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A B S T R A C T

Given an image filter, defiltering refers to the problem of recovering an original image from its filtered version,
assuming that the internal structure of the filter is not known. In this paper, we propose five iterative image
defiltering schemes and use them for a semi-blind image deblurring problem. Namely, given an image resulting
from applying a blurring image filter corrupted by noise to a clean image, we use the proposed iterative
schemes to achieve a restoration of the clean image. In particular, for the motion deblurring problem, we
show that our defiltering schemes are competitive with modern non-blind image deconvolution methods while
using less information. The schemes are inspired by classical methods solving inverse problems and consist of
properly modified and extended versions of the Van Cittert iterations, Levenberg–Marquardt method, Wiener
filter, Landweber iterations, and Richardson–Lucy algorithm. In addition to dealing with image deblurring
problems, we show that the proposed schemes can be used for inverting non-linear filters, and show that they
are competitive with state-of-the-art black-box defiltering methods for these problems.
. Introduction and contribution

Although image deblurring is one of the most studied image pro-
essing problem, it remains a topic of active research [1]. Recent
chievements include developing fast image deblurring methods for
obile photography applications and designing deep neural network

rchitectures, see, for example, [2] and references therein.
In this paper, we consider an unconventional semi-blind image

eblurring problem. Given a noisy and blurry image filter

= 𝑓 (𝑥, 𝑛), (1)

here 𝑥 and 𝑦 are input and output images, respectively, 𝑓 (⋅, ⋅) is a
lack-box filter and 𝑛 corresponds to noise, the goal is to restore, as
uch as possible, the original image 𝑥 from the observed noisy and

lurry image 𝑦 using queries to the filter 𝑓 only. A typical example
f such a filter is given by a blurring filter corrupted by additive or
ultiplicative noise

= 𝑘 ⊛ 𝑥 + 𝑛, 𝑦 = 𝑛(𝑘 ⊛ 𝑥), (2)

here 𝑘 is a blurring kernel and ⊛ denotes the linear convolution.
In the absence of noise (i.e., when 𝑛 = 0), the problem of recovering

he original image 𝑥 from its filtered version 𝑦 by using only the filter
(⋅) was introduced in [3] and called defiltering or reverse filtering. This
roblem was further studied in [4–6], but still under the assumption
hat the process is free of noise.

∗ Corresponding author.
E-mail addresses: a.belyaev@hw.ac.uk (A.G. Belyaev), fayolle@u-aizu.ac.jp (P.-A. Fayolle).

Our contributions are as follows: we consider the noisy defiltering
problem, propose different iterative numerical schemes to attack the
problem, and evaluate the schemes on blurring filters (2) for motion
and Gaussian blurs with different types of noise. Finally, we evaluate
these numerical schemes on various, more general, non-linear filters,
and propose a possible use for image enhancement purposes.

It is natural to expect for the image deblurring task that defiltering
schemes should demonstrate better results than blind deconvolution
methods and worse results than non-blind image deconvolution meth-
ods. In Fig. 1, we compare one of our schemes (pcVC), described
in Section 3, with two non-blind image deconvolution methods, the
classical Wiener filter [7,8] and a recently developed approach [9].
Surprisingly, our scheme demonstrates competitive results compared to
the non-blind deconvolution methods.

The rest of the paper is organized as follows: We review previous
work in Section 2 and describe the proposed schemes in Section 3.
In Section 4, we present and discuss the results obtained from our
numerical experiments. Finally, we conclude and discuss possible future
research directions in Section 5.

2. Previous work

While it is quite difficult to provide a detailed overview of recent
developments in the field of image deblurring (we refer to the methods
listed in [1] and to the recent work [2] to provide the reader with an
insight of some of the current state-of-the-art methods), it is easier to
ttps://doi.org/10.1016/j.image.2022.116833
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Fig. 1. An illustration of defiltering a blurry and noisy image by one of our defiltering
schemes. For comparison purpose, we also show the results of a classic and a modern
deconvolution method, the results of different state-of-the-art defiltering methods and
the clean image. The blurry and noisy image was generated by motion blur with the
shown kernel (not to scale) and additive Gaussian noise (zero mean and variance of
10−4).

summarize existing results for the task of image defiltering. Given a
filter, without noise, 𝑦 = 𝑓 (𝑥) whose internal structure is hidden or not
known, Tao et al. [3] and later Milanfar [4] suggested a simple iterative
process to recover the clean image 𝑥 from the given filtered image 𝑦:

𝑥𝑖+1 = 𝑥𝑖 + 𝜏(𝑦 − 𝑓 (𝑥𝑖)), 𝑥0 = 𝑦, (T)

where 𝜏 > 0 is a step-size parameter. We use the tag (T) to refer to this
equation. This approach corresponds to a simple fixed-point iteration
method.

Interestingly, (T) strongly resembles the famous Robbins–Monro
stochastic approximation algorithm [10,11] and can also be interpreted
as the Van Cittert iterations for the quadratic energy ‖𝑦−𝑓 (𝑥)‖22 for the
case where the filter 𝑓 () is linear [12].

Although the reverse image filtering procedure (T) was very re-
cently introduced in [3], it has already contributed to the development
of new deep learning architectures [13]. A link between (T) and the
Bregman method (see, for example, [14]) was also established in [15].

While (T) demonstrates good performance for many popular non-
linear image filters, as shown in [3], it fails to deal with non-symmetric
convolutional filters, as illustrated in Fig. 1(d).

Let us rewrite (T) in the frequency domain

𝑋𝑖+1 = 𝑋𝑖 + 𝜏(𝑌 − 𝐹 (𝑥𝑖)), 𝑋0 = 𝑌 , (3)

where, here and elsewhere, we use capital letters to indicate the Fourier
transforms of the images/functions denoted by the corresponding low-
ercase letters. For example, 𝑋 corresponds to the Fourier transform
of 𝑥, and 𝐹 (𝑥) corresponds to the Fourier transform of 𝑓 (𝑥). Setting
𝜏 = 𝑋𝑖∕𝐹 (𝑥𝑖) in (3) leads to the iterative defiltering procedure proposed
by Dong et al. in [5]

𝑋𝑖+1 = 𝑋𝑖𝑌 ∕𝐹 (𝑥𝑖), 𝑋0 = 𝑌 , (D)

where the tag (D) will be used to refer to this equation in the rest
of the text. In practice, a small positive constant is also added to the
denominator of (D) in order to prevent a division by zero and ensure
numerical stability. Numerical experiments show that (D) works very
well for clean convolutional filters, i.e., in the absence of noise, but is
very sensitive to the presence of noise, as demonstrated in Fig. 1(e).

3. The proposed deblurring and defiltering schemes

In this section, we propose five iterative deblurring and defiltering
schemes. For the first three schemes, (1) is approximated at each
2

iteration by the linear convolution 𝑘 ⊛ 𝑥. Namely, in the frequency
domain, we have

𝑌 = 𝐹 (𝑥, 𝑛) ≈ 𝐾𝑋. (4)

The two remaining schemes are based on appropriate modifications of
the classical Landweber [16] and Richardson–Lucy [17,18] methods.

3.1. Phase-corrected Van Cittert iterations (pcVC)

Combining (4) with Van Cittert iterations in the frequency domain
(3) leads to the simple iterative process

𝑋𝑖+1 = 𝑋𝑖 + 𝜏𝑖(𝑌 −𝐾𝑖𝑋𝑖) with 𝐾𝑖 = 𝐹 (𝑥𝑖, 𝑛)∕𝑋𝑖, (5)

where 𝜏𝑖 is a relaxation factor. Initially, we start from 𝑋0 = 𝑌 , the
Fourier transform of the observed image, and iterate (5). If 𝜏𝑖 = 𝜏 is

constant, then (5) is similar to the fixed-point iterative defiltering
ethods proposed in [3,4], except that these methods perform their

terations in the spatial domain. The result shown in Fig. 1(d) indicates
hat these methods fail to work with non-symmetric blurring kernels.

Let

𝑖 = 𝐾∗
𝑖 ∕ ∣ 𝐾𝑖 ∣, (6)

where 𝐾∗
𝑖 denotes the complex conjugate of 𝐾𝑖 and ∣ 𝐾𝑖 ∣ denotes

the complex modulus of 𝐾𝑖. Using (6) in (5) adds to (5) a pure phase
filter similar to what was proposed in [2]. This combination of (5)
and (6) constitutes our first defiltering scheme. In practice, in order
to avoid division by zero in (6), we add a regularization parameter to
the denominator. Our first defiltering scheme becomes

𝑋𝑖+1 = 𝑋𝑖 +
𝐾∗

𝑖
∣ 𝐾𝑖 ∣ +𝛼

(𝑌 −𝐾𝑖𝑋𝑖), 𝐾𝑖 =
𝐹 (𝑥𝑖, 𝑛)

𝑋𝑖
, (pcVC)

where we start from 𝑋0 = 𝑌 and 𝛼 is a regularization parameter.
In our numerical experiments, we set 𝛼 to 100 times the ratio of the
noise-to-signal variance ratio. We estimate the noise variance with the
approach described in [19] and the signal variance from the observed
filtered image 𝑦. The defiltering scheme (pcVC) is used to produce the
result shown in Fig. 1(h). The only parameter of this approach is the
maximum number of iterations.

No phase correction is needed, if the Landweber iterations are used
instead of the Van Cittert ones

𝑋𝑖+1 = 𝑋𝑖 +𝐾∗
𝑖 (𝑌 −𝐾𝑖𝑋𝑖), 𝐾𝑖 = 𝐹 (𝑥𝑖, 𝑛)∕𝑋𝑖. (7)

owever, (7) demonstrates a much slower convergence than (pcVC),
s the former adds an additional blur to each iteration. This is a well-
nown drawback of the Landweber iterations and was discussed in [12,
h. 6], for example.

In the absence of noise, (2) is reduced to

= 𝑘 ⊛ 𝑥, (8)

nd we can assume that the blurring kernel 𝑘 is known from queries
o the black-box filter 𝑓 . In this case, the convergence of (pcVC)
an be studied using the Banach contraction principle, see for ex-
mple, [20, Theorem 1.1]. Let us consider the mapping in frequency
omain corresponding to the iterative scheme (pcVC)

(𝑋) ≡ 𝑋 + 𝐾∗

∣ 𝐾 ∣ +𝛼
(𝑌 −𝐾𝑋), (9)

where 𝐾 is the Fourier image of the blurring kernel 𝑘 in (8) and, as
before, 𝛼 is a small positive constant used to prevent division by zero.
We have

𝛷(𝑋1) −𝛷(𝑋2) =
(

1 −
|𝐾|

2

|𝐾| + 𝛼

)

(

𝑋1 −𝑋2
)

From the contraction mapping theorem, we know that 𝑋𝑛 converges to
the unique fixed point of 𝛷, if it is a contraction mapping. Thus (9) is
a contraction mapping if

max
|

|

|1 −
∣ 𝐾(𝑝) ∣2 |

|

| < 1 or, equivalently, max
∣ 𝐾(𝑝) ∣2

< 2, (10)

𝑝 |

|

∣ 𝐾(𝑝) ∣ +𝛼 |
|

𝑝 ∣ 𝐾(𝑝) ∣ +𝛼
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where 𝑝 denotes a pixel in the frequency domain and 𝐾(𝑝) is the
component of 𝐾 corresponding to 𝑝. One can observe that (10) is less
restrictive than the condition derived in [3] for the convolutional filters
where instabilities arise for the negative components of 𝐾 (see the
bottom row images of Fig. 3 in [3], as well as the top row images of
Fig. 8 in this paper).

3.2. Modified Levenberg–Marquardt iterations (mLM)

The starting point for deriving our second defiltering scheme con-
sists of applying the Levenberg–Marquardt method to (4). As the right-
hand side of (4) is approximated by a simple linear operator, we arrive
at

(𝐾∗
𝑖 𝐾𝑖 + 𝛼)(𝑋𝑖+1 −𝑋𝑖) = 𝐾∗

𝑖 (𝑌 −𝐾𝑖𝑋𝑖) 𝐾𝑖 =
𝐹 (𝑥𝑖, 𝑛)

𝑋𝑖
.

This gives our second iterative process

𝑋𝑖+1 = 𝑋𝑖 +
𝐾∗

𝑖

∣ 𝐾𝑖 ∣2 +𝛼
(𝑌 −𝐾𝑖𝑋𝑖), 𝐾𝑖 =

𝐹 (𝑥𝑖, 𝑛)
𝑋𝑖

, (mLM)

where 𝛼 is defined as for the phase-corrected Van Cittert iterations
(pcVC). Similarly to the previous iterative scheme, we start the iter-
ations from 𝑋0 = 𝑌 , where 𝑌 is the Fourier transform of the observed,
iltered image 𝑦. The only parameter of the approach is the maximum
umber of iterations. Note that if we set 𝛼 = 0 in (mLM), we arrive
gain at the iterative procedure (D) introduced in [5].

In the absence of noise, we can assume that the blurring kernel
and its Fourier image 𝐾 are known via queries to the black-box

ilter 𝑓 . The iterative process described by the first equation in (mLM)
orresponds to the mapping

(𝑋) ≡ 𝑋 + 𝐾∗

∣ 𝐾 ∣2 +𝛼
(𝑌 −𝐾𝑋), (11)

for which the contraction condition

max
𝑝

|

|

|

|

|

1 −
∣ 𝐾(𝑝) ∣2

∣ 𝐾(𝑝) ∣2 +𝛼

|

|

|

|

|

< 1 (12)

s always satisfied. This establishes the convergence of the process
n this case. Note that unlike the scheme (pcVC), the convergence of
mLM) is always guaranteed in the absence of noise.

.3. Modified Wiener filter iterations (mW)

Our third defiltering scheme is inspired by the classical Wiener least
quares filter [7,8]

= 𝐾∗

∣ 𝐾 ∣2 +𝛼
𝑌 , 𝛼 > 0, (13)

where the inverse Fourier transform of 𝑋 delivers a solution to the first
inverse problem in (2). To deal with more complex image filters, we
combine (13) with an iterative update of 𝐾𝑖

𝐾𝑖 = 𝐹 (𝑥𝑖, 𝑛)∕𝑋𝑖, 𝐾0 = 𝐹 (𝑦, 𝑛)∕𝑌 .

In practice, in order to suppress noise, it is better to use the iteratively
updated mean of {𝐾𝑖}. This leads to our third iterative scheme

𝑋𝑖+1 =
𝐾∗
𝑖+1

∣𝐾𝑖+1 ∣2+𝛼
𝑌 , 𝑋0 = 𝑌 ,

𝐾𝑖+1 = 𝐾𝑖
𝑖−1
𝑖 + 𝐹 (𝑥𝑖 ,𝑛)

𝑋𝑖

1
𝑖 , 𝐾0 =

𝐹 (𝑦,𝑛)
𝑌 ,

⎫

⎪

⎬

⎪

⎭

(mW)

here 𝛼 is set to the noise-to-signal variance ratio of image 𝑦, and is
computed as before.
3

3.4. Approximate Landweber iterations (aL)

In order to solve the inverse problem (1), let us consider the energy
minimization problem

‖𝑦 − 𝑓 (𝑥, 𝑛)‖22 → min . (14)

The non-linear Landweber iterations correspond to the gradient descent
for this energy minimization problem and are given by

𝑥𝑖+1 = 𝑥𝑖 + 𝑓 ′(𝑥𝑖, 𝑛)∗(𝑦 − 𝑓 (𝑥𝑖)),

where 𝑓 ′ is the Fréchet derivative of 𝑓 with respect to 𝑥 and 𝑓 ′∗

denotes the adjoint of 𝑓 ′. Using a finite difference approximation of
the derivative leads to

𝑥𝑖+1 = 𝑥𝑖 +𝑑𝑖 with 𝑑𝑖 = [𝑓 (𝑥𝑖 +ℎ̃𝑖) − 𝑓 (𝑥𝑖 −ℎ̃𝑖)]∕2,

where ℎ𝑖 → 0 and we denote by 𝑥 (𝑠) = 𝑥 (−𝑠) the reflection operation.
Setting ℎ𝑖 = 𝑦 − 𝑓 (𝑥𝑖, 𝑛) leads to our third iterative scheme

𝑥𝑖+1 = 𝑥𝑖+𝑑𝑖 with 𝑑𝑖 = [𝑓 (𝑥𝑖+ℎ̃𝑖, 𝑛)−𝑓 (𝑥𝑖−ℎ̃𝑖, 𝑛)]∕2 and ℎ𝑖 = 𝑦−𝑓 (𝑥𝑖, 𝑛).

(aL)

One can easily check that in the absence of noise, and if 𝑓 (⋅) is a linear
operator, then (aL) yields the Landweber iterations [12].

Similarly to the previous iterative methods, we start from 𝑥0 = 𝑦,
i.e. the given filtered image, and iterates (aL) for a given number of
iterations. This maximal number of iterations is the only parameter of
the approach.

3.5. Modified Richardson–Lucy iterations (mRL)

The Richardson–Lucy (RL) image deconvolution method [17,18]
and its variants [21,22] are widely used methods in astronomical image
processing [23], biological image processing [24] and for many other
applications, see, for example, [25].

Variational principles for RL and its relative ISRA (Image Space
Reconstruction Algorithm) were considered in [22]. Below we show
that RL, ISRA and some other image deblurring schemes admit a simple
gradient descent variational formulation. Namely, let us consider the
following problem

𝐸(𝑥) = ∫ (𝑘 ⊛ 𝑥 − 𝑦)2 𝑑𝑠
𝑤

→ min,

where 𝑤(𝑠) is a weighting function. A simple gradient descent yields

𝑥𝑖+1 = 𝑥𝑖 − 𝜏∇𝐸, where ∇𝐸 =𝑘 ⊛
[

𝑘 ⊛ 𝑥 − 𝑦
𝑤

]

, (15)

where we intend to use a variable step-size 𝜏 = 𝜏𝑖. Setting

𝜏𝑖 = 𝑥𝑖

/(

𝑘 ⊛
𝑘 ⊛ 𝑥𝑖
𝑤

)

in (15) leads to

𝑥𝑖+1 = 𝑥𝑖
(

𝑘 ⊛
𝑦
𝑤

)

/(

𝑘 ⊛
𝑘 ⊛ 𝑥𝑖
𝑤

)

(16)

One can see that (16) with 𝑤 = 1 gives ISRA and setting 𝑤 = 𝑘 ⊛ 𝑥𝑖
yields RL. Below, we also use (16) with 𝑤 = 𝑦. The iterative scheme
(16) can easily be extended to the case of a general image filter 𝑓 (⋅).
n particular, RL corresponds to

𝑖+1 = 𝑥𝑖𝑎𝑖, 𝑎𝑖 = 𝑓 (𝑝𝑖), 𝑝𝑖 = 𝑦 ∕𝑓 (𝑥𝑖), (17)

while (16) with 𝑤 = 1 yields

𝑥𝑖+1 = 𝑥𝑖 ∕𝑏𝑖, 𝑏𝑖 = 𝑓 (𝑞𝑖), 𝑞𝑖 = 𝑓 (𝑥𝑖)∕𝑦. (18)

One can observe that (18) is obtained from (17) by swapping multipli-
cations and divisions.

Our modified Richardson–Lucy method consists of combining (17)
and (18) in one iteration:
𝑥𝑖+1∕2 = 𝑥𝑖𝑎𝑖, 𝑎𝑖 = 𝑓 (𝑝𝑖), 𝑝𝑖 = 𝑦 ∕𝑓 (𝑥𝑖),

̃

}

(mRL)

𝑥𝑖+1 = 𝑥𝑖+1∕2 ∕𝑏𝑖, 𝑏𝑖 = 𝑓 (𝑞𝑖), 𝑞𝑖 = 𝑓 (𝑥𝑖+1∕2)∕𝑦.
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Fig. 2. An illustration of the results obtained by our five defiltering schemes for processing a blurry and noisy image. We compare the results of our methods to several
state-of-the-art blind and non-blind deblurring methods. The blurry and noisy image is generated by motion blur with the shown kernel (not to scale) and corrupted by additive
Gaussian noise (zero mean and variance of 10−5). The zoomed images correspond to the regions delimited by the red and green rectangles.
4. Numerical experiments

In Fig. 2, we use a complex motion blur kernel and additive
Gaussian noise to evaluate the performance of the proposed iterative
schemes (pcVC), (mLM), (mW), (aL) and (mRL), and compare them
with popular non-blind and blind deconvolution methods [26,27]. The
blind deblurring method of [27] delivers the worst restoration result
as it cannot compete with non-blind and semi-blind methods. The
tested non-blind methods depend on some user-specified parameters
and we tried to select the parameter values that resulted in the best
results. It is not surprising that the non-blind methods demonstrate a
better performance than our schemes, because our schemes do not use
any knowledge of the blurring kernel and noise. Among the schemes
introduced in this work, the modified Levenberg–Marquardt iterations
(mLM) demonstrate the best performance for motion blur and additive
Gaussian noise. In the experiments presented in this paper, we use a
fixed number of iterations for our iterative schemes (aL), (mW), (mLM),
(mRL) and (pcVC). We use one hundred iterations of (mW), (mLM) and
(pcVC), and five hundred iterations of (aL) and (mRL). The maximum
number of iterations is the only user defined parameter of our methods.

Similar results are demonstrated for Gaussian blur (𝜎 = 3) and
additive Gaussian noise, as seen in Fig. 3. Among the proposed schemes,
iterations of (mLM) outperform (aL), (mW), (mRL) and (pcVC) and
demonstrate competitive results compared to several popular non-blind
deblurring methods.

In Fig. 4, we combine the motion blur from Fig. 2 with Poisson
noise. More precisely, a blurred and noisy image 𝑦 is generated from a
clean image 𝑥 by

𝑦 = 𝛼
(𝑘 ⊛ 𝑥) ,
𝛼

4

Table 1
PSNR (in dB) for the defiltered images obtained by applying different defiltering
schemes ((D), (T), (pcVC), (aL), (mLM), (mRL) and (mW)) on blurred and noisy images.
The blurred and noisy images were obtained by applying motion blur with the kernels
specified in the first column and corrupted by Gaussian noise with a variance specified
in the second column. The PSNR numbers are averaged over different test images. The
number in bold indicates the best result.

Kernel Noise (D) (T) (pcVC) (aL) (mLM) (mRL) (mW)

Fig. 3 1e−05 21.40 21.92 26.92 23.15 26.73 24.27 20.85
Fig. 3 1e−04 12.83 13.76 25.71 15.67 26.00 17.90 21.00
Fig. 2 1e−05 20.90 8.99 28.64 24.72 28.74 25.83 21.85
Fig. 2 1e−04 13.22 6.72 24.92 15.91 25.22 17.67 20.86
Fig. 1 1e−05 20.83 −1.14 30.16 25.16 29.84 26.56 21.50
Fig. 1 1e−04 11.47 −1.67 26.90 16.25 27.44 18.24 21.47

where (⋅) corresponds to adding Poisson noise and 𝛼 is a scaling
factor. In our experiments, we set 𝛼 = 10−4. One can see that among
our different schemes, (mW) and (pcVC) demonstrate better results
than (mLM), (aL) or (mRL) and, in particular, that they show only a
slightly worse performance than the classical Lucy–Richardson [17,18]
method, which was specially designed to deal with Poisson noise. A
visual inspection show that the restoration results of (mW) and (pcVC)
are of similar or even higher quality than the remaining non-blind
deconvolution methods tested in Fig. 4,

Our schemes (pcVC), (mLM), (mW), (aL) and (mRL) can naturally
be applied to color images by handling each channel independently.
Results obtained on different types of color images by iterations of
(mW), (aL) and (mLM) are illustrated in Fig. 5. The noisy and blurred
images of Fig. 5(b) were obtained by motion blur with the kernel shown
in Fig. 1(a) and with Gaussian noise with a variance of 10−5.
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Fig. 3. Results obtained by our defiltering schemes for restoring a Gaussian blurred image, corrupted with Gaussian noise (zero mean and variance of 10−5). We compare the
results obtained by our methods with non-blind deconvolution methods and another state-of-the-art defiltering method.
Table 2
PSNR (in dB) for the defiltered images obtained by applying different defiltering
schemes ((D), (T), (pcVC), (aL), (mLM), (mRL) and (mW)) on blurred and noisy images.
The blurred and noisy images were obtained by applying motion blur with the kernels
specified in the first column and corrupted by Gaussian noise with a variance specified
in the second column. Unlike the results shown in Table 1, a simple denoiser is applied
to the defiltered image before computing the PSNR. The PSNR numbers are averaged
over different test images. The number in bold indicates the best result.

Kernel Noise (D) (T) (pcVC) (aL) (mLM) (mRL) (mW)

Fig. 3 1e−05 26.14 27.11 26.95 27.08 26.89 26.84 27.98
Fig. 3 1e−04 21.55 25.59 26.02 25.86 26.12 25.65 26.54
Fig. 2 1e−05 24.57 9.84 28.70 29.95 29.02 29.27 31.07
Fig. 2 1e−04 22.33 8.93 25.14 27.28 25.31 25.89 27.01
Fig. 1 1e−05 25.68 −0.26 30.25 31.18 30.18 30.50 31.24
Fig. 1 1e−04 21.08 −0.64 27.26 28.30 27.61 27.53 28.89

One can observe that (mW) generates noisier restoration images
ompared to the other four proposed schemes. For example, this effect
s clearly seen in Fig. 5. As discussed below (see also Figs. 6 and 7),
he performance of (mW) can be significantly improved if a denoising
rocedure is applied after the restoration is completed.

uantitative analysis. We compare our different methods to the black-
ox defiltering approaches of Dong et al. [5] and Tao et al. [3] in terms
f PSNR and SSIM in Tables 1 and 3. For each table, the PSNR and SSIM
cores are averaged over different test images. PSNR and SSIM were
elected since they are commonly used in the literature though several
ther metrics exist as well [28–30]. Scores like PSNR or SSIM are
ensitive to noise. In Tables 2 and 4, we report the scores obtained after
 f

5

Table 3
SSIM for the defiltered images obtained by applying different defiltering schemes ((D),
(T), (pcVC), (aL), (mLM), (mRL) and (mW)) on blurred and noisy images. The blurred
and noisy images were obtained by applying motion blur with the kernels specified
in the first column and corrupted by Gaussian noise with a variance specified in the
second column. The SSIM numbers are averaged over different test images. The number
in bold indicates the best result.

Kernel Noise (D) (T) (pcVC) (aL) (mLM) (mRL) (mW)

Fig. 3 1e−05 0.46 0.48 0.82 0.55 0.80 0.65 0.35
Fig. 3 1e−04 0.17 0.21 0.75 0.26 0.78 0.40 0.44
Fig. 2 1e−05 0.46 0.15 0.83 0.61 0.82 0.69 0.50
Fig. 2 1e−04 0.19 0.07 0.68 0.29 0.73 0.40 0.45
Fig. 1 1e−05 0.44 0.04 0.87 0.62 0.85 0.71 0.49
Fig. 1 1e−04 0.20 0.02 0.75 0.30 0.79 0.42 0.48

applying a simple denoiser to the image (we used a simple deep neural
network based denoiser [31]). Figs. 6 and 7 illustrate the evolution of
PSNR and SSIM over the number of iterations for our different methods.
The asymmetric kernel shown in Fig. 2(a) and the Gaussian kernel
shown in Fig. 3 are used with Gaussian noise (with zero mean and
a variance 10−5). Similarly to the tables, we show results with and
without applying a denoiser to the image before computing its score.

Running time. We implemented the proposed iterative schemes in
MATLAB.1 The running times for generating the images shown in
Figs. 2 and 3 are given in Table 5. The given times were obtained on
an Intel CORE i3 at 3.3 GHz using a single thread and are averaged
over multiple runs. Both the approximate Landweber scheme (aL) and

1 Our MATLAB implementations can be found at https://github.com/
ayolle/bbDeblur.

https://github.com/fayolle/bbDeblur
https://github.com/fayolle/bbDeblur
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Fig. 4. Results obtained on an image blurred by motion blur with the kernel shown in Fig. 2 and corrupted with Poisson noise. We compare our schemes (pcVC), (mLM), (mW),
(aL) and (mRL) with several classic and modern non-blind image deconvolution methods.
Table 4
SSIM for the defiltered images obtained by applying different defiltering schemes ((D),

(T), (pcVC), (aL), (mLM), (mRL) and (mW)) on blurred and noisy images. The blurred
and noisy images were obtained by applying motion blur with the kernels specified
in the first column and corrupted by Gaussian noise with a variance specified in the
second column. Unlike the results shown in Table 3, a simple denoiser is applied to
the defiltered image before computing the SSIM. The SSIM numbers are averaged over
different test images. The number in bold indicates the best result.

Kernel Noise (D) (T) (pcVC) (aL) (mLM) (mRL) (mW)

Fig. 3 1e−05 0.79 0.84 0.82 0.84 0.81 0.83 0.81
Fig. 3 1e−04 0.55 0.77 0.78 0.78 0.79 0.78 0.82
Fig. 2 1e−05 0.68 0.21 0.84 0.90 0.83 0.88 0.91
Fig. 2 1e−04 0.62 0.14 0.70 0.82 0.74 0.77 0.80
Fig. 1 1e−05 0.69 0.04 0.87 0.92 0.86 0.90 0.91
Fig. 1 1e−04 0.63 0.03 0.77 0.85 0.81 0.82 0.86

the modified Richardson–Lucy scheme (mRL) uses five times more
iterations than the other schemes, explaining the difference in running
time (five hundred iterations compared to one hundred iterations).

Non-linear defiltering. In Fig. 8, we illustrate the behavior of our
schemes (pcVC), (aL) and (mRL) on one linear (the convolution with
a disk) and several non-linear filters. We compare them against the
defiltering method of Tao et al. [3].

As the Fourier image of the characteristic function of a disk contains
negative entries (it is a radial sinc function), the iterative scheme
of [3] develops instabilities, as demonstrated by the second image
of the top row of Fig. 8. This limitation of the scheme was also
discussed in Section 3.2 of [3]. In contrast, all our methods produce
good reconstruction results.
6

Table 5
Top row: Running time (in seconds) for generating the images in Fig. 2.
Bottom row: Running time (in seconds) for generating the images in
Fig. 3. The running times are averaged over multiple runs. The numbers
in bold indicate the fastest method. Note that in our experiments, we
used five times more iterations of (aL) and (mRL) compared to the other
methods to achieve similar results.
(mLM) (pcVC) (mW) (aL) (mRL)

6.62 6.16 4.67 30.05 31.46
3.95 4.24 3.66 12.79 12.13

For the case of non-linear filters, there is no single method outper-
forming all the others consistently. For example, for the relative total
variation filter [34], the best restoration results are delivered by both
(mRL) and the method of [3]. However, the latter requires a much
smaller number of iterations (twenty iterations) compared to the former
(five hundred iterations).

In the bottom-row example of Fig. 8, we consider the superposition
of the guided filter [36] and motion blur with the kernel shown in
Fig. 2. Gaussian noise is also added. The presence of motion blur
destroys restoration properties of the method of [3]. However, this
particular example appears to be difficult for the other tested methods
as well.

In general, as seen in Fig. 8, in contrast to the case of linear convo-
lution filters, the method from [3] demonstrates a better performance
for non-linear edge-preserving image filters.

In the second row of Fig. 8, we compare different reverse filtering
schemes on images filtered by the Adaptive Manifold Filter (AMF) pro-

posed in [32]. Both the methods of [3] and our approximate Landweber
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Fig. 5. Defiltering results obtained by our methods on blurry and noisy color images. The blurry and noisy images are generated by the motion blur kernel shown in Fig. 1 and
dditive Gaussian noise (zero mean and variance of 10−5). Results obtained by iterations of (pcVC), resp. (mRL), lead to similar results to those obtained from iterations of (mLM),
esp. (aL), and are not shown.
terations (aL) demonstrate good restoration results, but the former is
aster, as it requires less iterations and calls of the filter (only twenty
terations in this case).

pplication to image dehazing. Fig. 6d of [32] suggests that the AMF
ilter can be used for simulating haze. We reproduce this haze effect in
he left image of the second row of Fig. 8, where we use the AMF filter
ith 𝜎𝑠 = 20 and 𝜎𝑟 = 0.4 (see [32] for an explanation of how these two
arameters affect the filter behavior). This leads us to the simple idea
f combining a defiltering scheme, such as (T), with the AMF filter for
mage dehazing purposes. Given a hazed image, iterations of (T) with
he AMF filter 𝑓 (⋅) using haze-emulating parameters should allow us to
ehaze the given image. The validity of this idea is confirmed by the
mage dehazing experiments shown in Fig. 9, where we simply use 20
terations of (T) with 𝜏 = 1 (as suggested in [3]) and 𝑓 (⋅) defined by
he AMF filter with 𝜎𝑠 = 20 and 𝜎𝑟 = 0.4. The results demonstrate the
otential of reverse image filtering to become a powerful tool for image
nhancement and clarification.

. Conclusion

In this work, we have proposed and evaluated five semi-blind
mage deconvolution schemes which only require the availability of the
orward image degradation model as a black-box. No internal structure
f the model is available to us. We demonstrate that in spite of these
7

limitations, our schemes show competitive performance against several
popular non-blind image deblurring methods. Our schemes are based
on classical image deconvolution methods of Van Cittert, Landweber,
Wiener, and Richardson–Lucy. We also evaluate the applicability of our
schemes to the general reverse filtering problem [3,4].

We think that our schemes have the potential to be further improved
and adapted for some particular deblurring and defiltering problems.

Interestingly, similar image restoration problems have been recently
studied by using self-supervised deep learning neural networks in [38].
We hope that combining our approach with machine learning tools can
lead to further progress in solving inverse image problems.

In addition to a study of general deblurring and defiltering prob-
lems, we have also proposed a simple way to use image defiltering for
image enhancement purposes. Our experiments with image dehazing
look encouraging and we think that reverse filtering may become a
useful tool in image enhancement and clarification applications.

In the deblurring and defiltering experiments presented in this
paper, we have used fixed numbers of iterations, one hundred iterations
for (pcVC), (mLM), and (mW) and five hundred iterations for (aL)
and (mRL). Better image restoration and enhancement results can
be achieved if, for each iterative scheme, the number of iterations
(stopping time) is determined through an image quality evaluation
procedure. Some interesting image quality assessment methods are
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Fig. 6. PSNR scores over the number of iterations for our different methods. The top row corresponds to the asymmetric filter shown in Fig. 2(a), with Gaussian noise (zero mean
and a variance of 10−5). The bottom row corresponds to the Gaussian filter shown in Fig. 3(a). The images in the right column show the case where a simple denoiser is used
on the defiltered image and before computing the PSNR.

Fig. 7. SSIM scores over the number of iterations. The same cases as in Fig. 6 are illustrated.

8
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Fig. 8. Results of defiltering various non-linear filters. From top to bottom — First row: convolution with a disk. Second row: adaptive manifold filtering [32]. Third row: bilateral
filtering [33]. Fourth row: relative total variation [34]. Fifth row: weighted least squares [35]. Sixth row: superposition of the guided filter [36] and motion blur is used; see the
main text for a discussion.

Fig. 9. Examples of image dehazing with iterations of (T) where 𝑓 (⋅) is the AMF filter [37] with properly chosen parameter values. Top row: natural smoke/haze/fog images.
Bottom row: enhanced images.

9
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described in [39–42]. Combining our schemes with such automatic no-
reference image quality evaluation methods constitutes an interesting
direction for future research.
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