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An analytic expression for the optical exciton transition rates in the polaron frame
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1SUPA, School of Physics and Astronomy, University of St Andrews, St Andrews, KY16 9SS, UK
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(Dated: September 30, 2021)

When an optical emitter is strongly coupled to a vibrational bath the polaron transformation
is often used to permit an accurate second-order Redfield master equation. However, the optical
transition rates in the polaron frame are not analytic and approximations typically need to be made
which result in the loss of anything other than simple additive effects of the two baths. In this
paper, we derive an intuitive analytic expression for the polaron frame optical transition rates by
means of a finite mode truncation of the vibrational bath. Using this technique, calculations of
the transition rates converge for only a few modes in the truncated spectral density, and capture
non-additive effects such as population inversion of a two-level system.

I. INTRODUCTION

Models of excitons interacting with both optical and vi-
brational baths are important in understanding a variety
of physical processes, such as excitonic energy transfer
[1–12] and superabsorption and superradiance [13–17].
In these systems, the vibrational interaction originates
from the vibration of ions surrounding the optically ac-
tive site, for example in the solid-state lattice of a quan-
tum dot [18–22] or the protein scaffolding of an organic
molecule [14, 23, 24]. The optical interaction leads to the
creation and annihilation of exciton states, whilst the vi-
brational interaction causes decoherence of these states.
The decoherence plays the crucial role of permitting ex-
citations to move between eigenstates of the exciton sys-
tem, giving rise to energy transfer. This distinction of the
roles of the optical and vibrational baths is only valid in
the non-additive limit of simultaneously weak coupling
to both baths. In the strong vibrational coupling regime,
it has recently been shown that the presence of strongly
coupled higher energy vibrational states can significantly
renormalise optical transition rates [25, 26].

A commonly used method to derive master equations
in the strong vibrational coupling regime is to use the
polaron transformation [10, 18, 22, 23, 26–40]. A two-
level exciton system coupled to only a vibrational bath
that is displaced depending on the system eigenstate can
be exactly diagonalised using the polaron transformation
[18, 41, 42]—this is the independent boson model. The
diagonal basis describes polarons, which are quasiparti-
cles consisting of the exciton and the phonons that are
created when the vibrational bath is displaced. When the
two-level system also interacts with an optical bath, the
polaron transformation no longer diagonalises the Hamil-
tonian. Nonetheless, the description of the Hamiltonian
in terms of polarons still allows one to contain the vi-
brational energy associated with the displacement of the
bath within the unperturbed system Hamiltonian. Thus,

∗ bwl4@st-andrews.ac.uk

a second-order master equation derived in the polaron
frame will not break down due to strong vibrational cou-
pling so long as the system is driven weakly [18, 29]. The
caveat is that the optical transition rates in the polaron
frame are difficult to solve analytically owing to the non-
additive interaction, and are numerically tractable only
in special cases [18, 30, 31, 33].

Typically, expressions for the polaron frame optical
transitions rates are found by employing approximations
such as the flat spectral density approximation, where
the optical spectral density is assumed constant in en-
ergy [18, 30, 33, 43]. This results in the loss of non-
additive effects because transitions between any two vi-
brational levels have the same weighting. In this paper
we derive an intuitive analytic expression for the optical
transition rates by approximating the vibrational bath as
a finite number of modes. The expression converges and
becomes numerically exact as the number of modes in-
creases, although in many cases of interest a single mode
approximation is accurate. Moreover, because this tech-
nique identifies a few-mode description of the bath, one
can more easily interpret characteristic energy scales and
coupling strengths.

This paper is organised as follows: in Section II we
introduce the simplest Hamiltonian where the polaron
frame optical transition rates arise. In Section III, we
transform to the polaron frame and, in Section IV, we
derive the general expression for the optical transition
rates in terms of a polaron rate function. This function
is encountered whenever an optical transition rate is de-
rived in the polaron frame even for more complicated
exciton systems [32]. We then derive an analytic form of
the polaron rate function which is the main result of the
paper. Finally, in Section V, we benchmark the analytic
form by comparing it to a numerical calculation in a case
where such a calculation is possible. We then use the
analytic method in cases where numerical integration is
difficult.
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II. MODEL

The simplest model demonstrating the role of the po-
laron rate function (PRF) is a single two-level emitter
coupled to both an optical and vibrational bath [18, 42].
The optical interaction leads to transitions between the
electronic states of the emitter by creation or annihilation
of an exciton whilst the vibrational coupling is manifest
in a conditional displacement of the nuclei making up
the emitter, depending on the system state. The Hamil-
tonian describing this system can be partitioned into the
exciton system (S), vibrational (V) and optical (O) parts
as H = HS +HV +HO. The exciton system part,

HS = δσ+σ−, (1)

describes the two electronic states of the emitter with
transition energy δ, where σ+ takes the exciton from the
ground state |g〉 to the excited state |e〉 of the two-level
emitter, and σ− = (σ+)†. The vibrational part has two
contributions,

HV =
∑
k

ωkb
†
kbk + σ+σ−

∑
k

(
gkb
†
k + g∗kbk

)
, (2)

where the first term describes the energy of the bath and
the second term the conditional displacement of the nu-
clei. The vibrational bath is composed of phonons of
wavenumber k and energy ωk, characterised by the lad-
der operators bk. Each of these modes couples to the
emitter with strength gk. This kind of interaction leads
to Franck-Condon physics [22, 25]. When the vibrational
coupling is strong, it is natural to consider HS + HV as
the unperturbed energy basis, and Figure 1 shows the
energy levels for this in the case of a single vibrational
mode.

Displacement
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y

FIG. 1. Schematic showing the energy levels of the vibronic
Hamiltonian, HS + HV , in the case of a single vibrational
mode with energy ω and coupling strength g.

The optical contribution to the Hamiltonian also con-
tains a bath energy and an interaction term. This bath is

composed of photons characterised by the ladder opera-
tors aq with energy νq where q is the wavenumber of the
photon. Each mode couples to the emitter with strength
fq. Within the electric dipole approximation the optical
part is

HO =
∑
q

νqa
†
qaq + σx

∑
q

(
fqa
†
q + f∗qaq

)
. (3)

The interaction term describes the absorption or emission
of a photon along with the creation or annihilation of an
exciton in the emitter, including processes that do not
conserve particle number.

The coupling strengths to the baths are defined by
the spectral densities JV (ω) =

∑
k |gk|

2
δ(ω − ωk) and

JO(ν) =
∑

q |fq|
2
δ(ν−νq) [34, 44]. The continuum form

of the vibrational spectral density is determined by the
physical nature of the emitter, for example whether it is
a quantum dot or a chromophore [18, 45–49]. The optical
spectral density is more subtle, depending on the gauge
in which the Hamiltonian is derived [50–52].

III. POLARON TRANSFORMATION

The polaron transformed Hamiltonian is H ′ = U†HU
where the unitary operator is U = exp [−Gσ+σ−] with

G =
∑
k

[
gk
ωk
b†k −

(
gk
ωk

)∗
bk

]
. (4)

This can be rewritten in the more revealing form

U = σ−σ+ +Bσ+σ−, (5)

where B = exp (−G) is a displacement operator. The
displacement operator transforms the vibrational ladder
operators as B†bkB = bk − gk/ωk, and its name is at-
tributed to this property. Eq. (5) shows that the polaron
transformation leaves the ground electronic state unaf-
fected but displaces each vibrational mode coupled to
the excited electronic state by gk/ωk.

The polaron transformation exactly diagonalises the
independent boson model, i.e. our model without HO:

U†(HS +HV )U = δ′σ+σ− +
∑
k

ωkb
†
kbk, (6)

where δ′ = δ − λ is the polaron energy and

λ =
∑
k

|gk|2

ωk
=

∫ ∞
0

dω
JV (ω)

ω
, (7)

is the reorganisation energy [41]. The vibrational interac-
tion has been removed in place of renormalised electronic
energy levels. Incorporating again the optical part, the
full polaron frame Hamiltonian is

H ′ = δ′σ+σ− +
∑
k

ωkb
†
kbk +

∑
q

νqa
†
qaq

+
(
B†σ+ +Bσ−

)∑
q

(
fqa
†
q + f∗qaq

)
. (8)



3

Unlike in the independent boson model, the polaron
transformation has not completely removed the vibra-
tional interaction. Whilst the original vibrational inter-
action in Eq. (8) has been removed, there are now dis-
placement operators appearing in the optical interaction.
This arises since the upper electronic manifold has been
displaced by the vibrational interaction relative to the
lower manifold; optical transitions either start or end in
the displaced manifold, creating (B†σ+) or annihilating
(Bσ−) polarons of energy δ′. The polaron transforma-
tion is particularly useful because diagonal elements of
the density matrix commute with the transformation, so
polaron and exciton populations are equivalent.

IV. OPTICAL TRANSITION RATES

The second order Born-Markov master equation in the
polaron frame can be derived in the usual way [44]. One
finds that the excited state population evolves as

ρ̇ee(t) = γ↑ρgg(t)− γ↓ρee(t), (9)

and the ground state evolves as ρ̇gg = −ρ̇ee where γ↑
and γ↓ are the excitation and decay rates, respectively.
The population master equations are naturally decoupled
from the coherences in this model; we have not made the
secular approximation. The rates are

γ↑ = γ(−δ′), (10a)

γ↓ = γ(δ′), (10b)

written in terms of the PRF, which has the form:

γ(η) = 2Re

∫ ∞
0

dt

(
eiηtTrV

[
B†(t)B(0)ρV

]
× TrO

∑
qq′

A†q(t)Aq′(0)ρO

), (11)

where ρV and ρO are the Gibbs states of the vibrational
and optical baths, B(t) is the displacement operator in
the interaction picture and Aq(t) is the interaction pic-
ture form of the operator Aq = fqa

†
q + f∗qaq.

Integrals of the form of Eq. (11) appear when study-
ing optical interactions in the polaron frame. Currently,
there is no analytic expression for these, and numerical
solutions only exist for specific vibrational spectral den-
sities. We will find an analytic expression.

In Eq. (11), the trace over displacement operators is

TrV
[
B†(t)B(0)ρV

]
= eφ(t)−φ(0), (12)

where, taking the continuum limit of k, the phonon prop-
agator is defined as

φ(t) =

∫ ∞
0

dω
JV (ω)

ω2

[
cos (ωt) coth

(
βV ω

2

)
− i sin (ωt)

]
, (13)

and βV = 1/(kBTV ) with TV being the temperature of
the vibrational bath and kB the Boltzmann constant [18].
The trace over the optical operators is

TrO [Aq(t)Aq′(0)ρO] (14)

= δqq′
(
f∗qfq′ [NO(νq) + 1] e−iνqt + fqf

∗
q′NO(νq)eiνqt

)
,

where NO(ν) = 1/
(
eβOν − 1

)
is the population of the

photon mode with energy ν at the temperature of the op-
tical bath TO = 1/(kBβO). After taking the continuum
limit of the optical wavenumber q, the PRF becomes

γ(η) =

∫ ∞
0

dν
[
JE(ν)K(η − ν) + JA(ν)K(η + ν)

]
,

(15)

where we have defined the emission and absorption opti-
cal spectral densities,

JE(ν) = 2πJO(ν) [1 +NO(ν)] , (16a)

JA(ν) = 2πJO(ν)NO(ν), (16b)

and

K(ε) =
1

π
Re

∫ ∞
0

dt eφ(t)−φ(0)eiεt, (17)

which contains all of the effects of the vibrational cou-
pling. The PRF in Eq. (15) describes the non-additive
physics of the vibrational and optical interactions. That
the effects of these environments are non-additive is evi-
dent because Eq. (15) is a convolution of purely optical
and vibrational functions.

Before we go onto derive the analytic expression to
Eq. (15) we will consider two common approximations
used to obtain analytic expressions.

A. Approximate expressions

The first approximation is the weak vibrational cou-
pling limit. This is defined by φ(t)→ 0, leading to

Kweak(ε) = δ(ε), (18)

where we have used the identity

Re

∫ ∞
0

dt eiαt = πδ(α), (19)

valid only within another integral [44]. Inserting this into
Eq. (15) results in

γweak
↑ = JA(δ), (20a)

γweak
↓ = JE(δ). (20b)

Therefore, the excitation and decay rates will only sample
the optical spectral density at the electronic splitting δ,
corresponding to a transition between the two ground
vibrational levels in each manifold.
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The second typical approximation is the flat spectral
density approximation. In this approximation the optical
spectral density is assumed to be constant around the
polaron energy, i.e. JA(ε > 0) = JA(δ′) and JE(ε > 0) =
JE(δ′) and both are zero for ε ≤ 0. In this case, the
frequency integral in Eq. (15) can be performed before
the time integral in Eq. (17). Then using∫ ∞

0

dν K(η ± ν) = 1, (21)

leads to

γflat
↑ = JA(δ′), (22a)

γflat
↓ = JE(δ′). (22b)

In this approximation, the vibrational coupling strength
only enters through the polaron energy δ′. This approx-
imation accounts for transitions between all vibrational
levels, but because the optical spectral density is assumed
to be flat each transition is given the same weighting.
The sum over the the vibrational wavefunctions then in-
volves only the overlap integrals between the vibrational
eigenstates. Since these form a complete basis the vibra-
tional contribution is completely removed. Mathemati-
cally, this occurs in Eq. (21). In both of these typical
approximations, excitation and decay of the system only
occur by photon absorption and emission, respectively.

B. Analytic form of the PRF

We will now derive an analytic form of the PRF, in
Eq. (15), as a convergent series. The expression is valid
for any vibrational spectral densities with weighted mo-
ments

µj =

∫ ∞
0

dω
JV (ω)

ω2
ωj , (23)

that are finite for j = 1, 2, 3, . . . ,∞. This is the same
condition under which the polaron transformation does
not lead to divergent expressions. To derive the series
form we make use of two properties of the PRF which we
will prove in the remainder of this subsection.

1) The first property is that the PRF can be solved
analytically for the truncated spectral density,

J ′V (ω) =

N∗∑
i=1

|g′i|
2
δ (ω − ω′i) , (24)

which is identical to JV except that the number of modes
is truncated to N∗. As we will show, the form for this
truncated spectral density is easily derived for a single
vibrational mode N∗ = 1 which can then be extended to
general N∗.

2) The second property is that K(ε), in Eq. (17), which
contains the entire vibrational contribution to the PRF,
is completely determined by the weighted moments of

the vibrational spectral density, µj . We will see that in
general the orders j of µj that contribute to the PRF
are determined by the vibrational temperature TV . As
we will show, we can use this property to calculate the
coupling strength and mode energy of each mode in the
truncated spectral density for a chosen N∗.

1. Proof of property 1: analytic form of the PRF

We will now prove the first property, that the PRF can
be derived analytically for the truncated spectral density
in Eq. (24). We will do this by first deriving the analytic
expression for the PRF with a single mode, N∗ = 1, and
then we will extend this to a general N∗ truncation.

For N∗ = 1 in Eq. (24), the truncated phonon propaga-
tor can be written as a sum of zero and finite vibrational
temperature parts φs(t) = φs0(t) + φsβ(t), where

φs0(t) = S′1e−iω
′
1t, (25a)

φsβ(t) = S′1Nω′1

(
eiω
′
1t + e−iω

′
1t
)
, (25b)

and Nω′1 = 1/(eβV ω
′
1 − 1), S′1 = (|g′1| /ω′1)2 is the sin-

gle mode Huang-Rhys parameter and the superscript
‘s’ denotes a single vibrational mode. We then expand
exp[φs(t)] in Eq. (17) as a Taylor series and subsequently
each [φs(t)]n as a binomial series to find the single mode
form of Eq. (17):

Ks(ε) =
1

π
e−φ

s(0)
∞∑
n=0

n∑
m=0

1

n!

(
m

n

)
× Re

∫ ∞
0

dt eiεt[φs0(t)]n−m[φsβ(t)]m, (26)

where
(
m
n

)
is the binomial coefficient. The indices n and

m of each term in the sum of Eq. (26) have physical
meaning: n denotes the total number of phonons con-
tributing; m denotes the order of finite TV contribution
and n −m denotes the TV = 0 contribution. Substitut-
ing in Eqs. (25) and making a final binomial expansion
of [φsβ(t)]m leads to

Ks(ε) =

∞∑
n=0

n∑
m=0

m∑
k=0

(
n

m

)(
n

k

)
(27)

×Wn(S′1)Vm(S′1, ω
′
1)δ (ε− [n− 2m+ 2k]ω′1) ,

where we have used Eq. (19) to take the real part of the
integral [53]. We have defined Wn(S) = Sn exp[−S]/n!
and the temperature factor Vm(S, ω) = Nm

ω exp[−2SNω].
Eq. (27) shows that the PRF will be a sum over optical
transitions between any two vibrational levels in the elec-
tronic manifolds. The probability for an n phonon transi-
tion is Wn, and the probability for an mth order temper-
ature transition is Vm. Specifically, Vm is the probability
that the initial and/or final state of a transition will be
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vibrational levels that are in total m levels higher than
accessible at TV = 0.

Finally, we rewrite Eq. (27) in a more compact form
by grouping all transitions occuring at a common energy,

Ks(ε) =

∞∑
l=−∞

Al(S
′
1, ω
′
1)δ(ε− lω′1), (28)

where the amplitude coefficient is

Al(S, ω) =

∞+∑
n=|l|

n∑
m= n−l

2

(
n

m

)(
m

m− n−l
2

)
Wn(S)Vm(S, ω),

(29)
and the ‘+’ on the summation indicates that only every
other term is included, i.e. n = |l| , |l| + 2, . . .. The am-
plitude coefficient describes the vibrational overlap and
thermal occupation of the vibrational levels separated by
l-levels. In practice, the sum over n must be truncated:
strong vibrational coupling means that more vibrational
levels can be reached in a transition.

The distribution Al is maximised for l = round(S) at
all TV , which means that the most likely optical tran-
sition will involve round(S) phonons [54]. Al also has
the normalisation property

∑
lAl(S, ω) = 1, which is

the same statement as Eq. (21). A well-known limit is
TV = 0, in which case V0 = 1 and Vm>0 = 0, and so
Al≥0(S, ω) = Wl(S) with Al<0(S, ω) = 0 which is known
as the Poisson Franck-Condon factor. In Figure 2 we plot
Al as a function of l and TV .

2.0
1.0

0.0

FIG. 2. The amplitude coefficient Al(S, ω) in Eq. (29) is plot-
ted as a function of l and vibrational temperature TV for a
phonon mode with S = 15 and ω = 1 eV. At TV = 0 the
distribution is exactly a Poisson distribution. At TV > 0 the
distribution widens, flattens and extends into l < 0. The
TV = 0 K and TV = 298 K (kBTV /ω = 0.025) curves overlap.

For finite TV , it can become slow to evaluate Al at
strong vibrational coupling where the truncation of the
sum over n is necessarily high. However, in situations
with strong vibrational coupling and low but finite TV ,
many vibrational levels included in the sum over n will
not be thermally accessible, resulting in many of the

terms in the sum over m being negligible. Therefore,
it is possible to replace the upper limit of the sum over
m with Min[n, m̃], where m̃ < n is determined by the
size of Vm as m increases.

Substituting Ks into Eq. (15) leads to the single mode
PRF,

γs(η) =

∞∑
l=−∞

Al(S
′
1, ω
′
1) [JE(η − lω′1) + JA(−η + lω′1)] .

(30)
This intuitive result describes optical transitions be-
tween any two vibrational levels between the excited and
ground manifolds.

Owing to the counter rotating terms in the optical in-
teraction, system excitation can occur by photon emis-
sion and conversely system decay by photon absorption
with the dominant process depending on the vibrational
coupling strength and temperature. For example, let us
consider decay processes. At weak coupling, the dom-
inant decay channel is photon emission but this swaps
to photon absorption at strong coupling. One can see
this by noting that γs↓ = γs(δ′) and Al(S, ω) is max-

imised for l = round(S). Therefore, when δ′−S′1ω′1 � 0,
decay occurs via photon emission and because JO(ν <
0) = 0 there is no photon absorption. However, when
δ′ − S′1ω′1 � 0 decay occurs exclusively through photon
absorption. Exemplary decay transitions via both pho-
ton emission and absorption are shown in Figure 3.

FIG. 3. Exemplary decay transitions from the upper to the
lower manifold by (a) photon emission and (b) photon ab-
sorption, drawn for N∗ = 1 in the truncated spectral density.
We draw a series of transitions corresponding to the same
frequency. These transitions (and all others of the same fre-
quency) contribute to the corresponding l in the Al distribu-
tion of Eq. (29). That is, in (a) the transitions contribute
to l = 1 and in (b) to l = l′ ∈ Z where −δ′ + l′ω = αω
for 0 < α ≤ 1. The colour of the transition arrow indicates
how many finite temperature contributions there are to the
corresponding term in Al; blue represents TV = 0 (m = 0)
and approaching red means greater TV (m > 0). Compared
to Figure 1 there is no relative displacement of the manifolds
as this is in the polaron frame
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Following similar arguments one can show that excita-
tion occurs only via photon absorption at all vibrational
coupling strengths if TV = 0. This is because excitation
by photon emission requires transitioning from a vibra-
tional state in the ground manifold with energy ε > δ′,
requiring kBTV > δ′.

For an arbitrary N∗ in the truncated spectral density,

in Eq. (24), the phonon propagator is

φ(t) =

N∗∑
i=1

S′i

[
cos (ω′it) coth

(
βV ω

′
i

2

)
− i sin (ω′it)

]
.

(31)
Repeating the same derivation as with the N∗ = 1 case,
albeit with significantly more algebra, leads to the result
that the full PRF for the truncated spectral density is

γ(η) =

N∗∏
j=1

∞∑
lj=−∞

Alj (S′j , ω
′
j)

[
JE

(
η −

N∗∑
i=1

liω
′
i

)
+JA

(
−η +

N∗∑
i=1

liω
′
i

)]
. (32)

One can see that Eq. (32) is the intuitive extension of
the rate expressions in the single mode case in Eq. (30)
to allow for optical transitions from any combination of
vibrational levels in the N∗ harmonic ladders to any other
combination of levels in these ladders.

It is interesting to note that the rate equations within
the flat spectral density approximation in Eqs. (22) can
be recovered from Eq. (32) by using the fact that under

the flat approximation JE(η −
∑N∗
i=1 liω

′
i) = JE(η) and

JA(−η+
∑N∗
i=1 liω

′
i) = JE(−η) and applying the property∑

lAl(S, ω) = 1.
Eq. (32) is the analytic expression for the PRF and

is the main result of this paper. We will now prove the
second property of the PRF, that the vibrational depen-
dence of the PRF is determined by the weighted moments
µj of the continuum spectral density JV . In doing so we
will derive a method to calculate the 2N∗ parameters of
the N∗ modes, {S′i} and {ω′i}, of the truncated spectral
density J ′V .

2. Proof of property 2: truncated mode parameters

To prove the second property we will show that the
PRF with the infinite mode spectral density that we wish
to model is equivalent to the PRF with the truncated
spectral density in Eq. (24), given in Eq. (32). This proof
depends on the vibrational bath temperature.

At TV = 0 the phonon propagator we wish to model,
in Eq. (13), is

φ(t)− φ(0) =

∫ ∞
0

dω
JV (ω)

ω2

[
e−iωt − 1

]
. (33)

After expanding the factor of exp (−iωt) we obtain

φ(t)− φ(0) =

∞∑
j=1

1

j!
(−it)jµj . (34)

Substituting this into Eq. (17) and expanding the factor

of exp(iεt) leads to

K(ε) =

∞∑
n=0

1

n!
kn(ε), (35)

with k0(ε) = δ(ε) and

kn≥1 =

∞∑
j1,...,jn=1

(−1)jT
µj1µj2 ...µjn
j1!j2!...jn!

δ(jT )(ε), (36)

where jT =
∑n
i=1 ji and δ(i)(ε) = (∂i/∂εi)δ(ε). There-

fore, the only properties of the vibrational spectral den-
sity that determine the TV = 0 PRF are the moments µj
for j = 1, 2, 3, . . . ,∞. Thus, the PRF derived using the
truncated spectral density J ′V is identical to the desired
PRF, calculated with JV , if µ′j = µj for j = 1, 2, 3, . . . ,∞
where

µ′j =

∫ ∞
0

dω
J ′V (ω)

ω2
ωj =

N∗∑
i=1

S′iω
′j
i , (37)

and S′i =
(
|gi|′ /ω′i

)2
are the Huang-Rhys parameters of

the modes in the truncation.
For cases where φ(t) decays quickly over time, typi-

cal for spectral densities with small cut-off frequencies,
we find that only a small, finite number of moments
are needed for convergence. Since the lowest order mo-
ments contribute most significantly to K(ε), the condi-
tion µ′j = µj need only be met for a finite number of
the lowest order moments. The number of moments that
contribute significantly determines how many modes, N∗,
are needed in the truncated spectral density to obtain
an accurate solution. Additionally, because each mode
is defined by two parameters, the Huang-Rhys param-
eter S′i and energy ω′i, defining one mode requires two
simultaneous equations from the set µ′j = µj . Therefore,
the 2N∗ parameters of an N∗ mode truncation, {S′i} and
{ω′i}, are found by solving the simultaneous equations
µ′j = µj for j = 1, 2, 3, . . . , 2N∗. This ensures that the
truncated spectral density has the same moments of the
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continuum spectral density that contribute significantly
to the PRF. The PRF derived with J ′V is then an approx-
imation to the full PRF described by JV , and becomes
exact as N∗ → ∞. We typically find that N∗ ≤ 3 gives
converged solutions, and that N∗ = 1 provides a good ap-
proximation, even for cut-off frequencies comparable to
the polaron energy. We discuss examples in Section V.

To prove the second property at TV > 0, we again want
to identify which weighted moments µj are important for
the mode truncation by expressing φ(t) in Eq. (13) as a
sum over the weighted moments, analogous to Eq. (34).
However, coth(βV ω/2) can only be Taylor expanded for
|βV ω/2| < π and so the finite TV expansion is not possi-
ble. Instead, we can look at the TV →∞ case for which
coth(βV ω/2)→ 2/(βV ω) and we find

lim
TV→∞

φ(t) =

∞∑
j=1
j=odd

αj(t)µj , (38)

where αj(t) = (−1)
j+1
2 tj

[
2
βV

t
(j+1)! + i

j!

]
. Eq. (38)

shows that the infinite temperature analogue of Eq. (35)
will only depend on weighted moments of order j =
1, 3, 5, . . . ,∞. Eqs. (38) and (34) imply that as TV in-
creases from zero, the contribution of moments of even
order should become smaller, until at TV = ∞ only the
moments of odd order contribute. The question then be-
comes: what temperature range is the TV = 0 expansion
more accurate than the TV = ∞ expansion? The quan-
tity determining this is the ratio of kBTV to the trun-
cated mode frequencies, ω′i. In Section V we will see that
even for temperature ranges orders of magnitude greater
than in realistic systems, the TV = 0 expansion is more
accurate and so should always be used.

Let us now consider examples of calculating the trun-
cated spectral densities, using the TV = 0 expansion. For
a single mode truncation, N∗ = 1, the truncated spectral
density has the generic form: J ′V (ω) = S′1ω

′2
1 δ(ω − ω′1).

The parameters S′1 and ω′1 are set by requiring µ′1 = µ1

and µ′2 = µ2. These lead to

S′1 = λ2/AV , (39a)

ω′1 = AV /λ, (39b)

where λ is the reorganisation energy of the original spec-
tral density given in Eq. (7) and

AV = µ2 =

∫ ∞
0

dω JV (ω), (40)

is its spectral area. These are always the expressions for
S′1 and ω′1 when N∗ = 1. For a two mode truncation,

J ′V (ω) =
∑2
i=1 S

′
iω
′2
i δ(ω−ω′i), and setting µ′1 = µ1, µ′2 =

µ2, µ′3 = µ3 and µ′4 = µ4 leads to four simultaneous
equations that can be solved to find S′1, S′2, ω′1 and ω′2.
These Huang-Rhys parameters and mode energies are the
characteristic coupling strengths and mode frequencies
of the bath. We note that a final criterion the spectral

density JV must satisfy for the mode truncation approach
to work is that its moments µj must be such that setting
µj = µ′j leads to positive and real values for the truncated
modes. We hypothesise that this criterion is satisfied by
all spectral densities with finite polaron frame optical
transition rates, which is certainly true for all spectral
densities that we have modelled in this paper.

Eq. (32) is the analytic form of Eq. (15) and, along
with the calculation of the truncated mode properties
using µ′j = µj for j = 1, 2, 3, . . . , 2N∗, is the main result
of this paper. In the next section, we will use Eq. (32)
to calculate optical transition rates for a variety of vibra-
tional spectral densities and parameter regimes.

V. EXAMPLE CALCULATIONS

For all examples in this section we will use the optical
spectral density

JO(ν) ∝ ν3, (41)

which arises when the Hamiltonian is derived in the mul-
tipolar gauge [51]. The form of JO does not affect the
truncation method presented in this paper, although it
may change the required number of modes in the trun-
cation to obtain convergence.

In the following two subsections, we will compare the
truncation method to an example that is numerically
tractable, which will act as a benchmark for the trun-
cation method. First we will do this at TV = 0 to show
that a small number of modes in the truncation is suf-
ficient, and subsequently at TV > 0 to show that the
moments of order j = 1, 2, 3, . . . , 2N∗ are the important
ones even at finite TV .

The PRF in Eq. (11) contains three nested integrals
over an infinite domain, which is difficult to solve numer-
ically. Reliable numerical results are feasible if at least
φ(t), in Eq. (13), is analytic and preferably if K(ε), in
Eq. (17), is as well. Therefore, the vibrational spectral
density we will use in these calculations is

JV (ω) = S
ω3

ω2
c

exp [−ω/ωc] , (42)

where S = µ0 =
∫∞

0
dω JV (ω)/ω2 is the bath Huang-

Rhys parameter of the bath and ωc is the cut-off fre-
quency. With this, both φ(t) and K(ε) can be evaluated
analytically at TV = 0, and only φ(t) at finite TV , per-
mitting numerical evaluation of the PRF.

In the third subsection, we will use the truncation
method to calculate the optical transition rates for vibra-
tional spectral densities where not even φ(t) can be eval-
uated analytically. In these cases the truncation method
is significantly easier and more reliable.
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A. TV = 0 numerical comparison

In Figure 4, we show the truncated PRF solution plot-
ted for N∗ = 1, 2, 3 against the numerical solution for
TV = 0 over a range of cut-off frequencies. The single
mode truncation, with analytic PRF in Eq. (30), pro-
vides a surprisingly accurate approximation to the full
numerical calculations over all cut-off frequencies. As ex-
pected, for larger cut-off frequencies more modes are re-
quired in the truncation to obtain numerically converged
results. The non-additive behaviour of the optical and
vibrational interactions is stark: increasing vibrational
coupling significantly renormalises both the excitation
and decay rates.

At small cut-off frequency, in Figure 4 column (a),
moderately strong vibrational coupling causes the exci-
tation and decay rates to increase and decrease, respec-
tively. This effect can lead to population inversion in
the two-level system, which has recently been shown us-
ing the reaction coordinate mapping [25] and numeri-
cally using tensor networks [26]. Excitation rates are
enhanced because increasing vibrational coupling causes
optical transitions to higher lying vibrational states in the
excited manifold, which couple more strongly to the field
owing to JO(ν) ∝ ν3. For the same reason, when S is too
large the excitation rates decay exponentially because the
system attempts to absorb a photon from modes that are
not thermally occupied. The competition of these two ef-
fects are described by JA in Eq. (16b). If TV was finite,
then excitation could occur via spontaneous photon emis-
sion which would not require populated photon modes.

Turning to the decay rate in column (a), at moder-
ate S, this is initially suppressed for an analogous reason
that the excitation rate is enhanced: transitions occur
into higher vibrational levels in the ground manifold, and
so occur with an overall smaller transition energy. The
greater thermal occupation of the lower energy photon
modes is not sufficient to overcome the weaker coupling to
them. Again, this trade off of these effects are described
by JE in Eq. (16a). However, when round(S)ω′1 ≈ δ′

(recall round(S) is the mean number of phonons in a
transition) the vibrational energy in a transition becomes
comparable to the electronic splitting. For all S larger
than this, the dominant decay channel is no longer pho-
ton emission, but absorption. This can be seen in Fig-
ure 4(a) where the decay rates start increasing with S
when S is large: the decay rates become absorption pro-
cesses and so are subject to the same initial enhancement
as the excitation processes, described by JA.

The efficacy of a given N∗ truncation is not dependent
on vibrational coupling strength, S. This is because the
relative sizes of the weighted moments, µj/µj′ , do not
scale with S. However, this ratio does scale with ωc and
so a large ωc requires a greater N∗ for an accurate PRF
solution, as seen in Figure 4.

B. TV > 0 numerical comparison

In Figure 5 we show the truncated mode PRF com-
pared to the numerical solution as a function of TV . The
truncated PRF solution is shown for both the TV = 0
expansion: j = 1, 2, 3, . . . , 2N∗ and TV = ∞ expansion:
j = 1, 3, 5, . . . , 4N∗ − 1 for N∗ = 1, 2, 3 modes. At low
TV for a given N∗ we see that the TV = 0 form is more
accurate. Moreover, when kBTV > ωc, the differences in
the errors of either truncation type becomes negligible.

As kBTV /ωc increases, more vibrational levels become
accessible by thermal occupation and the computational
cost of calculating Al exponentially increases. For all
temperature ranges in which we can feasibly calculate
Al to convergence, we found that the TV = 0 trunca-
tion is more accurate or the same. This implies that
the TV = ∞ truncation is never more accurate and the
weighted moments j = 1, 2, 3, . . . , 2N∗ should always de-
fine the parameters of the truncated spectral density. We
note that, because at TV > 0 only φ(t) is analytic for
the full spectral density and not K(ε), it is difficult to
achieve converged numerical results [55]. Therefore, we
do not show the error of each truncation compared to the
numerical result.

C. Spectral densities with non-analytic φ(t)

Finally, we show the applicability of the truncation
method by using it to calculate the optical transition
rates in cases for which φ(t) is non-analytic for the spec-
tral density of interest, JV . In these cases, numerical in-
tegration of the optical transition rates is difficult owing
to the three nested integrals with infinite domain. The
spectral densities we choose are ohmic with Gaussian and
Log-normal cut-offs:

JGauss
V (ω) = λ

2√
πωc

ω exp
[
− (ω/ωc)

2
]
, (43)

J ln
V (ω) = λ

e−
1
4

√
πωc

ω exp
[
− ln2 (ω/ωc)

]
, (44)

where λ is the reorganisation energy of the baths. Such
spectral densities have been suggested for modelling the
broad background of vibrational modes in bacteriochloro-
phyll [56, 57]. For both spectral densities, φ(t) is non-
analytic for TV > 0. For TV = 0, φ(t) is non-analytic for
the J ln

V but analytic for JGauss
V .

To gain an intuition of the comparative effects we
should expect from these spectral densities we can com-
pare the single mode parameters found with Eqs. (39).
JGauss
V is represented by a mode with Huang-Rhys pa-

rameter and energy S′1 =
√
πλ/ωc and ω′1 = ωc/

√
π,

and J ln
V by a single mode with S′1 = exp[−3/4]λ/ωc and

ω′1 = exp[3/4]ωc. For a given λ and ωc, we can there-
fore expect JGauss

V to display more vibrational renormal-
isation (larger S′1) and be more sensitive to vibrational
temperature effects (smaller ω′1). In Figure 6 we plot
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FIG. 4. The normalised excitation (top row) and decay (bottom row) rates with coupling to an infinite number of vibrational
modes described by the spectral density in Eq. (42) with TV = 0 K, TO = 6000 K and δ′ = 1 eV. The cut-off frequency is
different in each column (a), (b) and (c). Each panel shows the rates with N∗ = 1, 2, 3 modes in dashed-blue, dotdashed-red
and solid-purple respectively, and the numerical rates in shorter dashed-black. In the inset of each figure, which each have the
same axes, we show the absolute error of each truncation compared to the numerical calculation.
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FIG. 5. The vibrational temperature dependence of the op-
tical transition rates. The vibrational spectral density is
given in Eq. (42) with ωc = 0.2 eV, and TO = 6000 K,
δ′ = 1 eV and S = 10−3. The numerical calculations are
dashed-black and the finite truncation calculations using mo-
ments j = 1, 2, 3, . . . , 2N∗, (TV = 0 expansion) in solid-blue
and j = 1, 3, 5, . . . , 4N∗ − 1, (TV =∞ expansion) in solid-red
lines. For each finite truncation we plot the rates calculated
using N∗ = 1, 2, 3 modes, with lighter colours denoting higher
N∗. Note that all curves are produced at the same TV , the
solid-red and solid-blue lines differ only by the definition of
the truncated mode parameters. Many curves overlap at high
TV where convergence is more easily achieved. In the insets
we show zoom-ins of the grey boxed regions.

the converged optical decay rates as a function of vibra-
tional temperature at λ = 10−4 eV, λ = 10−3 eV and
λ = 10−2 eV, calculated using the truncation method
with N∗ = 2 modes (giving converged results) for both
vibrational spectral densities. We have chosen relatively
weak vibrational coupling strengths because we explore
up to high TV . As can be seen in Figure 6, the rates with
JGauss
V are indeed more sensitive to changes in both λ and
TV . We note that the intuition gained from looking at
the single mode parameters is maintained in spite of the
calculations having been performed with N∗ = 2.

Although the truncation method works easily for spec-
tral densities where φ(t) cannot be evaluated numerically,
this method cannot handle vibrational spectral densi-
ties with any moments µj for j = 1, 2, 3, . . . ,∞ that
diverge. For example, this includes the Drude-Lorentz,
overdamped and underdamped spectral densities com-
monly used to model vibrational environments [25]. How-
ever, this shortcoming is one of the polaron transforma-
tion: for these spectral densities φ(t) is itself divergent.

VI. CONCLUSION

We have developed an analytic form of the polaron
rate function, Eq. (15), that ubiquitously appears in po-
laron theory when deriving optical transition rates. The
expression, in Eq. (32), relies on a truncated spectral den-
sity which emulates the effects of the actual spectral den-
sity but with a finite number of modes. The expression
converges faster for smaller cut-off frequencies where the
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FIG. 6. Decay rates for the vibrational spectral densities
with Gaussian (solid lines) and log-normal (dashed lines) cut-
offs as function of TV , calculated with N∗ = 2 in the trun-
cated spectral density. The reorganisation energy is varied by
colour, with values λ = 10−4 (blue), λ = 10−3 eV (orange)
and λ = 10−2 eV (red). Other parameters: ωc = 0.2 eV,
TO = 6000 K, δ′ = 1 eV.

phonon propagator decays quickly but still offers accu-
rate calculations far outside of this regime. The required
truncated mode expansion is different for zero or infinite
vibrational temperature. However, we have shown that
even for kBTV much larger than the vibrational mode
energies, the zero temperature expansion converges for
fewer modes in the truncation. This result will be useful
whenever polaron theory is applied to systems interact-

ing with optical baths so that the non-additive physics
of systems weakly coupled to optical baths and strongly
coupled to vibrational baths is captured. This is partic-
ularly true when one wishes to use vibrational spectral
densities for which φ(t) cannot be calculated analytically
where the only alternative is a difficult numerical inte-
gration of the PRF.

As well as providing an easily computed solution, the
finite truncated spectral density J ′V provides physical in-
sight into the full spectral density, JV , one wishes to
model. When a single mode truncation is effective, the
vibrational interaction is equivalent to a single mode of
Huang-Rhys parameter S′1 = λ2/AV and energy ω′1 =
AV /λ, which easily allows one to determine a charac-
teristic coupling strength and energy scale for the full
vibrational bath. This is then useful, for example, for
determining when finite vibrational temperature effects
become important: this is when kBTV ∼ ω′1. The same
is true for an N∗ > 1 truncation, only that the bath
has more than one characteristic energy and coupling
strength.
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[3] A. Fruchtman, R. Gómez-Bombarelli, B. W. Lovett, and
E. M. Gauger. Photocell optimization using dark state
protection. Physical review letters, 117(20):203603, 2016.

[4] Z. Hu, G. S. Engel, F. H. Alharbi, and S. Kais. Dark
states and delocalization: Competing effects of quantum
coherence on the efficiency of light harvesting systems.
The Journal of chemical physics, 148(6):064304, 2018.

[5] N. Killoran, S. F. Huelga, and M. B. Plenio. Enhancing
light-harvesting power with coherent vibrational interac-
tions: A quantum heat engine picture. The Journal of
chemical physics, 143(15):10B614 1, 2015.

[6] D. Gelbwaser-Klimovsky and A. Aspuru-Guzik. On ther-
modynamic inconsistencies in several photosynthetic and
solar cell models and how to fix them. Chemical science,
8(2):1008–1014, 2017.

[7] C. Creatore, M. A. Parker, S. Emmott, and A. W.

Chin. Efficient biologically inspired photocell enhanced
by delocalized quantum states. Physical review letters,
111(25):253601, 2013.

[8] K. E. Dorfman, D. V. Voronine, S. Mukamel, and M. O.
Scully. Photosynthetic reaction center as a quantum heat
engine. Proceedings of the National Academy of Sciences,
110(8):2746–2751, 2013.

[9] M. Wertnik, A. Chin, F. Nori, and N. Lambert. Optimiz-
ing co-operative multi-environment dynamics in a dark-
state-enhanced photosynthetic heat engine. The Journal
of Chemical Physics, 149(8):084112, 2018.

[10] S. Tomasi, D. M. Rouse, E. M. Gauger, B. W. Lovett,
and I. Kassal. Environmentally improved coherent light
harvesting. The Journal of Physical Chemistry Letters,
12(26):6143–6151, 2021.

[11] S. Tomasi and I. Kassal. Classification of coherent en-
hancements of light-harvesting processes. The journal of
physical chemistry letters, 11(6):2348–2355, 2020.

[12] S. Tomasi, S. Baghbanzadeh, S. Rahimi-Keshari, and
I. Kassal. Coherent and controllable enhancement
of light-harvesting efficiency. Physical Review A,
100(4):043411, 2019.

[13] R. H. Dicke. Coherence in spontaneous radiation pro-
cesses. Physical review, 93(1):99, 1954.

[14] J. del Pino, J. Feist, and F. J. Garcia-Vidal. Quantum



11

theory of collective strong coupling of molecular vibra-
tions with a microcavity mode. New Journal of Physics,
17(5):053040, 2015.

[15] K. Higgins, S. Benjamin, T. Stace, G. Milburn, B. W.
Lovett, and E. Gauger. Superabsorption of light via
quantum engineering. Nature communications, 5(1):1–
7, 2014.

[16] W. M. Brown and E. M. Gauger. Light harvest-
ing with guide-slide superabsorbing condensed-matter
nanostructures. The journal of physical chemistry let-
ters, 10(15):4323–4329, 2019.

[17] K. D. B. Higgins, B. W. Lovett, and E. M. Gauger.
Quantum-enhanced capture of photons using optical
ratchet states. The Journal of Physical Chemistry C,
121(38):20714–20719, 2017.

[18] A. Nazir and D. P. McCutcheon. Modelling exciton–
phonon interactions in optically driven quantum dots.
Journal of Physics: Condensed Matter, 28(10):103002,
2016.

[19] C. Gies, J. Wiersig, M. Lorke, and F. Jahnke. Semicon-
ductor model for quantum-dot-based microcavity lasers.
Physical Review A, 75(1):013803, 2007.

[20] E. M. Weig, R. H. Blick, T. Brandes, J. Kirschbaum,
W. Wegscheider, M. Bichler, and J. P. Kotthaus. Single-
electron-phonon interaction in a suspended quantum dot
phonon cavity. Physical review letters, 92(4):046804,
2004.

[21] S. Maier, T. Schmidt, and A. Komnik. Charge
transfer statistics of a molecular quantum dot with
strong electron-phonon interaction. Physical Review B,
83(8):085401, 2011.

[22] P. Kok and B. W. Lovett. Introduction to optical quan-
tum information processing. Cambridge university press,
2010.

[23] C. Clear, R. C. Schofield, K. D. Major, J. Iles-Smith,
A. S. Clark, and D. P. McCutcheon. Phonon-induced
optical dephasing in single organic molecules. Physical
review letters, 124(15):153602, 2020.

[24] K. B. Arnardottir, A. J. Moilanen, A. Strashko,
P. Törmä, and J. Keeling. Multimode organic polariton
lasing. Physical Review Letters, 125(23):233603, 2020.

[25] H. Maguire, J. Iles-Smith, and A. Nazir. Environmen-
tal nonadditivity and Franck-Condon physics in nonequi-
librium quantum systems. Physical Review Letters,
123(9):093601, 2019.

[26] D. Gribben, D. M. Rouse, J. Iles-Smith, A. Strathearn,
M. Maguire, P. Kirton, E. M. Nazir, A Gauger, and
B. W. Lovett. Exact dynamics of non-additive en-
vironments in non-Markovian open quantum systems,
arXiv:2109.08442, 2021.

[27] E. V. Denning, M. Bundgaard-Nielsen, and J. Mørk.
Optical signatures of electron-phonon decoupling due
to strong light-matter interactions. Physical Review B,
102(23):235303, 2020.

[28] M. Bundgaard-Nielsen, J. Mørk, and E. V. Denning.
Non-Markovian perturbation theories for phonon ef-
fects in strong-coupling cavity quantum electrodynamics.
Physical Review B, 103(23):235309, 2021.

[29] D. P. McCutcheon, N. S. Dattani, E. M. Gauger, B. W.
Lovett, and A. Nazir. A general approach to quantum
dynamics using a variational master equation: Applica-
tion to phonon-damped Rabi rotations in quantum dots.
Physical Review B, 84(8):081305, 2011.

[30] M. Qin, H. Shen, X. Zhao, and X. Yi. Effects of system-

bath coupling on a photosynthetic heat engine: A po-
laron master-equation approach. Physical Review A,
96(1):012125, 2017.

[31] F. A. Pollock, D. P. McCutcheon, B. W. Lovett, E. M.
Gauger, and A. Nazir. A multi-site variational master
equation approach to dissipative energy transfer. New
Journal of Physics, 15(7):075018, 2013.

[32] D. M. Rouse, E. M. Gauger, and B. W. Lovett. Optimal
power generation using dark states in dimers strongly
coupled to their environment. New Journal of Physics,
21(6):063025, 2019.

[33] D. Scerri, T. S. Santana, B. D. Gerardot, and E. M.
Gauger. Method of images applied to driven solid-state
emitters. Physical Review B, 95(16):165403, 2017.

[34] A. Nazir. Correlation-dependent coherent to incoherent
transitions in resonant energy transfer dynamics. Physi-
cal Review Letters, 103(14):146404, 2009.

[35] S. Hughes, P. Yao, F. Milde, A. Knorr, D. Dalacu,
K. Mnaymneh, V. Sazonova, P. Poole, G. Aers, J. La-
pointe, et al. Influence of electron-acoustic phonon scat-
tering on off-resonant cavity feeding within a strongly
coupled quantum-dot cavity system. Physical Review B,
83(16):165313, 2011.

[36] S. Hughes, A. Settineri, S. Savasta, and F. Nori. Reso-
nant Raman scattering of single molecules under strong
cavity coupling and ultrastrong optomechanical cou-
pling: dissipation and phonon-dressed polaritons. arXiv
preprint arXiv:2103.08670, 2021.

[37] S. Restrepo, J. Cerrillo, V. M. Bastidas, D. G. Ange-
lakis, and T. Brandes. Driven open quantum systems
and Floquet stroboscopic dynamics. Physical review let-
ters, 117(25):250401, 2016.

[38] R. Manson, K. Roy-Choudhury, and S. Hughes. Polaron
master equation theory of pulse-driven phonon-assisted
population inversion and single-photon emission from
quantum-dot excitons. Physical Review B, 93(15):155423,
2016.

[39] C. Roy and S. Hughes. Phonon-dressed mollow triplet
in the regime of cavity quantum electrodynamics:
excitation-induced dephasing and nonperturbative cavity
feeding effects. Physical review letters, 106(24):247403,
2011.

[40] C. Gustin and S. Hughes. Influence of electron-phonon
scattering for an on-demand quantum dot single-photon
source using cavity-assisted adiabatic passage. Physical
Review B, 96(8):085305, 2017.

[41] G. D. Mahan. Many-particle physics. Springer Science &
Business Media, 2013.

[42] D. Xu and J. Cao. Non-canonical distribution and non-
equilibrium transport beyond weak system-bath coupling
regime: A polaron transformation approach. Frontiers of
Physics, 11(4):110308, 2016.

[43] H. J. Carmichael. Statistical methods in quantum optics
2: Non-classical fields. Springer Science & Business Me-
dia, 2009.

[44] H.-P. Breuer, F. Petruccione, et al. The theory of open
quantum systems. Oxford University Press on Demand,
2002.

[45] J. K. Sowa, J. A. Mol, G. A. D. Briggs, and E. M. Gauger.
Beyond Marcus theory and the Landauer-Büttiker ap-
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