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In this study, the displacement dynamics of compound droplet inside porous medium with complex structure is 
numerically investigated by the newly-proposed wetting boundary treatments in Part 1 [1]. The compound 
droplet consists of two immiscible fluids surrounded by another fluid forming a three-phase system. To 
investigate the compound droplet’s penetration and spreading in two regimes, the conservative phase-field 
model is solved via the lattice Boltzmann method (LBM) at different wettability and governing non-dimensional 
numbers including the Reynolds number (25-100), Weber number (100-1000), and density ratio (7.5-750). 
Moreover, the permeation and spreading of each droplet, without the presence of the other in the binary system, 
is compared with those of ternary. It is revealed that the way the penetration is influenced by the variation of 
surface tension, wettability, and density ratio completely depends on the value of Bond number and the capillary 
or gravitational-dominant regimes. Furthermore, it appears that in the capillary-dominant regime, the migration 
pattern of one droplet cannot be evaluated independent of the other, since the factors affecting the capillary 
pressure and viscous coupling on one, affects the penetration and spreading of the other. Finally, it is identified 
that ternary penetration is slower than binary and the presence of the other droplet confines the early stage 
spreading in the ternary system.
1. Introduction

Investigating the dynamics of droplet impingement and penetration 
into porous media is crucial due to its extensive applications. For in-

stance, increasing the efficiency of inkjet printers directly depends on 
the droplet’s spreading after impact with the paper [2,3]. Soil erosion 
is another example in which this particular phenomenon is observable. 
The amount of soil erosion is a function of the evaporation rate of pen-

etrated water inside the soil. Subsequently, the evaporation rate itself 
depends on the spreading and penetration rate of rain droplets [4,5]. 
Moreover, the importance of studying three-phase flow and the interac-

tion of oil droplets with the reservoir’s solid particles, in enhanced oil 
recovery (EOR), is widely known. In fact, the displacement of water and 
CO2∕N2 controls the amount of residual oil and its distribution pattern 
in the reservoir, hence there is a need for more in-depth understanding 
of the underlying principles at pore scale including the interaction of 
the ternary system with solid particles.

Numerical techniques concerning the dynamics of droplet in porous 
media at pore scale can be classified as mesoscopic and macroscopic ap-
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proaches. In some of the early studies, direct simulation was avoided, 
and the droplet’s interface was regarded as a free surface whereby 
two sets of different equation for describing the hydrodynamics out-

side and inside the porous medium were solved. Reis et al. [6] used 
such an approach whereby the velocity and pressure appearing in the 
Navier-Stokes were averaged over the porous medium. A source term 
accounting for the drag force varying by the change in permeability, 
porosity, and the averaged velocity were added to the original equa-

tions. They thoroughly evaluated the impact of associated dimension-

less numbers including the Reynolds number, Weber number, poros-

ity of medium, and Froude number on the droplet’s penetration and 
spreading. However, using correlation techniques instead of directly 
capturing the interface did not provide a detailed insight on the im-

pact of fluid-solid interaction on the penetration dynamics. To be able 
to account for the fluid-solid interaction at pore scale, the majority 
of macroscopic-based studies utilised the Volume of Fluid (VOF) ap-

proach to directly simulate the penetration process. By using the VOF 
solver of OpenFOAM, Aslannejad et al. [7], studied the process of a 
liquid droplet impacting a fibrous layer reconstructed from SEM imag-
https://doi.org/10.1016/j.camwa.2022.01.005
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ing and mapped the results with those of experiment. They showed 
that the wettability of medium influences the penetration with the 
maximum penetration occurring at the contact angle of 0◦. Moreover, 
they pointed out that when the contact angle is above 60◦, the droplet 
drifts to the sides which is unfavourable of inkjet printing. Combin-

ing the VOF model with the immersed boundary method, Das et al. 
[8] investigated the droplet’s displacement inside a three-dimensional 
homogeneous medium in the absence of gravity. They described the 
permeation process by the Laplace number relating the combination of 
inertia and surface tension forces to the viscosity. The effects of medi-

um’s wettability and porosity on the spreading and penetration of the 
droplet were investigated by them. Using Ansys Fluent package and 
VOF model, Fu et al. [9] studied the spreading and penetration of a 
droplet in porous media containing randomly packed spheres. They in-

vestigated the effects of wettability, Bond number, Darcy number, and 
the ratio of droplet’s initial diameter to that of solid particles. They 
illustrated that spreading and penetration occur simultaneously and 
compete with each other.

It was found that the majority of meso-scale simulations concerning 
the penetration dynamics were carried out via the LBM; however, Meng 
et al.’s study [10] was an exception whereby they adopted the smooth 
particle hydrodynamics (SPH) to investigate the influence of wettabil-

ity, pore size, and gravity on spreading and absorption of the droplet 
by the porous medium. They categorised the spreading process into two 
stages namely, power-law inertial stage and viscous stage. Taghilou and 
Rahimian’s study [11] was the first to utilise the LBM framework, where 
they adopted Lee and Lin’s phase-field model [12] along with the lin-

ear formulation of the surface-energy model [13,14] to simulate droplet 
impact on randomly generated porous media containing square-shaped 
solid elements. Apart from the examined parameters in the study of 
Reis et al. [6], the effect of density ratio was also investigated. Using 
the original pseudopotential LBM [15] in 3D, Frank et al. [16] stud-

ied the droplet’s spreading factor when impacting on a solid substrate 
with square and circular pore structures. They found that enhancement 
of porosity reduces the rate of spreading on the porous substrate in a 
similar fashion as increasing the static contact angle for a smooth solid 
surface. Ge et al. [17] also invoked the pseudopotential model to assess 
the spreading and permeating of a droplet impacting on a porous sub-

strate with hybrid wettability. The geometry of porous media in their 
study was relatively simple and consisted of thin vertical strips with 
variable wettability on the sides. They characterised three stages for 
the process of droplet impingement. Moreover, as a consequence of ap-

plying the original pseudopotential model, the range of density ratio 
was small. Sadeghi et al. [18] also employed Lee and Lin’s phase-field 
model [12] in 3D to simulate the process of droplet extraction from 
a porous channel. An artificial porous media in which solid particles 
are randomly distributed was utilised in their study. In fact, their study 
was an extension of Taghilou and Rahimian’s [11] to three dimensions. 
However, despite employing Lee and Lin’s model [12] which is stable 
for the density ratio up to 1000, the density ratio in their work is lim-

ited to 100, possibly due to the fact that 3D LB simulations are less 
stable than 2D. Shi et al. [19] adopted Zheng et al.’s phase-field model 
in 3D [20,21] to simulate penetration of a droplet as well as a liquid 
layer into a porous channel made of spherical solid obstacles. The effect 
of viscosity ratio was investigated by them for the first time. However, 
as pointed out by Fakhari and Rahimian [22], Zheng et al.’s model [7]

is only valid for the density-matched cases; therefore, the statement of 
simulating droplet penetration phenomenon at high-density ratio can-

not be valid. Zhang et al. [23] adopted the multiple-relaxation-time 
(MRT) pseudopotential model [24,25] to simulate the impingement and 
penetration of a droplet on a porous medium resembling the paper 
structure constructed by a random-walk-based stochastic model [26]. 
They pointed out that at high Reynolds numbers, the spreading of the 
droplet is independent of porosity, wettability, and the Ohnesorge num-

ber. In addition, they demonstrated that spreading for the case of higher 
porosity is larger when the medium is hydrophobic which is in contrast 
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with the case of lower porosity, where the droplet experienced more 
spreading for the hydrophilic medium. Recently, Suo et al. [27] de-

veloped a hybrid method coupling LBM and the pore-network method, 
with a transition layer in between to simulate spreading and imbibition 
of a sessile droplet on a triangular substrate with convex and concave 
arrangements. They demonstrated that the spreading is quicker for the 
convex case, while for the concave case, the droplet is trapped inside 
the convex corner and its spreading depends on the hydrophilicity of 
porous medium.

Based on the above review, the majority of LB studies are limited to 
investigating the dynamics of droplet in the two-phase system within 
a simplified structure. The present study aims to explore such a prob-

lem in a three-phase system where a compound droplet penetrates a 
porous layer resembling realistic topology at high-density ratios. Adopt-

ing the conservative phase-field model [28,29] in the framework of LB 
along with the interpolation treatment for the complex boundary nodes 
makes it possible. In other words, the conservative phase-field model 
[28,29] allows examining the effect of density ratio and surface tension 
independently, while adopting the interpolation treatment introduced 
in Part 1 of this study [1] enables achieving accurate wetting condition 
on a complex topology. The rest of paper is organised as follows: since 
the mathematical model along with the wetting condition and appropri-

ate treatments was introduced in the first part [1], and the numerical 
approach was validated with static benchmarks, in the next section, due 
to the dynamic essence of the penetration process, the described model 
is firstly validated against a dynamic benchmark. Afterwards, govern-

ing dimensionless numbers and parameters involved in migration and 
spreading of droplets inside and over the porous layer are introduced. 
Finally, the effect of governing dimensionless numbers on the dynamics 
of compound droplet is evaluated in details by presenting penetrating 
factors and spreading diagrams as well as the snapshots of droplets’ de-

formation while moving through the medium.

2. Validation with the impact of compound droplet on a circular 
substrate

2.1. Numerical methodology

As it was previously stated, the mathematical model used through-

out this study, along with boundary conditions and treatments, was 
elaborated in Part 1 [1], thus the adopted models will only be named 
in the following, while more details on each can be found in [1]. In 
order to simulate a ternary system, the conservative phase-field model 
[28–30] in the framework of LBM was adopted to handle cases with 
high density and viscosity ratios. This model utilises two lattice Boltz-

mann equations (LBEs) to solve the corresponding Allen-Cahn equations 
[31] for capturing the interface between phases/components and a hy-

drodynamics LBE to recover the Navier-Stokes equation. Each of the 
aforementioned equations is recovered by a LBE proposed by Fakhari 
et al. [29] for a binary system and extended to a ternary by Abadi 
et al. [30]. The surface-energy model [13,14,32] for a ternary system, 
proposed by Liang et al. [33], is also adopted for setting the wetting 
condition. This wetting condition was discretised in a novel way result-

ing in an implicit formulation which was described in [1]. In addition, 
a new interpolation scheme describing how the information of neigh-

bouring nodes, given to the direction of normal vectors on the solid 
substrate, must be used was introduced in [1].

2.2. Impact of the compound droplet on a circular substrate

After evaluating the model in two static problems of contact angle 
on the flat and circular surfaces [1], in this section it is further vali-

dated by the case of droplet impingement on a circular solid surface in 
the absence of gravity. A compound droplet consisting of two concen-

tric drops of different fluids is located tangentially on the top a circular 
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Fig. 1. Comparison of the results of present study and those of Liang et al.’s [33] in terms of film thickness on the top edge of solid substrate when a compound 
droplet impacts a circular solid substrate at We = 20 when (a) 𝜃13 = 𝜃23 = 30◦ (b) 𝜃13 = 𝜃23 = 150◦ .
substrate positioned in the centre of a 360 ×420 domain. The size of com-

pound droplet (diameter of the outer droplet) and solid substrate are 
chosen equally at 𝐷2 =𝐷𝑠 = 90 lu, while the diameter of inner droplet 
is 𝐷1 = 45 lu. The compound droplet is initialised with the downward 
velocity of 𝑈0 = −0.05, while the thickness of film on the top of solid 
substrate is measured with time. The simulation set up, fluid proper-

ties, and boundary conditions are chosen similarly to the study of Liang 
et al. [33] so as a fair comparison can be achieved. The behaviour of 
droplet under no gravity can be characterised with the Reynolds and 
Weber numbers defined as

Re =
𝑈0𝐷2
𝜐

, (1)

We =
𝜌𝑈2

0𝐷2

𝜎
, (2)

where 𝜌 and 𝜎 are the density and surface tension of compound droplet 
given by 𝜌 = (𝜌1 + 𝜌2)∕2 and 𝜎 = (𝜎13 + 𝜎23)∕2. Although the previous 
static cases [1] were conducted at high-density ratios, to compare the 
results with the study of Liang et al. [30] the values of density, mobility 
and relaxation time are selected as follows 𝜌1 = 𝜌2 = 10, 𝜌3 = 1, 𝑀 = 0.1, 
and 𝜏1 = 𝜏2 = 𝜏3 = 0.8. Furthermore, in order to initialise the compound 
droplet, the order parameters should take the following form

𝜙1(𝑥, 𝑦) = 0.5 + 0.5 tanh
( (𝐷1 − 2

√
(𝑥− 𝑥𝑐)2 + (𝑦− 𝑦𝑐)2)

𝑊

)
, (3)

𝜙2(𝑥, 𝑦) = 0.5 + 0.5 tanh
( (𝐷2 − 2

√
(𝑥− 𝑥𝑐)2 + (𝑦− 𝑦𝑐)2)

𝑊

)
− 𝜙1(𝑥, 𝑦), (4)

where (𝑥𝑐, 𝑦𝑐) denotes the centre of the compound droplet. The thick-

ness of film, shaped on the top of solid substrate as a function of 
dimensionless time (𝑇 ∗ =𝑈0𝑡∕𝐷2) is plotted in Fig. 1. The simulation is 
carried out at We = 20 where the wettability of compound droplet takes 
two values. First, the solid substrate is considered to be hydrophilic 
with 𝜃13 = 𝜃23 = 30◦, and then a hydrophobic case with 𝜃13 = 𝜃23 = 150◦
is simulated. It can be observed that a good agreement between the 
results of current study and those of Liang et al.’s [33] is achieved. 
For both contact angles, the ℎmax curve exhibits a uniform behaviour 
at the initial stages of impact i.e., 𝑇 ∗ ≤ 1. Afterwards, it reaches to its 
minimum value where the maximum spreading occurs. From this point 
forward, the trend of ℎmax is different for hydrophilic and hydrophobic 
substrates. For the hydrophilic substrate, it rises to a certain value and 
starts to decrease afterwards until the droplet settles on the top of sub-

strate. When the substrate is hydrophobic, it continuously enhances as 
the droplet finally detaches from the solid surface due to the strong re-

pulsion force. Moreover, it is worth pointing out that given Fig. 1(a), 
the inner droplet does not spread over the edge of solid substrate as 
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much as the outer drop. In other words, the effect of 𝜃13 = 30◦ is not ob-

served in the inner droplet’s deformation. This is because the top edge 
of solid substrate is fully covered by the outer drop and there is no di-

rect interaction between the inner drop and the solid surface meaning 
that 𝜙1 − 𝜙3 interface is not shaped anywhere in the domain so as its 
interaction with the solid substrate appears.

3. Permeation of multicomponent droplet in porous media

In this section, the impact of a compound droplet on a porous 
layer and the subsequent permeation is presented. After introducing 
the simulation set up and boundary conditions, the influential factors 
including governing dimensionless numbers as well as fluids and solid 
properties will be discussed. Finally, the effects of governing factors are 
investigated in terms of their influence on the penetration as well as 
spreading of the compound droplet inside and over the porous layer 
respectively.

3.1. Model setup and introduction of effective factors

For this study, the size of computational domain is chosen as 
620 × 960 lu2 where a porous layer with the thickness of 551 lu and 
porosity of 𝜀 = 34.2% is located in the centre, as depicted in Fig. 2. The 
compound droplet is placed tangentially on the top of the porous layer 
and initialised with the vertical velocity of −𝑈0. The diameter of inner 
droplet is 90 lu and the outer droplet is 140 lu. The gravity in the down-

ward direction is also applied through (75) in [1]. In order to maintain 
a no-slip condition on solid particles, the half-way bounce back scheme 
[34,35] is applied on the boundary nodes as well as lateral sides of the 
domain whereas a periodic boundary is imposed on the top and bottom. 
The time is also normalised by initial velocity and diameter of droplet 
through 𝑇 ∗ =𝑈0𝑡∕𝐷2.

The physics of problem is governed by the wettability condition, 
porosity of the medium, density and viscosity ratio, and a set of di-

mensionless numbers [6,11] including the Reynolds number (1), Weber 
number (2), Bond number, and Froude number which can be given by

Bo =
𝜌𝑔𝐷2

2
𝜎

, (5)

Fr =
𝑈2
0

𝑔𝐷2
, (6)

where 𝜌 = (𝜌1 + 𝜌2)∕2 and 𝜇 = (𝜇1 + 𝜇2)∕2 are density and dynamic vis-

cosity of the compound droplet, 𝑈0 and 𝐷2 are the droplet’s initial 
velocity and diameter of the outer drop, 𝜎 = (𝜎13 + 𝜎23)∕2 is the sur-

face tension, and 𝑔 is the gravitational acceleration.
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Fig. 2. Schematic representation of the porous layer topology, initial condition, 
and boundary conditions of the problem.

Another factor playing a crucial role in the penetration pattern is 
the capillary pressure defined as

𝑝𝑐,𝑖 = −
4𝜎 cos(𝜃𝑖3)

𝑑pores
𝑖 = 1 − 3, (7)

where 𝑑pores is the size of capillaries. When the equilibrium contact an-

gle of either droplet, 𝜃𝑖3 is smaller than 90◦, the capillary pressure will 
be negative which produces large gradients inside the droplet and even-

tually wets the surface. In this case, the shape of wetting phase becomes 
concave inside the capillaries. Conversely, when the contact angle is 
above 90◦, the shape of liquid inside capillaries is convex since the cap-

illary pressure is positive.

To quantitatively examine the amount penetration and spreading 
of droplet the following dimensionless factors are utilised according to 
[11] which can be given by

𝑉 ∗
𝑖
=

𝑉in,𝑖

𝑉total,𝑖
𝑖 = 1,2, (8)

𝐻∗
𝑖
=

𝐻𝑖

𝐷2
𝑖 = 1,2, (9)

𝑆∗
𝑖
=

𝑆𝑖

𝐷𝑖

𝑖 = 1,2, (10)

where 𝑉in,𝑖 denotes the volume of each droplet inside the porous 
medium, 𝑉total,𝑖 is the total volume of each droplet, 𝐻𝑖 is the dis-

tance of each droplet from the top of porous layer, and 𝑆𝑖 is their 
spreading amount. In fact, in order to get a better insight into pene-

tration, calculating both 𝑉 ∗
𝑖

and 𝐻∗
𝑖

is necessary in some cases. The 
reason is that the portion of each droplet inside the porous layer de-

noted by 𝑉 ∗
𝑖

can be affected by interacting with the other droplet 
(e.g., different contact angles) whereas 𝐻∗

𝑖
determines the maximum 

depth at which a portion of each droplet can reach, which provides 
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information about the detached part of droplets. Thereby, calculating 
both penetration parameters makes it possible to analyse the migra-

tion of droplets in two aspects. Note that in the following sections, 
wherever the time evolution of 𝑉 ∗

𝑖
shows the same trend as 𝐻∗

𝑖
, 

only 𝑉 ∗
𝑖

will be outlined to discuss the penetration pattern of the 
droplets.

3.1.1. Grid independency test
In this subsection, to ensure the simulation results are indepen-

dent of the size of computational domain, 𝐻∗
𝑖

is measured at Re = 20, 
We = 100, and Bo = 20 for different sizes of the compound droplet. In 
addition, to remove the effects of capillary pressure, contact angles are 
set to 𝜃13 = 𝜃23 = 90◦ so as the medium is neutral. The reason for choos-

ing a neutral medium is to alter fewer variables (e.g., 𝑑pores) when the 
size of compound droplet varies. Upon the change of compound droplet 
diameter, the Reynolds number is kept unchanged by adjusting the 
kinematic viscosity through the relaxation time. Moreover, the surface 
tension is adjusted so as the Weber number remains fixed. Ultimately, 
the changed values of diameter and surface tension are handled by al-

tering the gravitational acceleration so that the Bond number is fixed. 
The 𝜙1 and 𝜙2 interface at 𝑇 ∗ = 60 when the initial size of compound 
droplet takes the values of 𝐷2 = 70 lu, 140 lu, and 175 lu corresponding 
to the following domain sizes 310 × 480, 620 × 960, and 775 × 1200 lu2
respectively. As it can be observed from Fig. 3, the interface shape 
for both droplets does not undergo a drastic change when the size of 
computational domain varies from 620 × 960 to 775 × 1200 lu2. Fig. 4

further confirm this matter whereby the behaviour of 𝐻∗
𝑖

is almost iden-

tical for 𝐷2 = 140 lu and 𝐷2 = 175 lu suggesting that the resolution of 
620 × 960 lu2 is enough for capturing the penetration pattern for this 
problem.

3.2. Effects of the viscosity

The viscosity of fluid plays an important role in dissipating the 
momentum. When the compound droplet initially impacts the porous 
substrate, it spreads over the porous layer and then starts to penetrate 
abruptly. The deformation of droplet while moving through the porous 
substrate for three values of Reynolds number, namely Re = 100, 50, 
and 25 is depicted in Fig. 5 and Fig. 6 at two values of Bond number 
while the Weber number and contact angles are fixed. This allows for 
an examination of the behaviour of the droplet in two different regimes 
where gravitational and capillary forces are dominant respectively. It 
should be noted that to change the Reynolds number, the kinematic 
viscosity of each phase (which has been chosen equally) is altered. 
Thereby, the ratio of dynamic viscosity only depends on the density 
ratio which is chosen as 𝜌1 ∶ 𝜌3 = 1000 and 𝜌2 ∶ 𝜌3 = 500. The snapshots 
of the compound droplet moving through the porous layer, in the grav-

itational regime, is depicted in Fig. 5. It can be seen that increasing the 
Reynolds number in the gravitational-dominant regime, abates the vis-

cosity effect which in turn reduces the resistance of medium against 
penetration and causes both droplets to penetrate further. The order 
parameter profiles of each droplet in the capillary-dominant regime for 
different Reynolds numbers at 𝑇 ∗ = 124.3 (where the droplets do not 
move any further) is outlined in Fig. 6. This figure reveals that de-

creasing the Reynolds number in the capillary-dominant regime has the 
same impact as the gravitational-dominant regime on the inner droplet, 
while its influence on the penetration of outer droplet does not fol-

low the same behaviour. These observations on the aforementioned 
regimes are supported by Fig. 7 where 𝑉 ∗

𝑖
as a function of dimension-

less time is plotted for three Reynolds numbers at two regimes. It is 
observable that at Re = 100, 𝑉 ∗

1 reaches unity faster than the rest in the 
gravitational-dominant regime meaning that at a higher Reynolds num-

ber, the inner droplet migrates inside the medium more quickly. For 
the capillary-dominant regime, the same pattern is observed where 𝑉 ∗

1
at Re = 100 has the highest value. The trend remains the same for the 
outer droplet at the gravitational-dominant regime where at Re = 25 the 
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Fig. 3. The permeation pattern of compound droplet at 𝑇 ∗ = 60 for three computational domain resolutions and droplet diameter of a) 𝐷2 = 70 lu b) 𝐷2 = 140 lu c) 
𝐷2 = 175 lu.

Fig. 4. Time evolution of distance from the top of porous layer for three computational domain resolution and droplet diameter of 𝐷2 = 70, 140, and 175 lu.
outer droplet does not completely move through the medium. However, 
this behaviour changes for the outer droplet at the capillary-dominant 
regime, and as it can be observed in Fig. 7(b) the difference in 𝑉 ∗

2 , for 
the three cases of Reynolds number, is marginal and even for 𝑇 ∗ < 30
the outer droplet penetrates slightly more for Re = 25. From this point 
forward, the penetration is higher for Re = 50 up to the equilibrium 
where the outer droplet penetrates a little more at Re = 100. As pointed 
out before, the interaction of droplets with each other affects the value 
of 𝑉 ∗

𝑖
, while the depth at which a portion of each droplet reaches in-

side the medium is denoted by 𝐻∗
𝑖
, which can indicate the effect of 

viscous coupling among the droplets. As such, the time evolution of 𝐻∗
𝑖

is illustrated in Fig. 8 exhibiting the expected outcome. Given this fig-

ure, both droplets reach the lower levels of porous layer at Re = 100, 
and 𝐻∗

𝑖
diminishes as the Reynolds number decreases in both gravi-

tational and capillary-dominant regimes. Note that since the viscosity 
ratio remains unchanged, the strength of viscous coupling by the varia-

tion of the Reynolds number is unaffected. Thereby, examining 𝐻∗
𝑖

only 
reveals the effects of viscous coupling mechanism, and as it is shown, 
𝐻∗

2 is maximum at Re = 100 even in the capillary-dominant regime as 
the inner droplet penetrates completely, displacing the detached part 
of the outer droplet further to the deepest level of the porous layer via 
the coupling mechanism. To further investigate the unusual behaviour 
of 𝑉 ∗

2 at the capillary dominant regime, 𝑉 ∗
2 is measured in more cases 

of different Reynolds numbers as depicted in Fig. 9. Evaluating this 
104
figure further confirms the effects of droplets’ interaction on generat-

ing somewhat a random behaviour for the penetrated volume of outer 
droplet with respect to the Reynolds number. For instance, it can be 
seen that 𝑉 ∗

2 at Re = 45 is slightly larger than Re = 50 and 55. Further-

more, 𝑉 ∗
2 for Re = 50 is slightly greater than Re = 55, while at the range 

of 45 ≤ Re ≤ 55, the 𝑉 ∗
2 is greater than Re = 100 and 70 for a period of 

permeation. Same behaviour can be observed when comparing Re = 70
to Re = 100 and Re = 25 to Re = 30. In the case of 45 ≤ Re ≤ 55, this be-

haviour can be attributed to the pattern shape on the top of porous 
layer caused by the interaction of inner and outer droplets. The usual 
scenario in the majority of checked Reynolds numbers is that the top 
portion of outer droplet is dragged on the either left or right-hand side 
whereas for some values including Re = 45, 50, and 55, it sits on the top 
of inner droplet. Since the case is conducted in the capillary-dominant 
regime with the contact angle of 𝜃23 = 80◦, the small capillary pressure 
of outer droplet when in contact with the top right or top left edge of 
porous layer will not contribute to its penetration. In contrast, when 
the droplet sits on the top of inner droplet with no contact with the 
solid elements, its displacement is governed by the penetration of inner 
droplet which because of 𝜃23 = 40◦, is higher than those portions of the 
outer droplet in contact with the solid elements. As a result, the shaped 
pattern on the top of inner drop leads to dragging the top portion of 
outer droplet into the porous media causing the inner droplet to break 
up so as the top portion merges with the small trapped portion under-
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Fig. 5. Snapshots of the compound droplet moving inside the porous medium at the gravitational-dominant regime for different Reynolds numbers where the outer 
drop is depicted in blue and the inner drop is in red.

Fig. 6. The deformation of compound droplet at 𝑇 ∗ = 128.6 in the capillary-dominant regime (Bo = 1) for different Reynolds numbers at We = 100, 𝜃13 = 40◦ , and 
𝜃23 = 80◦ where the outer drop is depicted in blue and the inner drop is in red.
105
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Fig. 7. Time evolution of droplets volume fraction inside the medium (𝑉 ∗
𝑖

) for different Reynolds numbers in the gravitational and capillary-dominant regimes at 
We = 100, 𝜃13 = 40◦, and 𝜃23 = 80◦ (a) inner droplet (b) outer droplet.

Fig. 8. Time evolution of distance from the top of porous layer (𝐻∗
𝑖
) for different Reynolds numbers in the gravitational and capillary-dominant regimes at We = 100, 

𝜃13 = 40◦, and 𝜃23 = 80◦ (a) inner droplet (b) outer droplet.
neath the inner drop which is observable in the Fig. 10. The spreading 
of each droplet at the early stages of impact is illustrated in Fig. 11. 
For a single droplet in the binary system, it is expected that increas-

ing the Reynolds number enhances the spreading factor. However, this 
does not occur distinctively for the compound droplet in the ternary sys-

tem due to the interaction between droplets. Although at Re = 100 both 
droplets experience the highest spreading at both gravitational and cap-

illary dominant regimes, and the spreading factor at Re = 50 is higher 
than Re = 25 in most timesteps, a distinctive trend cannot be extracted 
from Fig. 11, since the droplets’ interaction makes the spreading factor 
occasionally fluctuate between two values of Reynolds number.

3.3. Effects of the Weber number/surface tension

The magnitude of Weber number indicates the weight of inertia with 
respect to the surface tension. Therefore, an increase in the surface ten-

sion will reduce the Weber number while at the same time enhances the 
capillary pressure. Given the value of contact angle which determines 
the sign of capillary pressure and dominancy of either capillary force or 
gravity, this enhancement can affect the penetration in different ways. 
In fact, investigating the effects of surface tension can be carried out 
in two ways. First, the surface tension can be changed without main-

taining the value of Bond number through adjusting the gravitational 
acceleration. This way, the Froud number is fixed and reducing the 
surface tension increases the Bond number which in turn changes the 
penetration regime from the capillary to the gravitational and enhances 
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Fig. 9. Individual examination of the time evolution of volume fraction inside 
the medium for the outer droplet at additional cases of Reynolds number in the 
capillary-dominant regime.

the penetration. Second, after changing the surface tension and to keep 
the Bond number fixed, the gravity acceleration is adjusted according 
to the change in the surface tension. In other words, the Froude num-

ber will not remain unchanged when the Weber number varies, and 
the Bond number is fixed. In this section, the latter is considered, since 
the former was studied before [6,11,18], and via the second approach, 
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Fig. 10. Snapshots of the pattern shaped on the top of inner droplet resulting in the unexpected behaviour of 𝑉 ∗
2 at Re = 50.

Fig. 11. Time evolution of spreading at the beginning of impact (𝑆∗
𝑖
) for different Reynolds numbers in the gravitational and capillary-dominant regimes at We = 100, 

𝜃13 = 40◦, and 𝜃23 = 80◦ (a) inner droplet (b) outer droplet.
studying the influence of the Weber number without changing the pen-

etration regime is possible.

3.3.1. Equal surface tensions

The shape of droplets at 𝑇 ∗ = 132.8 for three values of Weber num-

ber, namely We = 100, 500, and 1000 in the gravitational and capillary 
regimes are illustrated in Fig. 12 along with the penetration factor 𝑉 ∗

𝑖

for both droplets in Fig. 13. It can be seen that in the gravitational-

dominant regime, since the Froude number is smaller at We = 100, both 
droplets experience higher penetration despite the higher resistance 
against the initial inertia. This matter is evident in Fig. 13(a) and (b) 
where 𝑉 ∗

1 and 𝑉 ∗
2 reach to unity at We = 100. In fact, as its name sug-

gests, in the gravitational-dominant regime, the behaviour of droplets 
depends on the magnitude of 𝑔. Since it takes smaller value for We = 500
and We = 1000, the maximum penetration occurs at We = 100, which has 
the largest value of 𝑔. In the capillary-dominant regime, the behaviour 
of each droplet should be analysed separately, since the medium’s wet-

tability is not the same for them. Considering the inner droplet in Fig. 12

and 𝑉 ∗
1 in Fig. 13(a), while it is expected that increasing the effects of 

inertia (decreasing the surface tension) enhances the penetration, it be-

came apparent that enhancement of capillary pressure due to larger 
surface tension is the dominant factor causing an increase in the pen-

etration and facilitating the migration of droplet at We = 100. In other 
words, the larger negative capillary pressure (𝜃13 = 40◦) acts in favour 
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of penetration and for the case of We = 100 despite the small ratio of 
inertia over the surface tension, the larger magnitude of capillary pres-

sure helps the droplet to move through the pores. The contact angle 
for the outer droplet is 𝜃23 = 80◦ which results in a small capillary 
force and different behaviour from the inner droplet in the capillary-

dominant regime. In fact, for the outer droplet, the contributing factor 
is less resistance against inertia which occurs at We = 500 and 1000 lead-

ing to higher 𝑉 ∗
2 for larger Weber numbers as shown in Fig. 13(b). 

Moreover, considering Fig. 12(a) at Bo = 1, it can be seen that a large 
portion of the outer droplet has remained outside of the medium, while 
for the two other cases, the droplet is broken up as it moves inside 
the porous layer. The spreading factor of each droplet for three values 
of Weber number in the gravitational and capillary regimes is com-

pared in Fig. 14. It can be inferred that increasing the Weber number, 
enhances the spreading for both droplets at both regimes. This arises 
from the fact that the larger effect of inertia at higher Weber numbers 
amplifies the deformation which is the same observable trend when 
impingement occurs on a solid surface. Evaluating the effects of We-

ber number when the capillary pressure is positive for both droplets is 
outlined in Fig. 15. In this condition, the contact angles for inner and 
outer droplet are selected as 𝜃13 = 140◦ and 𝜃23 = 100◦ respectively. It 
can be inferred that similar behaviour to the case of negative capillary 
pressure in the gravitational regime is achieved because the capillary 
pressure is not the determining factor. However, considering Fig. 15(a), 
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Fig. 12. The deformation of compound droplet at 𝑇 ∗ = 132.8 in the gravitational (top row) and capillary-dominant regimes (bottom row) for different Weber numbers 
at Re = 100, 𝜃13 = 40◦ , and 𝜃23 = 80◦ where the outer drop is depicted in blue and the inner drop is in red.

Fig. 13. Time evolution of droplets volume fraction inside the medium (𝑉 ∗
𝑖

) for different Weber numbers in gravitational and capillary-dominant regimes at Re = 100, 
𝜃13 = 40◦, and 𝜃23 = 80◦ (a) inner droplet (b) outer droplet.
it can be seen that in the capillary-dominant regime, the inner droplet 
penetrates more at We = 1000 and We = 500 due to less resistance against 
initial inertia because of smaller positive capillary pressure compared to 
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We = 100 where only 10% of droplet goes inside the porous layer. Ac-

cording to Fig. 15(b), owing to small positive capillary pressure of outer 
droplet, the change in the surface tension and decreasing of resistance 
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Fig. 14. Time evolution of spreading in the beginning of impact (𝑆∗
𝑖
) for different Weber numbers in gravitational and capillary-dominant regimes at Re = 100, 

𝜃13 = 40◦, and 𝜃23 = 80◦ (a) inner droplet (b) outer droplet.

Fig. 15. Time evolution of droplets volume fraction inside the medium (𝑉 ∗
𝑖

) for different Weber numbers in gravitational and capillary-dominant regimes at Re = 100, 
𝜃13 = 140◦, and 𝜃23 = 100◦ (a) inner droplet (b) outer droplet.
Table 1

Variation of the contact angle between the solid particles and the in-

terface shaped at the intersection of droplets (𝜃12) with respect to the 
change in 𝜎13–𝜎23 pair when 𝜎12 = 1.39 and 𝜃13 = 𝜃23 = 30◦.

𝜎13–𝜎23 0.5–1.39 0.945–0.945 1.39–0.5
𝜃◦12 71.33◦ 90◦ 108.67◦

in We = 1000 and We = 500 does not have a significant impact on the 
penetration, hence the droplet reaches to almost the same level in all 
three cases.

3.3.2. Different surface tensions

So far, the surface tensions have been chosen equally, in this section 
the effect of surface tension of each droplet with the surrounding phase 
(𝜎13 and 𝜎23) is investigated. Since the choice of surface tensions must 
satisfy (26) in [1], the surface tension between droplets is selected as 
𝜎12 = 1.39 and to keep the Weber and Bond numbers unchanged, 𝜎13 and 
𝜎23 are chosen in a way that 𝜎 = 0.945. Given the mentioned constraints, 
𝜎13 and 𝜎23 take the values of 0.5 and 1.39 one at a time so that the in-

fluence of different surface tensions on each droplet can be examined. 
In addition, it should be noted that given (30) in [1], altering 𝜎13 − 𝜎23
pair changes 𝜃12 shown in Table 1, which effects are discussed in the 
following. Fig. 16 and 17 represent the time evolution penetration fac-

tors for both gravitational and capillary-dominant regimes. Examining 
part (a) of these figures in the gravitational-dominant regime, the pen-
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etration rate (slope of the diagrams) when 𝑇 ∗ < 30 is slightly higher 
when 𝜎13 = 1.39; however, the inner droplet penetrates much more for 
𝜎13 = 0.5 (see Fig. 16(a)). To understand this behaviour, the contact an-

gle and capillary pressure of the inner droplet needs to be taken into 
account. The cases are conducted at 𝜃13 = 𝜃23 = 30◦ which leads to a 
negative capillary pressure for both droplets. As a result, the slightly 
higher penetration rate of the inner droplet, in the early stages when 
the effect of gravity force is not still dominant, can be attributed to the 
larger negative capillary pressure at 𝜎13 = 1.39. Moreover, the reason for 
the droplet reaching to a deeper level of porous layer is the gravity force 
outweighing the importance of capillary pressure in the gravitational-

dominant regime. Consequently, since the gravity force is the driving 
factor, less resistance against gravity in the case of smaller surface ten-

sion force contributes to the migration of the inner droplet at 𝜎13 = 0.5
as opposed to two other values. Considering the inner droplet in the 
capillary-dominant regime, an opposite behaviour is observed where 
the inner droplet completely moves inside the medium at 𝜎13 = 1.39 due 
to the larger negative capillary pressure, while for 𝜎13 = 0.5 this amount 
reduces to less than 50%. Considering Fig. 16 and 17(b) in the grav-

itational regime, the outer droplet exhibits the same behaviour as the 
inner drop where at 𝜎23 = 0.5, less resistance caused by smaller interfa-

cial tension results in faster penetration. Analysing the behaviour of the 
outer droplet in the capillary-dominant regime requires careful exami-

nation of Figs. 16(b), 17(b), and 18 simultaneously. It can be observed 
that a larger portion of the outer droplet migrates to the porous layer
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Fig. 16. Time evolution of droplets volume fraction inside the medium (𝑉 ∗
𝑖

) for different pairs of surface tension 𝜎13 − 𝜎23 in gravitational and capillary-dominant 
regimes at 𝜎12 = 1.39, Re = 100, We = 100, 𝜃13 = 30◦ , and 𝜃23 = 30◦ (a) inner droplet (b) outer droplet.

Fig. 17. Time evolution of distance from the top of porous layer (𝐻∗
𝑖
) for different pairs of surface tension 𝜎13 − 𝜎23 in the gravitational and capillary-dominant 

regimes at 𝜎12 = 1.39, Re = 100, We = 100, 𝜃13 = 30◦ , and 𝜃23 = 30◦ (a) inner droplet (b) outer droplet.
when 𝜎23 = 1.39 which is consistent with the behaviour of the inner 
droplet in the similar regime and the fact that larger negative capillary 
pressure is the contributing factor. However, this consistency breaks for 
the values of 𝜎23 = 0.945 and 0.5 exhibiting a different trend for 𝑉 ∗

2 than 
𝐻∗

2 . Given Fig. 16(b), the outer droplet penetrates more at 𝜎23 = 0.5
than 𝜎23 = 0.945, and based on Fig. 17(b), the outer droplet reaches to 
the deepest level at 𝜎23 = 0.5 violating the previous assumption regard-

ing the capillary pressure. In fact, the impact of inner droplet’s surface 
tension and its corresponding capillary pressure on the outer droplet 
through viscous coupling is the reason for this inconsistent behaviour. 
When 𝜎23 = 0.5, the surface tension of inner droplet is 𝜎13 = 1.39 which 
results in a large negative capillary pressure, moving completely inside 
the porous layer, and pulling the outer droplet inside. This leads to a 
larger portion of the outer droplet being inside the medium at 𝜎23 = 0.5
in comparison to 𝜎23 = 0.945. Add to that, the value of 𝜃12 listed in Ta-

ble 1 affects the strength of viscous coupling and contributes to the 
inconsistency. As a matter of fact, the 𝜎13 = 1.39 − 𝜎23 = 0.5 pair makes 
the medium hydrophobic for the 𝜙1 − 𝜙2 interface and creates a repul-

sive force between the solid particles and shaped interface amongst the 
droplets which in turn strengthen the droplets’ viscous coupling. This 
strengthened coupling is the reason of the observed trend in Fig. 17(b) 
where 𝐻∗

2 experiences its maximum value because of broken up parts 
of the outer attached to the inner droplet (penetrating the most at 
𝜎13 = 1.39) and move with it as a result of strong coupling. In contrast, 
when the penetration of the outer droplet is high (𝜎13 = 0.5 −𝜎23 = 1.39), 
𝜃12 = 71.33◦ causes a weaker coupling which does not contribute to the 
inner droplet’s migration.
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3.4. Effects of contact angle

As mentioned earlier, the value of contact angle directly affects the 
magnitude of capillary pressure and determines the level of wettabil-

ity. However, the capillary pressure does not play a significant role in 
the gravitational-dominant regime (Bo ≫ 1) whereas in the capillary-

dominant regime, it is the most important factor. Examining the effect 
of contact angle is carried out in two ways in this section. First, wetta-

bility of each droplet is varied for contact angles of 40◦ , 80◦, and 140◦, 
while the other droplet takes neutral wettability. Under this circum-

stance, the penetration factors of each droplet are measured with time. 
This selection of contact angles minimises the effect of droplets’ wetta-

bility on each other and allows investigating the contact angle’s effect 
on each droplet separately. In the second part, the combination of some 
contact angles where the medium is either hydrophilic or hydrophobic 
for both droplets where contact angles are equal in two cases and non-

equal for the rest is considered. Fig. 19 indicates the time evolution of 
𝑉 ∗
𝑖

for both droplets when 𝜃23 is constant at the value of 90◦ whereas 
𝜃13 takes the values of 40◦, 80◦, and 140◦ for gravitational and capillary-

dominant regimes. Note that since the periodic boundary condition has 
been applied on the top and bottom boundaries, the simulation will stop 
when one of the droplets reaches to the bottom boundary. Therefore, 
wherever 𝑉 ∗

𝑖
curve does not continue to the last time step and 𝑉 ∗

𝑖
= 1

for one of the droplets, it means that a portion of at least one droplet has 
passed the porous layer and reached to the end of the domain. Based on 
what mentioned above and considering Fig. 19(a), in the gravitational 
regime, the inner droplet moves faster and leaves the medium earlier 
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Fig. 18. The deformation of compound droplet at 𝑇 ∗ = 132.8 in the and capillary-dominant regime for different pairs of surface tension 𝜎13 −𝜎23 at Re = 100, We = 100, 
𝜃13 = 30◦, and 𝜃23 = 30◦ where the outer drop is depicted in blue and the inner drop is in red.

Fig. 19. Time evolution of droplets volume fraction inside the medium (𝑉 ∗
𝑖

) for different 𝜃13 in gravitational and capillary-dominant regimes at Re = 100, We = 100, 
and 𝜃23 = 90◦ (a) inner droplet (b) outer droplet.
at 𝜃13 = 140◦ and stays inside the medium almost up until the end of 
simulation for 𝜃13 = 40◦. This behaviour can be attributed to the dom-

inancy of gravity force outweighing the positive capillary pressure at 
𝜃13 = 140◦ which resists against the penetration. Moreover, under this 
circumstance, the gas phase (𝜙3) covers the solid particles which in turn 
facilitates the migration of droplet inside the medium in the hydropho-

bic case. The opposite trend is observable in the capillary-dominant 
regime where due to a larger negative capillary pressure at 𝜃13 = 40◦, 
the inner droplet completely moves inside the porous layer. For the case 
of 𝜃13 = 80◦, the negative capillary pressure is small which only derives 
half of the droplet inside. When 𝜃13 = 140◦, a large portion of the inner 
droplet remains outside of the porous layer because of the large pos-

itive capillary pressure being in balance with the small gravity force. 
Examining Fig. 19(b), despite neutral wettability for the outer droplet 
(𝜃23 = 90◦), similar behaviour can be seen in the penetration factor of 
outer droplet. The only difference is in the capillary-dominant regime 
where outer droplet does not completely migrate inside the porous layer 
(see Fig. 20), albeit the trend remains the same as that of the inner 
droplet.

In Fig. 21, the amount of spreading is compared when 𝜃13 changes 
and 𝜃23 is invariant. Examining the (a) part of this figure, the inner 
droplet experiences maximum spreading at 𝜃13 = 40◦ and minimum 
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at 𝜃13 = 140◦ for both gravitational and capillary-dominant regimes. 
Analysing the spreading of the outer droplet, no significant difference 
can be detected in the capillary-dominant regime, while no distinct 
trend in the gravitational-dominant regime can be observed.

In Fig. 22 the penetration factor 𝑉 ∗
𝑖

when 𝜃13 = 90◦ and 𝜃23 takes 
three values in gravitational and capillary-dominant regimes. Examin-

ing Fig. 22(b), an expected trend can be detected where in the gravita-

tional regime, larger contact angle and smaller attraction force between 
the droplet and solid particles facilitates the movement of the outer 
droplet. In the capillary regime, larger negative capillary pressure at 
smaller contact angles causes the outer droplet to move inside the 
porous layer. Analysing the behaviour of the inner droplet in the grav-

itational regime for this case requires consideration of Fig. 22(a) and 
Fig. 23 at the same time. Note that in all the three cases 𝜃13 = 90◦ and 
different curves of 𝑉 ∗

1 are induced from the impact of 𝜃23 on the inner 
droplet. With that said, it can be seen that the inner droplet moves faster 
in the gravitational regime when 𝜃23 is smaller and the medium is hy-

drophilic for the outer droplet. This is due to the lubricating effect of the 
outer droplet on the inner droplet where hydrophilicity of the medium 
attracts the outer droplet to the solid particles which in turn causes 
the inner droplet to move over the outer droplet without being directly 
in contact with the solid elements. However, that is not the case for 
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Fig. 20. The deformation of compound droplet at 𝑇 ∗ = 132.8 in the capillary-dominant regime (Bo = 1) for different 𝜃13 at Re = 100, We = 100, and 𝜃23 = 90◦ where 
the outer drop is depicted in blue and the inner drop is in red.

Fig. 21. Time evolution of spreading at the beginning of impact (𝑆∗
𝑖
) for different 𝜃13 in gravitational and capillary-dominant regimes at Re = 100, We = 100, and 

𝜃23 = 90◦ (a) inner droplet (b) outer droplet.

Fig. 22. Time evolution of droplets volume fraction inside the medium (𝑉 ∗
𝑖

) for different 𝜃23 in gravitational and capillary-dominant regimes at Re = 100, We = 100, 
and 𝜃13 = 90◦ (a) inner droplet (b) outer droplet.
112



A. Zarareh, S.B. Burnside, S. Khajepor et al. Computers and Mathematics with Applications 109 (2022) 100–124

Fig. 23. The deformation of compound droplet at 𝑇 ∗ = 34.3 in the gravitational-dominant regime (Bo = 40) for different 𝜃23 at Re = 100, We = 100, and 𝜃13 = 90◦

where the outer drop is depicted in blue and the inner drop is in red.

Fig. 24. Time evolution of spreading at the beginning of impact (𝑆∗
𝑖
) for different 𝜃23 in gravitational and capillary-dominant regimes at Re = 100, We = 100, and 

𝜃13 = 90◦ (a) inner droplet (b) outer droplet.
the capillary-dominant regime where the inner droplet experiences the 
maximum penetration at 𝜃23 = 140◦. In fact, under this circumstance, 
the large positive capillary pressure of outer droplet pushes it upward 
creating a void space for the inner droplet, with capillary pressure of 
zero, to move inside the porous layer with the help of its initial inertia 
and small gravitational force.

The 𝑆∗
𝑖

as a function of dimensionless time is plotted in Fig. 24

when 𝜃13 is unchanged and 𝜃23 varies in three cases for gravitational 
and capillary regimes. It is observable that the spreading of the inner 
droplet does not follow a certain trend by the change in the contact 
angle of outer droplet. In the case of the outer droplet, the spreading 
reduces as the contact angle increases in both regimes as expected.

Now that the behaviour of each droplet was investigated individ-

ually, the results of applying a combination of 𝜃13 − 𝜃23 will be pre-

sented where the medium is either hydrophilic or hydrophobic for 
both droplets. Snapshots of the compound droplet moving through the 
porous layer in the gravitational regime are depicted in Fig. 25 where 
the wettability of porous layer with respect to each droplet varies in 
four cases. Since a similar trend to the previous case was achieved in 
the gravitational regime, the discussion on the 𝑉 ∗

𝑖
curves are avoided 

here. Thereby, the discussion in the second part of this section begins 
by analysing the capillary-dominant regime at different pairs of con-

tact angles. As mentioned before, because of the choice of contact angle 
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pairs, the behaviour of droplets cannot be analysed independently, and 
the presence of the other droplet and its contact angle must be con-

sidered. Investigating the behaviour of inner droplet in Fig. 26 and 
Fig. 27(a), for contact angles of 𝜃13 = 30◦ and 40◦ the droplet pene-

trates the most. Next maximum penetration occurs at 𝜃13 = 100◦ instead 
of 𝜃13 = 80◦ which is in contrast with the positive capillary pressure act-

ing as a barrier for penetration. The reason for this behaviour in the 
case of 𝜃13 = 100◦ lies in the contact angle of the outer droplet which 
is 𝜃23 = 140◦. As it is evident in Fig. 26(d), due to the strong repulsion 
force between the outer droplet and solid particles, it sits on the top of 
the inner droplet freeing up space for the inner droplet to move inside. 
Although 𝜃13 = 100◦ creates positive capillary pressure, its magnitude 
is small which allows the gravity and initial inertia to overcome it and 
let the droplet to penetrate down to some level. In contrast, the contact 
angle of the outer droplet when 𝜃13 = 80◦ is 𝜃23 = 40◦, which creates a 
competition between the droplets and due to the larger negative capil-

lary pressure of outer droplet, in this case, the inner droplet does not 
get the chance to penetrate as expected. Fig. 26(c) illustrates this mat-

ter where the larger capillary pressure of the outer droplet outweighs 
the inner droplet and prevents it from moving further. The same trend 
is observed when the penetration factor is higher for 𝜃13 = 150◦ com-

pared to 𝜃13 = 140◦ due to the contact angle of the outer droplet which 
is 𝜃23 = 150◦ for the former and 𝜃23 = 100◦ for the latter. In fact, for the 
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Fig. 25. Snapshots of the compound droplet moving inside the porous medium at the gravitational-dominant regime for different 𝜃13 − 𝜃23 where Re = 100, We = 100, 
the outer drop is depicted in blue, and the inner drop is in red.
first case, both droplets have an equal chance of penetrating whereas 
in the second one, the outer droplet triumphs, and this causes the inner 
droplet to penetrate less at 𝜃13 = 140◦ compared to 𝜃13 = 150◦. Examin-

ing Fig. 27(b), the behaviour of outer droplet is as expected where the 
penetration is higher when 𝜃23 is smaller with an exception occurring 
114
at 𝜃23 = 100◦ which 𝑉 ∗
2 is maximum. This is attributed to the contact 

angle of the inner droplet which is 𝜃13 = 140◦ causing a strong repul-

sion force between the inner droplet and solid particles, moving the 
droplet to the right with a tendency to move to the top of the outer 
droplet. This matter allows the outer droplet to penetrate better despite 
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Fig. 26. The deformation of compound droplet at 𝑇 ∗ = 34.3 in the capillary-dominant regime (Bo = 1) for different pairs of 𝜃13 − 𝜃23 at Re = 100, We = 100, where the 
outer drop is depicted in blue and the inner drop is in red.

Fig. 27. Time evolution of droplets volume fraction inside the medium (𝑉 ∗
𝑖

) for different 𝜃13 − 𝜃23 pairs in capillary-dominant regime at Re = 100 and We = 100 (a) 
inner droplet (b) outer droplet.
the small positive capillary pressure. On the other hand, at contact an-

gles of 𝜃23 = 30◦ and 𝜃23 = 40◦ because of the competition caused by 
the inner droplet due to 𝜃13 < 90◦, the outer droplet cannot penetrate as 
expected.

Fig. 28 represents a comparison between the penetration factor 𝑉 ∗

of droplets when contact angles are chosen equally at 𝜃13 = 𝜃23 = 30◦

and 𝜃13 = 𝜃23 = 150◦ respectively. This choice of contact angles al-

lows for a comparison of the penetration of droplets with each other. 
Evaluating Fig. 28(a), it can be observed that in the gravitational-

dominant regime, the difference in the penetration of the inner and 
outer droplets is minor. However, the inner droplet completely moves 
inside the layer and leaves the other side earlier than the outer droplet. 
The same trend, with much larger difference, occurs in the capillary-

dominant regime where more than 90% of inner droplet moves inside 
the porous layer whereas this amount for the outer droplet is near 
50%. The reason is attributed to the lubricating effect of outer droplet 
for the inner one. In fact, the outer droplet is firstly in contact with 
the solid particles and covers them which facilitates the migration of 
inner droplet. Examining Fig. 28(b), where the medium is hydropho-

bic for droplets, suggests the same behaviour in the gravitational-

dominant regime where the inner droplet penetrates faster due to the 
lubricating effect of the outer droplet. However, this does not happen 
in the capillary-dominant regime due to the large positive capillary 
pressure of droplets where a large portion of both droplets remains 
outside of the porous layer. Thereby, under this condition, the in-

ner droplet does not get a chance to move over the outer droplet 
and both droplets almost penetrate equally. The comparison of spread-
115
ing factors between the droplets is conducted in Fig. 29 for the hy-

drophilic (𝜃13 = 𝜃23 = 30◦) and hydrophobic (𝜃13 = 𝜃23 = 150◦) medi-

ums. Given this figure, when the porous layer is hydrophilic, the outer 
droplet spreads more than the inner drop in both regimes. On the 
contrary, when the medium is hydrophobic, the opposite trend is ob-

served where the inner drop exhibits more spreading for both grav-

itational and capillary-dominant regimes. This is because the inner 
drop is not directly in contact with the solid elements at the begin-

ning of impact, and its deformation is governed by the outer droplet. 
In fact, 𝜃13 does not influence the spreading of inner droplet, since 
the 𝜙1 − 𝜙3 interface does not shape in the early stages of penetra-

tion. As such, when 𝜃23 = 30◦ the outer drop experiences the maxi-

mum spreading and when 𝜃23 = 150◦, it exhibits the minimum spread-

ing.

3.5. Effects of the density ratio

Investigating the effect of density ratio can be done in two ways. 
First, the density of droplets can be altered which in turn changes the 
value of 𝜌 leading to adjusting the physical properties such as 𝜎 and 
𝑔, so as the governing dimensionless numbers are fixed. Second, the 
density of surrounding phase (𝜙3) varies which only affects the density 
ratio and keeps other parameters unchanged. The density is defined as 
the ratio of compound droplet to the surrounding phase through the 
following

𝜌𝑟 =
𝜌
. (11)
𝜌3
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Fig. 28. Comparison of the time evolution of droplets volume fraction inside the medium (𝑉 ∗
𝑖

) in gravitational and capillary-dominant regimes at Re = 100 and 
We = 100 (a) 𝜃13 = 𝜃23 = 30◦ (b) 𝜃13 = 𝜃23 = 150◦ .

Fig. 29. Comparison of the time evolution of droplets spreading (𝑆∗
𝑖
) in gravitational and capillary-dominant regimes at Re = 100 and We = 100 (a) 𝜃13 = 𝜃23 = 30◦ (b) 

𝜃13 = 𝜃23 = 150◦ .
Both aforementioned approaches were tested, and a similar result was 
achieved as expected. In fact, changing the density ratio in two ways 
and achieving the same results can be considered as an alternative way 
to confirm the Reynolds, Weber, and Bond numbers are the only gov-

erning factors in the penetration.

The problem is evaluated for three values of 𝜌∗ where the density of 
compound droplet is 𝜌 = 7.5, 75, 750 which results in the same density 
ratios, since the density of surrounding phase is chosen as 𝜌3 = 1. Along 
with the snapshots of penetration in the gravitational regime in Fig. 30, 
the penetration factors for inner and outer droplets at two gravitational 
and capillary-dominant regimes are outlined in Fig. 31 and Fig. 32 in 
terms of 𝑉 ∗ and 𝐻∗ respectively. Considering Fig. 31(a) in the gravita-

tional regime, the inner droplet completely penetrates for 𝜌𝑟 = 75 and 
750, where 𝑉 ∗

1 does not reach to unity for 𝜌𝑟 = 7.5 and a portion of in-

ner droplet remains outside of the porous layer. However, examining 
Fig. 32(a) reveals that at 𝜌𝑟 = 7.5, a portion of inner droplet reaches to 
a deeper level of the porous layer. In the capillary-dominant regime, 
both penetration indexes exhibit higher values for 𝜌𝑟 = 75 and 750 as 
opposed to 𝜌𝑟 = 750 where the main part of inner droplet does not move 
inside the medium. Examining Fig. 31 and 32(b), the outer droplet 
in the gravitational regime migrates inside the porous medium much 
faster at 𝜌𝑟 = 7.5 than the other density ratios, where the behaviour 
of outer droplet is the same for 𝜌𝑟 = 75 and 𝜌𝑟 = 750. In the capillary-
116
dominant regime, it can be seen particularly from Fig. 32(b) that the 
outer droplet penetrates roughly three times more at higher density ra-

tios than 𝜌𝑟 = 7.5. Fig. 33 indicates the spreading of droplets at different 
density ratios for two values of the Bond number. It can be observed 
that the droplets’ spreading does not change drastically for the ratios of 
𝜌𝑟 = 75 and 𝜌𝑟 = 750 in both regimes. Given Fig. 33(a), the inner droplet 
exhibits the maximum spreading at 𝜌𝑟 = 7.5 for both gravitational and 
capillary dominant regimes. However, that is not the case for the outer 
droplet since the maximum spreading only occurs in the gravitational 
regime, and in the capillary regime, the spreading is almost the same as 
other density ratios.

3.6. Comparison with the binary fluid

In this section, the penetration factors in the absence of either 
droplet are compared with those of ternary fluid under the same cir-

cumstance. As mentioned before, if the (26) in [1] is met, the ternary 
system can replicate the characteristics of the binary fluid when the or-

der parameter of one phase is set to zero throughout the computational 
domain. In other words, to solely investigate the penetration of inner 
and outer droplets, the order parameter profile of each droplet is ini-

tialised with zero one at a time with no change in other parameters 
including the initial position or diameter as well as the fluid proper-
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Fig. 30. Snapshots of the compound droplet moving inside the porous medium at the gravitational-dominant regime for different density ratios where Re = 100, 
We = 100, 𝜃13 = 30◦, and 𝜃23 = 30◦. The outer drop is depicted in blue, and the inner drop is in red.

Fig. 31. Time evolution of droplets volume fraction inside the medium (𝑉 ∗
𝑖

) for different density ratios 𝜌𝑟 in gravitational and capillary-dominant regimes at Re = 100, 
We = 100, 𝜃13 = 30◦, and 𝜃23 = 30◦ (a) inner droplet (b) outer droplet.
117
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Fig. 32. Time evolution of distance from the top of the porous layer (𝐻∗
𝑖
) for different density ratios 𝜌𝑟 in gravitational and capillary-dominant regimes at Re = 100, 

We = 100, 𝜃13 = 30◦, and 𝜃23 = 30◦ (a) inner droplet (b) outer droplet.

Fig. 33. Time evolution of droplets spreading (𝑆∗
𝑖
) for different density ratios 𝜌𝑟 in gravitational and capillary-dominant regimes at Re = 100, We = 100, 𝜃13 = 30◦ , 

and 𝜃23 = 30◦ (a) inner droplet (b) outer droplet.
ties. Snapshots of the droplet permeating under the described condition 
where each droplet is migrating individually without the presence of 
the other (b and c) are illustrated in Fig. 34. Evidently, this compari-

son requires quantification of penetration factors as plotted in Fig. 35

and Fig. 36 in terms of 𝑉 ∗
𝑖

and 𝐻∗
𝑖

respectively. Examining 𝑉 ∗
𝑖

reveals 
that the presence of the other droplet hinders the permeating process in 
both droplets and both penetration regimes. The difference is more vis-

ible for the outer droplet specifically in the capillary-dominant regime 
where in the binary system, 90% of outer droplet migrates inside the 
porous layer whereas for the ternary system it reduces to near 50%. 
Investigating the maximum depth at which the droplets can reach to 
in each case, Fig. 36 indicates that in the capillary-dominant regime, 
no significant difference can be observed between the ternary and bi-

nary systems for both droplets. In the gravitational-dominant regime, 
the trend of 𝐻∗

2 is consistent with that of 𝑉 ∗
2 where the outer droplet 

penetrates more in the binary system. However, in the case of inner 
droplet, as it can be seen in Fig. 36(a) for 𝑇 ∗ > 75 the inner droplet 
reaches to deeper levels of porous layer for the ternary system. This can 
be attributed to the migration pattern from the middle to final stages 
of penetration in the ternary system as shown in Fig. 34(a) at 𝑇 ∗ = 64.3
and 132.8 where in the mid-levels of porous layer the outer droplet cov-

ers the solid surfaces acting as a lubricant for the inner droplet leading 
to higher penetration in comparison to the binary system where the in-

ner droplet is directly in contact with the solid particles throughout the 
permeation process. Comparison of the spreading factor for the binary 
118
and ternary systems in Fig. 37 suggests that the inner droplet spreads 
more in the binary system for both regimes. This is because the inner 
droplet is bound to the outer droplet and its spreading in the ternary sys-

tem depends on the droplets’ interaction with each other. Observing the 
outer droplet in the capillary-dominant regime in Fig. 37(b) outlines no 
significant difference between the binary and ternary systems. In fact, 
although the spreading factor at the very early stages of penetration is 
slightly higher for the binary system, as time goes by, the amount of 
spreading converges to the same values. Unlike the capillary-dominant 
regime, the difference in the binary and ternary systems for the spread-

ing of the outer droplet is more noticeable in the gravitational-dominant 
regime where the outer droplet spreads more in the binary system.

3.7. Remarks on the mass conservation

This subsection is dedicated to the investigation of conservation of 
compound droplet’s mass as well as the surrounding component as the 
permeation occurs. As observed in the previous sections, when the com-

pound droplet impacts the porous layer both inner and outer drops 
break up to the droplets of different sizes. In some cases, the size of 
newly-formed droplets might be small to an extent where the model is 
incapable of capturing them and they gradually disappear to the sur-

rounding component. This could particularly happen when the size of 
tiny droplets is less than interface width (i.e., 4 lu) and they are in con-

tact with the solid elements. To highlight this, snapshots of a case in 
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Fig. 34. Snapshots of the droplet migration inside the porous layer in the capillary-dominant regime at Re = 100, We = 100, 𝜃13 = 30◦ , and 𝜃23 = 30◦ (a) ternary 
compound droplet (b) binary fluid when 𝜙1 = 0 (c) binary fluid when 𝜙2 = 0.
which the compound droplet breaks up into many droplets of differ-

ent sizes as permeating the medium is shown in Fig. 38 at Re = 100, 
We = 100, and Bo = 40. For this specific case, the droplets signified by 
a yellow oval are stable while the ones shown by an orange oval are 
gradually disappearing. To investigate the impact of this on the mass 
conservation of the ternary system, the spatial summation of each order 
parameter (12), as well as the summation of total mass (13) throughout 
the entire computational domain, is calculated as follows,
119
∑
𝒙

𝜙𝑖(𝒙), 𝑖 = 1,2,3, (12)

𝜙Total =
∑
𝑖

∑
𝒙

𝜙𝑖(𝒙), 𝑖 = 1,2,3. (13)

Afterwards, (13) can be used to calculate the percentage change of total 
mass at a specified time step through (14),

Δ𝜙Total(𝑡) =
|𝜙𝑡

Total − 𝜙
𝑡0
Total|

𝜙
t0

× 100, (14)
Total
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Fig. 35. Comparison of ternary and binary penetration in terms of time evolution of droplets volume fraction inside the medium (𝑉 ∗
𝑖

) in the gravitational and 
capillary-dominant regimes at Re = 100, We = 100, 𝜃13 = 30◦ , and 𝜃23 = 30◦ (a) inner droplet when 𝜙2 = 0 (b) outer droplet when 𝜙1 = 0.

Fig. 36. Comparison of ternary and binary penetration in terms of the distance from the top of the porous layer (𝐻∗
𝑖
) in the gravitational and capillary-dominant 

regimes at Re = 100, We = 100, 𝜃13 = 30◦, and 𝜃23 = 30◦ (a) inner droplet when 𝜙2 = 0 (b) outer droplet when 𝜙1 = 0.

Fig. 37. Comparison of ternary and binary penetration in terms of time evolution of droplets spreading (𝑆∗
𝑖
) in the gravitational and capillary-dominant regimes at 

Re = 100, We = 100, 𝜃13 = 30◦ , and 𝜃23 = 30◦ (a) inner droplet when 𝜙2 = 0 (b) outer droplet when 𝜙1 = 0.
120
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Fig. 38. Snapshots of the stable and unstable small droplets formed by the breakup compound droplet during the permeation at Re = 100, We = 100, Bo = 40, 𝜃13 = 40◦ , 
and 𝜃23 = 80◦ when the solid elements are hidden for better visibility.

Fig. 39. Time evolution of percentage mass change in the entire computational domain when the boundary nodes are included in the calculations of (a) total mass 
change of ternary system (b) total mass change of surrounding component 𝜙3 .
where 𝜙𝑡
Total is the total mass in the entire domain at the time of 𝑡

and 𝜙𝑡0
Total is the initial total mass before the permeation. The same 

approach can be applied to measure the mass change for each com-

ponent as well which requires adopting (12) instead of (13) in (14). 
The (14) can be used in two ways namely by including the bound-

ary nodes in the computation and excluding them. Nevertheless, the 
results of both approaches will be discussed in the following. Fig. 39

outlines the percentage change of mass (total and for the surrounding 
component) in different time steps when the boundary nodes are in-

cluded in the calculations. It can be seen from Fig. 39(a) that the effect 
of very small disappearing droplets on the change of total mass is of 
order 10−12 which is very marginal. Considering Fig. 39(b), the per-

centage mass change of surrounding component is of order 10−2 which 
can still be considered negligible. Note when the boundary nodes are 
included in the calculation of (14), the entire percentage change in the 
mass cannot be attributed to the disappearance of small droplets since a 
part of it is related to the change of order parameters on the boundary 
nodes with respect to the wetting condition as the compound droplet 
gets in contact with them. Nevertheless, 10−2 order of magnitude in the 
percentage mass change including the changes due to the wetting con-

dition is acceptable and it can be claimed that the model conserves the 
mass properly.

Fig. 40 illustrates the same factors discussed in the previous para-

graphs except for when the boundary nodes are excluded from the 
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calculation of (14). Calculating (14) in this manner, removes the effects 
of small droplets that might disappear on the boundary nodes (droplets 
with the diameter of either 1 lu or 3 lu for corner nodes) as well as 
changes in the order parameters due to the applying wetting condition. 
It is observable that the percentage change of total mass remains al-

most the same in the order of 10−12, while the percentage change of 
surrounding component drastically reduces to the order of 10−10 fur-

ther suggesting the conservation of mass in an acceptable range by this 
model.

3.7.1. Mass conservation verification in the binary system

This subsection studies the reducibility of the model when the sys-

tem is reduced from ternary to binary. In other words, the ability of 
the model in maintaining the order parameter of absent component to 
zero throughout the simulation will be analysed. To illustrate this, the 
spatial summation of order parameter corresponding to the absent com-

ponent is calculated via (12) for two cases depicted in Fig. 41 under a 
similar setup to that of section 3.6. In the (a) part of this figure, the 
binary system includes the component 𝜙1 and 𝜙3 (penetration of in-

ner droplet) and the spatial summation of 𝜙2 is outlined at different 
time steps. As it can be seen, when the boundary nodes are included 
in the calculation of (12), the spatial summation of 𝜙2 is of 10−12 or-

der of magnitude which is close to zero confirming the reducibility of 
the model. If the boundary nodes are excluded in the calculation, the 
spatial summation 𝜙2 of will be exactly zero. In Fig. 41(b), the binary 
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Fig. 40. Time evolution of percentage mass change in the entire computational domain when the boundary nodes are excluded in the calculations of (a) total mass 
change of ternary system (b) total mass change of surrounding component 𝜙3 .

Fig. 41. Mass conservation analysis of absent component when the ternary model is reduced to binary when (a) 𝜙2 is absent (b) 𝜙1 is absent.
system is formed of 𝜙2 and 𝜙3 (outer droplet penetration) and the same 
calculations are carried out for 𝜙1. Similar to the previous case, the spa-

tial summation of absent phase is of 10−12 order of magnitude when the 
boundary nodes are included and exactly zero when they are excluded 
except for final steps where it enhances to 10−15. As such, it can be con-

cluded that the ternary model is capable of modelling the binary system 
without violating the conservation of mass.

4. Conclusion

This study was concerned with the dynamic modelling of fluid-solid 
interaction in the ternary system inside a complex structure to further 
evaluate the implicit wetting condition and interpolation treatment in-

troduced in the Part 1 [1]. The conservative phase-field model [29,30]

was adopted to simulate the penetration of compound droplet inside a 
porous media with complex topology. Utilising the former provided a 
stable simulation at high density and viscosity ratios. The latter makes 
it possible to apply accurate wetting condition on the complex struc-

ture extracted from the staircase approximation. Primarily, apart from 
validating the model in two static cases in [1], a dynamic problem is 
simulated and results are compared with a similar study [33]. Subse-
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quently, the problem of compound droplet moving through a porous 
layer under different circumstances was simulated and following re-

marks extracted:

1. The Reynolds number was defined based on the droplets’ initial in-

ertia, so an enhancement in its value contributes to the penetration 
of both droplets. However, in the capillary-dominant regime, the 
outer droplet is less influenced by the change of the Reynolds num-

ber. Regarding the spreading pattern, although in the gravitational 
regime the highest spreading occurs at Re = 100, a distinguish-

ing pattern cannot be detected for other cases specifically in the 
capillary-dominant regime due to the interaction of droplets with 
each other.

2. The effects of Weber number were investigated when the penetra-

tion regime is invariant causing the Froude number to change. In 
the gravitational-dominant regime, regardless of the value of con-

tact angles, both droplets exhibit higher penetration at the lowest 
Weber number due to the larger Froude number despite carry-

ing larger resisting surface tension force. In the capillary-dominant 
regime, the behaviour of droplets affected by the change in the 
surface tension depends on their contact angle and how they alter 
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the capillary pressure. Moreover, increasing the Weber number en-

hances the spreading of both droplets significantly in both regimes.

3. Decreasing the surface tensions in the gravitational-dominant 
regime facilitates the penetration of both droplets due to the less 
resistance against the gravity force. When the medium is equally 
hydrophilic for both droplets, increasing the surface tension creates 
a larger negative capillary pressure leading to the enhancement 
of penetration factors for the inner droplet. In the case of the 
outer droplet, apart from the magnitude of capillary pressure, the 
strength of viscous coupling mechanism affected by the change in 
𝜃12 influences the amount of penetration as well as the maximum 
depth it reaches leading to inconsistent behaviour with that of the 
inner droplet.

4. In the gravitational-dominant regime, both droplets exhibit higher 
penetration when the medium is hydrophobic since the larger grav-

ity outweighs the positive capillary pressure and the ambient phase 
covering the solid elements contribute the penetration due to the 
lubricating effects. In the capillary-dominant regime, when the 
medium is neutral for one droplet, the smaller the contact angle 
of the other is, the higher will be its penetration. When droplets 
take different pairs of contact angles 𝜃13 − 𝜃23, their penetration in 
the capillary-dominant regime also relies on the contact angle of 
the other drop. In contrast, in the gravitational-dominant regime, 
higher contact angles result in higher penetration factors. Addition-

ally, the spreading of one droplet reduces once its contact angle 
increases while the medium for the other is neutral. Under this 
condition, the spreading behaviour of drop with neutral wettabil-

ity is controlled by the wettability of the other droplet and does not 
follow a specific trend.

5. Comparing droplets at equal contact angles, the inner droplet mi-

grates faster than the outer drop in the gravitational-dominant 
regime for both hydrophilic and hydrophobic mediums. In the 
capillary-dominant regime, the same trend with a greater differ-

ence is observable when the medium is hydrophilic and 90% of 
inner drop moves inside the porous layer. For the hydrophobic 
medium, due to the large positive capillary pressure, the droplets 
exhibit similar behaviour and a large portion of each droplet re-

mains outside of the porous layer.

6. The change in the density ratio affects the penetration of droplets 
in different ways. In the gravitational regime, while 20% of the in-

ner droplet remains outside of the medium at the lowest density 
ratio, it experiences the highest penetration. The outer droplet also 
penetrates faster and reaches to deeper levels of the porous layer at 
the lowest density ratio. In the capillary dominant regime, the op-

posite behaviour occurs where increasing the density ratio results 
in higher penetration for both droplets.

7. Comparison of binary and ternary permeation indicates that the 
compound droplet delays the process and decreases the amount of 
spreading as opposed to when each droplet individually penetrates 
and only interacts with the surrounding phase.

Lastly, it is worth mentioning that evaluating the current model 
in 3D and using a more stable collision operator such as the central-

moment version of adopted hydrodynamics LBE [36] to consider high-

Reynolds number cases can be the subject of future study unravelling 
new mechanisms and permeating patterns.
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