ninth line we use the R-matrix identities (4.19). �

However, this level of generality is not suitable for applications to field theory, as
the loss of strict graded symmetry and cyclicity would lead to problems with the varia-
tional principle for the corresponding action functionals. Following the concrete example of
braided Chern–Simons theory from section 4.4, we need to restrict the types of Drinfel’d twists
by abstracting the graded cyclicity property (4.57) for integration of twisted differential forms.

Definition 4.86. A Drinfel’d twist F ∈ Uv[[h̄]] ⊗ Uv[[h̄]] is compatible with a cyclic
structure 〈−,−〉 : V ⊗ V → R on an L∞-algebra in UvM if

〈v1, v2〉� = 〈Rk(v1), Rk(v2)〉� = (−1)|v1| |v2| 〈v2, v1〉� (4.87)

for all homogeneous v1, v2 ∈ V .

In other words, a compatible Drinfel’d twist turns braided graded symmetry of the inner
product into strict graded symmetry. It also turns the braided cyclicity condition into the strict
cyclicity condition (see (2.31)), as inferred by

Corollary 4.88. Let (V, {�n}, 〈−,−〉) be a cyclic L∞-algebra in the category UvM , and
let F be a compatible Drinfel’d twist. Then (V[[h̄]], {��n}, 〈−,−〉�) is a strictly cyclic braided
L∞-algebra.
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Proof. The seventh line of the computation (4.85) shows

〈v0, ��n(v1, v2, . . . , vn)〉� = ±
〈
Rk(vn), Rk (��n(v0, v1, . . . , vn−1)

)〉
�

= ±〈vn, ��n(v0, v1, . . . , vn−1)〉�,
(4.89)

where in the second line we used (4.87). �

4.6. Braided L∞-algebras of noncommutative field theories

We shall now define noncommutative field theories in the braided L∞-algebra formalism by
employing a twist deformation of the approach discussed in section 2.4, whereby a classical
field theory is defined by its four-term cyclic L∞-algebra as the initial input29. We call a field
theory obtained in this way a braided field theory. That is, a braided field theory is defined by
a four-term cyclic braided L∞-algebra as the initial input.

Starting from a classical field theory on a manifold M, described algebraically by a four-term
cyclic L∞-algebra (V , {�n}, 〈−,−〉) (over R) with underlying graded vector space

V = V0 ⊕ V1 ⊕ V2 ⊕ V3 (4.90)

in the representation category UvM , following the prescription of section 4.5 we construct
the corresponding four-term cyclic braided L∞-algebra (V[[h̄]], {��n}, 〈−,−〉�) (over C[[h̄]])
in the twisted representation category UFvM . Since ��1 = �1, this braided L∞-algebra has the
same underlying cochain complex (2.45). In other words the noncommutative field theories
obtained in this way have the same underlying free field theory as their classical versions, as in
the case of the star-gauge theories of section 3.1. Only the interactions are different and they
are encoded in the higher braided brackets ��n with n � 2.

The (left) braided gauge transformation of a field A ∈ V1 by a gauge parameter λ ∈ V0 is
defined by

δRλ A := ��1(λ) +
∑
n�1

(−1)(
n
2 )

n!
��n+1(λ, A⊗n), (4.91)

as in the classical case (2.46), where now the positioning of λ inside the slots of the brack-
ets ��n+1 matters because of braided symmetry (4.75). The braided gauge variations are
extended to maps δRλ : V → V of degree 0 in the usual way as braided derivations. For the field
theories we work with in this paper, whereby the algebra of gauge variations closes off-shell
with field-independent gauge parameters, they close a braided Lie algebra under the braided
commutator: [

δRλ1
, δRλ2

]�
◦ = δR−��2(λ1,λ2). (4.92)

The braided closure property (4.92) is shown in [45] using the braided homotopy Jacobi
identity (4.74) evaluated on (λ1,λ2, A⊗n), order by order in the expansion in A⊗n. The calcula-
tions are considerably more involved than in the classical case [60], due to the braided Leibniz
rule (4.46) obeyed by the braided gauge variations, and because the braided symmetry proper-
ties (4.75) prevent one from combining various sums and simplifying the homotopy relations.

29 Here we treat only theories with irreducible gauge symmetries. We shall discuss an example with higher gauge
symmetries in section 6.
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The identities (4.19) are instrumental in manipulating the proliferation of R-matrix factors
which ensue. We take the validity of this result, and the others which follow below, as a highly
non-trivial vindication that braided gauge symmetries and covariant dynamics are controlled
by the tightly knit algebraic structure of a braided L∞-algebra.

The equations of motion are dictated by a braided version of the Maurer–Cartan equations
F�

A = 0 in V2[[h̄]] for a field A ∈ V1, where

F
�
A := ��1(A) +

∑
n�2

(−1)(
n
2 )

n!
��n(A⊗n), (4.93)

exactly as in the classical case (2.48). The dynamics are braided covariant, that is, the
expression (4.93) is covariant under the braided gauge variations (4.91):

δRλ F�
A = ��2(λ,F�

A) +
∑
n�1

(−1)(
n
2 )

(n + 1)!

n∑
i=0

(−1)i ��n+2

(
λ, A⊗i,F�

A, A⊗n−i
)

, (4.94)

for all gauge parameters λ ∈ V0, as shown in [45] order by order using the braided homo-
topy Jacobi identity (4.74) evaluated on (λ, A⊗n). In the classical case, where R = 1 ⊗ 1, the
expression (4.94) agrees with (2.49).

The absence of a (naive) moduli space of solutions to F�
A = 0 that we observed in the case of

braided Chern–Simons theory can be seen in this formalism to be a generic feature of noncom-
mutative field theories with braided gauge symmetries: although (4.94) implies that δRλ F

�
A = 0

on solutions A ∈ V1 of the field equations F�
A = 0, computing the first order variation in any

infinitesimal gauge parameter λ ∈ V0 gives

F�
A+δR

λ
A
= ��1

(
A + δRλ A

)
+
∑
n�2

(−1)(
n
2 )

n!

(
��n(A⊗n) +

n−1∑
i=0

��n
(
A⊗i, δRλ A, A⊗n−1−i

))

+ O(λ2). (4.95)

This cannot be brought to the form F�
A + δRλ F�

A + O(λ2) because of the braided Leibniz rule
(4.46), and it will generally differ from the result of (4.94) by R-matrix factors in the sum over
i. Hence F�

A+δR
λ

A
	= F�

A + δRλ F�
A + O(λ2) in general, and it does not make sense to take the

(naive) quotient of the subspace in V1 of classical solutions by braided gauge transformations.
We will return to this point in section 4.9 where we explain how a braided version of the
Maurer–Cartan moduli space UFvMC (V[[h̄]], {��n}) can still be defined from a more abstract
perspective.

From a physical perspective, generalized braided gauge symmetries are well-defined
through a braided version of the Noether identities which hold off-shell and encode gauge
redundancies, analogously to the classical case. These identities follow from the braided
L∞-algebra formalism, which also naturally controls kinematical violations through the
braided homotopy Jacobi identities, such as the well-known failure of the Bianchi identity
in braided geometry that we discussed in section 4.4. Analogously to the classical case, the
braided Noether identities follow from a weighted sum over n � 1 of the braided homotopy
Jacobi identity (4.74) evaluated on A⊗n. However, because of the braided symmetry properties
(4.75), we do not have available the simplification (2.54) which took place in the classical case
and the weighted sum is very cumbersome to work with.
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For the field theories we treat in this paper, where the gauge transformations are at most
linear in the field A, the braided Noether identities are encoded by [45]

d�
AF

�
A := ��1(F�

A) +
1
2

(
��2(F�

A, A) − ��2(A,F�
A)
)
−
∑
n�3

(−1)(
n
2 )

n!
��1
(
��n(A⊗n)

)

−
∑
n�2

(−1)(
n
2 )

2 n!

(
��2
(
��n(A⊗n), A

)
− ��2

(
A, ��n(A⊗n)

))
= 0.

(4.96)

This uses the simplification provided by the braided homotopy Jacobi identity (4.74) evaluated
on A⊗n+1 which in this case reads

n−1∑
i=1

��2
(
��n(A⊗n−i, Rk(A⊗i)), Rk(A)

)
= ��2

(
A, ��n(A⊗n)

)
− ��2

(
��n(A⊗n), A

)
− (−1)n ��1

(
��n+1(A⊗n+1)

)
,

(4.97)

for all n � 2. Unlike the classical case (2.53), the braided Noether identity (4.96) is no longer
linear in the field equations F�

A, while the inhomogeneous terms involving solely the field
A cancel in the classical limit R = 1 ⊗ 1 after using (4.97). This generalizes the braided
Chern–Simons Noether identity in the second line of (4.70), which is recovered after applying
(4.97).

While the braided Noether identities evidently exhibit gauge redundancies through inho-
mogeneous differential identities among the field equations, we can understand their precise
correspondence to braided gauge symmetries by appealing to a variational principle for the
braided field theory. Using the cyclic inner product 〈−,−〉� on our braided L∞-algebra we
define a braided version of the Maurer–Cartan action functional by

S�(A) =
1
2
〈A, ��1(A)〉� +

∑
n�2

(−1)(
n
2 )

(n + 1)!
〈A, ��n(A⊗n)〉�, (4.98)

for all fields A ∈ V1, exactly as in the classical case (2.56).
If F is a compatible Drinfel’d twist, in the sense of definition 4.86, then using the ordinary

Leibniz rule for general field variations δA on the tangent space TV1 to the space of fields we
can easily compute the variation of (4.98) exactly as in the classical case to get

δS�(A) =
∑
n�1

(−1)(
n
2 )

(n + 1)!

(
〈δA, ��n(A⊗n)〉� +

n−1∑
i=0

〈A, ��n(A⊗i, δA, A⊗n−i−1)〉�

)

=
∑
n�1

(−1)(
n
2 )

n!
〈δA, ��n(A⊗n)〉� = 〈δA,F�

A〉�

,

(4.99)

where in the second equality we used strict cyclicity for compatible twists (see corollary 4.88)
to set all terms in the sum over i equal to the first term. Hence by non-degeneracy of the pairing,
the extrema of the action functional (4.98) are precisely the solutions A ∈ V1 of the equations
of motion F�

A = 0.
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Braided gauge invariance of the action functional (4.98) is a bit more subtle, because
the braided derivation property of δRλ is not generally compatible with the strict symmetry
(4.87) of the inner product. Nevertheless, the gauge variation δRλ S�(A) of the action func-
tional (4.98) is well-defined, because the strict cyclicity condition (4.89) ensures compatibility
with strict symmetry of the pairing order by order in tensor powers of the fields A⊗n for n � 1
[45], that is,

δRλ
〈
A, ��n

(
A⊗n

)〉
�
= δRλ

〈
��n
(
A⊗n

)
, A

〉
�
. (4.100)

However, in contrast to the classical case, a braided gauge variation δRλ A of a field A ∈ V1

along a gauge parameter λ ∈ V0 is no longer a special direction of a general variation δA of
the field in the tangent space TV1, because the gauge variations are now defined as braided
derivations, in contrast to the general variations. In other words, in the braided case the first
equality in (2.57) simply no longer holds in general:

δRλ S�(A) 	= 〈δRλ A,F�
A〉�, (4.101)

which can be seen explicitly by direct calculation.
Braided gauge invariance of the action functional, that is, δRλ S�(A) = 0 for all λ ∈ V0, fol-

lows from an order by order calculation using the braided homotopy Jacobi identity (4.74)
applied to A⊗n+1 [45]; this holds irrespectively of the strict or braided cyclicity of the inner
product, that is, it is true for generic twists F . Despite (4.101), the gauge variation of the
action functional (4.98) can moreover be written in the form

δRλ S�(A) = −〈λ, d�
AF

�
A〉�, (4.102)

exactly as in the classical case (2.57), by using cyclicity together with the R-matrix identities
(4.19) to isolate the gauge parameter λ. In this sense the operation d�

A is the ‘braided adjoint’
to −δRλ with respect to the cyclic inner product, and the braided Noether identities d�

AF
�
A = 0

then follow from braided gauge invariance δRλ S�(A) = 0 of the action functional (4.98). We
stress, however, that d�

A is not what would normally be called the adjoint operator with respect
to a non-degenerate pairing, as for example in (2.62), as this notion would take as starting
point the right-hand side 〈δRλ A,F�

A〉� of the non-equality (4.101). Since 〈δRλ A,F�
A〉� 	= 0, the

usual adjoint operator does not compose to zero with the braided Maurer–Cartan operator, as
is reflected directly in the braided Noether identities (4.96).

The procedure described here yields systematic constructions of new examples of noncom-
mutative field theories which are braided deformations of classical field theories. These braided
theories contain no new degrees of freedom compared with their classical versions, while still
possessing good classical limits at h̄ = 0. Unlike our motivating example of section 4.4, in
some cases the braided field theories exhibit some surprising features that are not simply the
naive deformations of those found in the classical cases, in startling contrast to the conventional
noncommutative field theories discussed in section 3. In addition to the braided Chern–Simons
theory discussed in section 4.4, the examples of braided Einstein–Cartan–Palatini theories of
gravity in three and four dimensions are worked out in detail in [45].

In the subsequent sections we present three new examples: the standard noncommutative
scalar field theory (regarded as a braided field theory), a braided version of BF theory in arbi-
trary dimensionality, and a braided version of noncommutative Yang–Mills theory for arbitrary
gauge algebras. In the remainder of the present section we address some further technical points
surrounding the constructions above.
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4.7. Reality conditions

We have not yet addressed the reality conditions that are needed to make physical sense of the
field equations as well as of the action functional of a braided field theory. For this, we need to
restrict to special twists.

Definition 4.103. A Drinfel’d twist F ∈ Uv[[h̄]] ⊗ Uv[[h̄]] is Hermitian if it satisfies the
reality condition F∗ = F21, where ∗ denotes complex conjugation.

For the inverse twist F−1 = f̄k ⊗ f̄k the condition of definition 4.103 reads

f̄k
∗⊗ f̄ k

∗
= f̄k ⊗ f̄k. (4.104)

In particular, this turns the conjugation isomorphism into an anti-involution of the braided
exterior algebra, that is,

(α ∧� β)∗ = (−1)|α| |β| β∗ ∧� α
∗ (4.105)

for homogeneous formsα, β ∈ Ω•(M)[[h̄]], and in this case we say that ∧� is a Hermitian star-
product. A large class of examples is provided by abelian twists (see example 4.31), which are
Hermitian when we use the convention h̄∗ = h̄ for the formal deformation parameter.

Example 4.106. In the setting of section 4.3, let A ∈ Ω1(M, g)[[h̄]] be a braided gauge field
and φ ∈ Ωp(M, W)[[h̄]] a braided matter field in a braided representation W of a gauge algebra
g, which are both real: A∗ = A and φ∗ = φ. If the twist F is Hermitian, then the complex
conjugate of the left braided covariant derivative of φ from (4.48) is given by(

dA
�Lφ

)∗
= (dφ+ A ∧� φ)∗

= dφ∗ +
(̄
fk(A) ∧ f̄k(φ)

)∗
= dφ∗ + f̄k(A∗) ∧ f̄k(φ∗)

= dφ+ Rk(A) ∧� Rk(φ) = dA
�Rφ,

(4.107)

where in the last line we usedF−1
21 = F−1 R−1. Thus neither the left nor right braided covariant

derivative preserves the reality of the matter field φ in general. However, their symmetrized
combination

1
2

(
dA
�L + dA

�R

)
(4.108)

does preserve reality, and in examples this is the combination that will naturally appear, as
guaranteed by the general formalism below (cf section 4.4).

Let (V , {�n}, 〈−,−〉) be a cyclic four-term L∞-algebra over R encoding a classical
Lagrangian field theory on a manifold M. This theory describes real dynamical fields, that
is, they belong to a real vector space V1 which is a module over C∞(M,R). Similarly, the
field equations are real and the action functional is real-valued. Twist deformation via a com-
patible Hermitian Drinfel’d twist F yields a four-term strictly cyclic braided L∞-algebra
(V[[h̄]], {��n}, 〈−,−〉�) over C[[h̄]]. We will now show that the reality of the classical field
theory survives this deformation.
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Firstly, the braided field equations F�
A ∈ V2[[h̄]] are real when restricted to real fields A ∈

V1[[h̄]]. Conjugating the brackets ��n(A⊗n) ∈ V2[[h̄]] yields brackets in the complex conjugate
vector space V2[[h̄]]∗ given by

��n(A⊗n)∗ = �n

(̄
fk1 (A) ⊗ f̄k1 (̄fk2 (A) ⊗ f̄k2 (. . . f̄kn−1 (A) ⊗ f̄kn−1 (A)) . . .))

)∗
= �n

(̄
fk1 (A∗) ⊗ f̄k1 (̄fk2 (A∗) ⊗ f̄k2 (. . . f̄kn−1 (A∗) ⊗ f̄kn−1 (A∗)) . . .))

)
= �n

(
Rk1 (A∗) ⊗� Rk1 (Rk2 (A∗) ⊗� Rk2 (. . .Rkn−1 (A∗) ⊗� Rkn−1 (A∗)) . . .))

)
= ��n

(
Rk1 (A∗) ⊗ Rk1 (Rk2 (A∗) ⊗ Rk2 (. . .Rkn−1 (A∗) ⊗ Rkn−1 (A∗)) . . .))

)
= ��n(A∗⊗n),

(4.109)

where A∗ ∈ V1[[h̄]]∗. In the second line we repeatedly used Hermiticity of the twist and
compatibility of the classical brackets with complex conjugation, ∗◦�n = �n◦∗ (as they are R-
multilinear maps extended linearly over the complexification of the underlying vector space),
and in the third line we used the definition of the R-matrix R = F21 F−1. In the last two lines
we used the definition of the braided brackets along with their braided graded antisymmetry.
This shows

(F�
A)∗ = F

�
A∗ , (4.110)

and in particular the field equations are real on the subspace of fields where the conjugation
isomorphism A �→ A∗ is the identity.

Secondly, the braided action functional S� : V1[[h̄]] → C[[h̄]] is real-valued when restricted
to real fields. This follows similarly to the computation above:

[
〈A, ��n(A⊗n)〉�

]∗
=

[〈̄
fk(A), f̄k

(
��n(A⊗n)

)〉]∗
=

〈̄
fk(A∗), f̄k

(
��n(A⊗n)∗

)〉
=

〈
Rk(A∗), Rk (��n(A∗⊗n)

)〉
�
= 〈A∗, ��n(A∗⊗n)〉�,

(4.111)

where in the last equality we additionally used the compatibility of the twist. This shows that
S�(A)∗ = S�(A

∗), and the required reality follows.

4.8. Braided BV formalism

Let us now briefly explain how the notion of cyclic braided L∞-algebra (V[[h̄]], {��n}, 〈−,−〉�)
in terms of star-brackets and braided homotopy relations is related to braided versions of
the algebraic and coalgebraic formulations from section 2.2. The Drinfel’d twist deforma-
tion prescription defines the braided symmetric algebra with deformed symmetric product
�� := � ◦F−1, which we denote by SymR(V[1]). On generators v, v′ ∈ V[1] this product
is braided graded commutative:

v �� v
′ = (−1)|v| |v

′| Rk(v′) �� Rk(v). (4.112)

Following [77], it is straightforward to develop the Chevalley–Eilenberg algebra of a
braided L∞-algebra (as a braided noncommutative deformation of definition 2.32), that is, a
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braided version of the BV formalism presented in section 2.3. For this, we extend the braided
L∞-algebra structure on V[[h̄]] to SymR(V[2]) ⊗ V[[h̄]] via the brackets

�� ext
n (ζ1 ⊗ v1, . . . , ζn ⊗ vn) := � ext

n ((ζ1 ⊗ v1) ⊗� . . . ⊗� (ζn ⊗ vn))

= ±
(
ζ1 �� Rk1

1
(ζ2) �� . . . �� Rk1

n−1
. . .Rkn−1

1
(ζn)

)
⊗ ��n

(
Rk1

n−1 . . .Rk1
1 (v1), . . . , Rkn−1

1 (vn−1), vn

)
,

(4.113)

for all n � 1, ζ1, . . . , ζn ∈ SymR(V[2]) and v1, . . . , vn ∈ V . Similarly, we extend the cyclic
structure via the pairing

〈ζ1 ⊗ v1, ζ2 ⊗ v2〉ext
� := 〈(ζ1 ⊗ v1) ⊗� (ζ2 ⊗ v2)〉ext

= ± (ζ1 �� Rk(ζ2)) 〈Rk(v1), v2〉�.
(4.114)

We can now define a braided version of the BV differential Q�
BV : SymR(V[1])∗ →

SymR(V[1])∗ by

Q�
BVξ = −

∑
n�1

(−1)(
n
2 )

n!
�� ext

n (ξ⊗n), (4.115)

where the contracted coordinate functions

ξ := τα ⊗ τα ∈ SymR(V[2]) ⊗ V[[h̄]] (4.116)

of degree 1 are defined by a choice of basis {τα} ⊂ V with dual basis {τα} ⊂ V∗ � V[3].
Similarly, we define a braided version of the BV symplectic two-form

ω�
BV := − 1

2
〈δξ, δξ〉ext

� ∈ Ω2(V[1])[[h̄]], (4.117)

whose inverse is a braided graded Poisson bracket {−,−}�BV, that is, a braided graded Lie
bracket which is a braided graded derivation on SymR(V[2]) in each of its slots, and which
moreover is compatible with the differential Q�

BV. The action of the braided BV differential
can then be represented in terms of this braided Poisson bracket as

Q�
BV = {S�

BV,−}�BV, (4.118)

where the braided BV action functional

S�
BV =

∑
n�1

(−1)(
n
2 )

(n + 1)!
〈ξ, �� ext

n (ξ⊗n)〉ext
� ∈ SymR(V[2]) (4.119)

of degree 0 satisfies the classical master equation

{S�
BV, S�

BV}�BV = 0. (4.120)

A crucial point here is that the classical master equation, or equivalently nilpotency
(Q�

BV)2 = 0, follows from precisely the same calculation as in the ordinary case [60,
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section 4.3]. This is because the contracted coordinate functions ξ are UFv-invariant ele-
ments of SymR(V[2]) ⊗ V[[h̄]],30 and hence all appearances of R-matrices in the properties
of the extended brackets �� ext

n and of the extended pairing 〈−,−〉ext
� disappear when evalu-

ated on tensor powers of the UFv-invariant element ξ. Another important feature is that this
differential graded algebra perspective circumvents the issues discussed in section 4.5 with
defining a moduli space UFvMC (V[[h̄]], {��n}) of classical solutions in the braided setting.
This is because it characterises this space by its differential graded algebra UFvA MC of equiv-
ariant functions, and so the (coarse) moduli space may be defined through the degree 0 coho-
mology of the differential graded braided commutative algebra

(
SymR(V[1])∗, Q�

BV

)
. These

two observations will be combined together in section 4.9 below to sketch a precise descrip-
tion of the moduli space UFvMC (V[[h̄]], {��n}) which resolves the technical issues mentioned
in section 4.5.

In a similar vein, one can derive a duality with differential graded braided cocom-
mutative coalgebras (as a braided noncommutative deformation of definition 2.19). The
braided symmetric algebra SymR(V[1]) has a natural free noncocommutative coalgebra struc-
ture with coproduct Δ�

V : SymR(V[1]) → SymR(V[1]) ⊗ SymR(V[1]) obtained by Drinfel’d
twist deformation of the cocommutative coproduct (2.18) in the usual way, replacing per-
mutation actions τσ : V[1]⊗n → V[1]⊗n with τσR for σ ∈ Sn. The braided graded symmetric
multilinear maps

b�
n := s ◦ ��n ◦ (s−1)⊗n (4.121)

of degree 1 define a map
∑

n�1 b�
n : SymR(V[1]) → (V[1])[[h̄]], which uniquely extends to a

coderivation

D� : SymR(V[1]) → SymR(V[1]) (4.122)

of degree 1. This is a differential, (D�)2 = 0, as a consequence of the braided homotopy Jacobi
identities, and it too provides a natural setting for the moduli space of classical solutions
UFvMC (V[[h̄]], {��n}) as the degree 0 cohomology of the corresponding differential graded
braided cocommutative coalgebra (SymR(V[1]), D�).

The coalgebra formulation also provides a natural interpretation of a braided L∞-algebra
as a deformation of an L∞-algebra in the category UvM [52]: the classical differential
graded coalgebra (Sym(V[1]), D) naturally inherits the structure of a cocommutative Hopf
algebra compatible with the differential D,31 which can be twisted to a new noncocommu-
tative Hopf algebra by the techniques of section 4.2 with a compatible differential DF . The
braided L∞-algebra (V[[h̄]], D�) may then be interpreted as an L∞-module for the resulting
twisted L∞-algebra.

4.9. Moduli spaces of classical solutions

We conclude this section by briefly sketching how to potentially make sense of the moduli
space of classical solutions UFvMC (V[[h̄]], {��n}) in braided field theory, which we refer to
as the ‘braided Maurer–Cartan moduli space’. We shall be intentionally brief and gloss over
many technical details in order to illustrate the main ideas32; a more thorough and rigorous

30 Invariance of ξ follows from either a direct calculation or by the UFv-isomorphism V ⊗ V∗ � Hom
UFvM (V , V),

under which ξ corresponds to the identity morphism on V.
31 More precisely, here one needs to work with the unreduced symmetric algebra and curved L∞-algebras.
32 Nevertheless, this is the most technical part of the paper. The reader not interested in the formal descriptions of
moduli spaces may safely skip this section, which is not essential to the rest of the paper.
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construction will be presented elsewhere. We start by recalling the description of the classical
Maurer–Cartan moduli space MC (V , {�n}) of an L∞-algebra (V , {�n}), whose construction
is originally due to Getzler [51], see also [80] for a more explicit alternative construction and
[75] for the special case when (V , �1, �2) is a differential graded Lie algebra (as in the example
of Chern–Simons gauge theory).

We begin with some preliminary notation. Let dAlg denote the category of differential
graded commutative algebras overR, whose morphisms are algebra homomorphisms of degree
0 which intertwine the differentials33. Let L = (V , {�n}) be a classical L∞-algebra (in the cat-
egory of real vector spaces). Given a differential graded commutative algebra A = (A, dA)
(with the product on A denoted by juxtaposition), there is a tensor product L∞-algebra
A ⊗ L =

(
A⊗ V ,

{
�A

n

})
with homogeneous subspaces (A⊗ V)k =

⊕
l∈Z A−l ⊗ Vl+k for k ∈

Z and brackets given by

�A
1 (a1 ⊗ v1) = (dA + �1)(a1 ⊗ v1) := dAa1 ⊗ v1 + (−1)|a1| a1 ⊗ �1(v1) ,

�A
n (a1 ⊗ v1, . . . , an ⊗ vn) = ± (a1 . . . an) ⊗ �n(v1, . . . , vn),

(4.123)

for all n � 2, a1, . . . , an ∈ A and v1, . . . , vn ∈ V . This generalizes the extended L∞-algebra
construction of section 2.3.

Following [80], the (coarse) Maurer–Cartan moduli space MC (L) of the L∞-algebra
L = (V , {�n}) is the set of solutions A ∈ V1 of the Maurer–Cartan equation FA = 0, modulo
the gauge equivalence relation A ∼ A′ if there exists a gauge parameter λ ∈ V0 and a path of
fields A(t) ∈ V1 for t ∈ [0, 1] with A(0) = A, A(1) = A′ which satisfies the differential equation

d
dt

A(t) = δλA(t) (4.124)

for all t ∈ [0, 1]. The infinitesimal version of (4.124) (its evaluation at t = 0) gives the usual
infinitesimal gauge transformation δλA of A. With the given initial condition and an appro-
priate completeness condition on the L∞-algebra L, the differential equation (4.124) always
admits a solution A(t) which satisfies the Maurer–Cartan equation for all t ∈ [0, 1], that is,
FA(t) = 0. In the case that L is a differential graded Lie algebra, this definition is equivalent to
the equivalence relation arising from the (integrated) group action of V0 on V1 (see e.g. [75]).

The moduli space MC (L) is a (formal derived) stack that is described by its ‘functor of
points’ FL : dAlg → Set, as we now explain. This defines a presheaf on the category of differ-
ential graded affine schemes overR, and so from this perspective the moduli space is described
not as a set of objects but rather as a space which parametrizes those objects.

Definition 4.125. Let L = (V , {�n}) be an L∞-algebra and A = (A, dA) a differential
graded commutative algebra.

33 The appropriate homotopical analogue generalizing the spectrum of a commutative algebra to differential graded
commutative algebras takes place in the ∞-category of ‘simplicial’ sets, but this is not needed in our presentation below
and we shall work solely with the category Set of sets. Similarly, to define appropriate notions of representability of
functors we should work with the ∞-category of ‘Artin’ differential graded commutative algebras in non-positive
degrees, but we do not indicate this detail and stick to the full source category dAlg below.
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(a) A family of classical solutions in L parametrized by A is an element α = al ⊗ vl, with
al ∈ A−l and vl ∈ Vl+1 for l ∈ Z, which solves the Maurer–Cartan equation

(dA + �1)α+
∑
n�2

(−1)(
n
2 )

n!
�A

n (α⊗n) = 0 (4.126)

in the L∞-algebra A ⊗ L.
(b) Two families α and α′ of classical solutions in L are gauge equivalent if there exists

λ = bl ⊗ wl, with bl ∈ A−k and wl ∈ Vk for l ∈ Z, and a path α(t) = al(t) ⊗ vl(t) in the
L∞-algebra A ⊗ L which satisfies the differential equation

d
dt
α(t) = (dA + �1)λ+

∑
n�1

(−1)(
n
2 )

n!
�A

n+1

(
λ,α(t)⊗n

)
, (4.127)

such that α = α(0) and α′ = α(1).

For a family parametrized by a one-point space, that is, for A = R0 := (R, 0) with R sitting
in degree 0, this definition reduces to the notion of gauge equivalence of classical solutions
discussed above.

Definition 4.128. Let L be an L∞-algebra.

(a) The moduli functor is the covariant functor FL : dAlg → Set which associates to every
differential graded commutative algebra A the set FL(A) of gauge equivalence classes of
families of classical solutions in L parametrized by A, and to every morphism f : A → B
of differential graded commutative algebras it associates the pushforward FL( f ) sending
families parametrized by A to families parametrized by B.

(b) A (fine) Maurer–Cartan moduli space MC (L) is a representation of the moduli
functor, that is, a pair (Â,Φ) where Â is an object of the category dAlg and Φ :
HomdAlg(Â,−)→ FL is a natural transformation of functors.

The idea behind this definition is that the functor HomdAlg(Â,−) : dAlg → Set describes
all possible ways that any other differential graded affine scheme may be mapped to the mod-
uli space, which completely captures the (derived) geometric structure of the moduli scheme
given by the spectrum of the differential graded commutative algebra Â. The distinguished ele-
ment α̂ = Φ(𝟙Â)∈ FL(Â) is called the universal classical solution: for every pair (A,α) with
A an object of dAlg and α∈ FL(A), there is a unique morphism Λ ∈ HomdAlg(Â, A) such that
(FL ◦ Λ)(α̂) = α. When it exists, a universal object (Â, α̂) is unique up to a unique isomor-
phism, and in this sense it is the space of all classical solutions modulo gauge transforma-
tions. For a more accurate and explicit description of the Maurer–Cartan moduli space using
simplicial methods, see [80].

This description of the moduli space of classical solutions can be adapted to the braided
noncommutative setting in the following way, which uses a description of functors of points
similar to those studied in [23] in the context of toric noncommutative geometry. For this, let
now L = (V , {�n}) be an L∞-algebra in the category UvM of left Uv-modules. Similarly, we
work with differential graded commutative algebras in the category UvM . These form the cat-
egory UvdAlg of differential graded commutative left Uv-module algebras, whose morphisms
are equivariant algebra homomorphisms of degree 0 intertwining the differentials. The descrip-
tion of the Maurer–Cartan moduli space MC (L) proceeds exactly as above, by restricting the
moduli functor FL : dAlg → Set to the subcategory UvdAlg.
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Given a Drinfel’d twist F ∈ Uv[[h̄]] ⊗ Uv[[h̄]], by proposition 4.81 we obtain a braided
L∞-algebra L� = (V[[h̄]], {��n}). Similarly, by the usual constructions of section 4.2 we obtain
a (functorially equivalent) category UFvdAlg of differential graded braided commutative alge-
bras. An object A� = (A, dA) of this category consists of a graded braided commutative algebra
A (with the product on A denoted by �), that is,

a � a′ = (−1)|a| |a
′| Rk(a′) � Rk(a), (4.129)

for all homogeneous a, a′ ∈ A, together with a differential dA : A→A of degree 1 which is a
graded derivation, that is, dA(a � a′) = dAa � a′ + (−1)|a| a � dAa′. There is a braided tensor
product L∞-algebra A� ⊗ L� =

(
A⊗ V[[h̄]],

{
��A

n

})
whose differential is unchanged from the

classical case (4.123), while the higher brackets of (4.123) are modified to

��A
n (a1 ⊗ v1, . . . , an ⊗ vn) = ±

(
a1 � Rk1

1
(a2) � . . . � Rk1

n−1
. . .Rkn−1

1
(an)

)
⊗ ��n

(
Rk1

n−1 . . .Rk1
1 (v1), . . . , Rkn−1

1 (vn−1), vn

)
,

(4.130)

for all n � 2, a1, . . . , an ∈ A and v1, . . . , vn ∈ V . This generalizes the extended braided L∞-
algebra construction of section 4.8.

Definition 4.131. Let L� = (V[[h̄]], {��n}) be a braided L∞-algebra and A� = (A, dA) a
differential graded braided commutative algebra.

(a) A family of classical solutions in L� parametrized by A� is a UFv-invariant element
α = al ⊗ vl, with al ∈ A−l and vl ∈ Vl+1[[h̄]] for l ∈ Z, which solves the braided Mau-
rer–Cartan equation

(dA + ��1)α+
∑
n�2

(−1)(
n
2 )

n!
��A

n (α⊗n) = 0 (4.132)

in the braided L∞-algebra A� ⊗ L�.
(b) Two families α and α′ of classical solutions in L� are braided gauge equivalent if there

exists a UFv-invariant element λ = bl ⊗ wl, with bl ∈ A−k and wl ∈ Vk[[h̄]] for l ∈ Z,
and a UFv-invariant path α(t) = al(t) ⊗ vl(t) in the braided L∞-algebra A� ⊗ L� which
satisfies the differential equation

d
dt
α(t) = (dA + ��1)λ+

∑
n�1

(−1)(
n
2 )

n!
��A

n+1

(
λ,α(t)⊗n

)
, (4.133)

such that α = α(0) and α′ = α(1).

This is our key definition: part (b) of the definition now makes sense non-trivially, because
all R-matrix insertions disappear when evaluated on the UFv-invariant elements of the set of
tensor product solutions α to the braided Maurer–Cartan equations F�

α = 0 in A� ⊗ L�, and so
braided gauge transformations act as in the classical setting of definition 4.125. Note that this
does not preclude noncommutative deformations of the solutions compared to definition 4.125,
as both A� and L� are objects in the symmetric monoidal category UFvM , and so each indi-
vidually involve braided operations: only in their braided tensor product A� ⊗ L� do we look
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for UFv-invariant elements. This also clarifies what goes wrong in the setting of section 4.6:
to recover that situation we would set A� = R0 in this definition, which means that the classi-
cal solutions should be UFv-invariant fields. Then all issues concerning the action of braided
gauge transformations, the braided Noether identities and related matters disappear. Of course
we are mostly interested in non-invariant fields, but to detect those one has to consider dif-
ferential graded braided commutative algebras A� which carry a non-trivial UFv-action. In
this sense, the braided moduli space does not contain any (interesting) ‘points’, as we further
exemplify below.

The description of the braided Maurer–Cartan moduli space is now a simple extension of
the classical case, as the latter definitions make sense for covariant functors from any (locally
small) category to the category of sets. The definition of moduli functor from part (a) of
definition 4.128 generalizes immediately to give a moduli functor UFvFL� : UFvdAlg → Set
which sends each differential graded braided commutative algebra A� to the set UFvFL�(A�) of
braided gauge equivalence classes of families of classical solutions in the braided L∞-algebra
L� parametrized by A�. Part (b) then generalizes easily in the following manner.

Definition 4.134. Let L� be a braided L∞-algebra. A braided Maurer–Cartan moduli
space UFvMC (L�) is a pair (Â�, α̂�), where Â� is an object of the category UFvdAlg and
α̂� ∈ UFvFL�(Â�), which is a universal object representing the moduli functor UFvFL� :
UFvdAlg → Set.

This definition has the same meaning as in the classical case34, but with a crucial differ-
ence: since the moduli space is necessarily an object in the source category of the functor
UFvFL� , and we allow noncommutative parameter spaces (regarded as dual to differential
graded braided commutative algebras), the braided Maurer–Cartan moduli space is naturally a
(differential graded) ‘noncommutative scheme’, which is the tradeoff for making sense of the
braided gauge equivalence classes. Of course, the highly non-trivial aspect of this construction,
which we do not address here, is whether there actually exists a representation of the functor
UFvFL� which brings our arguments above to fruition, and hence provides a realization of the
moduli space of classical solutions in braided field theory.

Noncommutative moduli spaces have previously appeared in braided noncommutative
geometry as solution spaces to noncommutative instanton equations in [32], where it is shown
that the noncommutativity of the parameter spaces is a gauge artefact: one may always
recover an equivalent description in terms of the usual notion of classical moduli space by a
suitable choice of gauge transformation and a noncommutative quotient construction. It would
be interesting to understand the braided Maurer–Cartan moduli space (if it really exists in this
sense) in a similar vein, which would elucidate the physical meaning of the abstract arguments
presented here.

This braided Maurer–Cartan moduli space may also be extracted from the braided BV for-
malism of section 4.8 and its braided noncommutative algebra of functions UFvA MC. For
this, one considers the functor of points UFvF∨

L� : UFvdAlg → Set defined on objects by
UFvF∨

L�(A�) = HomUFvdAlg

(
UFvA MC, A�

)
. Taking again A� = R0, one only detects UFv-

invariant points, whereas the interesting fields appear for non-trivial differential graded braided
commutative algebras A�.

34 By Yoneda’s lemma, this definition is bijectively equivalent to the existence of a natural transformation Φ� :
HomUFvdAlg

(Â�,−) → UFvFL� with α̂� = Φ�(𝟙Â� ).
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5. Noncommutative scalar field theory

The L∞-algebra framework also accommodates field theories without gauge symmetries. This
simply translates to trivial homogeneous subspaces V0 = V3 = {0} and corresponding zero
brackets. The appearance of the L∞-algebra structure is then tautological, as it is just given
by polynomial expansion of the field equations. In this section we will review the formalism
in the example of an interacting scalar field theory, and subsequently twist deform this L∞-
algebra to obtain the standard noncommutative scalar field theory. This example also serves
to illustrate how to handle more general theories which are not diffeomorphism invariant, via
twist deformation quantization along the global spacetime symmetries of the classical field
theory. It moreover shows how to incorporate global symmetries into the braided L∞-algebra
framework, which we describe following the classical treatment of [60].35

5.1. Scalar field theory in the L∞-algebra formalism

Let (M, g) be a d-dimensional oriented Lorentzian manifold36. Let dvolg ∈ Ωd(M) be the
induced volume form and

∗
H : Ωk(M) → Ωd−k(M) the corresponding Hodge duality opera-

tor. Denote by � := ∗Hd∗Hd : C∞(M,R) → C∞(M,R) the Laplace–Beltrami operator acting
on smooth functions.

The action functional for an interacting real scalar field φ ∈ C∞(M,R) is defined by

S(φ) =
∫

M

⎛
⎝1

2
φ
(
�− m2

)
φ−

∑
n�3

κn−1

n!
φn

⎞
⎠ dvolg, (5.1)

for a mass parameter m2 � 0 and coupling constants κn−1 ∈ R. The corresponding field
equations are given by Fφ = 0 where

Fφ =
(
�− m2

)
φ−

∑
n�2

κn

n!
φn, (5.2)

from which the cyclic L∞-algebra is immediately read off.
The underlying graded vector space is concentrated in degrees 1 and 2, comprised of two

copies of the space of functions on M:

V = V1 ⊕ V2 with V1 = V2 = C∞(M,R), (5.3)

and we denote its homogeneous elements by φ ∈ V1 and Φ ∈ V2. The underlying cochain
complex (V , �1) has as differential the Klein–Gordon operator, and the non-trivial brackets are

�1(φ) =
(
�− m2

)
φ and �n(φ1, . . . ,φn) = −(−1)(

n
2 ) κn φ1 . . . φn, (5.4)

where n � 2, while the cyclic pairing is

〈φ,Φ〉 :=
∫

M
φ∗HΦ =

∫
M
φ Φ dvolg. (5.5)

35 Of course, we are not interested in a moduli space of globally (braided) symmetric solutions (as these are not
gauge symmetries). In principle, one is interested instead in the weakly conserved currents corresponding to these
infinitesimal symmetries, which would follow from a braided version of Noether’s first theorem. We do not develop
this interesting point in the present paper.
36 The discussion is presented for Lorentzian signature in order to compare later on with previous points of view on
global symmetries. The more general pseudo-Riemannian cases differ only by a sign in the Laplace–Beltrami operator.
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The homotopy Jacobi identities follow trivially for degree reasons. Cyclicity with respect to
�n for n � 2 is tautological, due to commutativity of pointwise multiplication of functions.
Cyclicity with respect to �1 follows since � is a (formally) self-adjoint operator with respect
to the inner product (5.5) on C∞(M,R).

5.2. Noncommutative scalar field theory in the braided L∞-algebra formalism

Suppose now that the spacetime (M, g) has a non-trivial set of isometries. That is, there exists
a non-zero Lie subalgebra of Killing vector fields k ⊂ v = Γ(TM), such that Lξg = 0 for all
ξ ∈ k. This implies that

Lξ ◦ ∗H = ∗H ◦ Lξ (5.6)

for all ξ ∈ k, and so the Laplace–Beltrami operator� =
∗
Hd∗

Hd also commutes with the action
of all Killing vector fields. It follows that all brackets (5.4) of the scalar field L∞-algebra
commute with the action of k:

Lξ ◦ �n = �n ◦ Lξ (5.7)

for all ξ ∈ k and n � 1. In other words, (V , {�n}) is an L∞-algebra in the category of Uk-
modules.

By the construction of section 4.5, a choice of a Killing Drinfel’d twist F ∈ Uk[[h̄]] ⊗
Uk[[h̄]] results in a two-term braided L∞-algebra

(
V[[h̄]], {��n}

)
with non-zero brackets

��1(φ) =
(
�− m2

)
φ and ��n(φ1, . . . ,φn) = −(−1)(

n
2 ) κn φ1 � . . . � φn,

(5.8)

where n � 2 and � denotes the star-product of functions. By the prescription of section 4.6, the
braided field equations landing in V2[[h̄]] = C∞(M,R)[[h̄]] are encoded by

F�
φ =

∑
n�1

(−1)(
n
2 )

n!
��n(φ⊗n) =

(
�− m2

)
φ−

∑
n�2

κn

n!
φ�n, (5.9)

where φ�n :=φ � · · · � φ (n times). This is just the usual noncommutative deformation of scalar
field equations.

The cyclic inner product (5.5) is invariant under the action of k, since Lξ dvolg = 0 for all
Killing vector fields ξ ∈ k. By twisting we obtain the braided cyclic pairing

〈φ,Φ〉� :=
∫

M
φ � Φ dvolg, (5.10)

from which we may define the braided action functional following the prescription of
section 4.6:

S�(φ) :=
∑
n�1

(−1)(
n
2 )

(n + 1)!
〈φ, ��n(φ⊗n)〉� =

∫
M

⎛
⎝1

2
φ �

(
�− m2

)
φ−

∑
n�3

κn−1

n!
φ�n

⎞
⎠ dvolg,

(5.11)

which, again, is the usual action functional for noncommutative scalar field theory; note that,
for fields of suitable asymptotic decay, the kinetic term φ �� φ dvolg may be integrated by
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parts to dφ∧� ∗Hdφ. Of course, in order to derive the field equations as the critical locus of this
braided action functional in the usual sense, we have to restrict to compatible Drinfel’d twists
which make the pairing strictly cyclic, as discussed in section 4.6.

We emphasize that even standard noncommutative scalar field theory is naturally encoded
in a braided L∞-algebra, even though no braided gauge symmetries are present; in other words,
it is also an example of a braided field theory. This can be compared to the standard classical
L∞-algebra formulation of noncommutative scalar field theory: in order to maintain strict
symmetry of the brackets, as opposed to braided symmetry, one needs to instead symmetrize
star-products of fields to write the higher brackets as

1
n!

∑
σ∈Sn

��n(φσ(1), . . . ,φσ(n)) = −(−1)(
n
2 ) κn

n!

∑
σ∈Sn

φσ(1) � · · · � φσ(n), (5.12)

for n � 2, where the sum runs over all permutations of degree n. At the classical level this
results in the same noncommutative field theory, but at the quantum level different interac-
tion vertices arise. In particular, in the braided case one loses the distinction between planar
and non-planar Feynman diagrams from dropping the symmetrization [77], raising the possi-
bility that no UV/IR mixing occurs in braided quantum field theory, which as a consequence
would have drastically improved renormalizability features over the standard noncommutative
quantum field theory [84]. The braided L∞-algebra formalism also alters the implementation
of global symmetries, as we discuss in detail in section 5.3 below.

5.3. Global braided symmetry

The global symmetries of the classical scalar field theory are the isometries of the space-
time (M, g), which are generated by the Killing Lie algebra k acting on fields via the Lie
derivative. In the noncommutative scalar field theory, only the subalgebra of k that commutes
with the legs fk, fk ∈ Uk of the Killing twist F generates global symmetries in this sense.
However, irrespective of the twist, the noncommutative scalar field theory is invariant under
the braided Lie algebra of twisted Killing symmetries (k[[h̄]], [−,−]�k) acting on fields via the
braided Lie derivative. This is a finite-dimensional ‘global’ or ‘rigid’ braided Lie algebra of
symmetries of the field theory. We shall now explain how this is also naturally understood
within the braided L∞-algebra framework.

To incorporate these global symmetries, we extend the two-term L∞-algebra of section 5.1
to a four-term L∞-algebra by adding in non-zero homogeneous subspaces of degrees 0 and 3,
with corresponding brackets for the action of the Lie algebra k.37 Thus the underlying graded
vector space is now V = V0 ⊕ V1 ⊕ V2 ⊕ V3 with

V0 = k, V1 = V2 = C∞(M,R) and V3 = k∗, (5.13)

where k∗ is the linear dual of k. We denote elements in degree 0 by ξ ∈ k and in degree 3 by
ξ∨ ∈ k∗. Note that these are not fields, but rather should be regarded as constant maps on M.

Abstractly, the Lie algebra k naturally acts on itself by the adjoint action, ξ1 · ξ2 := [ξ1, ξ2]k
for all ξ1, ξ2 ∈ k, and on its dual by the coadjoint action ξ · ξ∨ defined by

〈ξ′, ξ · ξ∨〉 = −〈ξ · ξ′, ξ∨〉 = −〈[ξ, ξ′]k, ξ∨〉 (5.14)

37 Strictly speaking, in view of the derived quotient interpretation of the kinematical part V0 ⊕ V1 of the original L∞-
algebra, we should really be specifying an external action of the Lie algebra k on V0 ⊕ V1 ⊕ V2 ⊕ V3 as we are not
interested in the (derived) quotient by global symmetries.
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for all ξ, ξ′ ∈ k and ξ∨ ∈ k∗, where 〈−,−〉 : V0 ⊗ V3 → R is the canonical dual pairing between
k and k∗. Concretely, k can be represented by vector fields on M acting on fields via the Lie
derivative, with [−,−]k the restriction of the Lie bracket of vector fields to the subalgebra k.
These representations obviously all live in the category of Uk-modules, and hence are amenable
to twisting by F ∈ Uk[[h̄]] ⊗ Uk[[h̄]] via the construction of section 4.

The braided L∞-algebra (V[[h̄]], {��n}) is now extended by including, in addition to the
brackets (5.8), the non-zero two-brackets

��2(ξ1, ξ2) = −[ξ1, ξ2]�k, ��2(ξ,φ) = L�
ξ φ,

��2(ξ,Φ) = L�
ξ Φ and ��2(ξ, ξ∨) = ξ � ξ∨,

(5.15)

where ξ � ξ∨ is the left braided coadjoint action of ξ ∈ k on ξ∨ ∈ k∗[[h̄]]. That these extra
brackets are compatible with the braided homotopy Jacobi identities is a consequence of the
fact that they are a twist deformation of the classical brackets of [60], from which the state-
ment follows trivially again for degree reasons and since the k-action commutes with the
Laplace–Beltrami operator38. The cyclic structure 〈−,−〉� is naturally extended to the new
homogeneous components by twisting the canonical dual pairing 〈−,−〉 : V0 ⊗ V3 → R in
the usual way.

These brackets encode the global braided transformation rules for the scalar fields:

δRξ φ = ��2(ξ,φ) = L�
ξ φ. (5.16)

These close the braided Lie algebra[
δRξ1

, δRξ2

]�
◦ = δR−��2(ξ1,ξ2) = δR[ξ1,ξ2]�

k
, (5.17)

which follows directly by the closure property of the braided Lie derivative L�
ξ . The braided

field equation (5.9) are covariant,

δRξ F
�
φ = ��2(ξ,F�

φ) = L�
ξ F

�
φ, (5.18)

which follows directly from the braided derivation property of L�
ξ . Finally, the noncom-

mutative action functional (5.11) is invariant under these global braided transformations,
δRξ S�(φ) = 0, which may also be checked directly. In the classical limit, these are all just the
correct global symmetry transformation properties of classical scalar field theory.

5.3.1. Abelian twists. Consider the special case where the Drinfel’d twist F ∈ Ut[[h̄]] ⊗
Ut[[h̄]] is constructed on the enveloping Hopf algebra of the Cartan subalgebra t ⊆ k, i.e. from
a commuting set of Killing vector fields of the spacetime (M, g). ThenF is an abelian twist (see
example 4.31). For vector fields ξ ∈ t, the braided Lie derivative L�

ξ = Lξ coincides with the
ordinary Lie derivative and the Lie bracket [−,−]�t = 0 is also unchanged by the twist defor-
mation (in fact, all brackets involving elements from t are unchanged). That is, the braided
symmetry transformations from the Cartan subalgebra t act exactly as in the classical theory,
and we recover the anticipated statement that the noncommutative scalar field theory is invari-
ant under the classical action of global symmetry transformations from t. However, this is not
generally true for vector fields ξ /∈ t. The novelty of our approach is that, when the Killing
Lie algebra k is nonabelian, the noncommutative scalar field theory is nevertheless invariant
under the braided action of symmetry transformations from all of k. We consider in detail the
traditional example in section 5.4 below.

38 Note that [60] only considers classical φ4-theory on Minkowski space, but the generalization is immediate.
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5.4. Example: braided Lorentz invariance

Let M = R1,d−1 with the standard flat Minkowski metric g = η. The Killing Lie algebra of
(R1,d−1, η) is the Poincaré algebra

k = iso(1, d − 1) = R
1,d−1

� so(1, d − 1). (5.19)

The abelian translation algebra R1,d−1 is generated by {Pμ}μ=0,1,...,d−1 and the nonabelian
Lorentz algebra so(1, d − 1) by {Mμν}μ,ν=0,1,...,d−1, with Mμν = −Mνμ and the semi-direct
product Lie brackets

[Pμ, Pν]k = 0, [Mμν , Pλ]k = ημλ Pν − ηνλ Pμ ,

[Mμν , Mλρ]k = ημλ Mνρ − ημρ Mνλ − ηνλ Mμρ + ηνρ Mμλ, (5.20)

where η = 1
2 ημν dxμ ⊗ dxν in coordinates x = (xμ) ∈ R1,d−1; as previously we use Einstein

summation conventions throughout.
Denoting the basis vector fields of R1,d−1 by ∂μ = ∂

∂xμ , the action of these genera-
tors on fields may be realised by the vector fields implementing translations and Lorentz
transformations

Pμ = ∂μ and Mμν = xμ ∂ν − xν ∂μ. (5.21)

Let F ∈ UR1,d−1[[h̄]] ⊗ UR1,d−1[[h̄]] be the Moyal–Weyl twist (see example 4.23)

F = exp

(
− i h̄

2
θμν Pμ ⊗ Pν

)
, (5.22)

where (θμν) is a constant antisymmetric real d × d matrix. As is well-known (see e.g. [85]),
the noncommutative scalar field theory is then translationally invariant, but it breaks Lorentz
invariance in the classical sense.

The full relativistic invariance of the noncommutative scalar field theory on (R1,d−1, η)
is restored by twisting the action of the Lorentz vector fields Mμν to a braided representa-
tion. A quick check reveals that the twist F in this example acts trivially on the Lie bracket,
[−,−]�k = [−,−]k, so the underlying braided Lie algebra of Killing vector fields coincides
with the classical Poincaré algebra. A generic element of the Poincaré algebra

ξ = εμ Pμ +
1
2
ωμν Mμν (5.23)

is specified by a set of real translation parameters εμ and real Lorentz transformation parameters
ωμν = −ωνμ. Its braided action on a scalar field φ is given by

δRξ φ = L�
ξ φ = εμ ∂μφ+ ωμν xν � ∂μφ = Lξφ− i h̄

2
ωμν θνλ ∂

λ∂μφ. (5.24)

As expected, only Lorentz transformations of φ are modified from their classical rules;
note that the transformations of the coordinate functions (x �→ xμ) : R1,d−1 → R themselves
are unchanged, as L�

ξxμ = Lξxμ. These braided Poincaré transformations close the classical
Poincaré algebra.

Nevertheless, our braided Lorentz transformations are not the same as the ‘twisted Lorentz
transformations’ of [36, 90]. Those act as the classical Lorentz symmetry on a single field, and
do not follow a braided derivation rule on star-products of fields but rather a deformed Leibniz
rule defined by the Drinfel’d twist of the coproduct ΔF on the enveloping Hopf algebra of k.
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It would be interesting to explore whether the standard Wigner classification of particles holds
for braided representations of the Lorentz algebra, as it does for the twisted actions of [36].

6. Braided BF theory

Let us now return to examples of field theories with gauge symmetries. In this section we
look at an example of a topological field theory which is a natural extension of Chern–Simons
theory, considered as our prototypical guiding example of gauge theories in the (braided) L∞-
algebra formalism in sections 2 and 4. The story spelled out for Chern–Simons theory is easily
adapted for arbitrary BF theories, whose classical L∞-algebra formulation was worked out in
detail by [43]. These examples serve to nicely illustrate generic features of field theories with
higher (or reducible) gauge symmetries in a simple framework, and provide new examples
of ensuing novelties with the corresponding higher braided gauge symmetries which also
drastically deviate from their classical and star-gauge counterparts.

6.1. BF theory in the L∞-algebra formalism

Let M be a closed oriented d-dimensional manifold. Let (g, [−,−]g) be a Lie algebra, and let
W be a g-module with a nondegenerate pairing TrW : W ⊗ g→ R which is invariant under the
g-action:

TrW

(
(X · w) ⊗ Y + w ⊗ [X, Y]g

)
= 0, (6.1)

for w ∈ W and X, Y ∈ g. The standard example is when g is a quadratic Lie algebra, where
W = g is a g-module under the adjoint action of g on itself, as in section 2.1.

The BF action functional is given by

S(B, A) =
∫

M
TrW(B ∧ FA), (6.2)

where FA ∈ Ω2(M, g) is the curvature of a connection one-form A ∈ Ω1(M, g) and
B ∈ Ωd−2(M, W). The field equations of BF theory are solved by pairs of a flat g-connection
on M and a covariantly constant (d − 2)-form valued in the representation W of g:

FB :=FA = dA +
1
2

[A, A]g = 0 ∈ Ω2(M, g) ,

FA := dAB = dB + A ∧ B = 0 ∈ Ωd−1(M, W),
(6.3)

where again A ∧ B computes the exterior product of the form components while pairing the
components in g and W via the g-action.

The action functional (6.2) is invariant under standard gauge transformations λ ∈ Ω0(M, g)
acting as

δλ(B, A) =
(
−λ · B, dλ+ [A,λ]g

)
. (6.4)

Compared to Chern–Simons theory, however, for d � 3 there is an extra ‘shift’ symmetry
generated by (d − 3)-forms τ ∈ Ωd−3(M, W) valued in W, which act as

δτ (B, A) := (dτ + A ∧ τ , 0). (6.5)
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The corresponding Noether identities coincide with the usual Bianchi identities

d(B,A)(FB,FA) :=
(
(−1)d−3 dA

FB, dA
FA − FB ∧ B

)
=

(
(−1)d−3 dAFA, (dA)2B − FA ∧ B

)
= (0, 0) ∈ Ω3(M, g) × Ωd(M, W).

(6.6)

Here the first slot is the second Bianchi identity which in this example corresponds to the
shift symmetry, in contrast to Chern–Simons theory where it corresponds to the usual gauge
transformations generated by Ω0(M, g). The latter symmetries correspond to the first Bianchi
identity in BF theory, which is the second slot.

The cyclic L∞-algebra of BF theory in d dimensions is given by the underlying graded
vector space V :=V0 ⊕ V1 ⊕ V2 ⊕ V3, where

V0 = Ωd−3(M, W) × Ω0 (M, g), V1 = Ωd−2(M, W) × Ω1 (M, g) ,

V2 = Ω2 (M, g) × Ωd−1(M, W), V3 = Ω3(M, g) × Ωd(M, W).
(6.7)

We denote gauge parameters by (τ ,λ) ∈ V0, dynamical fields by (B, A) ∈ V1, field equations
by (B,A) ∈ V2, and Noether identities by (T ,Λ) ∈ V3. The non-trivial brackets then comprise
the differential

�1(τ ,λ) = (dτ , dλ), �1(B, A) = (dA, dB) and �1(B,A) = (dB, dA),

(6.8)

along with the two-brackets

�2 ((τ1,λ1), (τ2,λ2)) =
(
−λ1 · τ2 + λ2 · τ1,−[λ1,λ2]g

)
,

�2 ((τ ,λ), (B, A)) =
(
−λ · B + A ∧ τ ,−[λ, A]g

)
,

�2 ((τ ,λ), (B,A)) =
(
−[λ,B]g,−λ · A+ B ∧ τ

)
,

�2 ((τ ,λ), (T ,Λ)) =
(
−[λ, T ]g,−λ · Λ + (−1)d−3 T ∧ τ

)
,

�2 ((B1, A1), (B2, A2)) = −
(
[A1, A2]g, A1 ∧ B2 + A2 ∧ B1

)
,

�2 ((B, A), (B,A)) = −
(
[A,B]g, A ∧ A− B ∧ B

)
.

(6.9)

Thus the dynamics of BF theory in any dimension d is also organised by a differential graded
Lie algebra. The cyclic inner product is given naturally as

〈(B, A), (B,A)〉 :=
∫

M
TrW(B ∧ B) + TrW(A∧ A) ,

〈(τ ,λ), (T ,P)〉 :=
∫

M
(−1)d−3 TrW(τ ∧ T ) + TrW(Λ ∧ λ).

(6.10)

6.2. Noncommutative BF theory in the braided L∞-algebra formalism

The differential graded Lie algebra of d-dimensional BF theory from section 6.1 lives in the
category of Uv-modules, as a consequence of diffeomorphism invariance of the topological
field theory. Applying the general formalism of braided field theory from section 4.6, we twist
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deform it to the four-term differential graded braided Lie algebra
(
V[[h̄]], ��1, ��2

)
with one-

bracket ��1 = �1 and the non-trivial two-brackets

��2 ((τ1,λ1), (τ2,λ2)) =
(
−λ1 � τ2 + Rk(λ2) � Rk(τ1),−[λ1,λ2]�g

)
,

��2 ((τ ,λ), (B, A)) =
(
−λ � B + Rk(A)∧� Rk(τ ),−[λ, A]�g

)
,

��2 ((τ ,λ), (B,A)) =
(
−[λ,B]�g,−λ �A+ Rk(B)∧� Rk(τ )

)
,

��2 ((τ ,λ), (T ,Λ)) =
(
−[λ, T ]�g,−λ � Λ + (−1)d−3 Rk(T ) ∧� Rk(τ )

)
,

��2 ((B1, A1), (B2, A2)) = −
(
[A1, A2]�g, A1 ∧� B2 + Rk(A2) ∧� Rk(B1)

)
,

��2 ((B, A), (B,A)) = −
(
[A,B]�g, A ∧� A− Rk(B)∧� Rk(B)

)
.

(6.11)

The notation λ � B again stands for the left braided representation of λ ∈ Ω0(M, g) on
B ∈ Ωd−2(M, W)[[h̄]] as described in section 4.3, and similarly for A ∧� B.

A pair of gauge parameters (τ ,λ) ∈ Ωd−3(M, W) × Ω0(M, g) defines the (left) braided gauge
transformations of the fields (B, A) ∈ Ωd−2(M, W) × Ω1(M, g) by

δR(τ ,λ)(B, A) := ��1(τ ,λ) + ��2 ((τ ,λ), (B, A))

=
(
dτ + Rk(A) ∧� Rk(τ ) − λ � B, dλ− [λ, A]�g

)
,

(6.12)

encoding the expected deformation of the symmetries. Notice that in the braided framework,
the shift symmetry is twisted naturally irrespective of the dimension d, gauge algebra g and
representation W. The closure as a braided Lie algebra[

δR(τ1,λ1), δ
R
(τ2,λ2)

]�
◦ = δR−��2((τ1,λ1),(τ2,λ2)) = δR

(λ1�τ2−Rk(λ2)�Rk(τ1),[λ1,λ2]�g)
(6.13)

follows naturally as in the commutative case, giving a braided deformation of the semi-direct
product

Ωd−3(M, W)[[h̄]]�� Ω
0(M, g)[[h̄]], (6.14)

where we regard the vector space W (and hence Ωd−3(M, W)[[h̄]]) as an abelian Lie algebra.

6.2.1. Braided BF equations. Following the prescription from section 4.6, the field equations
F�

(B,A) = 0 valued in Ω2(M, g)[[h̄]] × Ωd−1(M, W)[[h̄]] are encoded by

F
�
(B,A) = (F�

B,F�
A) := ��1(B, A) − 1

2
��2 ((B, A), (B, A))

=

(
dA +

1
2

[A, A]�g, dB + A ∧� B + Rk(A) ∧� Rk(B)

)

=

(
FR

A ,
1
2

(dA
�LB + dA

�RB)

)
,

(6.15)

where in the third line we have identified the left and right braided covariant derivatives from
section 4.3. The field equations state that the braided g-connection A is flat while the field B
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obeys a symmetrized braided covariant constancy condition. Such symmetrized combinations
are expected since they preserve reality of the fields (cf example 4.106), and hence are a generic
feature of braided field theories.

According to the general braided L∞-algebra formulation, we obtain the braided gauge
covariance

δR(τ ,λ)F
�
(B,A) = ��2

(
(τ ,λ), (F�

B,F�
A)
)
=

(
−[λ,F�

B]�g,−λ � F�
A + Rk(F�

B) ∧� Rk(τ )
)

,

(6.16)

which may also be easily verified explicitly. This extends the statement from section 4.3 that the
braided curvature, left and right covariant derivatives are covariant under gauge transformations
from Ω0(M, g).

6.2.2. Braided Noether identities. From the general prescription of section 4.6, the braided
Noether identities which are valued in Ω3(M, g)[[h̄]] × Ωd(M, W)[[h̄]] are given by

d�
(B,A)F

�
(B,A) := ��1(F�

B,F�
A) − 1

2

(
��2
(
(B, A), (F�

B,F�
A)
)
− ��2

(
(F�

B,F�
A), (B, A)

))
+

1
4
��2
(
Rk(B, A), ��2(Rk(B, A), (B, A))

)
= (0, 0), (6.17)

where Rk(B, A) := (Rk(B), Rk(A)). These translate to a pair of differential identities among the
field equation (6.15). Expanding and collecting terms, the first slot of (6.17) is the Noether
identity corresponding to the braided shift symmetry:

1
2

(
dA
�LF

�
B + dA

�RF
�
B

)
+

1
4

[
Rk(A), [Rk(A), A]�g

]�
g
= 0. (6.18)

The second slot is the Noether identity corresponding to the usual braided gauge transfor-
mations generated by Ω0(M, g):

1
2

(
dA
�LF

�
A + dA

�RF
�
A − Rk(F�

B) ∧� Rk(B) − F�
B ∧� B

)
+

1
4

(
−[A, Rk(A)]�g ∧� Rk(B) + Rk(A) ∧�

(
Rk(A)∧� B

)
+ Rk ¯(1)(A)∧�

(
Rk (̄2)(A)∧� Rk(B)

))
= 0,

(6.19)

where we used the Sweedler notationΔF (Rk) =:Rk ¯(1) ⊗ Rk ¯(2) (with summations understood).
This identity may also be derived directly by summing over the braided deformations of the
first Bianchi identity in twisted noncommutative differential geometry:

(dA
�L)2B = FR

A ∧� B +
1
2

A ∧� (A ∧� B) − 1
2

Rk(A) ∧�

(
Rk(A)∧� B

)
,

(dA
�R)2B = Rk(FR

A ) ∧� Rk(B) +
1
2

Rk Rl(A)∧�

(
Rm Rl(A) ∧� Rm Rk(B)

)
− 1

2
Rk ¯(1)(A)∧�

(
Rk ¯(2)(A) ∧� Rk(B)

)
,

(6.20)
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and the mixed derivative expressions. These follow by simply expanding the braided covariant
derivatives. The last two terms cancel each other in the classical limit, giving the usual identity
(dA)2B = F ∧ B.

6.2.3. Braided BF functional. When M is closed and oriented, the inner product (6.10) twists
to a (braided) cyclic pairing given by

〈(B, A), (B,A)〉� :=
∫

M
TrW(B ∧� B) + TrW(A∧� A) ,

〈(τ ,λ), (T ,Λ)〉� :=
∫

M
(−1)d−3 TrW(τ ∧� T ) + TrW(Λ∧� λ).

(6.21)

We shall write out the braided action functional in two forms: first by using a braided cyclic
pairing (or forgetting the ∧�-cyclicity in the case of compatible twists), and then by employ-
ing a compatible twist and its resulting ∧�-cyclicity under the integral. This is instructive for
considerations of more complicated braided field theories.

For a braided cyclic pairing, the action functional is given by the prescription of section 4.6,
which in the example at hand reads

S�(B, A):=
1
2
〈(B, A), ��1(B, A)〉� −

1
6
〈(B, A), ��2 ((B, A), (B, A))〉�

=
1
2

∫
M

TrW (B ∧� dA) + TrW (A ∧� dB) +
1
6

∫
M

TrW

(
B ∧� [A, A]�g

)
+ TrW

(
A ∧�

(
A ∧� B + Rk(A) ∧� Rk(B)

))
=

∫
M

1
2

TrW (B ∧� dA) +
1
2

TrW (dA ∧� B)

+
1
6

TrW

(
B ∧� [A, A]�g

)
+

1
6

TrW

(
Rk(B)∧� Rk([A, A]�g)

)
+

1
6

TrW

(
Rk(B) ∧� [Rk(A), A]�g

)
, (6.22)

where in the last equality we integrated by parts and used invariance of TrW(−∧� −) under the
left braided g-action, which follows from the classical invariance (6.1) order by order in the
deformation parameter h̄. Identifying the braided curvature two-form FR

A = dA + 1
2 [A, A]�g,

we arrive at

S�(B, A) =
∫

M

1
2

(
TrW

(
B ∧� FR

A

)
+ TrW

(
FR

A ∧� B
))

− 1
12

(
TrW

(
B ∧� [A, A]�g

)
+ TrW

(
Rk(B)∧� Rk([A, A]�g)

))
+

1
6

TrW

(
Rk(B) ∧� [Rk(A), A]�g

)
.

(6.23)

The first two terms of (6.23) are ‘naive’ deformations which give the classical action func-
tional (6.2) in the classical limit. The last three terms cancel each other in the classical limit,
but are individually non-covariant. However, one may easily check that together they form a
braided covariant combination. The possible non-covariance arises from terms proportional
to dλ in a gauge transformation of A, while the covariant terms vanish by invariance of TrW .
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Indeed one finds

δRλ TrW

(
B ∧� [A, A]�g

)
= TrW

(
Rk(B)∧� [Rk(dλ), A]�g

)
+ TrW

(
Rk(B)∧� [Rl(A), Rl Rk(dλ)]�g

)
= 2 TrW

(
Rk(B) ∧� [Rk(dλ), A]�g

)
,

(6.24)

where we used the braided symmetry of the bracket in the second equality. Similarly, we find

δRλ TrW

(
Rk(B)∧� Rk([A, A]�g)

)
= 2 TrW

(
Rk(B) ∧� Rk([dλ, A]�g)

)
(6.25)

and

δRλ TrW

(
Rk(B)∧� [Rk(A), A]�g

)
= TrW

(
Rk(B) ∧� [Rk(dλ), A]�g

)
+ TrW

(
Rk(B) ∧� Rk([dλ, A]�g)

)
.

(6.26)

Adding the three variations with the prefactors in (6.23) shows that they cancel, and the action
functional is braided gauge invariant as expected by the general discussion of section 4.6.

Restricting to compatible Drinfel’d twists, the pairing becomes a strictly cyclic structure
on the braided L∞-algebra

(
V[[h̄]], ��1, ��2

)
. In this case, the action functional (6.23) further

simplifies to

S�(B, A) =
∫

M
TrW

(
B ∧� FR

A

)
, (6.27)

where the first two terms of (6.23) combine by ∧�-cyclicity, while the last three terms cancel
for the same reason together with an R-matrix identity (4.19) applied to the final term. Thus
the braided noncommutative BF functional is the expected ‘naive’ deformation. By varying it
with respect to each of fields B and A, it is easy to explicitly derive the field equation (6.15)
using ∧�-cyclicity under the integral, invariance of TrW and R-matrix identities (4.19). Sim-
ilarly, braided gauge invariance under (6.12) and the corresponding Noether identities (6.17)
are verified explicitly. For Hermitian twists and real fields the action functional is real-valued
as discussed in section 4.6.

6.3. Higher braided gauge symmetry

Another new feature of BF theories, compared to Chern–Simons gauge theory, is that they gen-
erally possess additional higher shift symmetries: the shift symmetry (6.5) is on-shell reducible
in dimensions d � 4. This means that, strictly speaking, we should also include in (6.7) the
negatively-graded vector spaces V−k = Ωd−3−k(M, W) for k = 1, . . . , d − 3, which parame-
terize ‘higher gauge transformations’, together with their duals Vk+3 = Ωk+3(M, g) and the
obvious brackets in (6.8) and (6.9). We spell out this out explicitly for BF theories in the
simplest case of dimension d = 4.

Any element τ ∈ Ω1(M, W) generates the shift symmetry

δτ (B, A) =
(
dAτ , 0

)
∈ Ω2(M, W) × Ω1(M, g). (6.28)

Now consider τ ′ := τ + dAε ∈ Ω1(M, W) for any ε ∈ Ω0(M, W). This generates the shift
symmetry

δτ ′ (B, A) =
(
dAτ ′, 0

)
=

(
dAτ + (dA)2ε, 0

)
= (δτB + FA · ε, 0) = (δτB + FB · ε, 0) ,

(6.29)
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and so the two transformations differ by a term proportional to a field equation, that is,
τ and τ ′=: τ + δ(ε,A)τ generate the same symmetry on-shell. This leads to a redundancy
in the subspace of V0 generating the action of shift symmetries on V1; the redundancy
lives in the subspace of covariantly exact one-forms valued in W. We may parameterize
this by V−1 :=Ω0(M, W); for d = 4 this is enough and no further gauge redundancy in the
description exists, while in higher dimensions d > 4 the form degrees change and similarly
higher-to-higher gauge transformations are required, and so on.

Following [43], let us now describe the complete extended L∞-algebra of BF theory in
d = 4 dimensions. We extend the cochain complex by introducing

V−1 :=Ω0(M, W) and V4 :=Ω4(M, g), (6.30)

and denote the corresponding elements by ε ∈ V−1 and E ∈ V4. The brackets (6.8) and (6.9)
are extended as

�1(ε) = (dε, 0) and �1(T ,Λ) = dT , (6.31)

together with

�2 (ε, (τ ,λ)) = λ · ε, �2 (ε, (B, A)) = −(A · ε, 0), �2 (ε, (B,A)) = (B · ε, 0) ,

�2 (ε, (T ,Λ)) = −(0, T · ε), �2(ε, E) = (0, E · ε), �2 ((τ ,λ), E) = −[λ, E]g ,

�2 ((B, A), (T ,Λ)) = −[A, T ]g, �2 ((B1,A1), (B2,A2)) = −[B1,B2]g.

(6.32)

The cyclic inner product extends naturally as

〈ε, E〉 =
∫

M
TrW(ε ∧ E). (6.33)

The higher gauge transformation is now encoded in the expected way via (2.58) as

δ(ε,(B,A))(τ ,λ) = �1(ε) − �2 (ε, (B, A)) =
(
dAε, 0

)
. (6.34)

Its adjoint defines the higher Noether operator

d(1)
(B,A)(T ,Λ) = �1(T ,Λ) − �2 ((B, A), (T ,Λ)) = dAT , (6.35)

which encodes the level 1 Noether identity via (2.64) as

d(1)
(B,A) ◦ d(B,A)(B,A) = −�2 ((FB,FA), (B,A)) = [FB,B]g. (6.36)

The extension of the L∞-algebra carries through the usual deformation to produce a braided
L∞-algebra without any issues. However, we currently do not have a good physical interpreta-
tion of these ‘higher’ braided gauge symmetries. The issue is related to the problem of defining
the braided moduli space of classical solutions. We first briefly describe the problem without
explicitly writing out the detailed extended braided L∞-algebra, and then show how it is a
general consequence within the braided L∞-algebra framework.

For d = 4 the braided shift symmetry generated by τ ∈ Ω1(M, W) acts as
δRτ (B, A) = (dA

�Rτ , 0). For a higher gauge parameter ε ∈ Ω0(M, W), we would expect the
deformation of the action on gauge parameters to be δR(ε,A)τ = dA

�Rε ∈ Ω1(M, W)[[h̄]]. This,
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however, does not seem to generate an equivalent (in the classical sense) braided gauge
transformation via τ ′ := τ + dA

�Rε, since

δRτ ′ (B, A) =
(
dA
�Rτ

′, 0
)
=

(
dA
�Rτ + (dA

�R)2ε, 0
)

=

(
δRτ B + Rk(F�

B) � Rk(ε) − 1
2

Rk(A)∧�

(
Rl(A) � Rl Rk(ε)

)

+
1
2

Rk Rl(A)∧�

(
Rm Rl(A) � Rm Rk(ε)

)
, 0

)
.

(6.37)

That is, they do not generate the same symmetry on-shell. The last two polynomial terms spoil
this symmetry, which is a consequence of the breaking of the first Bianchi identity (6.20) used
in the third equality. We now explain that this is a generic feature of any higher braided gauge
theory, by using its braided L∞-algebra incarnation.

For this, we extend the braided brackets (6.11) by twisting the corresponding classical
extended brackets, with ��1 = �1 as usual and the braided two-brackets

��2 (ε, (τ ,λ)) = λ � ε, ��2 (ε, (B, A)) = −
(
Rk(A) � Rk(ε), 0

)
,

��2 (ε, (B,A)) =
(
Rk(B) � Rk(ε), 0

)
, ��2 (ε, (T ,Λ)) = −

(
0, Rk(T ) � Rk(ε)

)
,

��2(ε, E) =
(
0, Rk(E) � Rk(ε)

)
, ��2 ((τ ,λ), E) = −[λ, E]�g,

��2 ((B, A), (T ,Λ)) = −[A, T ]�g, ��2 ((B1,A1), (B2,A2)) = −[B1,B2]�g.

(6.38)

The cyclic inner product extends as

〈ε, E〉� =
∫

M
TrW(ε∧� E). (6.39)

Using these brackets, we see that the (left) higher braided gauge transformation is expressed
exactly as in the classical case (2.58), that is

δR(ε,(B,A))(τ ,λ) =
(
dA
�Rε, 0

)
= ��1(ε) − ��2 (ε, (B, A)) . (6.40)

However, using the braided graded Jacobi identities one easily verifies that the classical closure
property (2.59) no longer holds, as

δR(ε,(B,A))

(
δRτ (B, A)

)
= ��2

(
ε,F�

(B,A)

)
+ ��2

(
��2 (ε, Rk(B, A)) , Rk(B, A)

)
− 1

2
��2
(
ε, ��2 ((B, A), (B, A))

)
,

(6.41)

whereby expanding the brackets explicitly recovers the formula (6.37), as expected. Since this
is a feature of any differential graded braided Lie algebra, this will be a generic trait of any
higher gauge theory based on a braided L∞-algebra, where higher brackets will generally
contribute higher tensor powers of the fields to this expression.

One may also use cyclicity of the extended pairing to define the adjoint d(1)R
(B,A) : V3[[h̄]] →

V4[[h̄]] of the operator δR(ε,(B,A)), exactly as in the classical case (2.62). However, the meaning
of this operator is currently unclear, due to both the breakdown of the on-shell closure property
of its adjoint operation and also the peculiar definition of the level 0 Noether operator (4.96)
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in the braided field theory. It would be interesting to further explore these issues and develop
a proper formulation of higher braided gauge theories. As before, the braided BV formalism
of section 4.8 circumvents these issues, while an appropriate higher category generalization of
the description of section 4.9 ought to make sense of higher braided gauge symmetries in the
setting of the braided Maurer–Cartan moduli spaces discussed there39.

7. Braided noncommutative Yang–Mills theory

In this final section we look at our first example of a noncommutative field theory with gauge
symmetry based on a braided L∞-algebra which is not a differential graded braided Lie algebra.
We twist deform the L∞-algebra formulation of Yang–Mills theory discussed in section 2.5
to uncover a new noncommutative deformation of Yang–Mills theory with novel and
surprising features. This is in marked contrast to scalar field theory, whose braided deformation
gives the standard noncommutative field theory, and the braided Chern–Simons and BF the-
ories, which are based on differential graded braided Lie algebras, and whose field equations
and variational principles are also given by the naive replacements of products of fields with
star-products40.

7.1. Noncommutative Yang–Mills theory in the braided L∞-algebra formalism

In this section we consider the braided noncommutative deformation of the Yang–Mills gauge
theory described in section 2.5. As in the example of noncommutative scalar field theory, we
suppose now that the background spacetime (M, g) has a non-trivial Killing Lie subalgebra of
vector fields k ⊂ v = Γ(TM). For the same reasons as spelled out in section 5.2, the Yang–Mills
cyclic L∞-algebra (V , �1, �2, �3, 〈−,−〉) lives in the category of Uk-modules.

We now apply the general formalism of braided field theory from section 4.6 to the
more elaborate example of Yang–Mills theory. A choice of a Killing Drinfel’d twist41 F ∈
Uk[[h̄]] ⊗ Uk[[h̄]] deforms the underlying L∞-algebra to a four-term braided L∞-algebra(
V[[h̄]], ��1, ��2, ��3

)
with one-bracket ��1 = �1, the two-brackets

��2(λ1,λ2) = −[λ1,λ2]�g, ��2(λ, A) = −[λ, A]�g,

��2(λ,A) = −[λ,A]�g, ��2(λ,Λ) = −[λ,Λ]�g, ��2(A,A) = −[A,A]�g ,

��2(A1, A2) = −d∗H[A1, A2]�g−[A1, ∗Hd A2]�g + (−1)d [∗Hd A1, A2]�g,

(7.1)

and finally the non-zero three-bracket

��3(A1, A2, A3) = −
[
A1, ∗H[A2, A3]�g

]�
g
−
[
Rk(A2), ∗H[Rk(A1), A3]�g

]�
g

+ (−1)d
[
∗H[A1, A2]�g , A3

]�
g
,

(7.2)

39 This would require the ∞-category setting mentioned in footnote 33.
40 Of course, this does not preclude the different kinematical sectors of these theories due to the braided Lie brackets,
as well as the novel general nature of classical solutions in braided field theory and the corresponding modified forms
of gauge redundancies through the braided Noether identities.
41 In d = 4 dimensions, Yang–Mills theory is further invariant under conformal transformations. In this dimension,
one may also use Drinfel’d twists generated by the conformal Killing Lie algebra of (M, g). An analogous statement
holds in d = 2 dimensions, wherein Yang–Mills theory is invariant under all area-preserving diffeomorphisms.
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where [−,−]�g := [−,−]g ◦ F−1.
The (left) braided gauge transformation of a gauge field A ∈ Ω1(M, g) by a gauge parameter

λ ∈ Ω0(M, g) follows the standard rule

δRλ A := ��1(λ) + ��2(λ, A) = dλ− [λ, A]�g, (7.3)

closing as a braided Lie algebra:[
δRλ1

, δRλ2

]�
◦ = δR−��2(λ1,λ2) = δR[λ1,λ2]�g

, (7.4)

for all λ1,λ2 ∈ Ω0(M, g).

7.1.1. Braided Yang–Mills equations. The braided Yang–Mills field equations turn out to have
a rather surprising form. Following the prescription from section 4.6, the field equationsF�

A = 0
valued in Ωd−1(M, g)[[h̄]] are given by

F�
A =

1
2

(
dA
�L∗HFR

A + dA
�R∗HFR

A

)
+

1
6

[
Rk(A), ∗H[Rk(A), A]�g

]�
g
− 1

12

[
A, ∗H[A, A]�g

]�
g
+

(−1)d

12

[
∗H[A, A]�g , A

]�
g

(7.5)

where FR
A = dA + 1

2 [A, A]�g ∈ Ω2(M, g)[[h̄]] is the braided curvature two-form. Indeed, some
simple algebra gives

F
�
A = ��1(A) − 1

2
��2(A, A) − 1

3!
��3(A, A, A)

= d∗HdA +
1
2

d∗H[A, A]�g +
1
2

[A, ∗HdA]�g −
(−1)d

2
[∗HdA, A]�g

+
1
6

[
A, ∗H[A, A]�g

]�
g
+

1
6

[
Rk(A), ∗H[Rk(A), A]�g

]�
g
− (−1)d

6

[
∗H[A, A]�g , A

]�
g

= d∗HFR
A +

1
2

[
A, ∗HdA +

1
2
∗H[A, A]�g

]�
g

− (−1)d

2

[
∗HdA +

1
2
∗H[A, A]�g, A

]�
g

− 1
12

[
A, ∗H[A, A]�g

]�
g
+

1
6

[
Rk(A), ∗H[Rk(A), A]�g

]�
g
+

(−1)d

12

[
∗H[A, A]�g , A

]�
g
,

(7.6)

and the result follows by identifying the curvature and left/right covariant derivatives.
The first term of the field equation (7.5) is the expected symmetrized braided covariant

derivative of ∗HFR
A , which reduces to the covariant constancy condition in the classical limit,

similarly to the example of braided BF theory from section 6.2. However, the appearance of the
last three terms is completely unexpected, since in the classical limit R = 1 ⊗ 1 and the terms
conspire to cancel. Hence these terms could not have been guessed or even motivated by naively
deforming the classical field equations. The braided L∞-algebra perspective necessitates their
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presence. Similar features occur in four-dimensional braided gravity [45], and we expect such
genuinely new interaction terms to be a generic feature of gauge theories whose underlying
L∞-algebra is not simply a differential graded Lie algebra.

The field equation (7.5) differ drastically from those in the usual approaches to noncom-
mutative Yang–Mills theory based on star-gauge symmetry (cf section 3.1), wherein only the
unbraided version of the first term appears (with left and right covariant derivatives coincid-
ing). This either imposes restrictions on the gauge algebra g or the introduction of (infinitely
many) new degrees of freedom. Our braided field theory instead makes sense for any Lie alge-
bra g without introducing any spurious degrees of freedom. The braided field equation (7.5)
are furthermore real when restricted to real gauge fields, as follows from the general discussion
of section 4.6.

The general braided L∞-algebra formulation guarantees the gauge covariance of the field
equation (7.5) under the braided gauge transformations (7.3). Gauge covariance in the present
example reads in the expected way as

δRλ F�
A = ��2(λ,F�

A) = −[λ,F�
A]�g. (7.7)

Given the explicit form of (7.5), this is a non-trivial statement. The first term is manifestly
braided covariant, as it involves covariant derivatives. On the other hand, the last three terms
are not separately braided covariant objects. However, it is straightforward to show that together
they do form a braided covariant combination, as guaranteed by the braided homotopy relations
of section 4.6. We will demonstrate how this works explicitly in section 7.2 below.

7.1.2. Braided Noether identities. From the general prescription of section 4.6, the gauge
redundancies of braided Yang–Mills theory are encoded by the braided Noether identities

d�
AF

�
A := ��1(F�

A) − 1
2

(
��2(A,F�

A) − ��2(F�
A, A)

)
− 1

12
��1
(
��3(A, A, A)

)
+

1
4
��2
(
Rk(A), ��2(Rk(A), A)

)
+

1
12

(
��2
(
��3(A, A, A), A

)
− ��2

(
A, ��3(A, A, A)

))
= 0,

(7.8)

where we used ��3 (A, A1, A2) = 0. Expanding and collecting terms, this translates to the
differential identity

1
2

(
dA
�LF

�
A + dA

�RF
�
A

)
+ dA

�LZA + dA
�RZA − 3 dZA +

1
4

(
dZ̃A − [A, Z̃A]�g − [Z̃A, A]�g

)
+

1
4

[
Rk(A), d∗H[Rk(A), A]�g + [Rk(A), ∗HdA]�g − (−1)d [∗HdRk(A), A]�g

]�
g
= 0

(7.9)

where we define ZA to be the new covariant combination from the field equation (7.5):

ZA :=
1
6

[
Rk(A), ∗H[Rk(A), A]�g

]�
g
− 1

12

[
A, ∗H[A, A]�g

]�
g

+
(−1)d

12

[
∗H[A, A]�g , A

]�
g
,

(7.10)
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and Z̃A to be the first term of this expression:

Z̃A :=
[
Rk(A), ∗H[Rk(A), A]�g

]�
g
. (7.11)

In the classical limit ZA vanishes, while the rest of the inhomogeneous terms cancel upon
application of the classical Jacobi identity for the graded Lie algebra

(
Ω•(M, g), [−,−]g

)
. Thus

we obtain the classical Noether identity dAFA = 0, as expected.

7.1.3. Braided Yang–Mills functional. By twisting the classical Yang–Mills inner product
(2.74), we obtain the (braided) cyclic structure

〈A,A〉� :=
∫

M
Trg(A ∧� A) and 〈λ,Λ〉� :=

∫
M

Trg(λ ∧� Λ). (7.12)

We shall use this to write out and simplify the braided Yang–Mills action functional
in two forms, as we did with the braided BF theory of section 6.2. First we consider
an arbitrary Drinfel’d twist F , and hence a braided cyclic pairing (or for a compatible twist
we simply forget the strict cyclicity). We define the action functional via the prescription of
section 4.6:

S�(A):=
1
2
〈A, ��1(A)〉� −

1
3!

〈A, ��2(A, A)〉� −
1
4!

〈A, ��3(A, A, A)〉�

=

∫
M

1
2

Trg(A ∧� d∗HdA)

− 1
6

Trg
(
A ∧�

(
−d∗H[A, A]�g − [A, ∗HdA]�g + (−1)d [∗HdA, A]�g

) )
− 1

24
Trg

(
A ∧�

(
−
[
A, ∗H[A, A]�g

]�
g
−
[
Rk(A), ∗H[Rk(A), A]�g

]�
g

+ (−1)d
[
∗H[A, A]�g , A

]�
g

))
. (7.13)

We simplify (7.13) by making the term Trg(FR
A ∧� ∗HFR

A ) appear, and hence view the
remaining terms as a deformation of the ‘naive’ noncommutative Yang–Mills action func-
tional. This requires the use of the R-matrix identities (4.19), as well as the invariance of
Trg(−∧� −) under the left and right braided adjoint actions, which follows from the classi-
cal invariance order by order in the deformation parameter h̄. For instance, we may derive the
useful identity ∫

M
Trg

(
A ∧� [A, ∗HdA]�g

)
=

∫
M

Trg
(
[Rk(A), Rk(A)]�g ∧� ∗HdA

)

=

∫
M

Trg
(
[A, A]�g ∧� ∗HdA

)
=

∫
M

Trg
(
∗H[A, A]�g ∧� dA

)
,

(7.14)

where in the first line we use the braided ad(g)-invariance of Trg(−∧� −), followed by braided
symmetry of [−,−]�g on one-forms and strict symmetry of the Hodge duality operator ∗

H with
respect to the cyclic inner product. In a completely analogous way, we find
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∫
M

Trg
(

A ∧�

[
∗H[A, A]�g , A

]�
g

)
= −(−1)d

∫
M

Trg
(
[A, Rk(A)]�g ∧� ∗H[Rk(A), A]�g

)
.

(7.15)

By treating the rest of the terms in a similar fashion, after a long but straightforward calcula-
tion we reach a simplified and more familiar form of the braided noncommutative Yang–Mills
functional:

S�(A) =
∫

M

1
2

Trg
(
FR

A ∧� ∗HFR
A

)
+

1
6

Trg
(
[A, Rk(A)]�g ∧� ∗HRk(FR

A )
)

− 1
12

(
Trg

(
FR

A ∧� ∗H[A, A]�g
)
+ Trg

(
∗H[A, A]�g ∧� FR

A

))
+

1
24

(
Trg

(
[A, Rk(A)]�g ∧� ∗H[Rk(A), A]�g

)
− Trg

(
[A, Rk(A)]�g ∧� ∗HRk([A, A]�g )

))
. (7.16)

The first term is the ‘naive’ deformation of the classical Yang–Mills action functional (2.66),
similarly to that discussed in section 3.1. It is invariant under braided gauge transforma-
tions, due to braided ad(g)-invariance of Trg and covariance of the braided curvature FR

A . The
remaining terms are unexpected new interactions that represent the non-trivial deformation
we uncover in the braided L∞-algebra framework. They vanish in the classical limit where
R = 1 ⊗ 1, recovering the classical action functional. This is completely in line with the extra
terms we find in the braided field equation (7.5). Given that the (braided) L∞-algebra formu-
lation of field theories is a broad generalization of Chern–Simons theory, it seems natural that
Chern–Simons type terms, involving the gauge field A on its own, turn up in our definition
of braided field theories. Although these terms are individually non-covariant, together they
form braided gauge covariant combinations. We discuss this point in more detail in section 7.2
below.

Restricting to compatible Drinfel’d twists, the pairing becomes a strictly cyclic structure for
the braided L∞-algebra (V[[h̄]], ��1, ��2, ��3). In this case, the action functional (7.16) simplifies
further to

S�(A) =
1
2

∫
M

Trg
(
FR

A ∧� ∗HFR
A

)
+

1
24

∫
M

Trg
(
[A, Rk(A)]�g ∧� ∗H[Rk(A), A]�g

)

− 1
24

∫
M

Trg
(
[A, A]�g ∧� ∗H[A, A]�g

)
(7.17)

where the first three unexpected terms cancel each other by ∧�-cyclicity under the integral, and
the last term similarly simplifies. One may derive the braided field equation (7.5) by varying
this explicit action functional via similar manipulations as above. Of course, this is simply a
confirmation of the general arguments from section 4.6. For Hermitian twists and real gauge
fields, it is real-valued.

7.2. Braided gauge symmetry

It is instructive to see how gauge invariance of braided Yang–Mills theory is realised explicitly.
We start with the field equation (7.5). Consider a gauge transformation of the last term:
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δRλ
[
∗H[A, A]�g , A

]�
g
=

[
∗H[δRλ A, A]�g , A

]�
g
+
[
∗H[Rk(A), δRRk (λ)

A]�g , A
]�
g

+
[
∗HRk([A, A]�g) , δR

Rk (λ)
A
]�
g

=
[
∗H[dλ, A]�g , A

]�
g
−
[
∗H[[λ, A]�g, A]�g , A

]�
g

+
[
∗H[Rk(A), Rk(dλ)]�g , A

]�
g
−
[
∗H[Rk(A), [Rk(λ), A]�g]�g , A

]�
g

+
[
∗HRk([A, A]�g) , Rk(dλ)

]�
g
−
[
∗HRk([A, A]�g) , [Rk(λ), A]�g

]�
g

= 2
[
∗H[dλ, A]�g , A

]�
g
− (−1)d

[
dλ, ∗H[A, A]�g

]�
g

−
[
λ, [∗H[A, A]�g , A]�g

]�
g
,

(7.18)

where in the last equality we used the linearity of the Hodge duality operator and the braided
Jacobi identity to combine the terms cubic in A into the sought covariant form. The breaking
of covariance arises from the terms involving dλ.

Similarly, one may check that

δRλ
[
A, ∗H[A, A]�g

]�
g
= 2

[
Rk(A), ∗H[Rk(dλ), A]�g

]�
g
+
[
dλ, ∗H[A, A]�g

]�
g

−
[
λ, [A, ∗H[A, A]�g ]�g

]�
g
, (7.19)

and

δRλ [Rk(A), ∗H[Rk(A), A]�g ]�g =
[
dλ, ∗H[A, A]�g

]�
g
+
[
Rk(A), ∗H[Rk(dλ), A]�g

]�
g

− (−1)d
[
∗H[dλ, A]�g , A

]�
g

−
[
λ, [Rk(A), ∗H[Rk(A), A]�g ]�g

]�
g
. (7.20)

Taking the weighted sum of these three braided variations specified by (7.5), we see that the
non-covariant terms cancel. Hence the combination in the field equation (7.5) is indeed braided
gauge covariant.

Let us now turn to the general form (7.16) of the action functional. The second, third and
fourth terms form a covariant combination by the same calculation for the braided BF func-
tional from section 6.2. The last two terms also give a surprising covariant combination. The
potential non-covariance arises from the terms proportional to dλ in the gauge transformation,
and dropping the covariant components which vanish by braided ad(g)-invariance of Trg, we
find
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δRλ Trg
(
[A, Rk(A)]�g ∧� Rk(∗H[A, A]�g)

)
= Trg

(
[dλ, Rk(A)]�g ∧� Rk(∗H[A, A]�g)

)
+ Trg

(
[Rl(A), Rk(A)]�g ∧� Rk(∗H[Rl(dλ), A]�g)

)
+ Trg

(
[Rl(A), Rk(A)]�g ∧� Rk(∗H[Rm(A), Rm Rl(dλ)]�g)

)
+ Trg

(
[Rl(A), Rk Rm Rl(dλ)]�g ∧� Rk Rm(∗H[A, A]�g)

)
= Trg

(
Rk(∗H[A, A]�g) ∧� [Rk(dλ), A]�g

)
+ Trg

(
Rm Rk(∗H[Rl(dλ), A]�g) ∧� Rm([Rl(A), Rk(A)]�g)

)
+ Trg

(
[Rl(A), Rk(A)]�g ∧� Rk(∗H[Rl(dλ), A]�g)

)
+ Trg

(
[dλ, A]�g ∧� ∗H[A, A]�g

)
= Trg

(
Rk(∗H[A, A]�g) ∧� [Rk(dλ), A]�g

)
+ Trg

(
[dλ, A]�g ∧� ∗H[A, A]�g

)
+ 2 Trg

(
Rl(∗H[Rk(dλ), A]�g) ∧� [Rl Rk(A), A]�g

)
= Trg

(
Rk(∗H[A, A]�g) ∧� [Rk(dλ), A]�g

)
+ Trg

(
[dλ, A]�g ∧� ∗H[A, A]�g

)
+ 2 Trg

(
∗H[dλ, Rk(A)]�g ∧� [Rk(A), A]�g

)
, (7.21)

where we repeatedly used braided symmetry of Trg(−∧� −) and of [−,−]�g on one-forms
along with the R-matrix identities (4.19). In a completely analogous way, one may check that

δRλ Trg
(
[A, Rk(A)]�g ∧� ∗H[Rk(A), A]�g

)
= 2 Trg

(
[dλ, Rk(A)]�g ∧� ∗H[Rk(A), A]�g

)
+ Trg

(
[dλ, A]�g ∧� ∗H[A, A]�g

)
+ Trg

(
Rk([A, A]�g) ∧� ∗H[Rk(dλ), A]�g

)
.

(7.22)

Thus the non-covariant terms cancel by strict symmetry of the Hodge duality operator, ensuring
gauge invariance of the action functional as expected from the general theory of section 4.

7.3. Global braided symmetry

Similarly to the example of noncommutative scalar theory from section 5.3, braided
Yang–Mills theory is invariant under the finite-dimensional braided Lie algebra of twisted
Killing symmetries (k, [−,−]�k), acting via the braided Lie derivative. These are incorpo-
rated into the braided L∞-algebra framework of section 7.1 by extending the degree 0 and
3 homogeneous subspaces of the underlying cochain complex of section 2.5 to get42

V0 = k× Ω0(M, g), V1 = Ω1(M, g), V2 = Ωd−1(M, g), V3 = k∗ × Ωd(M, g),

(7.23)

with the differential extended as

��1(ξ,λ) = dλ, ��1(A) = d∗HdA and ��1(A) = (0, dA), (7.24)

42 The caveat discussed in footnote 37 should also be borne in mind here.
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and by modifying the two-brackets of (7.1) as

��2 ((ξ1,λ1), (ξ2,λ2)) =
(
−[ξ1, ξ2]�k , −L�

ξ1
λ2 + L�

Rk (ξ2)R
k(λ1) − [λ1,λ2]�g

)
,

��2 ((ξ,λ), A) = L�
ξA − [λ, A]�g, ��2 ((ξ,λ),A) = L�

ξA− [λ,A]�g ,

��2
(
(ξ,λ), (ξ∨,Λ)

)
=

(
ξ � ξ∨, L�

ξΛ− [λ,Λ]�g
)

, ��2(A,A) =
(
0,−[A,A]�g

)
,

(7.25)

while the brackets ��2(A1, A2) and ��3(A1, A2, A3) are unchanged. The cyclic structure (7.12) is
naturally extended as

〈A,A〉� =
∫

M
Trg(A ∧� A) and 〈(ξ,λ), (ξ∨,Λ)〉� = 〈ξ, ξ∨〉� +

∫
M

Trg(λ ∧� Λ).

(7.26)

The extended braided transformations of the gauge fields

δR(ξ,λ)A = ��1(ξ,λ) + ��2 ((ξ,λ), A) = L�
ξA + dλ− [λ, A]�g (7.27)

satisfy the gauge algebra

[
δR(ξ1,λ1), δ

R
(ξ2,λ2)

]�
◦ = δR−��2((ξ1,λ1),(ξ2,λ2)) = δR

([ξ1,ξ2]�
k

,L�
ξ1
λ2−L�

Rk (ξ2)R
k(λ1)+[λ1,λ2]�g)

,

(7.28)

with bracket of the braided semi-direct product Lie algebra

k[[h̄]] �� Ω
0(M, g)[[h̄]]. (7.29)

The braided noncommutative Yang–Mills equation (7.5) are correspondingly covariant,

δR(ξ,λ)F
�
A = ��2

(
(ξ,λ),F�

A

)
= L�

ξF
�
A − [λ,F�

A]�g, (7.30)

and likewise the action functional (7.16) is invariant, δR(ξ,λ)S�(A) = 0. These extended properties
also follow directly from the closure and derivation properties of the braided Lie derivative L�

ξ .
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