
 
 
 
 

Heriot-Watt University 
Research Gateway 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 

 

An analytical model for predicting the shear strength of
unsaturated soils

Citation for published version:
Pham, TA & Sutman, M 2022, 'An analytical model for predicting the shear strength of unsaturated soils',
Proceedings of the Institution of Civil Engineers: Geotechnical Engineering.
https://doi.org/10.1680/jgeen.21.00135

Digital Object Identifier (DOI):
10.1680/jgeen.21.00135

Link:
Link to publication record in Heriot-Watt Research Portal

Document Version:
Peer reviewed version

Published In:
Proceedings of the Institution of Civil Engineers: Geotechnical Engineering

Publisher Rights Statement:
Copyright © ICE Publishing 2022.

General rights
Copyright for the publications made accessible via Heriot-Watt Research Portal is retained by the author(s) and /
or other copyright owners and it is a condition of accessing these publications that users recognise and abide by
the legal requirements associated with these rights.

Take down policy
Heriot-Watt University has made every reasonable effort to ensure that the content in Heriot-Watt Research
Portal complies with UK legislation. If you believe that the public display of this file breaches copyright please
contact open.access@hw.ac.uk providing details, and we will remove access to the work immediately and
investigate your claim.

Download date: 23. May. 2023

https://doi.org/10.1680/jgeen.21.00135
https://doi.org/10.1680/jgeen.21.00135
https://researchportal.hw.ac.uk/en/publications/e3d01217-06af-47ab-9198-8a41c8474fb5


Accepted manuscript doi: 
10.1680/jgeen.21.00135 

 

Accepted manuscript 

As a service to our authors and readers, we are putting peer-reviewed accepted manuscripts 

(AM) online, in the Ahead of Print section of each journal web page, shortly after acceptance. 

Disclaimer 

The AM is yet to be copyedited and formatted in journal house style but can still be read and 

referenced by quoting its unique reference number, the digital object identifier (DOI). Once 

the AM has been typeset, an ‘uncorrected proof’ PDF will replace the ‘accepted manuscript’ 

PDF. These formatted articles may still be corrected by the authors. During the Production 

process, errors may be discovered which could affect the content, and all legal disclaimers 

that apply to the journal relate to these versions also. 

Version of record 

The final edited article will be published in PDF and HTML and will contain all author 

corrections and is considered the version of record. Authors wishing to reference an article 

published Ahead of Print should quote its DOI. When an issue becomes available, queuing 

Ahead of Print articles will move to that issue’s Table of Contents. When the article is 

published in a journal issue, the full reference should be cited in addition to the DOI. 

Downloaded by [ Heriot-Watt University Library] on [10/01/22]. Copyright © ICE Publishing, all rights reserved.



Accepted manuscript doi: 
10.1680/jgeen.21.00135 

 

Submitted: 12 July 2021 

Published online in ‘accepted manuscript’ format: 24 December 2021 

Manuscript title: An analytical model for predicting the shear strength of unsaturated soils 

Authors: Tuan A. Pham
1,2

 and Melis Sutman
1
 

Affiliations: 
1
School of Energy, Geoscience, Infrastructure and Society, Heriot-Watt 

University, Edinburgh, UK and 
2
Department of Civil Engineering, the University of Tokyo, 

Bunkyo-ku, Tokyo, Japan 

Corresponding author: Tuan A. Pham, School of Energy, Geoscience, Infrastructure and 

Society, Heriot-Watt University, EH14 4AS, Edinburgh, UK. 

E-mail: ta.pham@hw.ac.uk 

Downloaded by [ Heriot-Watt University Library] on [10/01/22]. Copyright © ICE Publishing, all rights reserved.



Accepted manuscript doi: 
10.1680/jgeen.21.00135 

 

Abstract 

The prediction of shear strength for unsaturated soils remains to be a significant challenge due to their complex 

multi-phase nature. In this paper, a review of prior experimental studies is firstly carried out to present important 

pieces of evidence, limitations, and some design considerations. Next, an overview of the existing shear strength 

equations is summarized with a brief discussion. Then, a micromechanical model with stress equilibrium 

conditions and multi-phase interaction considerations is presented to provide a new equation for predicting the 

shear strength of unsaturated soils. The validity of the proposed model is examined for several published shear 

strength data of different soil types. It is observed that the shear strength predicted by the analytical model is in 

good agreement with the experimental data, and get high performance compared to the existing models. The 

evaluation of the outcomes with two criteria, using average relative error and the normalized sum of squared 

error, proved the effectiveness and validity of the proposed equation. Using the proposed equation, the nonlinear 

relationship between shear strength, saturation degree, volumetric water content, and matric suction are 

observed. 

Keywords: Partial saturation; shear strength; soil suction; effective stress; micromechanical model; statistical 

analysis; experimental comparison 
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1. Introduction 

The safety of designed geostructures, such as earth dams, retaining walls, embankments, 

pavements, pile foundations, as well as covers, depends upon the shear strength of the 

underlying soil (Fredlund, 2012). The soils have traditionally been assumed completely 

saturated when calculating their shear strength. However, there are vast areas of the globe, in 

tropical and subtropical environments, where the assumption of saturation cannot be made. 

Moreover, the interest in multi-physical phenomena governing the behaviour of unsaturated 

soils is becoming wider in recent years mainly within the context of near-surface energy 

geotechnics (i.e. geo-energy, energy geostructures, thermal energy storage), as well as 

mitigation or adaptation to climate change. It is, therefore, crucial to quantify the shear 

strength of unsaturated soils as well as to be able to quantify changes in shear strength that 

might occur due to water infiltration and evaporation. 

Over the last decades, several authors conducted experimental campaigns to determine 

the shear strength of unsaturated soils by using two variables, namely, net normal stress and 

matric suction, which was in most of the tests lower than 400 kPa (Rosone et al., 2016; Zhou 

et al., 2016; Cai et al., 2019; Zheng et al., 2020). However, the experimental determination of 

the shear strength of unsaturated soils generally involves several challenges such as (i) 

elaborate and expensive testing equipment, limiting the experimental facilities to a few 

countries, (ii) time-consuming testing procedures, and (iii) need for trained personnel. In this 

context, the theoretical framework with mathematical equations also becomes an important 

tool to predict the shear strength of unsaturated soils. 

The main aim of this paper is to present a new shear strength equation based on the 

micromechanical model with a multiphase interaction system for unsaturated soils. The 

proposed equation is presented in a simplified form to provide convenience in predicting the 
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shear strength of unsaturated and saturated soils. Firstly, a review of prior experimental 

studies is carried out to present important pieces of evidence, limitations, and some design 

considerations. Next, an overview of the existing shear strength equations is summarized with 

a brief discussion. A proposed model is then presented to provide the new equation for 

predicting the shear strength of unsaturated soils, the results of which are compared with the 

available experimental results for validation. 

2. Measurement of shear strength of unsaturated soils 

The shear strength of unsaturated soils has been studied in the laboratory using 

triaxial, direct shear, or multi-stage testing equipment, a review of which is summarized in 

Table 1. Within the framework of unsaturated soil mechanics, an accurate measurement of 

suction is crucial because any theoretical development initiates from estimating the 

contribution of matric suction. An overview of unsaturated soil behaviour through 

experimental outcomes is presented in Table 2. In general, some worthy findings deduced 

from experimental data are that the shear strength of the soil increases with increasing net 

normal stress and matric suction, but this relationship is nonlinear, which should be 

considered in theoretical models. The level of the nonlinearity depends on the applied net 

normal stress. Another finding is that the influence of net normal stress and matric suction on 

the shear strength of unsaturated soils is diverse. Finally, the critical state framework for 

unsaturated soils was confirmed and observed (Rampino et al., 1999; Estabragh and Javadi, 

2008; Kim et al., 2018). The above observations are considered for the proposed model in 

this study. 
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3. Existing shear strength equations for unsaturated soils 

The previous section provided information on the measurement of unsaturated soil 

shear strength parameters. There are numerous situations, however, where it is sufficient and 

satisfactory to estimate the unsaturated shear strength, particularly at the preliminary design 

stages, for which several empirical equations have been introduced. In most cases, the 

equations are based on the shear strength parameters at saturated conditions and the soil-

water characteristic curve (SWCC), which describe a relationship between water content and 

matric suction of the soil. The concept of effective stress in saturated soils was re-considered 

to be applied to unsaturated soils with the aim of significantly simplifying their analysis 

(Bishop and Blight, 1963; Fredlund et al., 1978; Sivakumar, 1993; Fredlund, 2019; Duan et 

al., 2019). This section presents a comprehensive review of shear strength equations for 

unsaturated soils. The main characteristics, variables, details of the equations, and limitations 

are emphasized. Furthermore, the applicability of these equations for predicting the 

unsaturated shear strength of soils is highlighted. 

Review of available shear strength equations 

Numerous equations have been proposed for describing the shear strength of 

unsaturated soils, which are subdivided into two main categories: fitting equations and 

estimation equations. Fitting equations are the ones that can be the best fit for a dataset 

through the determination of one or more fitting parameters, while estimation equations are 

the ones based on saturated shear strength parameters and additional information. Some 

equations either directly or indirectly make use of the properties of the SWCC and others 

utilize additional information such as soil classification or the shear strength at residual 

suction conditions. Shear strength equations for unsaturated soils are summarized in Table 3. 
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Discussion of existing shear strength equations 

A comparison of existing shear strength equations for unsaturated soils is presented in 

Table 4. It is interesting to note that many of them are fitting equations that usually require 

several empirical parameters. A significant number of tests are required to provide these 

parameters and thus correspond to time, effort, and cost. Among the estimation equations, the 

one proposed by Vanapalli et al. (1996) requires the volumetric water content at saturated and 

residual conditions which are sensitive to the change in soil structure and volumetric strain. 

The equation of Oberg and Sallfors (1997) assumes the linear relation between shear strength 

and matric suction by selecting the saturation degree to represent the factor χ in the equation 

of Bishop et al. (1960). However, the experimental data collected by Pereira et al. (2010) 

proved that this choice may not be suitable for certain classes of materials, particularly for 

high plasticity clays. Moreover, the experimental results showed a converse perspective by 

highlighting that matric suction is a nonlinear function of saturation degree and the state of 

soils. The equation of Khalili and Khabbaz (1998) is an empirical one established from a 

dataset of 14 test cases. It is therefore not effective for different soils. The approach of Vilar 

(2006) requires the measured value of the ultimate cohesion which is relatively sensitive and 

difficult to be accurately determined. In practice, these methods may produce different results 

for the same soil sample (Vanapalli and Fredlund, 2000; Ye et al., 2010; Patil et al., 2017; 

Tang et al., 2019; Gudehus, 2021). 

4. A proposed equation for predicting the shear strength of unsaturated soils 

Unsaturated soils usually remain in the intermediate states between the fully saturated 

state and dry state. Due to the inhomogeneous nature of soils, unsaturated soils generally 

consist of a saturated fraction, where soil particles are surrounded by water, and an 

unsaturated fraction, where solid particles are linked together by water menisci (Karube and 
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Kawai, 2001; Rojas, 2008). The pore water in the saturated part is so-called “bulk water”. 

Since the bulk water contains some contact points between soil particles, it can carry an 

external load together with the soil skeleton. Figure 1 describes a general cross-section of 

unsaturated soils with meniscus water and bulk water. Unlike the existing equations, the 

influence of the bulk water on the shear strength of unsaturated soils will be considered in the 

proposed model by introducing water distribution function f in the following analysis. 

In this study, unsaturated soil is defined as having four phases, which include solids, 

water, air, and the contractile skin. The contractile skin is a few molecular layers along with 

the soil-water interface that influences the soil structure through its ability to exert surface 

tension and allows maintaining equilibrium between the air and water phases. The contractile 

skin is considered as an independent phase in unsaturated soils. Under loading, the soil 

particles rearrange and contact together. As a starting point, the actual case is simplified by 

postulating a soil consisting of uniform rigid spheres in regular packing, which provides 

convenience for the application of mathematical laws (Fig. 2). The idealized model was 

previously adopted in numerous studies (Fisher, 1926; Arya and Paris, 1981; Lian et al., 

1993; Likos and Lu, 2004; Rojas, 2008; Scholtès et al., 2009; Fredlund et al., 2012; Zhou et 

al., 2016). Figure 3 shows the contact of two grains in unsaturated soil. The area of contact 

between two soil particles is noted as Ac, and the area of the two water membranes embracing 

the contact area is Aw1 and Aw2. The load transfer between the two grains is obtained partly 

through the inter-grain contact area Ac, and partly through the water areas (Aw = Aw1 + Aw2). 

If bulk water is considered, the total water area should be f.Aw. For unsaturated soils, force 

equilibrium equations can be written for each phase within the context of multi-phase 

continuum mechanics as follows: 

                (19) 
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where, P is the total external load applied on the unsaturated soil (N), Pc is the force 

transferred through the grain contact (N), Pw is the total force carried by pore water (N), Pa is 

the force carried by pore air (N), and Paw is the force carried by contractile skin (N). 

It should be noted that in unsaturated soils, the solid particles have contact with both 

phases of the air and water, and two menisci are therefore presented on both sides of the 

particle for each contact point. Consequently, the total force carried by the pore water where 

the liquid phase reacts can be written as: 

                             (20) 

The force carried by the pore air and capillary force where the air phase and contractile skin 

react are: 

                   (21) 

                  (22) 

where, P1 and P2 are the force carried by water in two menisci (N), uw is the pore water 

pressure (Pa), ua is the pore air pressure (Pa), A is the total section area (m
2
), Ac is the contact 

area between the two soil grains (m
2
), Aw is the total water area (m

2
), f is a factor to consider 

water distribution phenomenon over the entire particle surface (dimensionless). 

Substituting Eqs. (20) to (22) back into Eq. (19), then dividing throughout by the total area 

(A) results in: 
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Rearranging Eq. (23) gives 
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The term Aw/A represents the ratio of the water area in menisci (Aw) to the total area of section 

(A). If pores are randomly distributed in a homogeneous isotropic material, it can be proven 
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that the areas of water, air, and solids appearing in a cross-section of a representative 

elementary volume of the material, adequately represent the volumetric distribution of the 

phases (Biot, 1955; Holtz et al., 1981; Rojas, 2008; Fredlund et al., 2012). Therefore, the 

areas corresponding to each phase in two-dimensional space can be related to their respective 

volumes in three-dimensional space, in the following form: 

(
  

 
)
   

 (
  

 
)
   

         (25a) 

  

 
 (

  

 
)
   

         (25b) 

By using Eqs. (24) and (25), the equilibrium stress state can be written as follows: 

                 (         
  

 
)              

 (26) 

where,   is the total stress (Pa),  ' is the effective stress (Pa),  is the volumetric water 

content (dimensionless), and Ac/A is the grain contact proportion. Because Ac is significantly 

small as compared to the total area, the term Ac/A is considered negligible and can be omitted. 

For a homogeneous isotropic soil, the parameter  can be associated with void ratio 

and saturation degree, as follows: 

  
  

 
 

    

    
   (27) 

      
    

    
   (28) 

  
  

 
 

  

    
   (29) 

where S is saturation degree (dimensionless), e0 is the initial void ratio (dimensionless), n is 

the porosity (dimensionless), Vw is the volume occupied by the water phase (m
3
), Vv is the 

void volume (m
3
), and V is the total soil volume (m

3
). 

Therefore, the effective stress of unsaturated soil is expressed in equation form as follows: 
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                [         ]  (30) 

where  is volumetric water content, estimated by Eq. (27). It should be noted that the matric 

suction is a derivative of the Helmholtz free energy, the water distribution function thus 

depends on the saturation degree of soils (Lamborn, 1986; Kosugi, 1994; Aubeny and Lytton, 

2003; Mun, 2005). By using three-dimensional volume relationship with several analysis 

steps, the function f is proposed as follows: 

        (
 

    
  )   (31) 

It is noted that Eq. (31) provides the upper and lower bounds of the unsaturated shear 

strength function in the transition zone which is separated by air-entry value and residual 

suction (Fig. 4).             for fully saturated soils while f = 1 for dry soils. 

Replacing Eqs. (30) and (31) back into Eq. (29), and combining with the Mohr-

Coulomb failure criterion, the expression for the shear strength equation of unsaturated soil 

is: 

                         [             ]      

 (32) 

where, c' is the effective cohesion (Pa), φ' is the friction angle of soils at saturated conditions 

( ֯edrgdd). 

It is worthy to note that some experimental evidences indicated that the unsaturated 

shear strength increases nonlinearly with variation in matric suction and saturation degree of 

the soils (Kayadelen et al., 2007; Sheng et al., 2011; Nam et al., 2011; Schnellmann et al., 

2013; Zhang et al., 2014). The proposed model in form of Eq. (32) is able to describe well 

this nonlinear relationship. 
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On the other hand, in Bishop’s equation, the effective stress theory was considered 

through a single-value stress state variable. However, the parameter χ is difficult to determine 

accurately due to being influenced by various factors such as the soil type, density, void ratio, 

saturation degree, mineral composition, strain rate, and the stress paths (Fredlund et al., 

2012). Therefore, it is not suitable to assume the parameter χ equals saturation degree solely. 

Moreover, the approach of single-value stress state variable could not fully explain the 

diverse influences of net normal stress and matric suction on the shear strength of unsaturated 

soils (Jennings and Burland, 1962). In saturated soils, Terzaghi’s effective stress equation 

was established as a result of the macroscopic relationship and boundary actions between 

total stress and pore water pressure. Unlike saturated soils, however, the pore water pressure 

in unsaturated soils causes a local action at the microscopic level (Fredlund et al., 1978; 

Kohgo et al., 1993; Cho and Santamarina, 2001; Khalili et al., 2004; Lu, 2008; Duan et al., 

2019). 

In the case where the residual suction conditions can be determined based on the soil-

water characteristic curve (SWCC), the saturation degree and volumetric water content were 

suggested to be replaced by the effective saturation degree and effective volumetric water 

content to achieve a better prediction of unsaturated shear strength (Vanapalli et al., 1996; 

Tarantino and Tombolato, 2005; Alonso et al., 2010; Fuentes and Triantafyllidis, 2013). If the 

effective saturation degree is employed, Eq. (32) can be revised as: 

                         [      
   ]     

         

 (33) 

   
 -  

 -  
   (34) 

   
 -  

  -  
   (35) 
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Where, Se is the effective saturation degree (dimensionless), Sr is the residual saturation 

degree (dimensionless), θe is the effective volumetric water content (dimensionless), θs is the 

volumetric water content at saturated condition (dimensionless), θr is the volumetric water 

content at residual condition (dimensionless). 

By comparing Eqs. (33) and (1), the value of Bishop’s parameter χ can be expressed as 

below: 

  [      
   ]     

    
 

 
 
    

     
 
    

     
  (36) 

In this expression, Bishop’s parameter χ not only depends on saturation degree but 

also on the porosity of soils, the volumetric water content at saturated and residual conditions, 

which is in good agreement with previous studies (Rojas, 2008; Gao et al., 2020; Gudehus, 

2021; Niu et al., 2021). 

For triaxial compression stress conditions, the critical state model is adopted and can be 

expressed as follows: 

  
         

 

        
                     [      

   ]     
   

 (37) 

  
 

 
           (38) 

  
       

 

        
    (39) 

where, M is the slope of the critical state line for saturated soils or critical state stress ratio 

(dimensionless), p is the net mean stress (Pa), q is the deviatoric stress (Pa),    
  is critical 

state friction angle (degree). 

In conclusion, the unsaturated shear strength of soils is simply predicted by using Eqs. 

(32), (33), or Eq. (37) within the framework of the proposed model. It should be noted that 

the safety of many engineered structures is dependent upon the shear strength of the 
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underlying soil. However, many engineering projects may not be able to justify the 

measurement of the unsaturated shear strength relationship for unsaturated soils. In this 

context, the proposed model may provide the engineer with a significantly improved ability 

to analyze practical problems. For example, the analysis of lateral earth pressure problems 

(i.e., active and passive earth pressures), bearing capacity problems (i.e., plasticity theory), 

and slope stability problems (i.e., limit equilibrium analyses), all require the shear strength 

properties of the soil (i.e., failure criterion). The theory presented in this study is therefore 

very useful to be applied when solving the above-mentioned geotechnical engineering 

problems. 

5. Validation of proposed shear strength equation 

 The shear strength equation, presented in the previous section, is compared to a set of 

experimental data from the literature to investigate its validity. It is noted that the test results 

of the soil-water characteristic curve are available among all selected data sets, which allow 

determining the effective degree of saturation, and Eq. (33) is therefore used to predict the 

shear strength of unsaturated soils in this section. The procedure to determine the input 

parameters from the soil-water characteristic curve (SWCC) is illustrated in Fig. 5. In the 

effectiveness evaluation, two criteria are used for comparison and understanding of the 

descriptive and predictive capabilities of the proposed equation. The first considered criterion 

is the agreement degree of the curve, which represents the difference between the predicted 

and the measured curves. The agreement degree of the curve can be assessed using an index, 

namely, average relative error (ARE). The average relative error is defined as the percentage 

of a discrepancy between the value predicted by the proposed equation and the measured one, 

according to the following expression: 

    
 

 
∑ |

                    

         
|       

   (40) 
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where τmeasured is the measured shear strength value of ith data (Pa), τpredicted is the predicted 

value of shear strength of ith data (Pa), and N is the total number of data points available 

(dimensionless). 

The second criterion uses the normalized sum of squared error (SSE), which 

represents the predictive capability of the proposed equation. The sum of square error is 

defined as follows: 

    ∑ (
                    

         
)
 

 
   (41) 

5.1 Experimental studies employed for validation 

Eleven experimental studies were selected to compare results obtained from the proposed 

equation with the measured ones. To estimate the shear strength with the proposed equation, 

several necessary parameters such as saturation degree, volumetric water content, effective 

friction angle, and effective cohesion of soils are required. The details of input parameters 

collected from experimental studies are presented in Table 5. It is worthy to note that eleven 

selected cases demonstrated a wide range of soil types, saturation degree, and initial void 

ratio. The diversity of types and structure of soils provide useful data for comparison in order 

to consider the sufficiency of the proposed equation. 

5.2. Discussion of results 

Experimental data of Kayadelen et al. (2007) 

Kayadelen et al. (2007) performed 12 unsaturated tests with the modified triaxial cell to 

investigate the influence of matric suction on the shear strength of residual clayey soils. The 

interesting characteristic of this experimental data is that the void ratio, saturation degree, and 

matric suction of all specimens are simultaneously measured. The data is therefore useful for 

comparison to identify the validity of the proposed equation in many different cases. 
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The predicted results of shear strength by the proposed equation are compared to 

measured values with variation in matric suction as shown in Fig. 6. According to the results, 

the proposed equation agrees equally well with the measurements in predicting the shear 

strength of tested samples. The average relative error between the values predicted by the 

proposed equation and measured ones are 8.3%, 6.3%, 6.9%, and 2.5%, corresponding to 

different matric suctions of 50 kPa, 100 kPa, 200 kPa, and 400 kPa, respectively. The average 

relative error among all test cases is 6.0% which is an acceptable range, considering the 

complexity behind the mechanisms governing unsaturated soil behaviour, as well as the 

uncertainty level in the testing procedure. 

Experimental data of Schnellmann et al. (2013) 

Schnellmann et al. (2013) studied unsaturated shear strength by carrying out unsaturated 

direct shear tests using a back-pressure shear box. In this study, the unsaturated consolidated 

drained shear strength tests were conducted under a significantly small displacement or 

shearing rate to ensure no build-up of excess pore-water pressure during shearing. Three net 

normal stresses were tested (50, 230, and 320 kPa). For each net normal stress, tests were 

carried out individually with five different matric suction values (15, 45, 95, 195, and 445 

kPa) to obtain the failure envelopes. 

A comparison between the predicted and measured values is shown in Fig. 7 with 

variation in matric suction from 15 to 195 kPa. The results showed a good agreement for 

various levels of matric suction. The average relative error for matric suctions of 15 kPa and 

45 kPa is 3.6% and 3.1%, respectively. For higher levels of matric suction, the proposed 

equation also agrees well with the measured value. The average relative error for matric 

suctions of 95 kPa and 195 kPa are 6.5% and 4.8%, respectively. It can be concluded that a 

reasonable match between the predicted and measured values is recognized. It is also worthy 
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to note that both the measured data and predicted values agree that the matric suction 

contributed significantly to the shear strength following a highly non-linear relationship. 

Furthermore, increasing net normal stress also led to higher shear strength. 

Experimental data of Hossain and Yin (2010) 

Hossain and Yin (2010) conducted consolidated drained direct shear tests in a modified 

direct shear apparatus to observe the evolution of unsaturated shear strength under different 

matric suction values. A total of 25 tests were performed for a wide range of matric suction 

and net normal stress. 

The shear strength results, obtained using the proposed equation, are compared with the 

experimental ones for different matric suctions in Fig. 8. It is observed from the comparison 

that the predicted results matched relatively well with the measured ones and the agreement is 

improved with increasing matric suction. The average relative error between predicted and 

measured results are 9.6%, 11.1%, 8.4%, and 9.1% with matric suction varying from 50, 100, 

200, and 300 kPa, respectively. The proposed equation and experimental data reveal a non-

linear relationship between matric suction and the unsaturated shear strength. The measured 

and predicted results agreed that the matric suction and net normal stress have a significant 

influence on the shear strength characteristics of unsaturated soils, both leading to an 

increase. Besides, it is interesting to note that under higher net normal stress, the influence of 

matric suction on the shear strength decreases. 

Experimental data of Hamid and Miller (2009) 

Hamid and Miller (2009) conducted 27 unsaturated tests on Minco silt by using a direct 

shear box. Samples were prepared following a standard procedure, although they possessed 

small variations in their initial water content. 
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A comparison of the shear strength values for different matric suctions is shown in Fig. 9. 

The average relative errors are 2.7%, 6.0% and 2.4% for the corresponding matric suctions of 

20 kPa, 50 kPa, and 100 kPa. The average percentage of relative error among all tests was 

3.7%, which reveals a rather good agreement between the proposed equation and 

measurements. Moreover, both predicted and measured results demonstrated the nonlinear 

influence of matric suction on the shear strength. 

Experimental data of Vilar (2006) 

Vilar (2006) presented shear strength results for unsaturated sandy clay with a low degree 

of saturation and high void ratio. In this experimental case, the matric suction was kept up to 

300 kPa while the applied net normal stress was at a significantly high value of 1800 kPa. 

Thus, it is worthy to examine the effectiveness of the proposed model in predicting the 

unsaturated shear strength under the condition of high net normal stress. 

The shear strength values obtained from the proposed equation are compared with the 

measured ones in Fig. 10, which shows a satisfactory agreement in between. The average 

relative error was 7.4% for a matric suction of 100 kPa while that for a matric suction of 300 

kPa was 2.2%. The excellent agreement between the predicted and measured results indicates 

that the proposed model is a reliable and promising choice to predict the shear strength of 

unsaturated soils, even under high net normal stresses. 

Experimental data of Fredlund (1995) 

Fredlund et al. (1995) conducted an experimental program using multistage direct shear 

tests to determine the shear strength characteristics of compacted glacial till with varying 

water contents and dry densities. In these tests, the net normal stress was kept at a constant 

value of 25 kPa while the matric suction was varied from 0 to 450 kPa. 
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Figure 11 shows a comparison of the shear strength of unsaturated soils, predicted by the 

proposed model, and measured during the experiments. According to Fig. 11, the predicted 

results by the proposed equation are in good agreement with the experimental ones, having 

approximately an average of 7.4% in relative error. Furthermore, both experimental results 

and model outcomes show a similar nonlinear trend between shear strength and matric 

suction. 

Experimental data of Ye et al. (2010) 

Ye et al. (2010) conducted unsaturated triaxial tests on weakly expansive clay. In this 

study, three sets of specimens that underwent different stress levels were tested, 

corresponding to a total of nine specimens. The matric suction was changed within the range 

between 0 and 400 kPa. 

A comparison between predicted and the measured values are shown in Fig. 12. In 

general, the proposed equation produced results with good agreement to the measured ones. It 

is noted that the theoretical model slightly over-predicted the shear strength as compared to 

experimental data, approximately by 5.6%. In addition, the values of unsaturated shear 

strength obtained by prediction and measurement vary nearly in parallel within considered 

suction. 

Experimental data of Khalili and Khabbaz (1998) 

Khalili and Khabbaz (1998) conducted shear strength tests using a Bishop-Wesley 

hydraulic triaxial cell. A total of eleven tests were carried out on the unsaturated kaolin and 

sandy clay samples. The net cell pressure applied in the experiments was 100 kPa, and the 

matric suction was in the range of 50 to 700 kPa. 
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Figure 13 shows a comparison of shear strength between predicted and measured results, 

where the proposed model underpredicts the shear strength for the entire range of applied 

matric suctions. It is crucial to note that in the study of Khalili and Khabbaz (1998), the air-

entry value was significantly higher than the previously studied cases in this paper. 

Moreover, the shear strength values provided from the measured data are the maximum shear 

strength. Nevertheless, the average relative error between the proposed model and 

measurement is within the range of 0.4 to 15.3%, and the average value of relative deviation 

is 11.8%, which can be considered acceptable. 

Experimental data of Escario and Juca (1989) 

Escario and Juca (1989) conducted unsaturated tests on different soil samples 

corresponding to various percentages of clay and plasticity indices, using direct shear 

devices. The shear strength was measured for a wide range of matric suction (0 - 15000 kPa) 

for Madrid grey clay and Red silty clay. 

The shear strength values obtained from the proposed equation were compared with the 

measured ones for different matric suctions, as shown in Fig. 14. It is noted that the proposed 

equation agrees well with experimental data in estimating the unsaturated shear strength. The 

average relative errors among predicted and measured results are 5.8% for Madrid grey clay 

and 9.0% for Red silty clay. It should be noted that the results of Madrid grey clay reveal a 

highly non-linear relationship between shear strength and matric suction compared to those of 

Red silty clay. The initial void ratio of Madrid grey clay being significantly higher than that 

of Red silty clay with a low saturation degree can be considered a potential reason behind this 

difference. It is also interesting to conclude that the matric suction significantly influences the 

shear strength following a nonlinear relationship that depends on the soil structure, density, 

and saturation degree. 
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Experimental data of Gallage and Uchimura (2016) 

Gallage and Uchimura (2016) performed consolidated drained direct shear tests under a range 

of low suction and low net normal stress on two types of unsaturated silty soils, namely, 

Edosaki soil and Chiba soil. The Chiba soil exhibits higher fines content compared to 

Edosaki soils, being 36% and 16.5%, respectively. 

Figure 15 shows a comparison of shear strength values between predicted and 

measured ones, for both Edosaki soil and Chiba soil. The results indicate that the proposed 

equation fits well with experimental data. The predicted values were closer to measured data 

among all matric suctions in the case of Chiba soil than that of Edosaki soil. The average 

relative error between estimated and measured results is 2.3% and 3.0 % for Chiba and 

Edosaki soils, respectively. These outcomes reveal the effectiveness of the proposed model at 

low ranges of matric suction. Furthermore, the predicted and measured results agree that the 

shear strength of the tested soils increased at a decreasing rate with matric suction. 

Experimental data of Guan et al. (2010) 

A series of unsaturated consolidated tests were performed on specimens of compacted 

sand-kaolin specimens in the study of Guan et al. (2010). The material was a mixture of 35% 

sand and 65% kaolin. The range of applied matric suction was between 50 and 200 kPa. 

Figure 16 shows comparisons between the predicted values and measurements for matric 

suctions of 50 kPa and 200 kPa. It is interesting to note that the proposed equation produced 

an excellent match with experimental data for the case of matric suction of 50 kPa, with a 

relative error of 2.4%. Meanwhile, the agreement level was also relatively good for the case 

of matric suction of 200 kPa, with a relative error of 5.4%. In addition, both measured and 
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predicted results indicate a significant influence of matric suction on the shear strength of 

unsaturated soils. 

5.3 Statistical evaluation 

An evaluation was conducted on the eleven selected cases with published shear strength 

data. In order to have an adequate consideration of the proposed model, a statistical 

evaluation is necessary. In this study, the term “excellent agreement” is defined as ARE being 

smaller than or equal to 5%, “good agreement” is defined as ARE being between 5 and 10%, 

“medium agreement” is defined as ARE being between 10% and 20%, and “discrepancy” is 

defined as ARE being larger than 20%. Figure 17 shows the results of ARE and SSE for all 

selected cases. The evaluation results indicated that five cases were in excellent agreement, 

five cases were in good agreement, and one case was in medium agreement. It is interesting 

to note that the average value of ARE among eleven cases was 6.07% which reveals that the 

proposed equation produces a good agreement with measurements in predicting the shear 

strength of unsaturated soils. Figure 18 shows the predicted versus measured shear strength 

for the proposed model and five other existing models. The results indicate that the proposed 

model produces a satisfactory and consistent prediction with measured data, revealing a high 

performance compared to the existing models. 

6. Conclusions 

In this paper, the evolution of the shear strength of unsaturated soils with respect to the 

matric suction was studied. An overview of measurement methods and prediction models for 

unsaturated shear strength was presented. Several conclusions can be drawn from this study 

as follows. 
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The review of experimental outcomes and the corresponding interpretation of the 

unsaturated shear strength characteristics reveal a linear relationship between net normal 

stress and shear strength while a highly non-linear relationship between the matric suction 

and the shear strength is also observed. The unsaturated shear strength increases with 

increasing matric suction and net normal stress but the influence level of net normal stress 

and matric suction on unsaturated shear strength is different. 

In this study, an analytical model was proposed for the estimation of the shear strength in 

unsaturated soils. The proposed equation is established based on the micro-mechanical 

framework with multi-phase interaction and stress equilibrium conditions. The proposed 

equation is presented in a reduced form which provides significant convenience for 

geotechnical engineers in estimating the shear strength of unsaturated soils. 

The comparison of experimental shear strength data and the predicted ones for eleven 

cases shows that the unsaturated shear strength can be predicted closely by using the 

proposed equation. The evaluation was conducted through two criteria using average relative 

error and the normalized sum of squared error, which proved the effectiveness and validity of 

the proposed model. The results also reveal that the proposed model produces a high 

prediction performance compared to the existing models. 
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Notation 

A  total area (m
2
), 

Ac  contact area between two soil particles (m
2
), 

Av  void area (m
2
), 

AEV  air-entry value (Pa), 

e0  initial void ratio (dimensionless), 

f  factor to consider water distribution phenomenon over entire particle (dimensionless), 

c'  effective cohesion at saturated condition (Pa), 

cs  cohesion of contractile skin or water-air interaction phase (Pa), 

cult  measured value of the ultimate cohesion (Pa), 

IP  plastic index of soils (dimensionless), 

M  slope of the critical state line (dimensionless), 

Ma  friction constant for net normal stress (dimensionless), 

Mw  friction constant for matric suction (dimensionless), 

n  porosity (dimensionless), 

p  net mean stress (Pa), 

P  total external load applied on the unsaturated soil (N), 

Pc  force transferred through the grain contact (N), 

Pw  force carried by pore water and so-called the fluid pressure (N), 

Pa  force carried by pore water (N), 

Paw  force carried by contractile skin (N), 

Pat  atmospheric pressure (atm), 

q  deviatoric stress (Pa), 

s matric suction (= ua – uw) (Pa), 

S  saturation degree (dimensionless), 

Se  effective saturation degree (dimensionless), 

Sr  degree of saturation at residual condition (dimensionless), 

Vw  volume occupied by the water phase (m
3
), 

Vv  void volume (m
3
), 

V  total soil volume (m
3
), 

u  pore pressure (Pa), 

ua  pore air pressure (Pa), 

uw pore water pressure (Pa), 

 '  effective stress (Pa), 

   total stress (Pa), 

τ  shear strength (Pa), 

φ'  internal friction angle (degree), 

φcs'  critical friction angle (degree), 

(  – ua) net normal stress (Pa), 

φ
b
  friction angle that indicates a change in shear strength related to matrix suction 

(degree), 

  normalized water content (dimensionless), 
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  volumetric water content (dimensionless), 

e  effective volumetric water content (dimensionless), 

s  saturated volumetric water content (dimensionless), 

r volumetric water content at residual suction (dimensionless), 

Abbreviation 

DEM  Discrete element method 

SWCC  soil-water characteristic curve 

AEV  Air-entry value 

ARE average relative error 

SSE sum of squared error 
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Table 1. Overview of measurement of shear strength of unsaturated soils 

Reference Type of 

test 

Type of 

soils 

Rang

e of 

suctio

n 

(kPa) 

Air-

entry 

value

s 

(kPa) 

Saturated 

shear 

strength 

paramete

rs 

Measureme

nt of 

suction 

Availabili

ty of 

SWCC 

Zheng et 

al. (2020) 

Modified 

triaxial test 

Tailings 

material 

0-300 10 φ'=32.2
 0

 

c' = 0 

kPa 

Filter paper 

technique 

Yes 

Satyanaga 

& 

Rahardjo 

(2019) 

Triaxial 

test 

Compacte

d sand–

kaolin 

50-

1500 

0.8-

50 

φ'=25-34
 

0
 

c' = 5-16 

kPa 

Pressure 

plate 

techniques 

Yes 

Khabousha

n et al. 

(2018) 

Direct 

shear test 

Silty clay 0-50 - φ'=23-41
 

0
 

c'= 0-

29.5 kPa 

- Yes 

Patil et al. 

(2017) 

Triaxial 

test 

Silty sand 

& clay 

0-300 8.0 φ'=35
 0

 

c' = 20 

kPa 

Axis 

translation 

technique 

Yes 

Kim et al. 

(2018) 

Triaxial 

test 

Silty soil 5-70 20-

30 

φ'=42.0
0
 

 

Axis 

translation 

technique 

Yes 

Zhou et al. 

(2016) 

Direct 

shear test 

Silty sand 0-200 32-

48 

φ'=34.33
 

0
 

c' = 7.74 

kPa 

Filter paper 

technique 

Yes 

Gallage & 

Uchimura 

(2015) 

Convention

al direct 

shear test 

Silty soils 0-50 100 φ'=34.4
0
 

c'= 7.5 

kPa 

Thermal 

conductivit

y sensors 

Yes 

Schnellma

nn et al. 

(2013) 

Direct 

shear tests 

Coarse 

sand 

15-

445 

1.0 φ'=33.6
0 

c' = 0 

kPa 

Axis 

translation 

technique 

Yes 

Goh et al. 

(2013) 

Triaxial 

test 

Sand-

kaolin 

mixtures 

0-300 30 φ'=26.8
 0 

c'= 29.5 

kPa 

A pressure 

plate 

technique 

Yes 

Nam et al. 

(2011) 

Multistage 

direct shear 

test 

Low 

plasticity 

clay 

25-

290 

180 φ'=32.4
0
 

c' = 5 

kPa 

Pressure 

plate 

technique 

Yes 

Hossain 

and Yin 

(2010) 

Modified 

direct shear 

test 

Decompos

ed granite 

0-300 500 φ'=29.9
0 

c' = 0 

kPa 

Axis 

translation 

technique 

Yes 

Ye et al. 

(2010) 

Triaxial 

test 

Weakly 

expansive 

clay 

0-200 106 φ'=28.2
0 

c' = 14.8 

kPa 

- Yes 

 Hamid 

and Miller 

Direct 

shear test 

Minco silt 20-

100 

20-

30 

φ'=34.5
0 

c' = 12.0 

Axis 

translation 

Yes 
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(2009) kPa technique 

Guan et al. 

(2010) 

Modified 

Triaxial 

test 

Sand-

kaolin 

Mixture 

50-

200 

500 φ'=26.9
0 

c'= 8.50 

kPa 

Filter paper 

technique 

Yes 

Houston et 

al. (2008) 

Triaxial 

test 

Sand, silt, 

and clay 

0-700 1.0 φ'=27.1-

37.4
 0 

c' = 0-10 

kPa 

Pre-

equalizatio

n technique 

Yes 

Estabragh 

& Javadi 

(2007) 

Double-

walled 

triaxial cell 

Silty soil 0-300 6.0 - Porous 

filter 

method 

No 

Kayadelen 

et al. 

(2007) 

Modified 

Triaxial 

test 

Clay 50-

400 

500 φ'=21.9
0 

c'= 14.82 

kPa 

Axis 

translation 

technique 

Yes 

Fleming et 

al. (2006) 

Direct 

shear test 

Silty sand - 20 φ'=31.8
 0

 

c' = 0 

kPa 

- No 

Blatz and 

Graham 

(2003) 

Triaxial 

test 

Sand 

bentonite 

mixture 

0-

8000 

- - - No 

Miao et al. 

(2002) 

Triaxial 

test 

Expansive 

soil 

0-200 30 φ'=32
 0 

c' = 21.3 

kPa 

Axis 

translation 

technique 

Yes 

Nishimura 

and 

Fledlund 

(2000) 

Triaxial 

test 

Fine-

grained 

silty  

0-450 10 φ'=43
 0

 

c' = 23 

kPa 

- Yes 

Rampino 

et al. 

(1999) 

Oedometer Compacte

d silt 

0-300 

0-400 

- - Axis 

translation 

technique 

No 

Khalili & 

Khabbaz 

(1998) 

Triaxial 

test 

Sand-clay 

mixture 

50-

450 

115 φ'=33.5
0
 

c' = 30 

kPa 

Axis 

translation 

technique 

No 

Fredlund 

(1995) 

Multistage 

direct shear 

test 

Compacte

d glacial 

till 

0-500 40 φ'=23.0
 0

 

c' = 0 

kPa 

Pressure 

plate 

technique 

Yes 

Escario 

and Juca 

(1989) 

Modified 

direct shear 

test 

Silty clay  0-

15000 

40 φ'=34
 0 

c' = 20 

kPa 

Pressure 

plate 

technique 

Yes 

Gan et al. 

(1988) 

Multistage 

direct shear 

test 

Glacial till 0-500 500 φ'=25.5
 0 

c' = 10 

kPa 

Axis 

translation 

technique 

No 
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Table 2. Review of unsaturated soil behavior with experimental results 

Reference Remarks Main finding/contribution 

Zheng et al. 

(2020) 

Shear strength & 

volume change 

Void ratio-dependent shear strength is observed  

Satyanaga & 

Rahardjo 

(2019) 

Bimodal SWCC Angle of soils ϕ
b
 with bimodal SWCC was equal to ϕ′ 

at matric suctions less than the first value of air entry 

Khaboushan 

et al. (2018) 

Shear strength using 

multiple-linear 

regression 

Internal friction angle and cohesion of soil increase 

with an increase in matric suction 

Patil et al. 

(2017) 

Critical state concept Shear strength of soil increased with suction between 

air entry & residual value  

Kim et al. 

(2016) 

Critical-state 

behavior 

The existence of a critical state for unsaturated soil is 

realized 

Zhou et al. 

(2016) 

Unconfined 

compressive strength 

Shear strength increases with an increase in net 

normal stress and matric suction. 

Gallage & 

Uchimura 

(2016) 

Unsaturated silty 

soils 

Internal friction angle of the soils was insignificantly 

suffering from either the suction or the drying-wetting 

SWCC. 

Schnellmann 

et al. (2013) 

Unsaturated shear 

strength  

Shear strength increase highly non-linear with 

increasing matric suction 

Goh et al. 

(2014) 

Multiple cycles of 

drying and wetting 

Differences between shear strength on drying and 

wetting paths is significant 

Nam et al. 

(2011) 

Validity of using a 

multistage direct 

shear test 

Nonlinear relationship between shear strength and 

matric suction was confirmed 

Hossain and 

Yin (2010) 

Influence of dilation 

on shear strength 

Soils show strain-softening behavior at low net 

normal stress and strain-softening behavior with 

higher net normal stress 

Ye et al. 

(2010) 

Weakly expansive 

soil 

Shear behavior changes from strain-softening to 

strain-hardening when net confining pressure 

increases. 

Guan et al. 

(2010) 

Shear strength with 

varying climatic 

conditions 

The drying condition showed a higher shear strength 

and exhibited more ductility, less stiffness during 

shearing than that of wetting condition 

Hamid and 

Miller 

(2009) 

Shearing behavior of 

unsaturated soil 

interfaces 

Nonlinear relationship between shear strength and 

matric suction was confirmed 

Houston et 

al. (2008) 

Shear-induced 

volume change 

behavior 

Volume change behavior was obsessive about both 

net normal stress and soil suction. 

Estabragh & 

Javadi 

(2008) 

Critical-state 

behavior 

Concepts of critical state for over-consolidated soils 

are extended to unsaturated soils. 

Kayadelen et 

al. (2007) 

Matric suction & 

shear strength 

Nonlinear relationship between shear strength and 

matric suction was confirmed. 

Fleming et Geomembrane–soil At high normal stresses, the use of unsaturated soil 
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al. (2006) interfaces shear 

strength 

mechanics concept resulted in under-prediction of 

shear strength  

Blatz and 

Graham 

(2003) 

Constitutive 

behavior of highly 

plastic soil 

Reversible visco-plasticity of suction was observed 

Miao et al. 

(2002) 

Soil-water 

characteristic of 

expansive soil 

Soil-water characteristic curve provides a good 

function to predict the shear strength 

Nishimura 

and Fledlund 

(2000) 

Shear strength and 

matric suction 

The relationship between shear strength and soil 

suction is non-linear  

Rampino et 

al. (1999) 

Experimental testing 

of unsaturated soils 

Critical state condition is observed for unsaturated 

compacted silty sand 

Khalili & 

Khabbaz 

(1998) 

Effective stress 

parameter 

The relationship between effective stress parameter 

and suction is introduced 

Fredlund 

(1995) 

Closed-form solution Soil-water characteristic curve and saturated shear 

strength parameters are sufficient to predict the shear 

strength of unsaturated soils 

Escario and 

Juca (1989) 

Deformation of 

unsaturated soil 

Modulus of deformation increases with suction and 

reaches the maximum in the clayey sand, but no 

decrease for higher suctions. 

Gan et al. 

(1988) 

Shear strength 

parameters 

Nonlinear relationship between shear strength and 

matric suction was confirmed 

 

Table 3. Summary of existing shear strength equations for unsaturated soils 

Authors Shear strength equation Equation 

No. 

Bishop 

(1960) 
     [               ]       (1) 

Fredlund et 

al. (1978) 
                              (2) 

Fredlund et 

al. (1996) 
                                  (3) 

Vanapalli et 

al. (1996) 
                         [

    

     
]       

(4) 

Oberg and 

Sallfors 

(1997) 

                 [ ]              (5) 

Khalili & 

Khabbaz 

(1998) 

                              [
       

   
]
     

 
(6) 

Miao et al. 

(2002)                  
        

                  
 

(7) 

Jiang et al. 

(2004) 
                 

     

           
      

(8) 
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Lee et al. 

(2005) 
     [          ]      

 [           ]  [         ]       

(9) 

Matsushi & 

Matsukura 

(2006) 

                     (10) 

Vilar (2006) 
                 

            

                        
 

(11) 

Kayadelen et 

al. (2007) 
                     

       [
           

   
]        

(12) 

Guan et al. 

(2010) 
                

  [                      ]       

(13) 

Satyanaga & 

Rahardjo 

(2019) 

     [           ]       [              
    ]               [            ]          

(14) 

Zhai et al. 

(2019) 
                 [ ]                 (15) 

Gao et al. 

(2020) 
       [                              ] (16) 

Alonso et al. 

(1990) 
                    (17) 

Toll (1990)                      (18) 

Note: χ, κ, a, d,   = empirical parameters in corresponding equations; φ
b
 = an angle that 

indicate the contribution of matric suction;   = normalized water content (  = /s);  = 

volumetric water content, s = saturated volumetric water content; r = volumetric water 

content at residual condition; S = saturation degree; Pat = atmospheric pressure; cult = ultimate 

cohesion; AEV = air entry value; cs = cohesion of contractile skin; τmax = maximum shear 

stress; φs = effective friction angle of overconsolidated soil; q = deviatoric stress; p = mean 

total stress; M = frictional constant; Ma = friction constant for net normal stress; and Mw = 

friction constant of matric suction. 

Table 4. Comparison and evaluation of existing shear strength equations for unsaturated soils 

Author Equati

on No. 

Type of 

equation 

Principle/approach/assum

ption 

Satisfacti

on of 

saturated 

condition 

Number 

of 

necessar

y 

paramete

rs 

Influenc

e 

paramete

rs  

Bishop 

(1960) 

(1) Estimati

on 

Stress partitioning 

approach 

Yes 1 (χ)
 

Fredlund 

et al. 

(1978) 

(2) Fitting Two independent stress 

state variables 

No 1 (φ
b
) 

Fredlund 

et al. 

(1996) 

(3) Fitting SWCC and residual 

suction condition 

No 3 κ, (), IP 

Vanapall

i et al. 

(4) Estimati

on 

SWCC and normalized 

water content 

Yes 3 , (r) , 

s,  
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(1996) 

Oberg 

and 

Sallfors 

(1997) 

(5) Estimati

on 

Instantaneous degree of 

saturation 

Yes 1 (S) 

Khalili 

& 

Khabbaz 

(1998) 

(6) Estimati

on 

SWCC and air-entry 

value 

No 1 (AEV) 

Miao et 

al. 

(2002) 

(7) Fitting Hyperbola model for 

suction strength 

No 2 (a), Pat 

Jiang et 

al. 

(2004) 

(8) Fitting SWCC and DEM No 4 σeqm, S, 

Sr, (n) 

Lee et 

al. 

(2005) 

(9) Fitting Hyperbola model for 

suction strength 

No 4 κ, λ, (), 

AEV 

Matsush

i et al. 

(2006) 

(10) Fitting Multiple linear regression 

analysis 

No 3 , ( ), C 

Vilar 

(2006) 

(11) Fitting Empirical hyperbolic 

function 

No 1 (cult) 

Kayadel

en et al. 

(2007) 

(12) Estimati

on 

Logarithmic model for 

suction strength 

No 2 (AEV), 

Pat 

Guan et 

al. 

(2010) 

(13) Fitting Minimization algorithm 

with trial & error method 

No 8 b, y, κ, 

n, (), 

w,s, IP 

Satyana

ga & 

Rahardj

o (2019) 

(14) Fitting Using bimodal SWCCs No 4 (b), k, 

AEV1, 

AEV2 

Zhai et 

al. 

(2019) 

(15) Fitting Unsaturated soil is a four-

phase material 

Yes 3 S, S(Ψ), 

(α) 

Gao et 

al. 

(2020) 

(16) Fitting relationship between 

skeleton stress & suction 

Yes 5 τmax, 

AEVmax, 

(φs), χ, 

χmax 

Alonso 

et al. 

(1990) 

(17) Estimati

on 

Critical state theory Yes 2 (κ), M 

Toll 

(1990) 

(18) Fitting Critical state theory Yes 2 (φ
b
), M 

Note: Symbols which are put in parenthesis () and bold are to emphasize the variable with the 

largest sensitivity to results 
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Table 5. Input parameters for shear strength prediction of unsaturated soils from experimental 

studies 

Experiment 

case 

Type of 

soils 

Saturated shear 

strength parameter 

Saturatio

n degree, 

S (%) 

Initia

l 

void 

ratio, 

e0 

Volumetri

c water 

content,   

Residual 

saturatio

n degree, 

Sr 
Internal 

friction 

angle, 

φ' 

(degree

) 

Effectiv

e 

cohesion

, c' (kPa) 

Kayadelen 

et al. (2007) 

Residual 

clay 

21.9
 

14.82 74.9-93.9 1.014 0.38 – 

0.47 

0.09 

Schnellman

n et al. 

(2013)  

Silty sand 33.6 3.0 33.47 0.65 0.132 0.13 

Hossain and 

Yin (2010) 

Decompose

d soil 

29.9 20.6 66.02 0.563 0.238 0.08 

Hamid and 

Miller 

(2009) 

Minco Silt 34.5 12.0 80.0 0.67 0.321 0.07 

Vilar (2006) Sandy clay 27.3 17 70.43 1.15 0.369 0.075 

Fredlund et 

al. (1995) 

Compacted 

till 

23.0 0 85.0 0.514 0.306 0.12 

Ye et al. 

(2010) 

Expansive 

clay 

28.2 14.8 89.0 0.64 0.215 0.08 

Khalili and 

Khabbaz 

(1998)  

Compacted 

kaolin 

22.0 24.0 98.01 0.88 0.456 0.07 

Escario and 

Juca (1989) 

Madrid grey 

clay 

30.0 25.3 74.33 1.03 0.385 0.07 

Escario and 

Juca (1989) 

Red silty 

clay 

34.0 20.0 75.36 0.48 0.244 0.07 

Gallage and 

Uchimura 

(2016) 

Edosaki soil 38.0 0 21.2 1.037 0.108 0.10 

Gallage and 

Uchimura 

(2016) 

Chiba soil 34.2 7.5 23.12 1.176 0.125 0.10 

Guan et al. 

(2010) 

Sand-kaolin 

mixture 

26.9 8.5 79.62 0.637 0.31 0.08 

 

Figure captions 

Figure 1. General cross-section of unsaturated soils 

Figure 2. Ideal model for unsaturated soils 

Figure 3. Stress equilibrium analysis model of unsaturated soils: a) Contacting area, b) 

Interaction forces, c) Stress distribution in unsaturated soil 
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Figure 4. Transition from saturated to unsaturated state of soils 

Figure 5. SWCC defining air-entry value and residual degree of saturation 

Figure 6. Comparison between measured and predicted shear strength (measured data from 

Kayadelen et al., 2007) 

Figure 7. Comparison between measured and predicted shear strength (measured data from 

Schnellmann et al., 2013) 

Figure 8. Comparison between measured and predicted shear strength (measured data from 

Hossain and Yin, 2010) 

Figure 9. Comparison between measured and predicted shear strength (measured data from 

Hamid and Miller, 2009) 

Figure 10. Comparison between measured and predicted shear strength (measured data from 

Vilar, 2006) 

Figure 11. Comparison between measured and predicted shear strength (measured data from 

Fredlund et al., 1995) 

Figure 12. Comparison between measured and predicted shear strength (measured data from 

Ye et al., 2010) 

Figure 13. Comparison between measured and predicted shear strength (measured data from 

Khalili and Khabbaz, 2010) 

Figure 14. Comparison between measured and predicted shear strength (measured data from 

Escario and Juca, 1989) 

Figure 15. Comparison between measured and predicted shear strength (measured data from 

Gallage and Uchimura, 2016) 

Figure 16. Comparison between measured and predicted shear strength (measured data from 

Guan, 2010) 

Figure 17. Performance evaluation of proposed model with statistical analysis 

Figure 18. Predicted versus measured shear strength: a) Low shear strength (  200 kPa), b) 

High shear strength (> 200 kPa) 
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