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ABSTRACT 
This paper presents a series of deployable mechanisms based on n-UU (universal joint) Wren parallel 
mechanism (PM) units, which undergo one degree-of-freedom (DOF) Borel-Bricard motion. First, the PM unit 
is developed into ortho-planar mechanisms by adopting an R-R joint. The link parameters of the mechanism 
are optimized to maximize the folding ratio while avoiding interference. Then, the optimized PM units are 
piled up to construct a novel 1-DOF multi-layer mechanism which has the largest folding ratio among similar 
structures in the literature. Moreover, polyhedral deployable mechanisms are obtained by connecting the 
PM unit using U joint or U-U joint. Apart from saving space, the polyhedral mechanisms can transform 
among different shapes of polyhedrons. Finally, variations of the n-UU PM are investigated with different 
shapes of platforms, and each mechanism has its unique movement characteristics. 

Keywords: Deployable mechanisms, Wren parallel mechanism, Ortho-planar 
mechanisms, Polyhedral mechanisms, Optimization. 

1. INTRODUCTION 
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Deployable/foldable mechanisms have increasingly been attracting the attentions 
of researchers in the last few decades due to their advantage of facilitating transportation 
and storage. There are several approaches to increase the deploying/folding ratio of the 
mechanisms. The first one is extending the deployable units along the vertical direction 
to form the prism mechanism. In [1-2], one degree-of-freedom (DOF) deployable prism 
mechanisms were obtained by superimposing a large number of deployable units. The 
deployable unit can also be extended along the radial direction to build cylindrical [3] and 
sphere [4] mechanisms. Besides, by embedding deployable units into faces or edges of 
polyhedrons, polyhedral mechanisms can be constructed [5-9]. Especially in [5], the 
mechanism can transit between two polyhedrons during the deploying process. In our 
previous work, we have proposed a series of deployable prism and polyhedral 
mechanisms, and several of them have multiple motion modes [10-12].  

The deploying/folding ratio can be further increased by optimizing the structures 
and parameters of the mechanisms. One of the approaches is to offset panels away from 
the plane that is defined by two joints on the panels, to allow mechanisms to be fully 
folded [13-15]. For easier fabrication, lamina emergent mechanisms (which belong to 
ortho-planar mechanisms [16]) were also proposed, which can be spread onto a plane 
and have motions emerging out of the plane [17].  

This paper will focus on a deployable Wren parallel mechanism (PM) unit [18-24], 
which can undergo 1-DOF Borel-Bricard motion. The mechanisms are composed of two 
platforms and several UU (universal joint), SS (spherical joint) or US limbs which have 
equal length and are arranged symmetrically [25, 26]. The two joint axes of each U joint 
remain vertical and horizontal respectively during the motion. It is noted that PMs with 
identical platforms have an additional translational motion. Therefore, to avoid the 
translational motion and reduce the DOF of the mechanism, the two platforms have the 
same shape but different size in this paper. A 3-UU and a 4-UU PM units are shown in Figs. 
1 and 2 respectively as two examples. The units will be first modified into ortho-planar 
mechanisms, then parameters of the structures are optimized to maximize the folding 
ratio. Furthermore, multi-layer and polyhedral deployable mechanisms will be yielded by 
connecting the PM units. Finally, several variations of the PM will be introduced. 

This paper is organized as follows: in Section 2, the units are developed into ortho-
planar mechanisms and then optimized to avoid interference at the stowed configuration 
and to maximize the folding ratio. A multi-layer mechanism is also constructed. Section 3 
investigates the extensions of the PM unit, which can deploy and transform among 
different polyhedrons. The variations of the PM are proposed in Section 4. Finally, 
conclusions are drawn. 
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(a)                                (b)                                   (c) 

Fig. 1 3-UU Wren mechanism: (a) fully deployed; (b) under Borel-Bricard motion; (c) fully 
folded 
 

     
(a)                                   (b)                                  (c) 

Fig. 2 4-UU Wren mechanism: (a) fully deployed; (b) under Borel-Bricard motion; (c) fully 
folded  
 
2. ORTHO-PLANAR MECHANISM BASED ON THE PM UNIT 
2.1 Optimal of the ortho-planar mechanism 

For easier fabrication, transportation, and storage, and to increase the folding ratio, 
the mechanisms in Figs. 1 and 2 are developed into ortho-planar mechanisms by 
offsetting the centers of the U joints, as shown in Figs. 3 and 4. As a consequence, the U 
joint becomes an R-R joint. Although the two axes of the U joints do not intersect anymore, 
the ortho-planar mechanism can still have the 1-DOF Borel-Bricard motion. When fully 
folded, the limbs and platforms are all located in a plane, and the height of the mechanism 
in this configuration is equal to the thickness of the platform. 

 

 
(a)                                     (b)                                    (c) 

Fig. 3 3-UU ortho-planar mechanism: (a) fully deployed; (b) under Borel-Bricard motion; 
(c) fully folded 
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(a)                                     (b)                                    (c) 

Fig. 4 4-UU ortho-planar mechanism: (a) fully deployed; (b) under Borel-Bricard motion; 
(c) fully folded 

 
Then, the folding ratio will be maximized by deriving the link parameters when the 

mechanism has the maximum height in the fully deployed configuration. We start from 
the 3-UU mechanism. The squared height of the 3-UU ortho-planar mechanism when fully 
deployed is calculated as: 

ℎ = (𝑎 − 2𝑘) − ( − 2𝑘 − 𝑏)                                       (1) 

where a, b, L and k denote the limb length (link length plus 2k), the circumradius of the 
upper platform, the distance between two vertical joints of the lower platform, and the 
distance between the two joint axes of the R-R joint respectively. It is noted that using Eq. 
(1), the obtained h2 could be negative, but only the results with positive values are valid. 
 

         
(a)                                                       (b) 

Fig. 5 Optimization of the 3-UU ortho-planar mechanism: (a) projection in the O-xz plane 
when fully deployed; (b) projection in the O-xy plane when fully folded  
 

The constraint condition is that there is no interference between the limbs and 
the platforms when the mechanism is fully folded. When projected onto the O-xy plane, 
as shown in Fig. 5(b), the distance between the vertical joint axis of the R-R joint on the 
upper platform (B1) and the central line of limb A1B3 should be no less than s, which is the 
sum of the radius of the vertical R joint within the R-R joint on the upper platform and 
half the width of the limb. We have 
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𝑡sin( − 𝜃 − 𝛾) ≥ 𝑠                                                     (2) 

where t is the length of A1B1, θ and ϒ represent the angles between A2A1 and A2B1, and 
A1B1 and A1A2 respectively. In triangle A2B1O, 

𝑏 = 𝑎 + (
√

) − 2𝑎
√

cos − 𝜃                                   (3) 

θ can be yielded as: 

𝜃 = − acrcos[
√ ( )

]                                            (4) 

t and ϒ can be calculated as: 

𝑡 = 𝐴 𝐵 = √𝐿 + 𝑎 − 2𝑎𝐿cos𝜃                                            (5) 

𝛾 = ∠𝐴 𝐴 𝐵 = arccos = arccos
√

                       (6) 

Let 𝑠 = 5mm, 𝑘 = 6mm and 𝐿 = 90mm, the plot of the squared height of the 
mechanism in the fully deployed configuration associated with a and b is given in Fig. 6. 

Let 𝑔 = 𝑠 − 𝑡sin − 𝜃 − 𝛾 , the variation of g with a and b is depicted in Fig. 7. g should 

be equal to or less than zero. When g = 0, the joint and the limb contact. 
 

 
Fig. 7 The constraint condition of the 3-UU mechanism 

 

 
Fig. 6 The variation of the squared height of the mechanism in the fully deployed 
configuration 
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The optimization problem is represented by  
Minimize T = ℎ

Subject to 
0 ≤ 𝑎 ≤ 90
0 ≤ 𝑏 ≤ 90

𝑔 ≤ 0

                                                    (7) 

By utilizing Matlab, and inputting the initial values of 𝑎 = 70mm, 𝑏 = 30mm, the 
optimal a and b are obtained as:  

𝑎 = 84.2257mm
𝑏 = 47.0495mm

                                                         (8) 

h is then calculated as 70.85mm by using Eq. (1). Suppose that the thickness of the 
platforms is 𝑝 = 5mm, the folding ratio can be calculated as 

 𝑓 = =
.

= 15.17                                               (9)  

 

             
(a)                                                   (b) 

Fig. 8 Optimization of the 4-UU ortho-planar mechanism: (a) projection in the O-xz plane 
when fully deployed; (b) projection in the O-xy plane when fully folded 

 
Then let us move on to the 4-UU mechanism. The height equation of the 4-UU 

ortho-planar mechanism when fully deployed is the same as the 3-UU mechanism. The 
constraint condition is (Fig. 8(b)): 

 𝑡sin( − 𝜃 − 𝛾) ≥ 𝑠                                                     (10) 

In triangle A2B1O, we have 

𝑏 = 𝑎 + (
√

) − 2𝑎
√

cos − 𝜃                                      (11) 

θ can be yielded as: 

𝜃 = − arccos[
√

]                                                 (12) 

Let 𝑔 = 𝑠 − 𝑡sin − 𝜃 − 𝛾 , the variation of g with a and b is plotted in Fig. 9. 

The optimal a and b are obtained as:  
𝑎 = 83.6338mm
𝑏 = 48.2211mm

                                                     (13) 

h is calculated as 70.00mm, and the folding ratio is 
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 𝑓 = = = 15                                                   (14) 

 

 
Fig. 9 The constraint condition of the 4-UU mechanism 

 
The above analysis and optimization method can be extended to n-UU Wren 

mechanisms. It is noted the lengths of the limbs and the folding ratio of the mechanism 
decrease with the increase of the number of limbs, considering the interference between 
the limbs and platforms. The n-UU Wren mechanisms can be optimized subject to the 
constraint condition of  

𝑡sin(
( )

− 𝜃 − 𝛾) ≥ 𝑠                                            (15) 

where 

𝜃 =
( )

− arccos[(𝑎 + ( ) − 𝑏 )/2𝑎
 (

( )
)
]         (16) 

Using Eq. (16), Wren PMs with an arbitrary number of limbs can be readily 
optimized to have the maximum folding ratio. The height equation of the mechanism 
when fully deployed is the same as the 3-UU and 4-UU mechanisms. The folding ratio can 
be yielded as  

𝑓 = =
( ) ( )

                                        (17) 

where a and b are obtained using the optimization method. 
 
2.2 Multi-layer ortho-planar mechanism 

The PM unit can be extended into multi-layer mechanisms for the larger workspace. 
The variation of the U joint is used to connect adjacent PMs. The designed joint has three 
joint axes, including a vertical one and two horizontal ones. In this way, the limb in the 
first PM and the corresponding one in the second PM rotate synchronously around the 
vertical direction, and the obtained mechanism has only 1-DOF when deploying. 
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(a) 

                           
(b)                                    (c)                                         (d) 

Fig. 10 The multi-layer mechanism: (a) fully deployed; (b) under Borel-Bricard motion; (c) 
fully folded; (d) the motion through singular position 
 

 
(a) 

    
(b)                                                      (c) 

Fig. 11 The prototype of the multi-layer mechanism: (a) fully deployed; (b) under Borel-
Bricard motion; (c) fully folded 
 

The shapes of the platforms of the 4-UU ortho-planar mechanism are modified into 
a circular ring to keep the mechanism as a cylinder, then multiple 4-UU ortho-planar 
mechanisms are connected to obtain a multi-layer deployable mechanism, as shown in 
Fig. 10. The adjacent PMs are symmetrically connected, which means one deploys 
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clockwise while the other anticlockwise. To verify the feasibility of the multi-layer 
mechanism, a prototype is fabricated, as shown in Fig. 11. It is noted that through singular 
position (when fully deployed), the unit may become uncontrollable, or the deploying 
direction of the unit reverses, as shown in Fig. 10(d). Therefore, two sliding bars are 
adopted to ensure the synchroneity of the platforms. 

 
3. POLYHEDRAL MECHANISMS BASED ON THE DEPLOYABLE PM UNIT 

The n-UU PM can also be used to construct deployable polyhedral mechanisms 
that can transform among different polyhedrons. As shown in Fig. 12, four 3-UU PMs are 
connected to obtain a tetrahedron mechanism [Fig. 12(c)]. To construct the deployable 
mechanism, four upper platforms are fastened and form a tetrahedron. Since there are 
four PMs, three U joints are used to connect adjacent PMs, as shown in Fig. 13. In this 
way, the DOF of the tetrahedron mechanism is reduced to one.  

 

 
(a)                                      (b)                               (c) 

Fig. 12 The tetrahedron mechanism: (a) deployed; (b) under Borel-Bricard motion 
(truncated tetrahedron); (c) folded (tetrahedron) 
 

 
Fig. 13 The construction of the tetrahedron mechanism 
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To ensure that four PMs deploy towards the same direction, two PMs connected 
to the same U joint should be symmetrical about the middle plane of the two upper 
platforms. Therefore, one of them deploys clockwise while the other one deploys 
anticlockwise. When deployed, the mechanisms can transform into a truncated 
tetrahedron as shown in Fig. 12(b). Different from the polyhedral mechanisms in the 
literature, the polyhedral mechanisms in the paper can deploy along specific directions 
[Fig. 12(a)].  

Similarly, a cube mechanism can be obtained by connecting six 4-UU PMs using 
five UU chains, as shown in Fig. 14. Since the upper platforms of adjacent PMs are 
perpendicular to each other, the U joints used in the above tetrahedral mechanism are in 
the singular position and become ineffective since the two shafts are perpendicular. 
Therefore, the UU chain is adopted in the cube mechanism as shown in Fig. 15. The 
distance between the vertical axes of the two U joints is constant and the two horizontal 
axes are on the same plane, perpendicular to each other and intersect at the center of 
the UU chain. 

 

       
(a)                                       (b)                          (c) 

Fig. 14 The cube mechanism: (a) deployed (rhombicuboctahedron); (b) under Borel-
Bricard motion I (truncated octahedron); (c) folded (cube) 

 

 
Fig. 15 The construction of the cube mechanism 

 
The mechanism is in the shape of a cube [Fig. 14(c)] when folded and transforms 

into a truncated octahedron [Fig. 14(b)] during the Borel-Bricard motion. When fully 
deployed, it turns into a rhombicuboctahedron [Fig. 14(a)]. This mechanism and the two 
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following mechanisms can transform into more shapes than the ones in [5], which only 
have two states.  

 

       
(a)                                    (b)                            (c) 

Fig. 16 The dodecahedron mechanism: (a) deployed (rhombicosidodecahedron); (b) 
under Borel-Bricard motion I (truncated icosahedron); (c) folded (dodecahedron) 

 

             
(a)                                    (b)                               (c) 

Fig. 17 The octahedron mechanism: (a) deployed (rhombicuboctahedron); (b) under 
Borel-Bricard motion I (truncated cube); (c) folded (octahedron) 
 

   
(a)                                    (b)                                     (c) 

Fig. 18 The prototype of the octahedron mechanism: (a) deployed 
(rhombicuboctahedron); (b) under Borel-Bricard motion I (truncated cube); (c) folded 
(octahedron) 
 

Similarly, by connecting multiple identical n-UU Wren mechanisms, or different 
types of Wren PMs, a large number of polyhedral mechanisms can be obtained. The 
number of the U joints (or UU chains) required is one less than the number of faces of the 
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polyhedron. For example, when connecting 12 5-UU mechanisms using 11 U joints, a 
dodecahedron mechanism can be constructed [Fig. 16(c)], which can deform into a 
truncated icosahedron [Fig. 16(b)] during the Borel-Bricard motion and become a 
rhombicosidodecahedron [Fig. 16(a)] when fully deployed.  

The octahedron mechanism [Fig. 17(c)] composed of eight 3-UU PMs can transit 
into a truncated cube [Fig. 17(b)] during the Borel-Bricard motion and a 
rhombicuboctahedron [Fig. 17(a)] when fully deployed. A prototype is fabricated as 
shown in Fig. 18. 
 
4. VARIATIONS OF THE N-UU PM WITH DIFFERENT SHAPES OF PLATFORMS 
Different from the 3-UU PM in Section 2 with identical platforms, two triangular platforms 
have distinct shapes in this section. The side lengths of the two platforms are 90mm, 
90mm, 65mm and 90mm, 65mm, 65mm respectively, as shown in Fig. 19.  
 

 
(a)                                       (b)                                      (c) 

 
(d)                                     (e) 

 
(f)                                      (g)                                     (h) 

Fig. 19 PM constructed using two platforms with different shapes: (a-c) Borel-Bricard 
motion; (d-h) translational motion 
 



Journal of Mechanical Design 

13 
 

Similar to the normal 3-UU PM, the PM proposed can also accomplish the 1-DOF 
Borel-Bricard motion [Figs. 19(a-c)]. The difference is the novel PM has another motion 
mode, i.e., a 1-DOF translational mode, as shown in Figs. 19(d-e). Different from the PM 
with two identical platforms which has two translational DOFs, this PM in the translational 
mode can only translate along a specific direction. As shown in Figs. 19 (f-h), the side of 
the lower triangular platform (U2U3) and that of the upper platform (U5U6) are always 
parallel, and U4 moves on a sphere pivoting around U1. 

In the second introduced PM, the lower platform is in the shape of a rectangle, 
and the upper platform is a 1-DOF 4R linkage. The obtained 4-UU PM has 1-DOF and can 
perform the Borel-Bricard motion. Different from the 4-UU PM in Section 2, the 4R linkage 
platform deforms into a rhombus during the deploying process, as shown in Fig. 20. When 
fully deployed, the 4R linkage is in the shape of a square [Fig. 20(a)]. 

 

       
(a)                                            (b)                                           (c) 

Fig. 20 PM with a rectangle and a 4R linkage platforms: (a) fully deployed; (b) under 
Borel-Bricard motion; (c) fully folded 
 

 
(a)                                         (b)                                        (c) 

 
(d)                                         (e)                                        (f) 

Fig. 21 PM with two 4R linkage platforms: (a-c) the shape of the lower platform is a square; 
(d-e) the shape of the lower platform is a rhombus 

 
Then the lower platform is also replaced by the 4R linkage platform, as shown in 

Fig. 21. The advantage of the obtained fourth variation of the PM is that it can transit 
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between two modes by morphing the lower platform. In the first mode, the lower 
platform is constrained in the shape of a square. The mechanism in this configuration has 
the same Borel-Bricard motion as the PM in Section 2, as shown in Figs. 21(a-c). In the 
second mode, the lower platform is in a shape of a rhombus, and the upper platform 
deforms while deploying. When fully deployed, the two platforms are both in the shape 
of a rhombus [Fig. 21(d)] and when fully folded, the upper platform becomes a straight 
bar [Fig. 21(f)]. 
 
6 CONCLUSIONS 

This paper has proposed a family of deployable mechanisms based on a Wren 
parallel mechanism unit which undergoes the Borel-Bricard motion. Ortho-planar 
mechanisms have been obtained based on the unit, which have the maximum folding 
ratio after optimization. Then, multi-layer mechanisms and polyhedral mechanisms which 
can transform among different polyhedrons have also been constructed using this PM 
unit. To this end, a 3-UU PM constructed using two triangular platforms with different 
sizes and shapes, a 4-UU mechanism with a rectangle and 4R linkage platforms and a 4-
UU mechanism with two 4R linkage platforms have been introduced. The multi-layer 
mechanism has lots of potential applications, such as foldable display cases, antenna and 
morphing wings for span motion, considering the mechanism has lightweight and large 
folding ratio, and can retain its shape during the deploying motion. The polyhedral 
mechanisms can serve as a protective cage when using compliant joints.  

In the future, kinematic and mobility analysis for these mechanisms will be 
conducted using screw theory, and Euler parameter quaternions will be applied to analyze 
the motion modes of the multi-mode mechanisms. Besides, compliant joints will be 
introduced to develop the mechanisms into ones that have multi-stable behaviors [27].  
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