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Abstract 

Many experiments are usually needed to quantify probabilistic fatigue behavior in metals. Previous 

attempts used separate artificial neural network (ANN) to calculate different probabilistic ranges 

which can be computationally demanding for building probabilistic fatigue constant life diagram (CLD). 

Alternatively, we propose using probabilistic neural network (PNNs) which can capture data 

distribution parameters. The resulted model is generative and can quantify aleatoric uncertainty using 

a single network. Two tests are presented. The first captures the fatigue life aleatoric uncertainty for 

P355NL1 steel and successfully builds a probabilistic fatigue CLD. The resulted network is not only 

more efficient but also provides higher accuracy compared to ANN. To assess fatigue the second test 

examines vibrations of a pipework assembly. The proposed methodology quantifies the nonlinear 

relation between the vibration velocity and the equivalent stress and successfully reflects 

measurements uncertainties in fatigue assessment. The proposed methodology is published in 

opensource format*. 

1 Introduction 

The fatigue process of mechanical components is generally stochastic, random, and nonlinear which 
makes fatigue life prediction a difficult task that is often compounded by uncertainties in the material 
properties, environmental factors, loading cycles, and modelling assumptions 1,2. Therefore, 
estimating the fatigue life of a mechanical component can be unreliable leading to the adoption of 
overly conservative safety factors which contributes to higher maintenance costs and productivity 
losses 3,4. 
 
When studying high cycle fatigue, the tensile mean stresses lead to lower fatigue limits which 
negatively impacts the fatigue behaviour. On the other hand, compressive mean stresses contribute 
to higher fatigue limits which has a positive effect on the fatigue behaviour 5-8. Several empirical 
models were proposed to account for the effect of the mean stress. One of the earliest and most 
widely accepted models was proposed by Gerber 9. In this model, a parabolic curve is used to identify 
the upper fatigue limit for a sample based on the mean stress value. The Gerber model did not 
distinguish between compression and tension, which was later corrected by Goodman 10 whose model 
was first introduced in the early twentieth century and remains useful even today. However, the 
Goodman model can be inaccurate or lead to large safety factors especially for extreme loading cases. 
To predict fatigue life, Wöhler 11 considered the mean stress effect by creating multiple S-N curves for 
different mean stress values, where each S-N curve describes the relation between the cyclic stress 
amplitude and the number of cycles for a given mean stress value. Hence, the model requires a long 
series of fatigue tests which can be time consuming and require additional resource 12-14. The constant 
life diagram (CLD) follows a similar approach to that of Wöhler 11; however, the S-N curves are derived 
experimentally from a smaller number of data points. To help produce more accurate predictions, 
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several researchers proposed energy based models such as the strain energy model proposed by 3,15 
and the distortion energy model proposed by 4. All these models are deterministic and do not take 
into consideration the stochastic nature and uncertainties associated with the fatigue behaviour. 
Taking these uncertainties into consideration can help produce more reliable designs and save on 
maintenance costs. 
 
The complicated nature of fatigue and its dependence on many variables, makes it an obvious 
candidate for the application of machine learning algorithms. In fact some of the earliest works on 
using artificial neural networks (ANNs) to assess fatigue date back to the 1990s 16,17. To model the CLD 
in composite materials, several researchers investigated it using ANNs 18-21. The results showed that 
ANNs have clear advantages in developing S-N curves in the CLD model using only a small number of 
data points produced experimentally or numerically. To deal with the inherited uncertainty, Belı´sio  
22 developed a new method to generate probabilistic CLD models using only the Weibull distribution. 
Barbosa 23  built a probabilistic CLD (Haigh diagram) using ANNs where the uncertainty was accounted 
for using probabilistic Stüssi fatigue S-N fields and Weibull distribution. First, a 5% failure probability 
was produced using these uncertainty quantification approaches. Next, separate ANNs were trained 
and validated using the data of the mean fitting curve and the 5% probabilistic curve. The resulting 
networks were then used to generate new CLD curves for different mean stress ratios.  
 
In this paper, we propose implementing the probabilistic artificial neural networks (PNNs) 24 to deal 

with the uncertainty associated with fatigue. The main aim of the PNN is to reflect the input 

uncertainties in the output while reducing the network instability. Therefore, PNNs can be used to 

produce probabilistic results that reflect the instability of the statistical inference produced by a small 

number of samples. We showcase the capabilities of PNNs in fatigue analysis. Fatigue involves a wide 

range of topics such as fatigue due to constant loading, fatigue due to variable amplitude loading, etc. 

We try to cover this wide range of fatigue problems by discussing two different applications. The first 

case study is standard benchmark fatigue data that is available in the literature whereas the second 

case study examines vibration induced fatigue due to fluid flow inside process pipework under 

pressure. This is the first application of PNNs in this domain. In order to show the applicability of PNNs, 

we were motivated to choose two different fatigue applications where we could demonstrate the 

multiple capabilities of PNNs and highlight their potential in this field. In the first case study, we discuss 

mechanical fatigue that is developed as a result of cyclic stress of P355NL1 steel. The previous use of 

ANNs on fatigue data in23, brands it as deterministic method used to describe probabilistic data. This 

defies probabilistic methodology as well as the need for many networks to describe each probabilistic 

range of fatigue data. With PNNs we can choose the statistical distribution to model fatigue data. This 

property not only allow us to embedded physical knowledge in modelling the data but also provide 

the flexibility to easily try different types of distributions to model fatigue data. Using the PNNs for 

fatigue analysis, will also enable incorporating the probabilistic Haigh diagram into the same network 

instead of two networks. Hence, the PNNs can predict the fitting of the data and its probability 

distribution without the need for a separate probabilistic model. The second case study concerns 

vibration fatigue in pipework. Flow-induced vibration in process pipework is usually low-frequency 

leading to high-cycle fatigue. The relationship between the vibration of the pipework and the stress 

developing in the connections is often nonlinear. In this case study, we generate vibration and stress 

data from the finite element model of a process pipework setup. Despite the previously mentioned 

advantages of PNNs in quantifying the uncertainty, these networks have not been previously used in 

fatigue applications. Thus, this work is an attempt to fill the gap in the literature and demonstrate the 

potential of PNNs in this field. 

The remainder of this paper is organized as follows. The probabilistic Stüssi fatigue model is reviewed 

in Section 2. Section 3 presents a brief overview of ANNs and PNNs. The fatigue example is presented 



in Section 4 and the random piping vibration example is presented in Section 5. Finally, Section 6 

presents conclusions for this work. 

2 Probabilistic Stüssi fatigue model 

In this paper we use the Stüssi fatigue model 2. This model requires both the fatigue limit and the 
ultimate tensile strength of the metal under study. The Stüssi model 2 is essentially deterministic and 
does not consider the randomness and the stochastic behaviour in materials and the structural fatigue 
failure. The Stüssi fatigue model is written as 
 

∆𝜎 = 
𝑅𝑚+𝑎𝑁𝑏∆𝜎∞

1+𝑎𝑁𝑏
          (1) 

where ∆𝜎 is the nominal stress range, 𝑅𝑚 is the ultimate tensile strength,  ∆𝜎∞ is the fatigue limit, 
and 𝑁 is the number of cycles to failure. Both 𝑎 and 𝑏 are the so-called Stüssi geometrical parameters 
of the material. The geometric variables (𝑎 and 𝑏) are estimated by performing linear regression using 
the following equation 
 

𝑙𝑜𝑔 𝑁  =  
1

𝑏
 𝑙𝑜𝑔 (

𝑅𝑚−∆𝜎 

∆𝜎− ∆𝜎∞
) −

1

𝑏
 𝑙𝑜𝑔(𝑎)      (2) 

The value of the parameter 𝑅𝑚 in Equations (1) and (2) is the mean value of the tensile strength that 
is obtained after running a set of experiments on the specimens. ∆𝜎∞ Is the fatigue model based on 

three-parameter Weibull distribution proposed by Castillo and Fernández-Canteli 25 for 𝑛 
experimental points given by the stress amplitude and the number of cycles to failure: 
 

𝑁𝑖 = [𝑁1, 𝑁2, 𝑁3, … , 𝑁𝑛]          (3) 

∆𝜎∞= [ ∆𝜎1, ∆𝜎2, ∆𝜎3, … , ∆𝜎𝑛] 
 
The regression model proposed by Castillo and Fernández-Canteli 25 requires two parameters: 𝐵 =
log𝑁0 and 𝐶 = log∆𝜎0 that correspond to the threshold value of 𝑁 and the fatigue limit, respectively. 
The regression model is given by 
 

𝐸[log𝑁 − 𝐵|𝑔(∆𝜎𝑖) − 𝐶] =  
𝜇

𝑔(∆𝜎𝑖)−𝐶
        (4) 

where 𝜇 is the mean value of fatigue lifetime and 𝑔 is the natural logarithmic scale function of the 
stress range. The values of 𝐵 and 𝐶 are obtained by minimizing the sum of the squares of the errors 
(Q) which is given as 

𝑄 = ∑ (log𝑁𝑖 − 𝐵 − 
𝜇

𝑔(∆𝜎𝑖)−𝐶
 )

2
𝑛
𝑖=1             (5) 

The initial estimates to solve 𝐵, 𝐶 and 𝜇 can be obtained as 

𝜇𝑖 = 
1

𝑛
 ∑ log𝑁𝑖

𝑛
𝑖=1 = 𝐵 + 

𝜇

𝑔(∆𝜎𝑖)−𝐶
 ; 𝑖 = 1,2,… , 𝑛     (6) 

Ref 25 explains the optimization process to generate the Stüssi fatigue model using the three-

parameters Weibull distribution and the Stüssi function 26. The cumulative distribution function that 

should be used in this case is  



𝐹(𝑥|𝑎, 𝛽, 𝛿) = 1 − 𝑒
[−(

𝑥−𝛼

𝛽
)
𝛿
]
, 𝑥 ≥ 𝛼       (7) 

with the random variable 𝑥 defined by transforming Equation (1) into 

𝑥 =  ∆𝜎 − 
𝑅𝑚+𝑎𝑁𝑏.∆𝜎∞

1+𝑎𝑁𝑏
         (8) 

and combining Equations (7) and (8) to obtain the Stüssi fatigue model 

𝑝 = 1 − 𝑒[
 
 
 
 

−(
∆𝜎− 

𝑅𝑚+𝑎𝑁𝑏.∆𝜎∞
1+𝑎𝑁𝑏

−𝛼

𝛽
)

𝛿

]
 
 
 
 

       (9) 

where 𝑝 is the probability of failure and the parameters of the Weibull distribution (𝛼, 𝛽 and 𝛿) are 

obtained using the probability weighted moments method 27. According to 2, 𝛼 > x and 𝛼 ∈ 𝑅, 𝛽 > 0 

and 𝛿 > 0 are the location, scale and shape Weibull parameters, respectively. while  

3 Machine learning 

In this section, we will briefly review the basics of artificial neural networks (ANNs) and probabilistic 

neural networks (PNNs). 

3.1 Artificial Neural Networks (ANNs) 

ANNs are a class of computational tools inspired by the biological nervous system 28. They consist of 
simple processing units called neurons or perceptrons. Each perceptron is a nonlinear unit that 
receives input signals from other units yielding an output. The signals received by a neuron are 
modulated by real numbers called weights. By adjusting the weights through a training process, ANNs 
can learn the underlying relations to solve a particular problem instead of following a predefined set 
of rules. To create an ANN, the neurons are usually arranged in layers to make what is called a multi-
layers perceptron (MLP). An MLP is composed of one passthrough input layer, one or more hidden 
layers and one output layer. The layers close to the input layer are usually called the lower layers, and 
the ones close to the outputs are usually called the upper layers. Every layer except the output layer 
includes a bias neuron and is fully connected to the next layer. 
The backpropagation training algorithm 29 is able to compute the gradient of the network error with 
regard to every single model parameter. In other words, it can find out how to tweak each connection 
weight and each bias term to reduce the error. Once it has these gradients, the algorithm uses the 
Gradient Descent method to optimize the weights and biases of the network thereby minimizing the 
error. 
The ability of ANNs to successfully address nonlinear relations makes it a very attractive method for 
predicting the fatigue life of mechanical components 30. ANNs have also been proposed to model 
degradation of components under mechanical stress in real time 17. Building S-N curves and constant 
life diagrams using ANNs have been attempted in 16 and 31, respectively, while in 32 and 33 a network 
was built to estimate the parameters of the Weibull distribution. ANN is used in this research to 
develop a probabilistic CLD model of P355NL1 steel, by combining P5% and P50% fatigue data in one 
network. 

3.2 Probabilistic Neural Networks (PNNs) 

PNNs have a similar structure to ANNs, i.e., PNNs also have an input layer, hidden layers, and output 
layer. PNNs are built using Parzen’s approach34 to create a family of probability density function 
estimators. Unlike ANNs, PNNs learn the distribution of the input data in order to calculate both the 
mean and the standard deviation of the output. These networks have the ability to capture the non-



linear behaviour of the data as well as its variation. Thus, PNNs can estimate uncertainties in many 
real-world applications and provide essential information for decision making. The use of statistical 
distributions in PNNs makes them generative models that are capable of accurately predicting data 
outside their training ranges when compared to deterministic models. PNNs can be trained using a 
small amount of data points as long as the distribution of the input data is provided. These advantages 
make PNNs especially useful for fatigue assessment and evaluation of mechanical response of 
engineering components when taking into account physical variability35,36, statistical uncertainty 37 and 
model uncertainty38. Finally, PNNs do not require extensive training time like other networks that work 
with back-propagation training. However, this advantage comes at the cost of requiring massive 
memory for operation. 
 
 

4 Machine learning for fatigue applications 

In this section we study the using PNNs for modelling fatigue where the PNN is validated and 
compared to an ANN. Barbosa 23 built two separate ANNs for P50% and P5%; a different set of data 
was used for each network. The two networks in 23 showed signs of overfitting where the training loss 
diverged from the validation loss. Hence, the network training was stopped at a low number of Epochs. 
In other word the training was immature and the resulted model was underfitting the data and not 
able to generalize well with new data. Furthermore, using two networks may lead to the networks 
converging to two different solutions. In this section, we demonstrate the advantages of PNN in 
comparison to ANN. First, we introduce the data that was used in 22 in subsection 4.1 and 4.2. Then 
we demonstrate in subsection 4.3 the gains that can be achieved in the performance and stability of 
the network when the P50% and P5% networks are combined in the same network. In subsection 4.4, 
we train a PNN to model the data of subsections 4.1 and 4.2 and we show how the PNN preserves the 
uncertainty resulting from the statistical inference of a small sample. This can be a major advantage 
compared to deterministic ANNs where a small number of data points leads to stability issues and 
larger confidence intervals 39. Finally, we show that with PNNs, it is possible to build a probabilistic 
Haigh diagram using a single network.  

4.1 Fatigue data for P355NL1 steel 

The focus of this section is on the P355NL1 steel which is commonly used for applications in pressure 

vessels and boilers. Experimental fatigue data for dog-bone shape specimens (previously published in 
40) are also used here.  

Figure 1 shows the geometry and the dimensions of the specimen. 

 

Figure 1. Geometry and dimensions (in mm) of the dog-bone shaped specimens used in the fatigue 

test 40. 



Table 1 presents the geometric and material parameters of the Stüssi function as well as the values of 

the 𝛼, 𝛽 and 𝛿 parameters of Equations (9) for the Weibull distribution of the dog-bone shaped 

specimen.  

Table 1: Fatigue curve constants based on probabilistic Stüssi model for dog-bone shaped 
specimens. 

𝑹 𝑹𝒎[𝑴𝑷𝒂] ∆𝝈∞[𝑴𝑷𝒂] 𝒂 𝒃 𝜶 𝜷 𝜹 

-0.5 426 260.4 2.13E-2 0.441 -8.881 9.390 1.370 
-1 568 252 2.87E-2 0.407 58.617 -54.734 -10.510 
0 284 210 1.07E-6 1.233 -16.927 17.837 3.526 

 
Figure 2 shows the resulting probabilistic S-N curves based on the Stüssi model combined with the 
Weibull distribution for the dog-bone shaped specimens made of P355NL1 steel at different stress 
ratios. 

 

Figure 2. Probabilistic S-N curves based on Stüssi model combined with a Weibull distribution for the 

dog-bone shaped specimens made of P355NL1 steel: R = 0, R = -0.5 and R = -1. 

4.2 Preprocessing of fatigue data of P355NL1 steel 

To use fatigue data with both ANN and PNN, feature scaling should be applied on the considered data. 

It should be noted that ANN does not perform well when the input numerical attributes have very 

different scales which is the case between the stress (range of hundreds MPa) and the number of 

loading cycles (range of millions of cycles). Thus, the feature scaling helps to minimize the redundancy 

of the input data. The applied scaling or normalisation is so that all the values are rescaled to the range 

[0,1]. First, we calculate the probabilistic Stüssi fatigue parameters using the data shown in Figure 2. 

Hence, we estimate the fatigue resistance and the Weibull distribution parameters as shown in Figure 

3 and Table 1. Then, the stress amplitude is normalized as 

 

𝜎𝑎𝑛𝑜𝑟
= 

𝜎𝑎

𝜎𝑎𝑚𝑎𝑥

 ∴  𝜎𝑎𝑚𝑎𝑥
= 𝜎𝑎(𝑁 = 1) =  

𝜎𝑢𝑙𝑡

2
      (10)  

 

where 𝜎𝑎𝑛𝑜𝑟
 is the normalized stress amplitude, 𝜎𝑎𝑚𝑎𝑥

 is the maximum stress amplitude and 𝜎𝑢𝑙𝑡 is 

the ultimate tensile strength. The normalized mean stress 𝜎𝑚𝑛𝑜𝑟
 is then 



 

𝜎𝑚𝑛𝑜𝑟
= 

𝜎𝑚

𝜎𝑢𝑙𝑡
          (11) 

The number of cycles is normalized as recommended in 41 since fatigue life is a lognormal distribution 
(although the Weibull or other distributions can be used35). The normalized number of cycles is given 
by 35: 
 
𝑁𝑛𝑜𝑟 = 𝑙𝑜𝑔(𝑁)/ 𝑙𝑜𝑔(𝑁𝑚𝑎𝑥) ∴  𝑁𝑚𝑎𝑥 = 107 𝑐𝑦𝑐𝑙𝑒𝑠     (12) 

In this section, both the normalized logarithm of fatigue life (𝑙𝑜𝑔(𝑁)) and the normalized mean stress 

𝜎𝑚are considered as the input data, while the normalized stress amplitude 𝜎𝑎𝑛𝑜𝑟
  is the output data. 

4.3 ANN for combined P50% and P5% 

The topology of ANN is used to train and predict CLD. The network has two branches of layers for 

P50% and P5% data, respectively. Each data set is then processed through two hidden layers in a 

separate branch as shown in Figure 3. Gridsearch which part of Keras toolbox, is a technique to search 

for best network parameters. It has been found using Gridsearch, the hidden layers have 100 neurons 

each. The first branch outputs the learning results for P50% while the second outputs the learning 

results for P5%. The two outputs are then concatenated and used to produce a single output of the 

network. To prevent overfitting, two regularization techniques are adopted in this research. The first 

is the L2 regularization to constrain the ANN’s connection weights. Both ANN and PNN typically have 

hundreds of parameters which enables a large variety of complex datasets to be fitted by the network. 

However, this flexibility also makes the network prone to overfitting. The L2 technique works by 

penalising the network for using extra parameters, thereby reducing the risk of overfitting. The second 

regularization technique is the dropout method which is a simple algorithm. At every training step, all 

the neuron except the output ones, have a probability p of being temporarily “dropped out”. Dropped 

out neurons are temporarily ignored but can become active during the next training step. Using 

Gridsearch we found that the best regularization hyperparameters for both L2 and p are 0.001 and 

20%, respectively. Leaky Rectified Linear Unit activation function is selected as the performing 

function that reduces vanishing/exploding gradients during the optimization process. Other activation 

functions that have this property can also be used 42. The optimization technique adaptive moment 

estimation Adam Adam 43 is used to optimize network weights. This technique combines the ideas of 

momentum optimization 44 and RMSProp 45 which just like momentum optimization that keeps track 

of an exponentially decaying average of past gradients. Different learning rates were tested in this 

example. We found the learning rate of 0.001 to be a proper choice. The data set of samples is divided 

into two groups, namely, training and validation. In the training subset, all the fatigue data for the 

stress R-ratios, R = 0, R = -0.5 are used. For the validation subset, the fatigue data of R = -1 is used. To 

compare the performance with other types of networks, both the root mean square error (RMSE) and 

R2 (Pearson’s correlation factor 46) are used. The RMSE is given as 

𝑅𝑀𝑆𝐸 = 
1

2𝑄
 ∑ ∑ (𝑑𝑖 − 𝑧𝑖)

2𝑚
𝑖=1

𝑄
1          (13) 

 
where 𝑚 represents the network output (1 in our case), 𝑄 is the number of data samples, 𝑑 is a data 
sample, and 𝑧 is the network prediction. The loss function is a mathematical algorithm that measures 
the network’s output error. RMSE is also used as a loss function for the ANN in this section. 
 



 

Figure 3 : Combined P50% and P5% ANN topology consisting of two input layers, hidden layers, 
concatenating layer, and an output layer (‘?’ Represent training data points). 

Comparisons of the ANN predictions are presented in Figure 4. The figure shows ANN predicted (𝜎𝑎) 
against both experimental and Stüssi fatigue curve for the training and the validation. The ANN’s RMSE 
error is 0.00075 for training and 0.0028 for validation. Although the results is 15% improved on 
validation compared to what is reported in23 where two separate ANNs were used to describe the 
probabilistic behaviour of steel. The ANN still struggles to learn the training data pattern accurately. 
This can be seen for predicted (𝜎𝑎) in Figure 4where a considerable deviation from both the 
experimental and the Stüssi fatigue curves can be seen for R = 0 between 104 -106.  

 

 

 

 

 

 

 

 

Figure 4: ANN S-N curve prediction with S-N curves based on Stüssi model combined with a Weibull 
distribution for the dog-bone shaped specimens made of P355NL1 steel (a) Training (b)Validation. 

 
 



To measure the linear correlation between the experimental data for training and validation against 
the predictions of the ANN, the R2 value is used. The results are shown in Figure 5. The R2 values are 
over 0.99 for both training and validation models. The results indicate good correlation between the 
prediction and the experimental data. 
 

 
Figure 5: Comparison of 𝜎𝑎 (experimental sigma alternate) versus 𝜎𝑎  (predicted sigma alternate) 
plots using Pearson correlation coefficient (a) Training (b) Validation.  
 
Figure 6 shows the CLD built using the ANN for failure probability 50%. The number of cycles 

considered to build this diagram are 104, 105, 106, and 107. The diagram illustrates the relation 

between the stress amplitude and the mean stress for various cycles. It also estimates the fatigue 

strength limits for different R-ratios. The convergence of the generated CLD to the ultimate tensile 

strength of 568 MPa for 𝜎𝑎 = 0 and R = -1, is good in comparison with the mechanical properties of 

P355NL1 steel.  

 

Figure 6: Artificial CLD for the dog-bone shaped specimens made of P355NL1 steel obtained by the 
ANN algorithm for a failure probability of 50%. 



4.4 Probabilistic neural network for P355NL1 steel 

Figure 7 shows a flowchart of the proposed methodology used in the subsection. In this subsection 

we repeat the study presented in subsection 4.3 but this time using PNNs. The same Stüssi 50% fatigue 

data of the P355NL1 is reused here with R = 0, R = -0.5 and 20% of R = -1 for training while the 

remaining 80% of R = -1 is kept for the validation. Unlike the combined ANN, the new network has one 

input layer only. The input layer passes the data into a single hidden layer. The hidden layer is then 

connected to an output layer that consists of one neuron. Finally, the output layer is connected to 

DistributionLambda layer. This layer takes two inputs: a data distribution and values for its 

parameters. The distribution parameters (such as μ (mean) and σ (standard deviation)) are given by 

the previous layer. The DistributionLambda layer then constructs the conditional probability 

distribution (CPD P(y|x, w)). 
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Figure 7  : Methodology used to build CLD using PNN and Stüssi model. 

Similar to subsection 4.3, we used Gridesearch to identify the best network parameters. For the PNN, 

only one hidden layer with 100 neurons is used to model the relation between both the fatigue life 

and the mean stress with the alternating stress. There is only one output neuron in the output layer 

for the network distribution parameters, i.e., the mean μ. The PNN is implemented using TensorFlow 

probability 24 with Python 47 and other toolboxes (Pandas and Numpy).  Similar to ANN model “Relu” 

has been used as activation function. The loss function in this section is the negative logarithm of the 

likelihood (NLL) 48 defined as 

𝐿𝑜𝑠𝑠 =  − 𝑙𝑜𝑔(∏ 𝑓(𝑦𝑖; 𝜇𝑖 , 𝜎)𝑛
𝑖=1 )       (14) 

where 𝜇𝑖   is the mean of the normal distribution of the log fatigue life and the mean stress. Normal 
distribution has been adopted with PNN 41. Both parameters mean μ and standard deviation 𝜎, were 
evaluated during the training process, 𝑦 represent the network input features, while 𝑖 is the index of 
the data points. The distribution can be changed based on the application and the type of data. Here, 
the loss function is used to obtain the regression curve of the PNN while the confidence bounds and 
network variance remain constant. The PNN regression curves are obtained with the maximum 



likelihood method where the best estimated curves are learned solely from the data. Similar 
regularization and optimization techniques mentioned in section 4.3 are adapted within this section 
as well. 
 
Comparisons of the PNN predictions are presented in Figure 8.  The figure shows PNN’s predicted (𝜎𝑎) 
against both experimental and Stüssi fatigue curve for both training and validation. The RMSE errors 
achieved with PNN are 0.00011 for training and 0.00051 for validation. The RMSE of this probabilistic 
network is improved by 84% on validation from what is reported in 23. The improvement is not only 
reflected in the network error but also in the model learning where it is clear from Figure 8 that PNN 
represents the 50% Stüssi data better than ANN in Figure 4. The other advantage of PNN is the ability 
to learn the distribution of the data which helps to extract the mean and the standard deviation in 
order to build a probabilistic CLD curve. 

 

 

 

 

 

 

 

 

Figure 8: PNN S-N curve prediction with S-N curves based on Stüssi model combined with a Weibull 
distribution for the dog-bone shaped specimens made of P355NL1 steel (a) Training (b)Validation. 

Again, to measure the quality of the results, the correlation factors to the experimental data for both 

the training and the validation models are compared to the PNN prediction using Pearson correlation 

coefficient. The comparison is shown in Figure 9. The R2 correlation values are over 0.99 for both 

training and validation which is also better than the combined ANN results presented in Figure 5. This 

indicates the good correlation between the prediction and the experimental data sets and the 

superiority of the PNN. 

 

 



 

Figure 9: Comparison of 𝜎𝑎 (experimental sigma alternate) versus 𝜎𝑎  (predicted sigma alternate) 
plots using Pearson correlation coefficient (a) Training (b) Validation.  
 

Fatigue data with ratio R= -1 is chosen to validate PNN and ANN. We chose 20% of that data to be 

included in training data and the rest for validation. The reason for that is to have a balance between 

practicality and reliability. In terms of practicality, increasing this number means extra fatigue tests 

and more time and resources. Regarding reliability reducing this number to 0% means the prediction 

of the network is a guess as it does not have any indication on what is the range of R=-1 stress data. 

Figure 10 demonstrates the effect of using different R=-1 data percentage in the training. The figure 

shows that in general the accuracy of the validation as well as the training has improved compared to 

the results in 23. Both curves converge around 20% which is chosen here. 

 

 

 

 

 

 

 

 

 

 

 

Figure 10: The effect of validation data size on PNN performance. 

 

Figure 11 shows both the CLD obtained using the PNN for the failure probability 50% in Figure 11(A) 

and the CLD for the same failure probability 50% from ref23 in Figure 11(B). The number of cycles 



(A) 

(B) 

considered to obtain these results are 104, 105, 106, and 107. The obtained CLDs illustrate the relation 

between the stress amplitude and the mean stress for various cycles. It also estimates the fatigue 

strength limits for any R-ratio. Similar, to Figure 6, the resulting CLD of the PNN converges to ultimate 

tensile strength of 568 MPa for 𝜎𝑎 = 0 and R = -1. The CLD obtained by the PNN is much closes to the 

mean experimental data than the one produced using the ANN and the one in Figure 11(B) for all the 

considered numbers of cycles. This improvement in accuracy is especially clear at the higher number 

of cycles (107). These results are also well aligned with Figure 8 which shows a low level of deviation 

at high number of cycles. Therefore, we conclude that the PNN model provides the best prediction 

model in comparison to the ANN and ref23 models for obtaining the CLD diagram.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 11: Artificial constant life diagram for the dog-bone shaped specimens made of P355NL1 steel 
for failure probability of 50% (A) obtained by a machine learning PNN algorithm, (B) obtained from 
ref23. 



Figure 12 shows the final prediction of PNN with both P5% and P95%. The PNN was able to model the 
experimental data more accurately than the ANN. This is also reflected in the lower RMSE values of 
the PNN. The other main observation from the results is the probabilistic prediction of the S-N curve 
which provides a reliable range of confidence level similar to the Stüssi probabilistic method but 
without the need to use two deterministic models to achieve these results. 

 

Figure 12 : PNN probabilistic S-N curve base on PNN prediction for the dog-bone shaped specimens 
made of P355NL1 steel (a) training (b)validation. 

5 PNN for random vibration of Process Pipework 

The risk of fatigue in process pipework is usually judged through measuring the vibration of pipework 
and discerning whether strain measurement and fatigue life calculations should be conducted. In this 
section we use PNNs to study the relationship between the vibration velocity of a pipe and the 
equivalent stress in the weld of the branch. The generic setup used in this section is shown in Figure 
13. Vibration and velocity data will be generated through finite element analysis (FEA) using random 
vibration signals. The pipe is supported at its ends using rotational and translational springs to simulate 
different supporting conditions. A point mass is placed at the end of the branch pipe to represent a 



valve We demonstrate the ability of PNN to model aleatoric uncertainty for individual data set and a 
grouped data set. 
 

 
 

Figure 13: Setup of generic FE model of the pipe and branch. A point mass is added at the end of the 
branch to represent a valve. 

 

5.1 Generated of FEA Data 

One model was created of the pipe setup shown in Figure 13. the model comprises of a 12.7cm SCH 
40 carbon steel mainline that is connected to 25 cm, 5.08 cm SCH 40 branch pipe using a 5.08 x12.7 
cm SCH 40 weldolet. The pipe, weldolet and branch have a density of 7850 kg/m3, Poisson’s ratio of 
0.3 and modulus of elasticity of 200 GPa. The branch pipe supports a 5 kg valve (represented in the 
model as a point mass). The length of the mainline pipe is 0.3 m in the model. A fillet weld was added 
to join the mainline with the weldolet and another fillet weld was added to join the weldolet and the 
branch pipe. 

In this paper, we focused on flow-induced vibrations. Thus, the pipe was excited using the power 
spectral density (PSD) of a force that is generated from the flow of fluid. Riverin and Pettigrew 49 
measured flow-induced forces using different flow regimes and flow speeds. They characterized in-
plane forces inside their pipes and showed that the flow-induced forces can be described using PSD 
curves and that the excitation frequency of flow induced forces does not exceed 100 Hz.  We adopt 
their results in this work and use their PSD curves to excited the pipe of Figure 13.  

For the flow-induced excitation, two parameters will be changed: the liquid/gas ratios and the flow 
velocity. Four values of liquid/gas ratio are considered50 (25, 50, 75, and 95%). Regarding flow 
velocities, 16 values are used from 5 to 20 m/s with steps of 1 m/s in between. Furthermore, the 
translational and rotational springs are varied to simulate different supporting conditions. Five values 
for translational support stiffness are used 51 (0.112, 5.705, 11.298, 570.573, and 112.985 KN/m). The 
rotational support stiffness values (KN-m/rad) are the same of translational values but 10 times bigger. 
Stiffness ratio (SR) is the rotational support stiffness over the translational support stiffness. Based on 
the previous information the stiffness ratio for the simulated data ranges from 0.001 to 20. Thus, the 
total number of simulated models is 1025. The outputs of each model are the velocity of the valve in 
m/s and the maximum stress in the fillet welds since these are the locations most prone for a fatigue 
failure. 

 



5.2 PNN for Pipework under Random Vibration  

First the data obtained from the 0.3 m model is standardized. The mean was removed and the data 
was divided by its standard deviation. This standardizes the range of features of the input data set. 
The network has one input layer with two hidden layers consist of 200 and 100 neurons. An output 
layer with two neurons is connected to the second hidden layer. The output layer is connected to 
DistributionLambda layer. Similar, to Section 4, Gridesearch is used to optimize the network layout. 
NLL is also used as the loos function. The same regularization values and optimization techniques 
mentioned in section 4.3 and 4.4 were adopted in this section. 
 
The vibration velocity and the equivalent stress data for the 0.3 pipe is split into three groups based 
on the stiffness ratio (SR = rotational support stiffness/ translational support stiffness). The first group 
includes data with the stiffness ratio SR ≤ 0.002, the second group (0.002 < SR ≤ 0.2) and the third with 
(5 ≤ SR ≤ 20). For each group the data is then split into training and validation sets (70% training and 
30% validation). In the analysis the vibration velocity is used for the training and the equivalent stress 
as the target. The main reason for that is the practicality of measuring the vibration velocity compared 
to measuring the stress (especially in the field). Figure 14 shows prediction and data uncertainty for 
each individual group of the data sets. Each plot includes experimental data, resulted regression model 
and both P68% and P95% uncertainty boundaries’ curves. The PNN is able to handle the data and the 
uncertainty associated with each individual group successfully. The correlation factors are 72% SR ≤ 
0.002, 78% for 0.002 < SR ≤ 0.2, and 74% for 5 ≤ SR ≤ 20. Similar, results were also reflected with PNN 
loss error’s where it was highest for SR ≤ 0.002 group and lowest for 0.002 < SR ≤ 0.2.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 14: PNN prediction for equivalent stress from vibration velocity data (a) SR <0.002, (b) 0.002 
<SR =<0.2, (c) 5 =< SR < 20. 



Next, we investigate the ability of PNN to model the uncertainty of the velocity versus the stress of all 
the data sets combined. The same procedures described above is used to train the PNN network with 
the combined data set. The R2 correlation values ranged over 0.77 for validation data, which indicates 
a good correlation between the predicted and the experimental data. Figure 15 shows the resulting 
model for vibration velocity versus equivalent stress. In the figure, black represents the resulting 
regression model, while blue and red represent both P68% and P95% uncertainty boundaries’ curves, 
respectively. Although the relation between the vibration velocity and the equivalent stress is highly 
nonlinear especially at lower velocity levels, the resulting model successfully describes the data-
inherent variability (aleatoric uncertainty). 
Installing strain gauges in a real-world setting can be time-consuming and is not always possible 
whereas measuring the vibration velocity can be straight forward. Evaluating the risk of cracking and 
leakage for pipes using vibration velocity can be very useful. This can be achieved by building 
probabilistic models such as the one presented here. The model can then identify the relation 
between the vibration velocity and the equivalent stress and quantify the risk and the uncertainty 
associated with the stress measurements in regard to the vibration velocity for the pipes. The model 
provides a useful tool for integrity and condition monitoring engineers to avoid any unexpected 
fatigue pipe failure based on the model predictions. 
 

 

 

 

 

 

 

 

 

Figure 15: PNN prediction for velocity with P95% confidence (a) Training (b) Validation. 

The proposed methodology highlights the versatility and flexibility of the used platform. It starts by 

choosing the right distribution for data, then build and evaluate the right loss function without the 

need to define it manually. Finally, it optimizes the model to achieve the best results. This method and 

the related platform are useful to build simple as well as complex probabilistic models and accurately 

evaluate data uncertainty. 

6 Conclusion 

Two case studies of using probabilistic neural networks (PNNs) with constant variance are presented 

in this paper. In the first case study, we develop a PNN to characterize probabilistic S-N curves based 

on the Stüssi model, for various stress-ratios, using fatigue data of P355NL1 steel. In the second case 

study, we use the PNN with constant variance to establish a relationship between the dynamic stress 

in the weldolet of a pipework setup and the vibration velocity. For the first case study, the resulting 

probabilistic constant life diagram considers the mean stress effects on fatigue behavior and predict 

its value as a function of the stress amplitude and number of cycles to failure. The development of this 

technique is another successful attempt to build a probabilistic S-N curve and a constant life diagram 

using artificial neural networks. S-N curves obtained using ANN were not satisfactory and there was a 

need for combining multiple ANNs to improve the results. However, using the PNNs to find the 



probabilistic S-N curve alleviates these difficulties and improves the results. The proposed 

methodology was able to capture fatigue life aleatoric uncertainty and probabilistic behavior for 

P355NL1 accurately. The resulting model predicts the fatigue resistance limits and both P95% and P5% 

limits for different stress ratio. This model also shows the potential of this technique to predict a family 

of constant life diagram for a wide range of stress ratios. The advantages of PNN is not only reflected 

in combining two networks to characterize probabilistic S-N curve, but also in the higher accuracy with 

both training and validation results with limited number of fatigue test data. This is possible because 

PNN uses the data distribution parameters to model a set of data. Hence, the network is resistant to 

outliers and can predict new data with improved accuracy compared to ANN. In the second case study, 

the vibration of process pipework was considered. The vibration of process pipework can lead to the 

development of fatigue cracks/failures (especially in at welded connections). Although the relation 

between pipe equivalent stress and vibration velocity is more complicated than S-N curve relation, 

the PNN identifies, quantifies and communicates the relation between vibration velocity and 

equivalent stress in the welded connection. The pipework probabilistic model also reflects the risk and 

the uncertainty associated with the input measurements to the output. Finally, the proposed method 

and development tools, provide unified, versatile and flexible platform to develop probabilistic models 

where uncertainty has real importance for making critical decisions based on the predictions.  
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