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ABSTRACT 

In this paper, a three-dimensional representation of the probability density distribution of the Stokes parameters in 
polarization speckle was developed. Following the electron cloud model used widely to visualize the hydrogen atomic 
orbitals, we present the density of the dots sculptured in the Hilbert space shows the probability density of finding the 
Stokes parameters in polarization speckle. Advantages of the electron cloud presentation for the statistics of the Stokes 
parameters are also discussed. 

Keywords: Polarization speckle, electron cloud, Von Neumann's rejection method, probability density distribution 
 

1. INTRODUCTION 

Since continuous-wave lasers became commercially available in the early 1960s, extensive studies have been made on 
their basic properties and applications of laser speckle. In the majority of studies on speckle phenomena, these random 
optical fields have been treated as scalar optical fields, and the main interest has been in the statistical properties and 
applications of the intensity distribution of the speckle patterns. Recently, statistical properties of random electric vector 
fields have come to attract new interest of researchers because of their importance in wide areas of practical applications 
such as biology and metrology [1–3].  

The statistical properties and spatial structure of the Stokes parameters in speckle fields have been investigated by 
Fercher and co-workers [4–7]; the statistics of partially polarized light has been studied by Barakat [8,9]; the correlation 
properties of the stochastic electric fields have been studied [10–14]; the polarization analyses of speckle field with 
applications to the surface and bulk scattering have been widely investigated [15–17]. The studies on polarization of the light 
scattered by a rough-surfaced birefringent material have been conducted to reveal their isotropic and anisotropic statistics 
for the generated polarization speckle [18,19]. 

In a variety of applications related to polarization speckle, the resultant electric field consists of a sum of random 
polarization phasors with random states of polarization and a constant background with a known polarization state. Such 
is the case in polarization holography with a polar interferometer, where the constant polarization background field 
corresponds to the reference beams with known polarization states, and the random polarization phasor sum corresponds 
to the electric field scattered from the object[20].In addition, when the polarization speckle is generated by diffusion from a 
rough birefringent surface smaller than the wave length, the diffusion electric field should normally consist of a constant 
mirror with a transmittance of a constant polarization state [18,19]. The phenomenon of polarization speckle is an important 
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problem in some polarization imaging systems and polarization sensitive optical coherence tomography because the 
determination of image quality depends fundamentally on the coherence of the probe light used in the imaging process. 
After considering a series of cases, we conclude that knowledge of the statistical properties of the synthesized randomly 
polarized field is of theoretical and practical significance. 

In this paper, the three-dimensional representation of Stokes parameter probability density distribution in polarized 
speckle is studied. Based on the known probability density of Stokes parameter in polarized speckle, we give the density 
of the points carved in Hilbert space by referring to the model of hydrogen atom electron cloud, and show the variation of 
Stokes parameter in polarized speckle. 

2. STOCHASTIC SIMULATION 

The motion of points in Hilbert space is random, and electron cloud graph is usually used to intuitively describe the 
randomness of points, that is, the density of points is used to reflect the probability of electrons appearing somewhere. 
Monte Carlo method has excellent performance in dealing with stochastic problems, so this method is used for simulation. 
Using Monte Carlo method to deal with the problem in this paper, first of all, according to the law of the problem to be 
dealt with, the Stokes parameter probability density distribution in the polarization speckle must be random sampling test, 
so as to get a set of random number sequence according to the known distribution; Finally, according to this random number 
sequence, the probability density of finding stokes parameters in the polarized speckle is displayed by MATLAB. 

To find the spherical expression for our own probability density [20]in Hilbert space, we start from 
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Let fix 0 [0, 2, 4, 8]E =  
Now, let’s consider another case of electron cloud with asymmetric structure[20] 

     { } { }2 2 1 2 2 2 2( , , ) (16 ) exp ( ) cos sin 4 exp ( ) 4x y x y x yp r r r rθ ϕ πσ σ σ σ ϕ θ σ σ− − − − −= − − − +            （3） 

Let fix 1xσ = , [0.01, 0.1, 0.2, 0.5, 0.8, 1]yσ = . 

By random sampling according to the Stokes parameter probability density function in the polarization speckle 
provided, the random number sequence of probability density distribution is obtained, and the density of the carved points 
in Hilbert space is obtained. A prerequisite to any Monte Carlo simulation is the ability to produce in abundance random 
numbers distributed according to some probability density. In the Monte Carlo method, there are many methods to achieve 
random sampling according to the known distribution. According to the characteristics of the problem to be dealt with in 
this paper, Von Neumann's rejection method[21-24] is adopted, We wish to construct random samples from the density 

( , , )p r θ ϕ . 
It is known that the meaning of the probability density function is that the probability of taking a number is P, but the 

sum of the probabilities of all events is 1, so the global integral of the probability density function is 1. Therefore, we put 
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forward the following inference: 
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then 

                   1
b

pdx
∞

∫  .                                          （6） 

The effect of 
0
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pdx∫ 
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∞

∫   on the overall probability density function is small enough to be negligible. 

Therefore, the probability density function with interval [ , ]a b   as boundary is used to replace the probability density 
function without boundary, so as to meet the preconditions of Von Neumann's rejection method. 

The probability density function provided in this paper is a three-dimensional case, but when the multidimensional 
problem is encountered, it should be simplified to a series of one-dimensional sampling problems to solve. Consider 
randomly extracting vector points from the sphere in three dimensions, using polar coordinates, [0, ]θ π∈ , [0, 2 )ϕ π∈ . 

Let ( , , )p r θ ϕ  be a bounded density function and assume ( , , )p r θ ϕ  vanishes outside the interval ( , )a b . We 

wish to construct samples from the density ( , , )p r θ ϕ . Let ( , , )p rM=max θ ϕ ， M  

is the maximum Stokes parameter probability density function ( , , )p r θ ϕ  in polarized speckle and define  
                      1( , , ) ( , , )p r =p r /Mθ ϕ θ ϕ .                                      (7) 

so that 1( , , ) 10 p r θ ϕ≤ ≤ , generate a pair ( )i i r , , iθ ϕ  of random numbers. And interpret ( ( ), )i ia b aθ ϕ+ −  as a point 

in a rectangle with base ( )b a−  and height 1. Use the Rand function to generate a random number H evenly distributed 

between 0 and 1. Compare 1( , , )p r θ ϕ  with H, if 1( , , )p r Hθ ϕ ≥ , then the point ( )i i r , , iθ ϕ  is selected; if not, then the 

point ( )i i r , , iθ ϕ  is omitted. In other words, If this point falls below the graph of 1( , , )p r θ ϕ , then the point is accepted 

as the sample of ( , , )p r θ ϕ ; if not, the previous process is repeated until sufficient sample points are successfully identified.  
The efficiency of Von Neumann's rejection method, as measured by the fraction of pairs 1 2( , )p p  which are not 

rejected, is just the ratio of the area under the curve 1( )p x  to the area of the enclosing rectangle. This ratio is clearly 
1/ [ ( )]M b a− , and since this efficiency is properly 1≤ . 

A further point worth mentioning is that, in order to use the rejection method, it is necessary to find ( , , )p rM=max θ ϕ ,or 

at least an upper bound for ( , , )p r θ ϕ . If only a weak upper bound for ( , , )p r θ ϕ  can be found, the efficiency of the 
rejection method will suffer correspondingly [23]. 

The density of the points carved in Hilbert space can be obtained by using the random number sequence of 
( )i i r , , ip θ ϕ  distribution obtained and programming with MATLAB software. 
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3. RESULTS AND DISCUSSION 

 

(a) 

 

(b) 

Fig. 1. Electron cloud map of Stokes parameter probability density function ( , , )p r θ ϕ in homogeneous polarized speckles for (a) 

0 / 0E σ = , (b) 0 / 8E σ = . 

Figure 1 is the electron cloud map obtained by changing 0 /E σ  in the probability density function of Stokes parameter in 
the polarization speckle with the same dimension coordinate axis. The results show that the method of Von Neumann's 
rejection method is feasible. It can be seen that with the increase of 0 /E σ  , the electron cloud of Stokes parameter 
probability density function gradually migrates to the positive half axis of the S1-axis, that is, the center point of the electron 
cloud gradually moves away from the origin. In addition, the electron cloud will become more and more expansive. At the 
same time, Figure 1 shows a three-dimensional projection to give the reader a better idea of the shape of the electron cloud. 
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(c) 

 
(d) 

Fig. 2. Electron cloud map of Stokes parameter probability density function ( , , )p r θ ϕ in homogeneous polarized speckles for (c) 

x / 1yσ σ = , (d) x/ 0.1yσ σ = . 

Figure 2 is a further study of Figure 1 (a). Figure 2 is the electron cloud obtained by changing the Stokes parameter 
probability density function ( , , )p r θ ϕ in the polarization speckle with the same dimension coordinate axis. It can be seen 
that with the decrease of x / yσ σ , the electron cloud of Stokes parameter probability density function will be inclined to 

the positive axis direction of S1-axis, and then gradually change from spherical to ellipsoid, and then approximate to a line. 
 

4. CONCLUSION 

In this paper, we use the known Stokes parameter probability density function in the polarization speckle, and physical 
visualization of the Stokes parameter probability density with the help of MATLAB software. Above to adopt ways of 
intuitive see under the random field of gaussian assumptions of polarization of the electron clouds of the Stokes parameters 
of speckle briefly shape, but also simplifies the complexity of the problem, these results can be used as the theoretical 
inference further suppose that also can be regarded as the traditional laser speckle further development and extension of 
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figure reasoning. In addition, Von Neumann's selection method adopted in this paper can be applied to other probability 
density functions of the same type, and the electronic cloud graphs of other probability density functions can be constructed 
according to the ideas provided in this paper. 

We hope that this visualization will give readers a deeper understanding of the evolution of the polarization states of 
the random electric field, and interested readers will use the methods provided in this article to build their own electron 
clouds. 
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