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ROBUST BAYESIAN RECONSTRUCTION OF MULTISPECTRAL SINGLE-PHOTON 3D
LIDAR DATA WITH NON-UNIFORM BACKGROUND

Abderrahim Halimi 1, Jakeoung Koo 1, Robert A. Lamb 2, Gerald S. Buller 1, Stephen McLaughlin 1

(1) School of Engineering and Physical Sciences, Heriot-Watt University, Edinburgh U.K.
(2) Leonardo MW Ltd, Crewe Road North, Edinburgh, EH5 2XS, UK

ABSTRACT

This paper presents a new Bayesian algorithm for the robust
reconstruction of multispectral single-photon Lidar data ac-
quired in extreme conditions. We focus on imaging through
obscurants (i.e., fog, water) leading to high and possibly
non-uniform background noise. The proposed hierarchical
Bayesian method accounts for multiscale information to pro-
vide distribution estimates for the target’s depth and reflec-
tivity, i.e., point and uncertainty measures of the estimates to
improve decision making. The correlations between variables
are enforced using a weighting scheme that allows the incor-
poration of guide information available from other sensors
or state-of-the-art algorithms. Results on synthetic and real
data show improved reconstruction of the scene in extreme
conditions when compared to the state-of-the-art algorithms.

Index Terms— 3D reconstruction, multispectral Lidar
imaging, obscurants, Bayesian inference, robust estimation.

1. INTRODUCTION

Single-photon 3D Lidar imaging is a promising technology
due to the use of highly sensitive single-photon detectors that
have excellent surface-to-surface resolution due to their pi-
cosecond timing performance [1, 2]. This sensor illuminates
the scene with picosecond duration laser pulses and collects
the reflected photons together with their time of flight (ToF),
to build histograms of counts with respect to (w.r.t.) ToFs.
The target’s depth and reflectivity information could be ex-
tracted from these histograms, providing a 3D reconstruc-
tion of the observed scene. Moreover, a multispectral re-
construction of the scene could be obtained by using multi-
ple laser wavelengths. Current challenges of 3D Lidar imag-
ing includes the sparse photon nature of the target returns
due to rapid or long-range imaging [3–7], in addition to high
and possibly non-uniform background noise when imaging
through obscurants [1, 8–12] (i.e., fog, water, smoke) as re-
quired in real-world applications (e.g., autonomous naviga-
tion, firefighting).

This work was supported by the UK Royal Academy of Engi-
neering under the Research Fellowship Scheme (RF/201718/17128), EP-
SRC Grants EP/T00097X/1,EP/S000631/1,EP/S026428/1, the Dasa project
DSTLX1000147844.

Several solutions have been proposed in the literature
which can be grouped into three categories: statistical,
learning-based and hybrid methods. The former presents
good interpretability as they build on principled statistical
models, but they require the definition of good features to
represent the data [13–17]. Learning methods learn fea-
tures/correlations from data, but often require large training
datasets and can be sensitive to mismodeling effects [18–21].
Hybrid methods combine the two approaches to improve per-
formance [22, 23] and an increasing effort is now devoted to
improve interpretability of these methods [24, 25].

This paper proposes a robust statistical Bayesian algo-
rithm designed to enable multispectral 3D imaging through
obscurants in presence of non-uniform background. The
method accounts for the Poisson data statistics, and improves
inference performance by exploiting multiscale information
on data and prior knowledge on depth and reflectivity param-
eters. The method also accounts for side information coming
from other sensors and/or state-of-the-art algorithms by con-
sidering weight coefficients, that enforce structural data cor-
relations. The resulting posterior distribution provides rich
information about the parameters, i.e., point estimates and a
measure of their variances. The model is designed to allow
independent parameter updates, which enables fast inference.
To summarize, the main contributions are the robustness to
non-uniform background, quantified uncertainty of the pa-
rameters and a formulation exploiting guiding information
from other algorithms/sensors. The benefit of these contribu-
tions is highlighted on synthetic and real data when compared
to state-of-the-art algorithms.

The paper is structured as follows. Section 2 introduces
the considered approximate likelihood and multiscale obser-
vation model. Section 3 presents the proposed hierarchical
Bayesian model. Results on simulated and real data are pre-
sented in Sections 4 and 5. Conclusions and future work are
finally reported in Section 6.

2. PROBLEM FORMULATION

2.1. Approximate Poisson likelihood

The measured histogram of photon counts yn,t,k, for the nth
pixel, the tth time bin and the kth wavelength, follows a Pois-
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son distribution P (.) given by [16, 17]:

yn,t,k ∼ P (sn,t,k) (1)

where sn,t,k is related to the target’s depth dn and reflectivity
rn,k parameters as follows

sn,t,k = rn,kfk (t− dn) + bn,t,k (2)

with fk the system impulse response function (IRF), and
bn,t,k the background counts due to the environment of ob-
servation. In the presence of obscurants, the background
might be variable w.r.t. t instead of the commonly used uni-
form temporal shape. In this paper, instead of considering
an accurate likelihood leading to computationally expensive
inference, we adopt likelihood approximations and intro-
duce appropriate parameter regularization to recover robust
estimates. Assuming: (i) the availability of a background
rejection method to extract signal counts syn,t,k (as intro-
duced in Section 3.6), (ii) a Gaussian shape for the kth IRF
with variance σ2

k and (iii) that
∑T
t=1 fk (t− dn) = 1,∀k

for all realistic dn, straightforward computations lead to the
approximate likelihood

P (sY n|rn, dn) ∝
K∏
k=1

[
G (rn,k; 1 + s̄n,k, 1) Q̄

(
syn,k

)]
× N (dn; dML

n , σ̄2) (3)

where ∝ means “proportional to”, N (x;µ, σ2) denotes
the Gaussian distribution with average µ and variance σ2,
and G(x; γ, θ) ∝ xγ−1exp(−x/θ) is the gamma distribu-
tion with shape and scale parameters γ, θ. In (3), Q̄

(
syn,k

)
represents a normalization constant depending on the sig-
nal counts syn,k (but not on the parameters of interest
rn, dn), s̄n,k =

∑T
t=1

syn,t,k represents the sum of signal

counts per pixel and wavelength, σ̄2 =
(∑

k
s̄n,k

σ2
k

)−1

and

dML
n = σ̄2

∑K
k=1

∑T
t=1 t

syn,t,k

σ2
k

represents the maximum like-
lihood (ML) depth estimate (i.e., the Gaussian’s mean). The
joint likelihood for all pixels is

P (sY |d,R) =

N∏
n=1

K∏
k=1

T∏
t=1

P (syn,t,k|rn,k, dn) (4)

after considering independence between the observed pix-
els yn,t,k, and sY ,d,R are matrices gathering signal counts,
depth parameters, and reflectivity parameters, respectively.
The ML estimator of the depth and reflectivity parameters
is poor especially in challenging scenarios (i.e., sparse pho-
ton regime, scattering environment), hence the need for an
advanced restoration strategy. Fortunately, (3) highlights the
independence of the depth and reflectivity variables, that ap-
pear within conventional Gaussian and gamma distributions,
which help the design of the proposed Bayesian model.

2.2. Multiscale information

Multiscale information has been widely adopted in several
state-of-the-art single-photon restoration algorithms [16, 17,
22, 26, 27]. This strategy improves the robustness of the esti-
mated depth and reflectivity parameters. On the one hand, fil-
tering the histograms of counts with a low-pass uniform filter
preserves data Poisson statistics, and leads to estimates with
lower noise but with reduced spatial details. On the other
hand, the ML estimates are noisy but sharp. In this paper, we
combine both information to obtain robust and sharp parame-
ter estimates. Considering L predefined graphs of neighbours
φ1,··· ,L, we compute L downsampled histogram of counts to
obtain Y `

k (for example, φ(2) using q(2) = 3× 3 neighbours,
and φ(3) using q(3) = 5× 5 neighbours, · · · ). After assuming
data independence, the corresponding approximate L likeli-
hood distributions are given by

P (sY (`)
n |r(`)

n , d(`)
n ) ∝

K∏
k=1

[
G
(
r

(`)
n,k; 1 + s̄

(`)
n,k, 1

)
Q̄
(
sy

(`)
n,k

)]
× N

(
d(`)
n ; dML(`)

n ,
(
σ̄(`)

)2
)
, (5)

∀` ∈ {1, · · · , L}, with ` = 1 the original cube and ` > 1 are

downsampled histograms, and
(
σ̄(`)

)2
=

(∑
k

s̄
(`)
n,k

σ2
k

)−1

.

3. HIERARCHICAL BAYESIAN MODEL

3.1. Prior distribution for depth

Equation (5) indicates L multiscale depth variables d(`) hav-
ing different variances, i.e., different noise levels. Our goal is
to generate a single depth map, with smooth object surfaces
and well defined object borders. This requires enforcing spa-
tial correlation between the pixels of a surface, while preserv-
ing edges of separated surfaces due to isolated objects. This
is ensured by connecting a latent variable x (of size N × 1)
to the multi-scale depth maps d(`),∀` as follows

xn|d(1,··· ,L)
νn , w(1,··· ,L)

νn,n , εn ∼
∏
n′∈νn

[
L∏
`=1

L

(
xn; d

(`)

n′ ,
εn

w
(`)

n′,n

)]
(6)

where L(x;µ, ε) = 1/(2ε)exp (−|x− µ|/ε) denotes the
Laplace distribution where µ, ε are the average and diversity
parameters, νn denotes the nth neighbouring pixels, εn > 0

is the variance of xn and w(`)
n′,n ≥ 0 are fixed weights to be

defined. The prior in (6) preserves edges by considering the
sparsity promoting `1-norm of the differences between x and
D =

[
d(1), · · · ,d(L)

]
. The weights w(`)

n′,n ≥ 0 connect the
variables x andD and can be used to guide these correlations
using any available additional information (e.g., by exploiting
the results of advanced denoising algorithms as in plug-and-
play approaches, or by using other sensors in multi-modal
imaging).
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3.2. Prior distribution for reflectivity

Similarly to the depth, spatial smoothness is promoted on the
reflectivity by considering an N ×K latent variable M fol-
lowing a Gaussian prior distribution given by

mn,k|r(1,··· ,L)
νn,k

, v(1,··· ,L)
νn,n , ψ2

n,k ∼
∏

n′∈νn,`

N

(
r
(`)

n′,k,
ψ2
n,k

v
(`)

n′,n;k

)
(7)

where v(`)
n′,n;k ≥ 0 are constant weights, and ψ2

n,k is related to
the variance ofmk and will be used to evaluate the reflectivity
uncertainty for the kth wavelength. The introduced variable
mk (of size N × 1) contains reflectivity information through
its connection to r(`)

n,k and will be used as the reflectivity esti-
mate for the kth wavelength. Note finally that this prior will
provide non-negative analytical estimates forM ,R.

3.3. Prior distributions for the hyperparameters

The depth and reflectivity variances εn, and ψ2
n,k,∀n, k pro-

vide a quantitative measure of parameter’s uncertainties.
These are assigned conjugate inverse gamma distributions

f (ε) =

N∏
n=1

IG (εn;αd, βd)

f (Ψ) =

K∏
k=1

N∏
n=1

IG
(
ψ2
n,k;αr, βr

)
(8)

with αd, βd, αr, βr denoting positive hyperparameters that
are fixed to 0.001 in what follows to obtain a non-informative
prior (other values could be used in presence of additional
knowledge).

3.4. Posterior distribution

The resulting parameter posterior distribution is given by (af-
ter dropping indices for clarity)

f (x,D,M ,R, ε,Ψ|Y ) ∝ f(Y |R,D)f(D,x|ε,W )

f(R,M |Ψ,V )f(ε)f(Ψ) (9)

where W and V are the depth and reflectivity weights, re-
spectively. Different Bayesian estimators could be used to ex-
ploit this posterior. Here we approximate the maximum a pos-
teriori (MAP) estimator for all parameters using a coordinate
descent algorithm that iteratively maximizes the posterior dis-
tribution with respect to each parameter while fixing the oth-
ers. The latter updates the parameters iteratively by maxi-
mizing their conditional distributions, where x is updated us-
ing a weighted median filter [28], D using an analytical gen-
eralized soft-threshold operator [29], M using an analytical
weighted sum as for the bilateral filter [30], andR, ε,Ψ using
efficient analytical expressions. Note finally that the depth re-
lated parametersD,x, ε are independent from the reflectivity
onesR,M ,Ψ allowing their parallel optimization.

3.5. Depth and reflectivity weights: W ,V

The depth and reflectivity weights control the relation be-
tween the multiscale variables D,R and the latent ones
x,M . In this paper, we assume the presence of a guiding
depth d(`), ` = 1, · · · , L and a guiding reflectivity r(`)

k ,∀k, `,
obtained using the Lidar data, or as a side information from
other sensors (e.g., depth from a radar). The weights can be
set to promote similarity to the guides as follows

w
(`)

n,n′ = wnorm

[
`−1∏
`′=1

(
1− w(`′)

n,n′

)]
exp

(
−
|dML(`)
n − d(`)n′ |
2ζq(`)

)

v
(`)

n,n′;k = vnorm w
(`)

n,n′ exp

(
−
|rML(`)
n,k − r(`)n′,k|
2ηn,kq(`)

)
(10)

where wnorm (resp., vnorm) is a normalization constant ensur-
ing

∑
`,n′ w

(`)
n,n′ = 1 (resp.,

∑
`,n′ v

(`)
n,n′;k = 1), the coef-

ficients ζ, ηn,k are easily fixed based on physical considera-
tions. Here we consider a point-cloud outlier rejection applied
to D (i.e., pcdnoise in Matlab) to estimate the depth guides
d(`),∀`, and r(`)

k = s̄`n,k,∀k, `.

3.6. Background estimation

The proposed method assumes the presence of signal counts
without background (which explains the absence of the back-
ground in the Bayesian model). Here we present a strategy
to unmix signal and non-uniform background. In presence
of a spatially homogeneous distribution of the obscurant, the
background rate bn,t,k can be assumed smooth. Therefore,
low-pass filtered histograms y(L)

n,t,k are the sum of a sparse tar-
get reflected signal and a smooth function b̂n,t,k. The back-
ground temporal shape can then be estimated as follows

b̄t,k = median
(
y

(L)
un,t,k

)
(11)

when assuming a fixed shape for all pixels, where un rep-
resent the indices of the lowest 10% values of y(L)

n,t,k to only
consider background and reject signal returns (i.e., assuming
that for each time bin at least 10% of pixels only contain back-
ground without a target). Each pixel’s noise level can be esti-
mated using the median as follows [31]

bn,k = median
(
y

(L)
n,:,k

)
(12)

leading to the following background rate estimate and approx-
imate signal counts

b̂n,t,k = max
(

0, bn,k + b̄t,k − ¯̄bk

)
,∀t, n,

sy
(`)
n,t,k = max(y

(`)
n,t,k − b̂n,t,k, 0),∀n, for t ∈ [tl, th] (13)

with ¯̄bk =
∑
t b̄t,k/T , tl = max(1, d

ML(`)
n − I lk), th =

min(T, d
ML(`)
n + Irk), where I lk and Irk represent the attack

and trailing width of the kth IRF.
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Fig. 1. Comparison of different algorithms based on true and
false detections for an error distance of τ = 10bins and dif-
ferent SBR, PPP and background shapes.

4. RESULTS ON SIMULATED DATA

The proposed algorithm is evaluated on simulated multispec-
tral data generated using the cluttered Art scene from the
Middlebury dataset1 [16, 32]. The multispectral data has
283 × 183 pixels, T = 300 bins and K = 3 wavelengths.
Our algorithm is used with L = 3 scales, q(2) = 3 × 3,
q(3) = 9 × 9 which could be used as default values for
other scenes, and ζ = 2.7cm which is related to the IRF
width and depth resolution. Note that larger scales could be
used when processing extremely noisy data. The algorithm
is compared to: (i) Class. which is the Classical matched
filter assuming no background, (ii) B-Class.: which first re-
moves background using the proposed method in Section 3.6
and then apply Class., (iii) the state-of-the-art multispectral
algorithm MUSAPOP [14]. We simulate two levels of signal-
to-background ratio SBR∈ {0.1, 1}, vary the full average
photons-per-pixel (PPP) in [0.1, 100], and consider uniform-
shaped and gamma-shaped background noise (gamma dis-
tribution with parameters α = 2 and β = 30) [9]). Fig. 1
shows the obtained detection probablities (see [14]) where a
point is considered true if there is a ground-truth point within
τ = 10bins. B-Class outperforms Class. indicating the bene-
fit of the proposed background estimation step. The proposed
method presents higher true detection probabilities and lower
false detections compared to MUSAPOP, especially in pres-
ence of non-uniform background. These results highlight the
robustness of the proposed method.

5. RESULTS ON REAL DATA

We also consider the use of challenging real data provided by
[18]. We focus on the elephant scene which has 256 × 256
pixels, T = 1536 time bins and K = 1 wavelength, an

1Available in: http://vision.middlebury.edu/stereo/data/

Fig. 2. Results on the elephant scene. (Top row) original data,
(middle) exponential shaped background, (bottom) gamma
shape background. Uncertainty or depth variance is ε in cm.

average total PPP of 2.5, and SBR ≈ 0.5. To highlight
the robustness of the proposed algorithm to background’s
shapes, we add to the original elephant histograms Pois-
son’s distributed background counts with different temporal
shapes: exponential decreasing (as observed in [12]), or
gamma (as in [9]). For each pixel, the exponential shape is
generated using 800/Nexp(−0.005t) (resp. gamma shape
using 0.2t1.5exp(−0.005t)), leading to an additional 2.5
background photon per pixel on average. Our algorithm is
used with L = 4, q(2) = 32, q(3) = 192, q(4) = 212,
ζ = 3.5cm and is compared to Lindell’s [18] and Peng’s [20]
algorithms. Both [18] and [20] output depth maps, thus we
will only consider the depth estimates of our algorithm in
this evaluation. Fig. 2 shows the obtained depth results. All
algorithms perform similarly when considering the original
data with some outliers around the elephant mouth. Adding
more background highlights the robustness of the proposed
model to different shapes since it shows less outliers. The
method also provides uncertainty maps presenting higher val-
ues in noisy regions. These maps can also be used to localise
high uncertainty estimates and help decision making. In all
these results, the proposed algorithm converged rapidly in
approximately 3 or 4 iterations.

6. CONCLUSIONS
This paper presents a Bayesian strategy for the robust recon-
struction of multispectral single-photon data when imaging
through obscurants. The method provides depth and reflec-
tivity estimates with quantified uncertainty to help with de-
cision making. It also exploits data’s multiscale information
to improve robustness, and can incorporate guide information
coming from other imaging sensors or by considering off-the-
shelf denoisers. Validation on simulated and real data shows
best results in comparison to other algorithms, in presence
of a high and non-uniform background noise. Future work
will consider the acceleration of the current Matlab code us-
ing parallel computing tools (such as GPUs).
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