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Institute of Geoenergy Engineering (IGE), Heriot-Watt University, Riccarton,
Edinburgh EH14 4AS, Scotland

1 Abstract

The 2D governing equations for the immiscible two-phase flow admissible to linear stability analysis
are inspected. The identification of the term vwsDδsiD in the generalized Saffman-Taylor criterion
is key to the analysis. It can be regarded as a predictor that correlates with observed immiscible
instability in terms of the rate of advancement of the viscous pattern, the number of small protru-
sions, and their roughness in a given heterogeneous domain described by a correlated random field.
The predictor is extended, heuristically, for polymer flooding shock-wise and used to characterize
the instability of the two shocks. The extension is validated by simulation. The instability of the
primary shock is essential when considering the breakthrough recovery. In light of the instability
predictor, the geometric interpretations of the fractional flow are essential to understand the sta-
bility enhancement of the primary shock over the Buckley-Leverett shock in water flooding.
It is also concluded that the end-point mobility ratio does not directly control the immiscible in-
stability. This conclusion was arrived at by fixing the end-point mobility ratios for three sets of
relative permeability curves, and yet noticeably different instabilities occur, both in transverse and
correlated random fields. The criterion can predict the viscous instability in the laboratory ex-
periments under certain flooding conditions and sample configurations. Concerning the instability
in a field scale, the predictor is applicable if the field is regarded as a prototype of a given model
experiment.

2 Introduction

The study of viscous instability phenomenon in miscible and immiscible flooding has gained an
increasing interest since 1950s. The term, viscous fingering in porous media, was coined by En-
gelberts and Klinkenberg (1951) after their first observation of such phenomenon. Subsequent
experimental and theoretical analyses of viscous instability or fingering have been extensive since
then, see for instance: Hill (1952); Meurs (1957); van Meurs and van der Poel (1958); Sheldon
(1960); Scheidegger (1960); Outmans (1962); Koval (1963); Todd and Longstaff (1972); Hagoort
(1974); Yortsos and Huang (1986); Yortsos (1987a,b); Homsy (1987); Chikhliwala and Yortsos
(1988); Fayers and Newley (1988); Saffman and Taylor (1988); Yortsos and Zeybek (1988); Yortsos
and Hickernell (1989); Yortsos (1990); Sorbie et al. (1995); Shokri et al. (2018); Bouquet et al.
(2019); Farajzadeh et al. (2015, 2019) and others.
A very major and recent direction in oil recovery has been the extensive use of polymer flooding in
viscous oil reservoirs, with viscosity ratios µr > 500 (Wassmuth et al., 2007; Asghari and Nakutnyy,
2008). Moreover, the screening criteria for this class of chemical Enhanced Oil Recovery (cEOR)
was reconsidered to include this type of reservoirs by Seright (2010). Recently, the application
of nanotechnology in EOR has opened new insights and opportunities. In the context of viscous
fingering, an emerging class of nanofluids namely polymer-coated nanoparticles (PNPs) has shown
the capability of reducing the viscous instability (ShamsiJazeyi et al., 2014). Recent application
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of the linear stability analysis in miscible flooding with the consideration of nanoparticles has val-
idated this finding (Sabet et al., 2017). Other classes have also emerged that are stable against
some harsh reservoir conditions (Al-Anssari et al., 2021). Other substantial applications of nan-
otechnology to foam, surfactant, miscible CO2 injections as well as CO2 sequestrations have been
well-reviewed (Eftekhari et al., 2015; Ali et al., 2015, 2017; Al-Anssari et al., 2018; Jha et al., 2019;
Haghighi et al., 2020; Al-Anssari et al., 2020).

Despite the numerous reviews that attempt to characterize the immiscible viscous instability in
heterogeneous systems, non of the proposed criteria seem to strongly correlate with the observed
instability. Hence, this article attempts to resolve this problem.
There are three primary objectives to be investigated in this article. First, is to establish a predictor
that correlates with the simulated immiscible instability in a given heterogeneous field. Then, to
extend the use of this criterion for polymer flooding. The geometric interpretation of the fractional
flow curves are crucial to understand how polymer flooding enhances the stability compared with
the water flooding when the viscosity ratio is altered. Last, to provide a proof by contradiction that
the end-point mobility ratio, Me, does not directly correlate with the simulated instability. The
direct association of the end-point mobility ratio with the instability is, to our knowledge, a major
misconception among many petroleum communities which require a resolution. Another prejudice
is related to the correlation between the shock mobility ratio, M(SwsD) and the instability, known
as the M-paradox which has been recently resolved by Sorbie et al. (2020).

Other secondary objectives are investigated. For instance, a comparative study is discussed between
the simulated instability and the results derived theoretically from the linear stability analysis.
This study is based on imposing perturbations on the initial water saturation for comparison.
Perturbations imposed on rock properties, i.e., porosity and permeability are briefly discussed, for
completeness.

3 Stability and Fractional Flow Analyses

3.1 Stability Analysis

In the context of Buckley-Leverett (BL) displacements, linear stability analysis addresses the nature
of the shock growth at the onset of injection. It is intuitive to observe that imposing small
sinusoidal perturbations transversely to the initial saturation may deform the shock sinusoidally.
This deformation will form protrusions, viscous fingers, that advance with a velocity higher than
that of the base (unperturbed) BL shock. The rate of advancement is sensitive mainly to the
viscosity ratio, among other secondary parameters. At the onset of instability, the growth rate, in
the dimensionless form, ωD is given by:

ωD = vwsDδsiDσD (3.1)

where vWsD and σD are the shock velocity and the wavenumber for the sinusoidal perturbations
respectively. From now on, a physical quantity with the subscript ‘D’ should be interpreted as
dimensionless whenever it is mentioned. The derivation of the growth rate from the governing flow
equations in the viscous limit is discussed in Appendix A. The function δsiD is defined by:

δsiD = δD(λsD, λiD) =
λsD − λiD
λsD + λiD

(3.2)

where λD = MeλwD +λoD, λsD and λiD are the total mobility, upstream and downstream total mo-
bilities evaluated at the shock respectively. The end-point mobility ratio is defined as Me = µrkrre
where µr = µo

µw
and krre =

korw
koro

are the viscosity and end-point relative permeability ratios respec-

tively. Equation (3.1) states that the growth rate depends on the shock velocity, the difference in
the upstream and downstream total mobilities at the shock and the wavenumber. At the contin-
uum scale, it encapsulates the effects of the two-phase hydrodynamics resembled in vwsDδsiD and
the heterogeneity structure in σD. Note that the form of heterogeneity considered by the analysis
is the transverse sinusoidal perturbations in the initial water saturation. The term vwsDδsiD can be
computed provided that the end-point mobility ratio and the phase mobility or normalized relative
permeability functions are known. The absolute phase viscosities, µw and µo are unimportant.
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Some remarks should to be made on Equation (3.1):

• It is a generalization of the Saffman-Taylor and Hagoort’s instability criteria (Yortsos and
Hickernell, 1989). In particular, Hagoort’s criterion is obtained by setting λiD = 1 when
SwiD = 0, i.e., the system is at residual water saturation Swr.

• Since vwsD and σD are always positive, it is adequate to rely on δsiD to give a direct judgement
on the stability or instability of the displacement. Negative δsiD indicates stable displacement
while a positive sign indicates unstable displacement. However, given unstable displacement,
the overall instability is influenced by vwsD and σD.

For a given analytic perturbation structure with a wavenumber σD, the instability depends on the
term vwsDδsiD. This motivates us to define the viscous instability predictor as:

εD = vwsDδsiD (3.3)

The predictor has the dimension of velocity. It is also proportional to the fingers velocity vfD
relative to the base shock. One main objective of this article is to demonstrate the correlation be-
tween the predictor and the observed instability in the heterogeneous domain defined by correlated
random field (CRF). Another objective is to address the sensitivity of the predictor to the viscosity
ratio. This is important from the application point of view since polymer flooding has been used
extensively in viscous oil reservoirs, µr > 500, for the past two decades (Wassmuth et al., 2007;
Asghari and Nakutnyy, 2008). This sensitivity is discussed in connection with the fractional flow
and relative permeability functions as in the following section.

3.2 Fractional Flow analysis

It is desirable to understand the impact of the viscosity ratio on the instability predictor for a given
set of relative permeability and fractional flow functions. Firstly, it is important to describe the
geometric properties of the fractional flow function with respect to the mobility ratio M(SwD) =

µrkrre
λwD(SwD)
λoD(SwD) , the relative permeability ratio krr(SwD) = krre

λwD(SwD)
λoD(SwD) and the water saturation

SwD. The fractional flow function can also be expressed in the compact form:

fwD(SwD) =
(

1 + e− lnM(SwD)
)−1

(3.4)

Such form is the well-known logistic equation used to model population dynamics (Verhulst, 1838).
Hence, the fractional flow is a sigmoid function when plotted against the mobility ratio on a
logarithmic scale, as shown in Figure 1(a). From the plot, the fractional flow curve is symmetric
and becomes asymptotic with the horizontal lines fwD = 0 and fwD = 1 as M → 0 and M → ∞
respectively. Also, a unit mobility ratio corresponds to a fractional flow of 0.50.
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Figure 1: Fractional flow against mobility ratio (a). Fractional flow against relative permeability
ratio for three values of viscosity ratio (b).

An interesting behaviour is occurred when the fractional flow is plotted against the relative per-
meability ratio on a logarithmic scale, Figure 1(b). By expanding M , the fractional flow takes the
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form:

fwD(SwD) =
(

1 + e−(ln krr(SwD)+lnµr)
)−1

(3.5)

Equation (3.5), again, shows that the fractional flow is a sigmoid function with a translation
controlled by the factor µr. An increase in the viscosity ratio will shift the fractional flow linearly
towards lower values of the relative permeability ratio and vice versa.
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Figure 2: Fractional flow against Water saturation for three values of viscosity ratio. Tangent lines
through (SwsD, fwsD) and passing through the origin are shown in red.

Although it is geometrically simple to understand the behaviour of fwD with respect to krr, it is not
obvious when the same thing is examined with respect to SwD. The resulting curve is asymmetric
and highly dependent upon krr which is, in general, nonlinear in SwD. Nevertheless, we can still
understand the behaviour qualitatively. As in the fwD − krr plane, an increase in the viscosity
ratio will shift the fractional flow nonlinearly towards lower water saturation and vice versa. As a
consequence, this will have a major impact on both the shock saturation, shock velocity, see Figure
2, and by the shock instability, by definition.
We come back to the relationship between the viscosity ratio and the predictor. Taking SwiD = 0,
the predictor reduces to the Hagoort’s criterion δsiD(λsD, 1) which can be simplified to:

εD = vwsDδsiD = vwsD

(
1− 2

λsD + 1

)
(3.6)

The above equation shows that the predictor is monotonic with the shock or upstream total mobility
λsD and has a value of zero when λsD = 1. This has been regarded as a cut-off for the instability
(Hagoort, 1974). Recall that λsD = MeλwsD + λosD and hence, any increase in µr will lead to
an increase in both Me and λosD and decrease in λwsD. By inspecting numerous sets of relative
permeability curves, it is observed that δsiD is always increasing with increasing µr; however, a
rigorous proof is desirable. Also, it is intuitive to see that vwsD is monotonic with µr; see the
tangent red lines in Figure 2. Hence, the predictor is monotonic with the viscosity ratio. This
monotonicity, by inspection, holds even when SwiD 6= 0. This concludes that regardless of the
initial water saturation, the viscous instability will increase as the viscosity ratio increases and
vice versa. The conclusion is in agreement with the experimental observations which dictate the
stability enhancement in a low viscosity ratio displacements (Skauge et al., 2009; Bondino et al.,
2011; Skauge et al., 2011, 2013, 2014; Vik et al., 2018; Sorbie and Skauge, 2019; Fabbri et al.,
2020).
There is a possibility of constructing relative permeability and fractional flow functions with a
particular level of viscous instability for a given viscosity ratio. The relative permeability curves
used in investigating the stability of immiscible flow are arbitrary and given by the following
functional forms:

krwD(SwD) = αw
(
1 + βwS

−γw
)−1
δw (3.7)

kroD(SwD) = αo (1 + βoS
γo)

−1
δo (3.8)
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where S = SwD
SoD

and the parameters αi, βi, γi and δi are positive real numbers associated with

the phase i. In General, other set of functions can be used provided that k
′

rwD > 0 and k
′

roD < 0
where the prime denotes the derivative with respect to water saturation SwD. We have chosen
the above to construct similar fractional flow curves with similar end-point relative permeability
ratios. The above forms are the generalized class of log logistic functions in S and they provide a
concave, convex and sigmoidal shape curves while preserving the monotonicity conditions of these
curves (Dettman et al., 1967). When βi = γi = 1, they reduce to the Brooks and Corey’s power

forms, i.e., krwD = αwSwD
1
δw and kroD = αw (1− SwD)

1
δo (Brooks and Corey, 1966).

It is worth highlighting that the relative permeability curves are strictly speaking models that
depend on a set of observed data, i.e., fractional flow and saturation measurements. Although
steady and dynamic measurements are widely used in the petroleum industry, the validity of these
relative permeability models inferred from these measurements is questionable (Sahimi, 1993; Riaz
and Tchelepi, 2006).
Regardless of the validity of the relative permeability curves, we follow a similar approach in the
sense that we start from fractional flow data to deduce the relative permeability curves (Sorbie
et al., 2020). For a given viscosity ratio, the end-points relative permeability αi can be determined
by a single-phase flow experiment. This will establish the end-point relative permeability ratio krre,
by definition. The remaining parameters βi, γi and δi can be determined by solving the following
system of nonlinear equations honouring a known shock point (SwsD, fwsD) and instability value
εD:

fwsD =
(
1 + e− lnMs

)−1
(3.9)

vwsD =
fwsD
SwsD

(3.10)

εD = vwsDδsiD (3.11)

Equations (3.9) to (3.11) are the water fractional flow, shock velocity and the viscous instability
predictor definitions respectively. The construction process may seem arbitrary, but it has physical
significance. To our observation, shock saturation is important, and the set of relative permeability
curves has to be partially constructed based on this knowledge. Hence, we start from a known
shock point (Sorbie et al., 2020). Equations (3.9) and (3.10) ensure that the resulting set of relative
permeability curves give a fractional flow with the saturation front. Equation (3.11) ensures that
the viscous fingering pattern has a unique level of instability for a given 2D or 3D heterogeneous
domain. To investigate the objectives outlined in the introduction, we employ the above process
for the construction of the relative permeability curves.

4 Model Description and Methodology

We shall work with dimensionless quantities for this and the subsequent sections. A 2D areal and
rectilinear grid is used with the domain Ω = [0, LD]× [0,WD]× [0, HD] = where LD = 1, WD = LD

2

and HD = LD
50 . A fine grid (Nx, Ny) = (1000, 500) is used. We choose a water flood scheme with

the injector placed at (0, [0,WD]) and the producer at (L, [0,WD]), Figure 3. The domain is purely
homogeneous with φD = KD = 1. The initial water saturation is SwiD = 0.02. We assume a
viscosity ratio of µr = 1600, typical of those ratios encountered in viscous oil reservoirs.

Figure 3: Model configuration.
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We use a shock saturation and fractional flow of (SwsD, fwsD) = (0.33, 0.85). We also assume an
end-point relative permeability ratio of krre = 1.25 and instability of εD = 1.927 respectively. The
missing parameters in the relative permeability functions are computed numerically by solving
equations (3.9) to (3.11) simultaneously. The resulting normalized relative permeability (phase
mobility) and the fractional flow curves are illustrated in Figure 4. We shall number the relative
permeability curves, for convenience so this set of two curves is 1.
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(a) λwD and λoD
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(b) fwD

Figure 4: Normalized relative permeability curves (a). Corresponding fractional flow curve (b).

The shock velocity admits Rankine-Hugoniot condition in the theory of shock waves (Debnath,
1997). Hence, it is given by:

vwsD =
fwsD − fwiD
SwsD − SwiD

(4.1)

The level of the numerical diffusion can be estimated from the Peclet number defined as:

Pe =
uTL

φDnD
(4.2)

where the diffusivity constant is given by DnD = vwsD
2 (∆xD + vwsD∆tD) for an implicit scheme

(Lantz, 1971). The time step is adaptive but has a maximum of about 0.0002 pore volume injected
(PV). Direct substitution gives a Peclet number of 256, which is adequate to resolve the shock. In
a 2D linear flood of a heterogeneous system, the displacement is unstable and more complicated
than 1D. The longitudinal and transverse diffusivity magnitudes are comparable. The computed
Peclet number can still be used as an upper bound for the numerical diffusion in 2D (Lantz 1971).

The first objective is to compare the impact of different perturbation fields, i.e., initial saturation,
porosity and permeability fields on the incipient fingers. For comparative purposes, we assume
that all the three perturbations are given by a transverse plane wave. the wave has a wavenumber
of σD = 2π

λyD
= 1

5 where λyD =
λy
W is the transverse wavelength and an ampiltude of A =

0.10×{SwiD, φD,KD} of the homogeneous base case. Figure 5 shows a 3D surface of the plane wave
structure. Hence, the initial saturation, porosity and permeability fields will have the following
normal mode forms:

ŜwiD = SwiD + S̃wiD = 0.02 + 0.002eiσDyD+ωDtD (4.3)

φ̂D = φD + φ̃D = 1 + 0.1eiσDyD+ωDtD (4.4)

K̂D = KD + K̃D =
(
1 + 0.1eiσDyD+ωDtD

)
I (4.5)

where I is the identity matrix. We are interested in the interaction between the shock and each
perturbation field. An important remark from Equations (4.3) to (4.5) is that at the shock, the
perturbations are amplified exponentially with a rate proportional to the growth rate ωD, i.e., from
the factor eωDtD . In the simulation, the perturbed fields faced by the front are always constant in
time. Hence, we need to look only at the interaction at the very early time given in pore volume
injected, so that we can consider eωDtD = 1, i.e., the onset of instability. For this task, we use
the base model with the relative permeability set 1. For the following objectives, the model used
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along with the transverse permeability perturbation given by Equation (4.5) is referred to as the
base model.

Figure 5: Perturbation field for SwiD, φD, and kD in the form of a transverse plane wave.

4.1 Similar Fractional Flow Curves

Although the predictor depends partially on the fractional flow since vwsD = f
′

wsD, there is no one-
to-one correspondence between the two quantities. Moreover, the predictor definition addresses
the non-uniqueness between the end-point mobility ratio and the predictor, a major conventional
misconception among some petroleum communities. To confirm these analytical interpretations,
we design two additional and various normalized relative permeability sets 2 and 3 that give similar
fractional flow curves and equal end-point mobility ratios. Plots of these two sets, beside set 1,
along with the corresponding fractional flow curves, are shown in Figure 6.
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(b) fwD

Figure 6: Normalized relative permeability curve sets 2 and 3 along with base set 1 (a). Corre-
sponding fractional flow curves for the three sets (b).

4.2 Polymer Flooding

Compared to waterflooding, polymer flooding is a very effective chemical EOR process in which
a polymer concentration between a few hundred to a few thousand ppm can significantly increase
the water viscosity from tens to hundreds of centipoises (Seright, 2016). We are interested in
knowing whether the predictor can be extended to polymer flooding. We assume no adsorption,
degradation, or in situ rheological effects. A polymer viscosity of 25 cp is chosen so that the
viscosity ratio in the base model is reduced to 64. We also assume that the local two-phase flow
dynamics of polymer and water are identical, which facilitates the use of relative permeability
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curves for waterflood to the polymer. We take the same three sets of relative permeability curves
1, 2 and 3. Figure 7 shows the water and polymer fractional flow curves for the three sets.
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SwsD

SweD

SpsD

Figure 7: Water and polymer fractional flow curves for the three sets.

Typical polymer displacement has two shocks (Pope 1980). The formation water shock SweD,
referred here as the primary shock, determined by the intersection of the tangent line to the polymer
fractional flow curve passing through the origin, the magenta dashed line in the above figure. This
shock has a constant trailing saturation and travels with velocity vweD lower than the BL shock
vwsD but higher than that of the secondary shock vpsD due to polymer. The secondary shock has
an increasing trailing saturation known as rarefaction wave. Similar to the water fractional flow
curves, the polymer fractional flow curves also coincide. the BL, primary and secondary shocks for
all the three sets are SwsD = 0.33, vweD = 0.28 and vpsD = 0.57 respectively.
The predictor for polymer flooding is computed shock-wise. Thus we have two predictors, εeiD
and εpeD for the primary and secondary shocks respectively. The velocities, delta functions and
the predictors for waterflood (WF) and polymer flood (PF) are shown in Table 1. The data for
waterflood is included as a reference.

nRP Set WF PF WF PF WF PF
vwsD vweD vpsD δsiD δeiD δpeD εsiD εeiD εpeD

1 2.68 2.43 1.03 0.719 0.444 0.573 1.927 1.080 0.590
2 2.68 2.43 1.03 0.554 0.232 0.350 1.485 0.563 0.360
3 2.68 2.43 1.03 0.389 0.062 0.340 1.043 0.150 0.350

Table 1: Velocities, delta functions and predictors for water and polymer floods for sets 1, 2 and
3. Note the similarity in the respective shock velocities for the BL, primary and secondary shocks
which are also evident from Figure 7.

4.3 Correlated Random Field

So far, we have looked at the onset of instability in transverse perturbation fields since these fields
are amenable to stability analysis. Typical perturbations in porous media at the continuum scale
are generally complex. As a result, the flow phenomena that accompany viscous instability (absent
in 1D flow) appear in 2D or 3D heterogeneous flow domains. We will use a uniformly distributed
correlated random field with a correlation length λxD = λx

L = 1
15 and a Dykstra-Parson coefficient

of Vdp = 0.66 as a typical example of permeability perturbations in porous media, Figure 8. The
data for the base case model is used along with three relative permeability sets 1, 2 and 3. Both
water flood and polymer flood are implemented, and the injection is maintained up to 60% PV.
The predictor is expected to be correlatable with the observed instability. In particular, it is
expected to correlate with the pace at which the viscous pattern as a whole is propagating,
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the number of small protrusions (sub-fingers) branching from the main fingers, and finally, the
roughness of these protrusions.

Figure 8: A uniformly distributed permeability correlated random field with correlation length
λxD = 1

15 . The colourbar scale is linear.

5 Results and Discussion

Figure 9 shows water saturation fields for SwiD, φD, and KD perturbation fields at three PV
injected named, tD1, tD2, and tD3. The onset of instability is examined at tD1 in accordance with
the stability assumption. Taking tD1 � 0.4% is not feasible for the measurement of vfD since at
these times the shocks are dominated by numerical diffusion which render them stable,i.e., vfD ≈ 0
(Hamid et al., 2018). The evolution of fingers in SwiD and KD cases have the same characteristics
for all the times, and generally, their velocities are higher than those in the φD case. Remarks on
fingers symmetry, spacing, and spreading and boundary effects on adjacent fingers are outlined in
the next section.

Figure 9: Water saturation fields for SwiD, φD and KD perturbation fields.

It turns out that besides perturbations in the initial saturation, which is a required stability
assumption, perturbations in the rock properties also trigger viscous fingers provided that δsiD > 0.
Also, and as expected, the incipient fingers grow in larger permeability and water saturation but
lower porosity localities. For a certain class of clean lithologies in water-wet reservoirs, it is generally
assumed that ln(k) is proportional to φ, which is in turn inversely proportional to Swi (Blunt, 2017).
If we assume a direct proportionality, then 10% perturbations in Swi results in 10% perturbations
in φ, and ln(K). In a pilot or a full field-scale simulation, it is desirable to examine the onset of
instability when these perturbations are initially superimposed in one model. This is beyond the
scope of this article. Also, it is of interest to test whether 2D perturbations will retard the fingers
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compared with 1D transverse perturbations. A case is simulated with set 1 where the permeability
perturbations, Figure 10, have σxD = σyD = 1/15 and given by the following normal mode form:

K̂D = KD + K̃D =
(
1 + 0.1 cos (σDxD)eiσDyD+ωDtD

)
I (5.1)

Figure 10: 2D permeability perturbation field with σxD = σyD.

As expected, the 2D perturbations have retarded the advancement of the incipient fingers when
compared with the 1D transverse perturbations, Figure 11. Moreover, the number of fingers is now
twice those in 1D perturbations. Although both cases have the same instability εD = 1.927, the
2D case is more stable than the 1D case. Hence, besides εD, it is crucial to understand the nature
of the perturbation structure to judge the overall instability. It is worth recalling that we argue
that the viscous instability predictor is the criterion for the overall instability given a particular
perturbation field.

Figure 11: Water saturation field for 1D transverse and 2D permeability perturbation fields for set
1.

5.1 Similar Fractional Flow Curves

Figure 12. shows water saturation fields at three successive PVs injected for the sets 1, 2 and 3
plotted in Figure 6.
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Figure 12: Water saturation fields for the three sets 1, 2 and 3.

At tD1 We can qualitatively observe the following:

• The number of emergent fingers is directly proportional to the wavenumber σyD.

• The velocity vfD of the emergent fingers relative to the BL shock is proportional to εsiD.
The higher εsiD, the faster the fingers will move.

• The fingers are symmetric and straight in the flow direction. Fingers transverse spacings
measured from the tips of adjacent fingers are uniform and equal to the wavelength of the
disturbance.

These observations are in agreement with the linear stability results. In particular, the second
observation implies that faster fingers will have higher longitudinal spreading, i.e., the growth of
the rear to tip distance. Linear stability theory assumes that the flow occurs in a domain with
infinite extension. Hence, it is predicted that the emergent fingers will be straight, symmetric,
and propagating with the same relative velocity. In all cases, especially at tD2 and tD3, the two
boundaries parallel to the flow direction influence the adjacent fingers. In our simulations, the
non-flowing boundaries have a retardation effect. To verify that this is the case, we make the
domain transversely infinite. This can be achieved by trimming the boundary blocks in half so
that the block nodes fall on the domain boundaries (CMG, 2019). In a separate simulation not
shown here, the fingers adjacent to the boundaries were not retarded and propagated at a pace
similar to those in the middle of the domain. Moreover, even at late time behaviour, all the fingers
were symmetric when they breakthrough. Using nonlinear stability analysis Outmans Outmans
(1962) claimed that in an infinite domain, the viscous fingers in 1D perturbations at the late time
are asymmetric. However, our results do not substantiate his claim, suggesting that his claim
might be false.
It is important to note that the three sets have different instability levels, although the fractional
flow curves are similar. This validates our earlier results about the non-uniqueness between the
fractional flow curve and the predictor.
Also, the saturation fields show that at any given time, case 1 is the most unstable and case 3 is
the least; that if we accept the fingers relative velocity as an indication of the level of instability.
The relative velocity of the respective fingers is linearly proportional to εsiD. There has been a
major misconception that given a perturbation field, the instability is controlled by the end-point
mobility ratio Me. The three cases have identical Me = 2000. The above figure gives a direct
disproof of this misconception.
In sets 1, 2 and 3, the respective end-point saturations (residuals) and relative permeability values,
the shock velocities and viscosity ratios were identical. It is of interest to check the linearity in
vfD − εD relationship if we change these parameters arbitrarily. Four sets named 4, 5, 6 and 7
are constructed with input and output data shown in table 2. The resulting sets, along with the
corresponding fractional flow curves, are shown in Figure 13.
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nRP Set Input Parameters Output Parameters
Swr Sor Swi µr krre Me vwsD vfD δsiD εsiD

1 0.20 0.20 0.21 1600 1.25 2000 2.68 3.54 0.719 1.927
2 0.20 0.20 0.21 1600 1.25 2000 2.68 2.52 0.554 1.486
3 0.20 0.20 0.21 1600 1.25 2000 2.68 2.07 0.389 1.043
4 0.20 0.20 0.21 1600 0.50 800 6.49 4.23 0.200 1.300
5 0.10 0.30 0.10 1600 2.00 3200 3.56 2.84 0.454 1.617
6 0.10 0.30 0.10 800 2.00 1600 3.17 2.30 0.417 1.321
7 0.10 0.10 0.10 100 1.25 125 1.53 1.56 0.545 0.834

Table 2: Input and output parameters used to construct different normalized relative permeability
and fractional flow sets 4, 5, 6 and 7. The sets 1, 2 and 3 are included as a reference.
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(a) λwD and λoD for the sets 4, 5, 6 and 7
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(b) fwD for the sets 4, 5, 6 and 7

Figure 13: Normalized relative permeability curves for sets 4, 5, 6 and 7 (a). Sets 5 and 6 are
identical but they have different viscosity ratios. The fractional flow curves corresponding to sets
4, 5, 6 and 7 (b).

We simulate these cases using the base model and calculated the fingers relative velocity at tD1.
Then, we plotted these velocities against the instability criteria εD as shown in Figure 14. Plot
a) clearly shows that the higher εD then, the higher the fingers relative velocity, and the relation
admits apparent linearity.
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0

1

2
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(a) vfD against εsiD

0 0.2 0.4 0.6 0.8
0

1

2

3

4

5

(b) vfD against δsiD

Figure 14: Fingers relative velocity vs instability predictor for the cases 4, 5, 6 and 7 in black along
with the previous cases 1, 2 and 3 in red (a). The same data plotted against the delta function
(b).

Riaz and Tchelepi (2006) and Farajzadeh et al. (2019) highlight the connection between the total
mobility difference (the delta function) at the shock and the observed instability. However, this
does not mean that the two quantities are correlated; see Figure 14(a).
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5.2 Polymer Flooding

Figure 15 shows water saturation fields of polymer flooding using sets 1, 2 and 3 at three successive
PVs injected. The green colour represents the primary shock with a bank of fixed saturation
SweD = 0.28 while the red colour represents the polymer shock with increasing saturation towards
the injector. Recall from Table 1 that for the three cases, we have εeiD = {1.080, 0.563, 0.150 } for
the primary shock and εpeD = {0.590, 0.360, 0.350} for the secondary shock. By inspection, it is
clear that the fingers’ relative velocities are proportional to the corresponding instability values for
both shocks. This suggests that the predictor can be, heuristically, extended to polymer flooding.

Figure 15: Water saturation fields for polymer flood using sets 1, 2 and 3.

Figure 16: Water saturation profile for sets 2 and 3 under polymer flood at tD3.

In particular, the secondary shocks SpsD = 0.57 for the sets 2, 3 advance with the same pace, see
Figure 16. This figure shows water saturation vs distance xD ∈ (0, 0.3), of the two sets along
with their 1D simulation results at tD3 . We have chosen a linear path with yD = 0.267 that
goes through the finger’s tip in one of the middle fingers. In the 1D case, the two sets have almost
identical saturation profiles where the primary and the secondary fronts exhibit discontinuities and
transitions respectively. In theory, both shocks are affected by numerical diffusion, but the latter
is hardly minimized in our fine grid model. Interestingly, in 2D with transverse perturbations, the
primary front of set 2 is ahead of that of set 3, but the corresponding smeared secondary fronts of
the two cases coincide, i.e., advance with the same pace. This is because the instability predictors
for the primary front of the two cases are considerably different εeiD = {0.563, 0.150} whereas in
the secondary front, they approximately equal εpe = {0.360, 0.350}. We also can observe that:

εpeD < εeiD < εsiD (5.2)

For all sets except set 3 where εeiD < εpeD. By inspecting multiple typical sets of relative per-
meability curves given by Brooks and Corey’s power relation, the Inequality (5.2) holds, and the
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observation in case 3 is not encountered. In particular, εpeD < εsiD in the above inequality is
predicted by the geometric interpretation of the fractional flow under the variation of the viscosity
ratio.

5.3 Correlated Random Field

Although a heterogeneous domain has a complex spatial and statistical variability, we conjecture
that the predictor will manifest itself during displacement in one form or another. This conjecture
rationale is based on the following argument: a 2D heterogeneous domain can be decomposed into
a finite set of 2D symmetric and analytic perturbation fields with unique but various wavenumbers
using Fourier Spectral Analysis (FSA). So, in theory, the heterogeneous domain is still amenable
to stability analysis, although the analysis will be far more complicated than 2D symmetric per-
turbation fields. In such complex domains, the individual viscous fingers have variable sizes and
nonlinear velocities.

Figure 17: Water saturation fields of water flood in a correlated random field.

Figure 18: Water Saturation fields of polymer flood in a correlated random field.

Nevertheless, the observed instabilities of sets 1, 2 and 3 are still correlated with the corresponding
predictors. Figures 17 and 18 show water saturation fields of water and polymer floods for sets 1,
2, and 3 at three PVs injected. The correlation between the rate of the advancement of viscous
pattern, the number of small protrusions, and their roughness and the corresponding predictors at
the three PVs is very noticeable. One major consequence of different rate of advancements, is its
impact on the oil ND and water-cut qwD breakthrough recoveries which are correlated with the
εsiD and εeiD for both floods, Figures 19 and 20. Also, it is not surprising to observe the impact
of the instabilities on the amount of bypassed oil, as shown in Figure 21.
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Figure 19: Oil recovery of water and polymer floods.

Figure 20: Water cuts of water and polymer floods.

Figure 21: Bypassed oil in water and polymer floods at tD = 60%

Recall, from the Appendix, that the pressure equation of a heterogeneous domain in the viscous
limit is given by:

∇ (λDKD∇pD) = 0 (5.3)

Since the definition of viscous instability is partially based on the shock total mobility, it is expected
that the predictor affects the pressure drop for viscous-dominated displacements. Figure 22 shows
the dimensionless pressure drop ∆pD for the water and polymer floods. At a very early time,
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it is evident that the more unstable the displacement, the lower the pressure drop. Also, notice
the linearity of the profiles at this time interval. This might be related to the fact that, in this
interval, there is a single-phase, oil-dominated displacement still dominate no interaction between
the incipient fingers and the system. Another noticeable observation is the non-monotonicity of
the profiles, unlike the BL prediction. This behaviour is thought to be caused by the local reversed
displacement, i.e., the oil in oil-rich localities displaces water in oil-poor localities.

Figure 22: Pressure drop profiles of water and polymer floods for the sets 1, 2 and 3

6 Relevance to Laboratory and Field Applications

Although model simulations verify the predictor, real applications are possible. Strictly speaking,
the predictability of the viscous instability depends on the quality of the measured relative perme-
ability curves, which is a major challenge in itself. The measured curves in a homogeneous sample
may be influenced mainly by the viscous fingering, capillary spreading as well as capillary end ef-
fect which manifests themselves regardless of the heterogeneity of the sample (Rapoport and Leas,
1953; Kyte and Rapoport, 1958; Johnson et al., 1959). Moreover, Heterogeneity may complicate
the measurement even further (Watson et al., 1985). Despite these challenges, accurate measure-
ment of the relative permeability curves is still possible for certain flooding conditions and sample
configurations. It is well known that using long core samples with relatively high injection rates
will minimize the capillary spreading and capillary end effects. Also, samples with high aspect ratio(
L
W

)
, i.e., 1D geometry, and low to moderate viscosity ratio render viscous fingering negligible. In

this case, the predictor can be calculated directly from the given relative permeability curves and
the viscosity ratio data. Although using a very low viscosity ratio may eliminate viscous fingering,
it is not recommended since it yields a sharp shock with maximum water saturation, i.e., 1− Sor.
Hence, covering a wide range of data for lower saturation is impossible (Doorwar and Mohanty,
2016).

The criterion can predict the instability in immiscible laboratory floods in which the displacement
is viscous-dominated, and the influence of the boundaries is minimal. As discussed earlier, the
boundaries stabilize the viscous pattern and can be minimized if the aspect ratio is relatively low,
i.e., the nonflowing boundaries are distant apart, comparable or higher in magnitude with respect
to the injection-production spacing. Good examples of such configuration are the linear square
slabs which have been used recently and provide good visualizations of the viscous fingering pattern
(Skauge et al., 2009; Bondino et al., 2011; Skauge et al., 2011, 2013, 2014; Vik et al., 2018; Sorbie
and Skauge, 2019; Fabbri et al., 2020). Although some of the slab displacements were not in the
viscous limit, the correlation between the viscous instability and the viscosity ratio is evident.
Such correlation is directly predicted from the fractional flow and instability analysis discussed
previously. Flooding of radial slabs has also been conducted (Skauge et al., 2016). The predictor
manifests itself when the stability analysis of the governing flow equations is implemented on radial
geometry (Yortsos, 1987c). All these slabs were homogeneous in nature and the perturbations are
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somewhat random and occurred at the pore-scale level, i.e., variation in grain texture. At the field
scale, unless the reservoir is regarded as a prototype of a given model experiment, the predictability
of the criterion is uncertain due to the influence of various rock types, which are parameterized by
different relative permeability functions, and complex boundary conditions.

7 Conclusion

The model equations governing the flow of two immiscible fluids admissible to linear stability
analysis are inspected. The identification of the term vwsDδsiD in the generalized Saffman-Taylor
criterion is key to the analysis. It can be regarded as a predictor for the immiscible instability in a
given heterogeneous domain described by a correlated random field. The criterion depends on the
shock velocity and the difference in the upstream and downstream total mobilities evaluated at the
shock. Polymer flooding follows the extended BL analysis, and hence the predictor can be used to
characterize the instability of the two shocks. The instability of the primary shock is essential when
considering the breakthrough recovery. The stability enhancement of the primary shock in polymer
flooding can be best understood by considering the geometric interpretations of the water and
polymer fractional flow curves when the viscosity ratio is reduced upon the introduction of polymer.
Another key finding is that the end-point mobility ratio does not directly control the immiscible
instability. This conclusion was arrived at by fixing the end-point mobility ratios for three sets
of relative permeability curves, and yet noticeably different instabilities occur, both in transverse
and correlated random fields. Under certain flooding conditions and sample configurations, the
criterion can be used to predict the viscous instability in laboratory experiments. The predictor is
applicable at a field scale if the field is regarded as a prototype of a model experiment.
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A Appendix

A.1 The Governing Flow Equations (Inspectional Analysis)

The 2D linear flow of two immiscible phases in heterogeneous porous medium is governed by the
following system of equations:

φ
∂Si
∂t

+∇.~ui = 0, i = w, o (A.1)

~ui = −λiK∇p, i = w, o (A.2)

Sw + So = 1 (A.3)

∇ =
(
∂
∂x

∂
∂y

)
(A.4)

This system can be rendered dimensionless as:

φD
∂SiD
∂tD

+∇.~uiD = 0, i = w, o (A.5)

~uwD = −MeλwDKD∇pD (A.6)

~uoD = −λoDKD∇pD (A.7)

SwD + SoD = 1 (A.8)
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using the following dimensionless variables:

~xD =
~x

L
(A.9)

tD =
uT t

Lφ̄(1− Swr − Sor)
(A.10)

~uD =
~u

uT
(A.11)

pD =
uTLp

λook̄
(A.12)

SiD =
Si − Sir

1− Swr − Sor
, i = w, o (A.13)

λiD =
λi
λoi
, i = w, o (A.14)

λD =
λ

λo
=
λw + λo
λo

= MeλwD + λoD (A.15)

φD =
φ

φ̄
(A.16)

KD =
K

k̄
(A.17)

The subscript i denotes either water phase ‘w or oil phase ‘o’ and Si, Sir, λi, ~ui, pi are satura-
tion, residual saturation, mobility, Darcy velocity and pressure of the phase i respectively. The
permeability tensor is taken to be diagonal. The subscript ‘D’ denotes dimensionless and the
dimensionless gradient operator is used here without the subscript ‘D’. The porosity φ and the
permeability tensor K are functions of ~x and the two quantities φ̄ and k̄ are the corresponding
characteristic values. The maximum value of the mobility of the phase i is denoted by λoi and λ
(without a subscript) is the total mobility. The characteristic value of the total mobility is defined
to be equal to that of the oil mobility, i.e., λo = λoo. The chosen characteristic values for some
dimensionless variables motivate the definition of other dimensionless variables. For instance, we
use φ̄ and k̄ in the definition of dimensionless time and pressure respectively which motivates the
introduction of φD and KD. The end-point mobility ratio is defined as Me = µrkrre where µr and
krre are the viscosity and end-point relative permeability ratios respectively. Other notations have
their usual meaning. From now on, a physical quantity with the subscript ‘D’ should be interpreted
as dimensionless whenever is mentioned.

Algebraic manipulations of Equations (A.5) and (A.8) give the divergence identity ∇.~uD = 0 where
the total Darcy velocity is defined by ~uD = ~uwD + ~uoD. From equations (A.6) and (A.7), ~uD is
also equal to:

~uD = −λDKD∇pD (A.18)

where λD is defined in Equation (A.15). Substituting Equation (A.18) in the divergence equation
gives the pressure equation:

∇ (λDKD∇pD) = 0 (A.19)

Also, by eliminating the pressure gradient from equations (A.6) and (A.7), one can show that:

~uwD = fwD~uD (A.20)

where fwD = MeλwD
MeλwD+λoD

is the water fractional flow. Substituting this in the continuity equation

for water (A.5) gives the saturation equation:

φD
∂SwD
∂tD

= −∇. (fwD~uD) (A.21)

The system of equations (A.19) and (A.21) are used in the stability analysis, discussed below.
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A.2 Stability Analysis

We assume a 2D linear Buckley-Leverett displacement and purely homogeneous medium, i.e.,
φD = KD = 1. The system of equations (A.19) and (A.21) are reduced to:

∇ (λD∇pD) = 0 (A.22)

φD
∂SwD
∂tD

= −f
′

wD∇SwD (A.23)

subjected to the following initial and boundary conditions:

SwD(~xD, 0) = SwiD (A.24)

SwD(−∞, tD) = fwD(−∞, tD) = 1, SwD(∞, tD) = SwiD (A.25)

where the prime denotes the derivative with respect to the water saturation. Equations (A.23) to
(A.25) are the Buckley-Leverett initial boundary value problem (Buckley and Leverett, 1942). The
solution to this problem is regarded as the base state (unperturbed) solution. The shock of the
base solution is travelling with a velocity of vwsD = f

′

wsD. It is convenient to express the system
in terms of a moving coordinate variable ε = xD − vsDtD which yields:

∇
(
λ̃D∇p̃D

)
= 0 (A.26)

φD
∂S̃wD
∂tD

− vsD
dS̃wD
dε

+∇
(
λ̃D∇p̃D

)
= 0 (A.27)

∇̃ =
(
∂
∂ε

∂
∂yD

)
(A.28)

where S̃wD and p̃D denotes the perturbed functions. We use a transverse spatial perturbation
imposed on the initial pressure and saturation conditions and grow this exponentially with time:(

S̃wD, p̃D

)
(ε, yD) = (SwD, pD) (ε) +

(
ŜwD, p̂wD

)
(ε)eiσDyD+ωDtD (A.29)

where ŜwD and p̂D denotes the eigenfunctions for the eigenvalue σD. Substitution of (A.29) into
(A.26) and (A.27) yields:

d

dε

(
λD

(
dp̂D
dε

+
dpD
dε

ŜwD

))
− σD2λDp̂D = 0 (A.30)

d

dε

(
λoD

dp̂D
dε

+ λ
′

oD

dpD
dε

ŜwD

)
+ vsD

dŜwD
dε

− σD2λoDp̂D − ωDŜwD = 0 (A.31)

This two nonlinearly coupled equations define an eigenvalue problem for the eigenvalue σD (Yortsos
and Huang, 1986; Yortsos and Hickernell, 1989; Riaz and Tchelepi, 2006). Assuming mobile water
saturation, i.e., krwD(SwD) 6= 0, Yortsos and Hickernell (1989) studied the asymptotic behaviour
of the above system at large wavelength, i.e., 0 < σD � 1. Using asymptotic expansion of the base
at the shock, the growth rate is given by:

ωD = vwsD

(
λsD − λiD
λsD + λiD

)
σD (A.32)

where λsD and λiD are the upstream and downstream total mobilities evaluated at the shock
respectively.
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