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Variations on the Post Correspondence Problem
for Free Groups?

Laura Ciobanu �[0000−0002−9451−1471] and Alan D. Logan[0000−0003−1767−6798]

Heriot-Watt University, Edinburgh EH14 4AS, Scotland
{L.Ciobanu, A.Logan}@hw.ac.uk

Abstract. The Post Correspondence Problem is a classical decision
problem about equalisers of free monoid homomorphisms. We prove con-
nections between several variations of this classical problem, but in the
setting of free groups and free group homomorphisms. Among other re-
sults, and working under certain injectivity assumptions, we prove that
computing the rank of the equaliser of a pair of free group homomor-
phisms can be applied to computing a basis of this equaliser, and also to
solve the “generalised” Post Correspondence Problem for free groups.

Keywords: Post Correspondence Problem, free group, rational con-
straint.

1 Introduction

In this article we connect several variations of the classical Post Correspondence
Problem in the setting of free groups. The problems we consider have been
open since the 1980s, and understanding how they relate and compare to their
analogues in free monoids could bring us closer to their resolution. All problems
are defined in Table 1, while their status in free groups and monoids is given in
Table 2. However, three of these problems deserve proper introductions.

We first consider the Post Correspondence Problem (PCP) for free groups.
This is analogous to the classical Post Correspondence Problem, which is about
free monoids rather than free groups and has numerous applications in mathe-
matics and computer science [11]. The PCP for other classes of groups has been
successfully studied (see for example [17, Theorem 5.8]), but it remains open for
free groups, where it is defined as follows. Let Σ and ∆ be two alphabets, let
g, h : F (Σ) → F (∆) be two group homomorphisms from the free group over Σ
to the free group over ∆, and store this data in a four-tuple I = (Σ,∆, g, h),
called an instance of the PCP. The PCP is the decision problem:

Given I = (Σ,∆, g, h), is there x ∈ F (Σ) \ {1} such that g(x) = h(x)?

That is, if we consider the equaliser Eq(g, h) = {x ∈ F (Σ) | g(x) = h(x)}
of g and h, which is a subgroup of F (Σ), the PCP asks if Eq(g, h) is non-
trivial. Determining the decidability of this problem is an important question [6,
Problem 5.1.4] [17, Section 1.4].

? Work supported by EPSRC grant EP/R035814/1.
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Our second problem asks not just about the triviality of Eq(g, h), but for
a finite description of it. We write PCPinj (see Table 1) for the PCP with at
least one map injective, in which case the subgroup Eq(g, h) is finitely gener-
ated [10] and a finite description relates to bases (as defined in Section 2): The
Basis Problem (BP) takes as input an instance I = (Σ,∆, g, h) of the PCPinj

and outputs a basis for Eq(g, h). In Section 8 we show that the BP is equivalent
to the Rank Problem (RP), which seeks the number of elements in a basis, and
was asked by Stallings in 1984. Recent results settle the BP for certain classes
of free group maps [2–4,8], but despite this progress its solubility remains open
in general. The analogous problem for free monoids, which we call the Algorith-
mic Equaliser Problem (AEP) (see [4, page 2]) because it aims to describe the
equaliser in terms of automata rather than bases, is insoluble [14, Theorem 5.2].

Our third problem is the generalised Post Correspondence Problem (GPCP),
which is an important generalisation of the PCP for both free groups and
monoids from 1982 [7]. For group homomorphisms g, h : F (Σ) → F (∆) and
fixed elements u1, u2, v1, v2 of F (∆), an instance of the GPCP is an 8-tuple
IGPCP = (Σ,∆, g, h, u1, u2, v1, v2) and the GPCP itself is the decision problem:

Given IGPCP = (Σ,∆, g, h, u1, u2, v1, v2),

is there x ∈ F (Σ) \ {1} such that u1g(x)u2 = v1h(x)v2?

Table 1: Summary of certain decision problems related to the PCP

Fixed: finite alphabets Σ and ∆ and free groups F (Σ), F (∆).
Problems Input: homomorphisms g, h : F (Σ)→ F (∆)
(for free groups)

Additional input for GPCP: u1, u2, v1, v2 ∈ F (∆)
Additional input for PCPR: rational set R ⊆ F (Σ)
Additional input for PCPEL: a, b ∈ Σ±1, Ω ⊂ Σ
Is it decidable whether:

PCP there exists x ∈ F (Σ) \ {1} s.t. g(x) = h(x)?
GPCP there exists x ∈ F (Σ) \ {1} s.t. u1g(x)u2 = v1h(x)v2?
PCPR there exists x 6= 1 in R s.t. g(x) = h(x)?
PCPEL there exists x ∈ F (Σ) \ {1} s.t. g(x) = h(x) and

x decomposes as a freely reduced word ayb for some y ∈ F (Ω)

PCP(¬ inj,¬ inj) PCP with neither g, nor h injective

PCP(¬ inj,inj) PCP with exactly one of g, h injective

PCP(inj,inj) PCP with both g, h injective

PCPinj PCP(¬ inj,inj) ∪PCP(inj,inj) (i.e. PCP with at least one of g, h injective)
PCPCI PCP with g, h s.t. g(y) 6= u−1h(y)u for all u ∈ F (∆), y ∈ F (Σ) \ {1}
PCPinj +CI PCPinj ∩PCPCI

PCP(n) PCP(n) for alphabet size |Σ| = n

variants for
GPCP & PCPEL

GPCPinj, PCPinj
EL, GPCPinj +CI, GPCP(n), PCPEL(n), etc.

analogue to PCP variants

For free monoids, the PCP is equivalent to the GPCP [11, Theorem 8]. The
corresponding connection for free groups is more complicated, and explaining
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this connection is the main motivation of this article. In particular, the GPCP
for free groups is known to be undecidable [17, Corollary 4.2] but this proof does
not imply that the PCP for free groups is undecidable (because of injectivity
issues; see Section 3). In Theorem 4 we connect the PCP with the GPCP via a
sequence of implications, and require at least one map to be injective.

Main theorem Theorem A summarises the connections established in this
paper (arrows are labeled by the section numbers where the implications are
proven), and Section 9 brings all the results together. Given two algorithmic
problems P and Q, we write P =⇒ Q to mean that Q is Turing reducible to P
(that is, if we can solve P then we can solve Q). Note that asking for both maps
to be injective refines the results in this theorem, as does restricting the size of
the source alphabet Σ (see Theorem 9). All our result are for finitely generated
free groups, which we abbreviate to f.g. free groups.

Theorem A (Theorem 9) The following implications hold in f.g free groups.

Rank Problem (RP)

Basis Problem (BP) GPCPinj PCP GPCPinj +CI

PCPinj
R

6

4

8

6 7.2

Establishing the decidability of Stallings’ Rank Problem is thus of central
importance, as the chain RP⇒ GPCPinj ⇒ PCP obtained above would lead to
the decidability of the PCP.

Rational constraints The proof of the implication BP ⇒ GPCPinj above
uses the PCPinj with a certain rational constraint, namely the problem PCPinj

EL
(see Table 1). The relationship between the GPCP and the PCPEL still holds if
neither map is injective. As the GPCP for free groups is undecidable in general,
this connection yields Theorem B, which specifies a rational constraint R such
that the PCPR is undecidable.

Theorem B (Theorem 3) The PCPEL is undecidable in f.g. free groups.

Random homomorphisms and generic behaviour. A different perspective
on the PCP and its variations is to consider the behaviour of these problems
when the pairs of homomorphisms are picked randomly (while the two alphabets
Σ = {x1, . . . , xm} and∆, and ambient free groups F (Σ) and F (∆) remain fixed).
Any map is completely determined by how it acts on the generators, and so
picking g and h randomly is to be interpreted as picking (g(x1), . . . , g(xm)) and
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(h(x1), . . . , h(xm)) as random tuples of words in F (∆) (see Section 7 for details).
There is a vast literature (see for example [13]) on the types of objects and
behaviours which appear with probability 1, called generic, in infinite groups. In
this spirit, the generic PCP refers to the PCP applied to a generic set (of pairs)
of maps, that is, a set of measure 1 in the set of all (pairs of) homomorphisms,
and we say that the generic PCP is decidable if the PCP is decidable for ‘almost
all’ instances, that is, for a set of measure 1 of pairs of homomorphisms.

In Section 7 we describe the setup used to count pairs of map and compute
probabilities, and show that among all pairs of homomorphisms g, h, the property
of being conjugacy inequivalent (that is, for every u ∈ F (∆) there is no x 6= 1
in F (Σ) such that g(x) = u−1h(x)u; defined in Table 1 as PCPCI) occurs with
probability 1; that is, conjugacy inequivalent maps are generic. This follows from
the fact that ‘most’ pairs of maps are injective and conjugacy inequivalent:

Theorem C (Theorem 5) With probability 1, an arbitrary pair of homomor-
phisms consists of injective homomorphisms that are conjugacy inequivalent.
That is, instances of the PCPinj +CI are generic instances of the PCP.

Theorem C shows that the implication PCP ⇒ GPCPinj +CI in Theorem A
is the generic setting, and hence for ‘almost all maps’ we have PCP⇔ GPCP.

We conclude the introduction with a summary of the status of the PCP and
its variations for free monoids and groups. We aim to study the computational
complexity of these problems and how this complexity behaves with respect to
the implications proved in this paper in future work.

Table 2: Status of results for free monoids and free groups

Problems In free monoids References In free groups References
for free monoids for free groups

general PCP undecidable [19] unknown [4]
general AEP /BP undecidable [14, Theorem 5.2] unknown [4]

PCP(¬ inj,¬ inj) undecidable [19] decidable Lemma 1
PCPinj undecidable [15] unknown
GPCP undecidable [11, Theorem 8] undecidable [17, Corollary 4.2]

GPCP(¬ inj,¬ inj) undecidable [11, Theorem 8] undecidable Lemma 2
GPCPinj undecidable [15] unknown
GPCPinj +CI N/A unknown
PCPR undecidable [19] undecidable Theorem B
PCPinj +CI N/A unknown
generic PCP decidable [9, Theorem 4.4] decidable [5]

2 Free group preliminaries

For an alphabet Σ, let Σ−1 be the set of formal inverses of Σ, and write Σ±1 =
Σ ∪Σ−1. For example, if Σ = {a, b} then Σ±1 = {a, b, a−1, b−1}.
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We denote the free group with finite generating set Σ by F (Σ), and view
it as the set of all freely reduced words over Σ±1, that is, words not containing
xx−1 or x−1x as subwords, where x ∈ Σ±1, together with the operations of
concatenation and free reduction (that is, the removal of any xx−1 that might
occur when concatenating two words). If S ⊂ F (Σ) is a set in the free group,
then 〈S〉 denotes the subgroup generated by S, which is the minimal subgroup
of F (Σ) containing S (equivalently, it is the subgroup of F (Σ) consisting of
elements corresponding to words over S±1). If S has minimal cardinality among
all generating sets of 〈S〉 then S is a basis for 〈S〉, and |S| is the rank of 〈S〉,
written rk(〈S〉); in particular, Σ is a basis for F (Σ) and rk(F (Σ)) = |Σ|. We
will often use the fact that a homomorphism f : F (Σ) → F (∆) is injective if
and only if the image Im(f) has rank |Σ| as a subgroup of F (∆).

The above definition of free groups is similar to the definition of the free
monoid Σ∗ as words over Σ under concatenation. However, the presence of
inverse elements is an important difference and gives rise to specific notation:
If u, v ∈ F (Σ) then vu denotes the element u−1vu, and we say that v and vu

are conjugate, while if H ⊆ F (Σ) then Hu denotes the set {xu | x ∈ H}. If
u, v ∈ F (Σ) then we write [u, v] := u−1v−1uv for their commutator.

3 Non-injective Maps: PCP(¬ inj,¬ inj) and GPCP(¬ inj,¬ inj)

The PCP for non-injective maps We first prove that the PCP(¬ inj,¬ inj) is
trivially decidable, with the answer always being “yes”.

Lemma 1. If g, h : F (Σ)→ F (∆) are both non-injective homomorphisms then
Eq(g, h) is non-trivial.

Proof. We prove that ker(g) ∩ ker(h) is non-trivial, which is sufficient. Let u ∈
ker(g) and v ∈ ker(h) be non-trivial elements. If 〈u, v〉 ∼= Z = 〈x〉, there exist
integers k, l such that u = xk and v = xl. Then g(xkl) = 1 = h(xkl) so xkl ∈
ker(g) ∩ ker(h) with xkl non-trivial, as required. If 〈u, v〉 � Z then g([u, v]) =
1 = h([u, v]), so [u, v] ∈ ker(g) ∩ ker(h) with [u, v] non-trivial, as required. ut

As we can algorithmically determine if a free group homomorphism is injec-
tive (e.g. via Stallings’ foldings), Lemma 1 gives us that PCP⇔ PCPinj for fixed
alphabet sizes:

Proposition 1. PCP(n) ⇐⇒ PCPinj(n)

The GPCP for non-injective maps Myasnikov, Nikolaev and Ushakov de-
fined the PCP and GPCP for general groups in [17]. Due to this more general
setting their formulation is slightly different to ours but, from a decidability
point of view, the problems are equivalent for free groups. They proved that the
GPCP is undecidable for free groups; however, from their proof we observe that
it assumes both maps are non-injective. Therefore, GPCPinj remains open.
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Lemma 2. The GPCP(¬ inj,¬ inj) is undecidable.

Proof. Let H be a group with undecidable word problem and let 〈x | r〉 be a
finite presentation of H. Let ∆ := x, and let F (Σ) have basis

Σ := {(x, x−1) | x ∈ x}∪{(x−1, x) | x ∈ x}∪{(R, 1) | R ∈ r}∪{(R−1, 1) | R ∈ r}.

Define maps g : (p, q) 7→ p and h : (p, q) 7→ q for (p, q) ∈ Σ. Neither g nor h is
injective as the product (x, x−1)(x−1, x) ∈ F (Σ) is in the kernel of both g and

h. Taking w ∈ F (∆), the instance (Σ,∆, g, h, w, 1, 1, 1) of the GPCP(¬ inj,¬ inj)

has a solution if and only if the word w defines the identity of H [17, Proof of
Proposition 4.1]. The result now follows as H has undecidable word problem. ut

4 The PCP under Rational Constraints: PCPR

For an alphabet A, a language L ⊆ A∗ is regular if there exists some finite state
automaton over A which accepts exactly the words in L. Let π : (Σ±1)∗ → F (Σ)
be the natural projection that maps any word over Σ±1 to the corresponding
element in the free group F (Σ). A subset R ⊆ F (Σ) is rational if R = π(L) for
some regular language L ⊆ (Σ±1)∗.

In this section we consider the PCPinj
R , which is the PCPinj subject to a

rational constraint R (see Table 1). We prove that the PCPinj
R under any rational

constraint R can be solved via the Basis Problem (BP) (so BP⇒ PCPinj
R from

Theorem A). In Section 5 we apply this to prove BP⇒ GPCPinj from Theorem

A, as the PCPinj
EL is simply the PCPinj under a specific rational constraint.

Our results here, as in much of the rest of the paper, are broken down in
terms of injectivity, and also alphabet sizes; see Table 1. Understanding for
which sizes of alphabet Σ the classical Post Correspondence Problem is decid-
able/undecidable is an important research theme [7,11,18].

Theorem 1. The following implications hold in f.g. free groups.

1. BP(¬ inj,inj)(n) =⇒ PCP
(¬ inj,inj)
R (n)

2. BP(inj,inj)(n) =⇒ PCP
(inj,inj)
R (n)

Proof. Let g, h be homomorphisms from F (Σ) to F (∆) such that at least one
of them is injective. Their equaliser Eq(g, h) is a finitely generated subgroup of
F (Σ) [10], so Eq(g, h) is a rational set (see for example Section 3.1 in [1]).

By assumption the Basis Problem is soluble, so we can compute a basis for
Eq(g, h). This is equivalent to finding a finite state automaton A (called a “core
graph” in the literature on free groups; see [12]) that accepts the set Eq(g, h).

Let R be a rational set in F (Σ). The PCPR for g and h is equivalent to de-
termining if there exists any non-trivial x ∈ R∩Eq(g, h). Since the intersection
of two rational sets is rational, and an automaton recognising this intersection
is computable by the standard product construction of automata, one can de-
termine whether R∩ Eq(g, h) is trivial or not, and thus solve PCPR. ut

In the next section we consider the PCPEL, which is the PCP under a certain
rational constraint, and so is a specific case of PCPR.
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5 The GPCP and Extreme-letter Restrictions

In this section we connect the GPCP and the PCPEL, as defined in Table 1. This
connection underlies Theorem B, as well as the implications BP⇒ GPCPinj and
PCP⇒ GPCPinj +CI in Theorem A.

Connecting the GPCP and the PCP. We start with an instance IGPCP =
(Σ,∆, g, h, u1, u2, v1, v2) of the GPCP and consider the instance

IPCP = (Σ t {B,E}, ∆ t {B,E,#}, g′, h′)

of the PCP, where g′ and h′ are defined as follows.

g′(z) :=


#−1g(z)# if z ∈ Σ
B#u1# if z = B

#−1u2#E if z = E

h′(z) :=


#h(z)#−1 if z ∈ Σ
B#v1#−1 if z = B

#v2#E if z = E

Injectivity is preserved by this construction as rk(Im(g′)) = rk(Im(g)) + 2
(see Section 2 for the connection between injectivity and rank): this can be seen
via Stallings’ foldings [12], or directly by noting that the image of g′ restricted
to F (Σ) is isomorphic to Im(g), that B only occurs in g′(d) and E only occurs in
g′(e). Analogously, h′ is an injection if and only if h is, as again rk(Im(h)) + 2 =
rk(Im(h′)). Thus we get:

Lemma 3. The map g′ is injective if and only if g is, and the map h′ is injective
if and only if h is.

We now connect the solutions of IGPCP to those of IPCP.

Lemma 4. A word y ∈ F (Σ) is a solution to IGPCP if and only if the word
‘ByE’ is a solution to IPCP.

Proof. Starting with y being a solution to IGPCP, we obtain the following se-
quence of equivalent identities:

u1g(y)u2 = v1h(y)v2

B#(u1g(y)u2)#E = B#(v1h(y)v2)#E

B#u1# ·#−1g(y)# ·#−1u2#E = B#v1#−1 ·#h(y)#−1 ·#v2#E

g′(B)g′(y)g′(E) = h′(B)h′(y)h′(E)

g′(ByE) = h′(ByE).

Therefore ByE is a solution to IPCP, so the claimed equivalence follows. ut

We now have that PCPinj
EL(n+ 2) =⇒ GPCPinj(n).

Theorem 2. The following implications hold in f.g. free groups.
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1. PCP
(¬ inj,inj)
EL (n+ 2) =⇒ GPCP(¬ inj,inj)(n)

2. PCP
(inj,inj)
EL (n+ 2) =⇒ GPCP(inj,inj)(n)

Proof. Let IGPCP be an instance of the GPCPinj, and construct from it the
instance IPCPEL = (Σ t {B,E}, ∆ t {B,E,#}, g′, h′, B,Σ,E) of the PCPEL,
which is the instance IPCP defined above under the constraint that solutions
have the form ByE for some y ∈ F (Σ).

By Lemma 3, IPCPEL is an instance of the PCP
(¬ inj,inj)
EL (n+ 2) if and only if

IGPCP is an instance of GPCP(¬ inj,inj)(n), and similarly for PCP
(inj,inj)
EL (n + 2)

and GPCP(inj,inj)(n). The result then follows from Lemma 4. ut

The above does not prove that PCPinj ⇔ GPCPinj, because IPCP might
have solutions of the form BxB−1 or E−1xE. For example, if we let IGPCP =
({a}, {a, c, d}, g, h, c, ε, ε, d) with g(a) = a and h(a) = cac−1, then there is no
x ∈ F (a) such that cg(a) = h(a)d, but defining g′, h′ as above then BaB−1 ∈
Eq(g′, h′). In Section 7.2 we consider maps where such solutions are impossible,
and there the equivalence PCPinj ⇔ GPCPinj does hold.

Undecidability of PCPEL The link between the GPCP and PCPEL yields
the following theorem, which immediately implies Theorem B.

Theorem 3 (Theorem B). PCP
(¬ inj,¬ inj)
EL is undecidable in f.g. free groups.

Proof. We have PCP
(¬ inj,¬ inj)
EL ⇒ GPCP(¬ inj,¬ inj) by Lemmas 3 and 4. The

result follows as GPCP(¬ inj,¬ inj) is undecidable by Lemma 2. ut

6 Main Results, part 1

Here we combine results from the previous sections to prove certain of the im-
plications in Theorem A. The implications we prove refine Theorem A, as they
additionally contain information on alphabet sizes and on injectivity.

Theorem 4. The following implications hold in f.g. free groups.

1. BP(¬ inj,inj)(n+ 2) =⇒ GPCP(¬ inj,inj)(n) =⇒ PCP(¬ inj,inj)(n)

2. BP(inj,inj)(n+ 2) =⇒ GPCP(inj,inj)(n) =⇒ PCP(inj,inj)(n)

Proof. As PCP
(¬ inj,inj)
EL is an instance of the PCPinj under a rational constraint,

Theorem 1 gives us that BP(¬ inj,inj)(n+2)⇒ PCP
(¬ inj,inj)
EL (n+2), while Theorem

2 gives us that PCP
(¬ inj,inj)
EL (n + 2) ⇒ GPCP(¬ inj,inj)(n), and the implication

GPCP(¬ inj,inj)(n) ⇒ PCP(¬ inj,inj)(n) is obvious as instances of the PCP are
instances of the GPCP but with empty constants ui, vi. Sequence (1), with one
map injective, therefore holds, while the proof of sequence (2) is identical. ut

Removing the injectivity assumptions gives the following corollary; the im-
plications BP⇒ GPCPinj ⇒ PCP of Theorem A follow immediately.
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Corollary 1. BP(n+ 2) =⇒ GPCPinj(n) =⇒ PCP(n)

Proof. Theorem 4 gives that BP(n + 2) ⇒ GPCPinj(n) ⇒ PCPinj(n), while
PCP(n)⇔ PCPinj(n) by Proposition 1. ut

7 Conjugacy Inequivalent Maps: PCPCI and PCPinj+CI

In this section we prove genericity results and give conditions under which the
PCP implies the GPCP. In particular, we prove Theorem C, and we prove the
implication PCP⇒ GPCPinj +CI from Theorem A.

A pair of maps g, h : F (Σ)→ F (∆) is said to be conjugacy inequivalent if for
every u ∈ F (∆) there does not exist any non-trivial x ∈ F (Σ) such that g(x) =
u−1h(x)u (see Table 1). For example, if the images of g, h : F (Σ) → F (∆) are
conjugacy separated, that is, if Im(g)∩u−1 Im(h)u is trivial for all u ∈ F (∆), then
g and h are conjugacy inequivalent. We write PCPinj +CI/GPCPinj +CI for those
instances of the GPCPinj/PCPinj where the maps are conjugacy inequivalent.

7.1 Random Maps and Genericity

Here we show that among all pairs of homomorphisms g, h : F (Σ) → F (∆),
the property of being conjugacy inequivalent occurs with probability 1; that is,
conjugacy inequivalent maps are generic. In fact, a stronger result holds: injective
conjugacy inequivalent maps are already generic, as we show below.

Theorem 5 (Theorem C). With probability 1, an arbitrary pair of maps con-
sists of injective maps that are conjugacy inequivalent. That is, instances of the
PCPinj +CI are generic instances of the PCP.

Before we prove the theorem, we need to describe the way in which proba-
bilities are computed. We consider maps sending generators to words of length
≤ n, and consider asympotics as n → ∞. Formally: Fix the two alphabets
Σ = {x1, . . . , xm} and ∆ = {y1, . . . , yk}, m, k ≥ 2, and ambient free groups
F (Σ) and F (∆), and pick g and h randomly by choosing (g(x1), . . . , g(xm))
and (h(x1), . . . , h(xm)) independently at random, as tuples of words of length
bounded by n in F (∆). If P is a property of tuples (or subgroups) of F (∆),
we say that generically many tuples (or finitely generated subgroups) of F (∆)
satisfy P if the proportion of m-tuples of words of length ≤ n in F (∆) which
satisfy P (or generate a subgroup satisfying P), among all possible m-tuples of
words of length ≤ n, tends to 1 when n tends to infinity.

Proof. Let n > 0 be an integer, and let (a1, . . . , am) and (b1, . . . , bm) be two
tuples of words in F (Σ) satisfying length inequalities |ai| ≤ n and |bi| ≤ n for
all i. We let the maps g, h : F (Σ)→ F (∆) that are part of an instance of PCP be
defined as g(xi) = ai and h(xi) = bi, and note that the images Im(g) and Im(h)
in F (∆) are subgroups generated by (a1, . . . , am) and (b1, . . . , bm), respectively.

We claim that among all 2m-tuples (a1, . . . , am, b1, . . . , bm) with |ai|, |bi| ≤
n, a proportion of them tending to 1 as n → ∞ satisfy (1) the subgroups
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L = 〈a1, . . . , am〉 and K = 〈b1, . . . , bm〉 are both of rank m, and (2) for ev-
ery u ∈ F (∆) we have Lu ∩ K = {1}. Claim (1) is equivalent to g, h be-
ing generically injective, and follows from [16], while claim (2) is equivalent
to Im(g)u ∩ Im(h) = {1} for every u ∈ F (∆), which implies g and h are generi-
cally conjugacy separated, and follows from [5, Theorem 1]. More specifically, [5,
Theorem 1] proves that for any tuple (a1, . . . , am), ‘almost all’ (precisely com-
puted) tuples (b1, . . . , bm), with |bi| ≤ n, give subgroups L = 〈a1, . . . , am〉 and
K = 〈b1, . . . , bm〉 with trivial pullback, that is, for every u ∈ F (∆), Ku∩L = {1}.
Going over all (a1, . . . , am) with |ai| ≤ n and counting the tuples (b1, . . . , bm)
(as in [5]) satisfying property (2) gives the genericity result for all 2m-tuples. ut

7.2 The GPCP for Conjugacy Inequivalent Maps

We now prove that the PCP implies the GPCPinj +CI and hence that, generi-
cally, the PCP implies the GPCP. Recall that if IGPCP is a specific instance of
the GPCP we can associate to it a specific instance IPCP = (Σ t {B,E}, ∆ t
{B,E,#}, g′, h′), as in Section 5. We start by classifying the solutions to IPCP.

Lemma 5. Let IGPCP be an instance of the GPCPinj, with associated instance
IPCP of the PCPinj. Every solution to IPCP is a product of solutions of the form
(BxE)±1, E−1xE and BxB−1, for x ∈ F (Σ).

We now have:

Theorem 6. Let IGPCP = (Σ,∆, g, h, u1, u2, v1, v2) be an instance of the GPCPinj,
such that there is no non-trivial x ∈ F (Σ) with u1g(x)u−11 = v1h(x)v−11 or
u−12 g(x)u2 = v−12 h(x)v2. Then IGPCP has a solution (possibly trivial) if and
only if the associated instance IPCP of the PCPinj has a non-trivial solution.

Proof. By Lemma 4, if IGPCP has a solution then IPCP has a non-trivial solution.
For the other direction, note that the assumptions in the theorem are equivalent
to IGPCP having no solutions of the form BxB−1 or E−1xE, and so by Lemma
5, every non-trivial solution to IGPCP has the form Bx1E · · ·BxnE for some
xi ∈ F (Σ). The BxiE subwords block this word off into chunks, and we see
that each such word is a solution to IPCP. By Lemma 4, each xi is a solution to
IGPCP. Hence, if IPCP has a non-trivial solution then IGPCP has a solution. ut

Theorem 6 depends both on the maps g and h and on the constants ui,
vi. The definition of conjugacy inequivalent maps implies that the conditions of
Theorem 6 hold always, independent of the ui, vi. We therefore have:

Theorem 7. The following implications hold in f.g. free groups.

1. PCP(¬ inj,inj)(n+ 2) =⇒ GPCP(¬ inj,inj)+CI(n)
2. PCP(inj,inj)(n+ 2) =⇒ GPCP(inj,inj)+CI(n)

Removing the injectivity assumptions gives the following corollary; the im-
plication PCP⇒ GPCPinj +CI of Theorem A follows immediately.

Corollary 2. PCP(n+ 2) =⇒ GPCPinj +CI(n)

Proof. Theorem 7 gives us that PCPinj(n + 2) ⇒ GPCPinj +CI(n), while the
PCP(n) and PCPinj(n) are equivalent by Proposition 1. ut
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8 The Basis Problem and Stallings’ Rank Problem

In this section we link the Basis Problem to Stallings’ Rank Problem. Clearly
the Basis Problem solves the Rank Problem, as the rank is simply the size of
the basis. We prove that these problems are equivalent, with Lemma 6 providing
the non-obvious direction of the equivalence. Combining this equivalence with
Corollary 1 gives: RP⇒ GPCPinj ⇒ PCP.

Lemma 6 is proven using the “derived graph” construction of Goldstein–
Turner [10].

Lemma 6. There exists an algorithm with input an instance I = (Σ,∆, g, h) of
the PCPinj and the rank rk(Eq(g, h)) of the equaliser of g and h, and output a
basis for Eq(g, h).

The following shows that Stallings’ Rank Problem is equivalent to the BP.

Theorem 8. The following implications hold in f.g. free groups.

1. BP(¬ inj,inj)(n) ⇐⇒ RP(¬ inj,inj)(n)
2. BP(inj,inj)(n) ⇐⇒ RP(inj,inj)(n)

Proof. Let IPCP be an instance of the PCPinj. As the rank of a free group is
precisely the size of some (hence any) basis for it, if we can compute a basis
for Eq(g, h) then we can compute the rank of Eq(g, h). On the other hand, by
Lemma 6 if we can compute the rank of Eq(g, h) then we can compute a basis
of Eq(g, h). ut

9 Main Results, part 2

We now combine results from the previous sections to the following result, from
which Theorem A follows immediately.

Theorem 9. The following implications hold in f.g. free groups.

RP(n+ 2)

BP(n+ 2) GPCPinj(n) PCP(n) GPCPinj +CI(n− 2)

PCPinj
R (n+ 2)

Proof. The proof is a summary of the results already established in the rest of
the paper, and we give a schematic version of it here.

RP(n+ 2)⇔ BP(n+ 2) holds by Theorem 8.

BP(n+ 2)⇒ PCPinj
R (n+ 2) holds by Theorem 1.

BP(n+ 2)⇒ GPCPinj(n)⇒ PCP(n) holds by Corollary 1.
PCP(n)⇒ GPCPinj +CI(n− 2) holds by Corollary 2. ut
Removing the GPCPinj(n)-term gives a different picture of alphabet sizes:

Theorem 10. BP(n+ 2) =⇒ PCP(n+ 2) =⇒ GPCPinj +CI(n)
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