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Abstract

This paper investigates a novel o�set-free control scheme based on a multiple
model predictive controller (MMPC) and an adaptive integral action controller
for nonlinear processes. Firstly, the multiple model description captures the
essence of the nonlinear process, while keeping the MPC optimization linear.
Multiple models also enable the controller to deal with the uncertainty associ-
ated with changing setpoint. Then, a min-max approach is utilized to counter
the e�ect of parametric uncertainty between the linear models and the nonlinear
process. Finally, to deal with other uncertainties, such as input and output dis-
turbances, an adaptive integral action controller is run in parallel to the MMPC.
Thus creating a novel o�set-free approach for nonlinear systems that is more
easily tuned than observer-based MPC. Simulation results for a pH-controller,
which acts as an example of a nonlinear process, are presented to demonstrate
the usefulness of the technique compared to using an observer-based MPC.

Keywords: Model predictive control, Nonlinear systems, Multiple models,
Industrial control, O�set-free control, Adaptive control

1. Introduction

Model Predictive Control (MPC) has been the most widely used advanced
control technique in the industry [1, 2, 3, 4]. MPC uses model/models to predict
the future behavior of the process. The predicted outputs are then used in a
minimization step to �nd the optimal control input for the desired behavior.
The optimization is based on a cost function that penalizes deviations from the
setpoints as well as deviations and/or changes of the control input. As part
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of the optimization, constraints of inputs, outputs as well as internal states
are easily incorporated into the controller. Constraint handling is one of the
reasons for the success of the MPC [1, 5, 6, 7]. The prediction-optimization
cycle is repeated at each time step, while only the �rst input in the control
sequence is applied to the process. The procedure would then be repeated at
consecutive time instants allowing the horizons to recede and thus maintain
the same prediction length into the future. The early implementations of MPC
were based on using linear models with a quadratic cost function resulting in
a convex control problem in algorithms like IDCOM [8] and DMC [9]. The
use of quadratic cost functions has generally been maintained, though there
are variations in what variables as well as whether the variables are used in
a direct form or a velocity form. The way of dealing with the model and its
relation to the system has been much more varied, is the focus for most of
the research. The two �rst consideration would be whether a linear model can
be used to describe the system accurately enough and whether the behavior
can be considered known or if there are uncertainties present. Linear cases
where there are no uncertainties present can be considered well understood
[5, 10, 11]. To guarantee stability under those premises, the approaches focus
on in�nite horizons [12, 13, 14], terminal constraints or terminal sets [15, 16].
Through Lyapunov theory it have also been shown that the guaranteed stability
can be extended to nonlinear systems [17] with a good summary of techniques
and applications in [18]. Under the assumption of no uncertainties, as long as
stability is achieved no maintained control error should occur, i.e. o�set-free
control would be achieved.

However, as soon as uncertainty creeps into the system, the approaches have
become more divergent, and thus there is still plenty of research going on. Also,
the approaches vary between the uncertainty considered. The general uncertain-
ties considered are parametric uncertainty (also known as model error), bounded
disturbances and unstructured uncertainties. The parametric uncertainties are
dealt with by considering a convex hull containing all linear models that describe
the system whether linear on nonlinear. The general idea used, �rst proposed in
[19], uses a min-max optimization. The maximization part is about �nding the
worst case scenario concerning the models, which is accomplished by �nding an
upper bound based on Lyapunov theory. For the minimization the problem is
cast as a semide�nite optimization problem utilizing linear matrix inequalities
(LMI) with further extensions in [20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32?
]. The disturbances being an uncertainty entering from the outside the system,
which is introduced by adding a disturbance input to the model. One approach
to get stability out of it is by utilizing a min-max approach with the maxi-
mization focusing on the disturbance, which is combined with input-to-state
stability (ISS) setup. First discussed in [33, 34] with further development in
[35, 36, 37, 38, 39, 40, 41]. The other approach referred to as tube-based relies
on set theory rather than Lyapunov theory to guarantee stability. Possible tra-
jectories are kept inside a limited region, the tube, then set-theory can guarantee
stability. Early applications of tube-based MPC were [42, 43, 44, 45] with fur-
ther development in [46, 47, 48, 49, 50? ]. Lastly, the unstructured uncertainty
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is modeled as unstructured feedback of the output acting as a disturbance [? ?

]. There have also been some cases where parametric uncertainty and bounded
disturbance have been dealt with together, following the min-max approach and
ISS as a natural combination of those techniques [51, 52, 53, 54, 41, 55, 56? ].

Though robust stability is guaranteed for the di�erent uncertainties in the
previous paragraph, there is no guarantee that the system will operate at the
desired setpoint. The parametric uncertainty, as an example, would just be
able to achieve o�set-free control when the convex hull contains the model that
exactly matches the system. For all other cases, we would have to satis�ed with
knowing that the system will remain stable inside that convex hull. Similar
reasoning would apply to the other uncertainties, achieving o�set-free control
at the cases where the models match the system. As most MPC setup relies
on using linear models inside the optimization and prediction, model to plant
mismatch are even more common for nonlinear systems. Using a nonlinear
model could reduce the mismatch between plant and model. However, this
would still not guarantee o�set-free tracking, especially not when disturbances
that are not part of the model are present [57].

Traditionally, the o�set-free control is achieved by feedback of the measure-
ment of the controlled variable for use in integral action. The traditional PI
and PID controllers, obtain o�set-free control by directly integrating the track-
ing error. Integral action is also used in MPC to achieve o�set-free control. The
standard procedure relies on using an observer to estimate the disturbance and
updating the model to match the Removing the o�set for MPC has mainly relied
on the inclusion of integral action as well. It is included by using an observer
estimating the disturbance and updating the states to match the process behav-
ior. Combining a model augmented with a disturbance model, and an observer
has been shown to produce integral action [58, 59, 60, 61, 62, 63]. However,
it should be noted that the inclusion of state and uncertainty estimation is no
guarantee for o�set-free control [58]. The approaches have followed di�erent
paths depending on what uncertainty that has been considered, just as for the
robust stability. The �rst implementations relied on the observer estimating the
disturbance based model as in [64, 65, 58, 66, 67] where the observer is chosen to
guarantee stability as well as o�set-free control. The disturbance estimation can
also be done using and velocity form as in [68, 69, 70] or determining the uncer-
tainty directly without augmenting the models as in [71, 72] . The parametric
uncertainty has been incorporated into the model together with the observer in
[59, 73, 74, 75, 76] for o�set-free control under the plant to model mismatch.
There have also been some approaches that deal with nonlinear systems. Dis-
turbance rejection has been dealt with in [77, 78, 75, 79] while the parametric
uncertainty was dealt with in [80, 73, 78, 81]

There are also some example of the combination of the two by Meader et al.
[82, 83] and Zhang et al. [84], while Løvaas et al. [62, 63] dealt with unstructured
uncertainty. Though some approaches have relied on velocity form models or
skipping the augmentation of models altogether, they all rely on the use of an
observer/estimator to determine the uncertainty. There are some drawbacks
using an observer-based setup in o�set-free control; the additional tuning of the
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observer [71, 85, 86, 87]; the o�set removal cannot be guaranteed [57, 86, 71, 88];
and the increase in computational load [88, 89].

There have been some approaches that circumvent the problem related to
the observer. The �rst approaches to deal with o�set was by adding a correcting
scheme, whereby an estimation of the control error shifts the control targets.
The shift away from the correcting scheme towards observer based approaches
can be seen in the di�erent �owcharts included in the two reviews [90, 5]. Cor-
rection is a part of the earlier study, while the latter suggests state estimation
as a step. The correction update requires a more accurate model and that the
disturbance present is an output disturbance and that the system is open-loop
stable system [91]. Other attempts have used a built-in integral action, whereby
the control signal is integrated/summed at each time step. This approach is an
example of early predictive control schemes and �gures in early patents [92, 93].
Discussion on other applications to MPC appears in [94, 95, 87]. The advantage
of the approach is the fact that it creates a general integral action as opposed
to the observer approach that targets a particular uncertainty. This technique
su�ers the same problems as the correcting scheme, including requiring an exact
model to achieve o�set-free control. Thus observer based control will deal with
any uncertainty as long as it can be modeled with an input or output distur-
bance model. However, the observer creates additional complications, including
the tuning of the observer itself. The techniques to allow the tuning to be more
straightforward requires an exact model to achieve o�set-free control. Hence,
there is a place for a controller that can achieve o�set-free control for the general
case as well as avoiding having to use an exact model or an observer.

The main contribution of this paper, incited by the above discussion, is
to propose an MPC setup that can handle a wide variety of uncertainties for
a nonlinear process and still deliver and o�set-free control. To derive such a
controller a novel combination of MPC with integral action is proposed. To
further strengthen the �exibility of the setup an adaptive I-controller based on
Bayesian calculations is suggested. The regular feedback is designed to deal
with disturbance rejection. To improve the overall o�set removal, a min-max
MPC approach is used to deal with parametric uncertainties.

The main contributions of this research are listed as follows:

� Integral action incorporated into an MPC setup through a classical I-
controller.

� A proposition of an adaptive I-controller.

� Presentation of an MPC setup that will produce o�set-free control under
multiple uncertainties.

The paper is organized as follows. The problem statement and general setup
are given in section 2. Section 3 describes the proposed o�set-free MPC, with
the description of the con�guration of the required optimization problem and
the implementation of the integral action into the control system. Section 4
presents a pH neutralization simulation study with results. The pH system

4



is chosen as it is considered a complex control problem due to its nonlinear
behavior [96]. Finally, the paper is concluded in section 5.

2. Problem description

2.1. The nonlinear system

The nonlinear process of interest can be described on a discrete form as:

x(k + 1) = f(x(k), u(k), w(k))

y(k) = h(x(k), v(k))
(1)

where, x ∈ Rnx , u ∈ Rnu and y ∈ Rny denote the vectors of state, manipu-
lated input and measured output respectively, at sample time k. The vectors w
and v are disturbances or uncertainties which are assumed to be bounded and
part of subsets W ⊂ Rnw and V ⊂ Rnv respectively. The system is subject to
constraints of the state x ∈ X and the manipulated input u ∈ U , where X is a
compact set containing the origin in its interior and U : X → U is a compact set-
valued map containing zero in its interior. The function f : X ×U×W → Rnx is
twice continuously di�erentiable and the function h : X×V → Rny is continuous.
It is also assumed that neither the state nor the disturbance are measurable.

2.2. Modeling the system

Using the nonlinear model (1) directly increases the complexity of the MPC
problem. A more elaborate modeling procedure, as well as non-convex opti-
mization problems, are associated with nonlinear models. As a consequence
linear models make up 90 % of the white and gray model applications of MPC
to pH-systems use a linear model in the optimization step as seen in the review
[97].
In the presented approach a continuous piecewise linear (PWL) representation
is used. The PWL model is keeping the system simple but still containing the
essential part of the nonlinear behavior of the system. The disturbances are
not included in the model as they are unmeasurable and it is desired to avoid
the additional complication that an observer brings. Thus, the discrete PWL
state-space representation of (1) using deviation variables is given as:

x̃(k + 1) = A(k)x̃(k) +B(k)ũ(k)

ỹ(k) = C(k)x̃(k)
(2)

where A ∈ Rnx×nx , B ∈ Rnx×nu and C ∈ Rny×nx . The vectors x̃(k), ũ(k), and
ỹ(k) are the deviation variables of the state, input and output respectively, hav-
ing the same size as the actual values x(k), u(k), y(k). The deviation variables
are de�ned in the standard form as the di�erence between the actual value and
the set-point, x̃(k) = x̂(k) − x̄(k), ũ(k) = û(k) − ū(k) and ỹ(k) = ŷ(k) − ȳ(k),
where x̂(k), û(k) and ŷ(k) are the model values and x̄(k), ū(k) and ȳ(k) are the
averaged set-point values of the the di�erent PWL models weighted together as
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seen in (6). The partition into regions by the models requires that x ∈ Xi where
Xi ⊂ Rnx are convex polytopes that form a partition such that

⋃Xi = Rnx . The
uncertainty of the description (2) de�ned by the matrices [A(k), B(k), C(k))] is
assumed to lie within a polytope Ω for all possible k

[A(k), B(k), C(k)] ∈ Ω , Co{[A1, B1, C1], · · · , [AL, BL, CL]} (3)

where Co denotes the convex polytope and [Ai, Bi, Ci], i = 1, · · · , L are
the vertices of the polytope Ω as well as the di�erent linear models in the
PWL description. The model description [A(k), B(k), C(k)] that lies inside the
polytope Ω is a linear combination of the vertices described by

[A(k), B(k), C(k)] =
L∑
j=1

λj(k)[Aj , Bj , Cj ] (4)

where λi is the weight of model i de�ned by

L∑
j=1

λj(k) = 1, 0 ≤ λi ≤ 1, ∀i = 1, · · · , L (5)

This is also used to compute the averaged steady states as

[x̄(k), ū(k), ȳ(k)] =

L∑
j=1

λj(k)[x̄j , ūj , ȳj ] (6)

The MPC aims to bring the states of the system (1) to the origin by comput-
ing an optimal control sequence. In this case, the optimal inputs in the sequence
are obtained by minimizing the in�nite horizon cost function on the form

J∞(k) =

∞∑
j=0

[
‖x̃(k + j|k)‖2Q + ‖ũ(k + j|k)‖2R

]
(7)

where R and Q are positive de�nite weighting matrices. The set of states{
x̃(k + j|k)

}∞
i=0

is the state developing from the initial state at k. This change
is described by (2) and the system changes due to the changes in the input{
ũ(k + j|k)

}∞
i=0

. The control sequence U(k) =
{
ũ(k + j|k)

}∞
i=0

is found by
minimizing the cost function (7) as given by

J∞∗(k) = min
U(k)

J∞(k) (8)

After obtaining the optimum U and only the �rst value in the sequence is applied
to control the system (1).
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3. Theory and Methods

In this section, two di�erent MPC frameworks for utilizing a PWL for de-
scription and control of a nonlinear system are presented. The �rst technique
relies on a simple Bayesian weighting algorithm, combining the di�erent linear
models into a single linear model. The second technique is a min-max approach
for robust MPC utilizing an LMI description. Lastly, the adaptive integral
action is described and how it interacts with the two di�erent MPC setups.

3.1. MMPC using Bayesian weighting

The basic idea to use multiple linear models to control a nonlinear system
for MPC is to keep feeding a linear model into the minimization problem (7),
which will keep the optimization problem convex. The convexity ensures that a
global minimum exists and that the computations will be fast. The combined
model, k, is produced by a linear combination as described in (4)-(5). Thus it
is required to obtain the di�erent weights λi for the di�erent models.

The most straightforward technique to utilize multiple models is to use a
simple switching between the models. The model that most closely resembles
the behavior of the system would be given a weight of one, while all the other
weights are zero. The switching, however, tends to cause an erratic behavior if
the systems are close to the switching points and repeated switching between
adjoining models occur. The possibility of repeated switching back and forth
is eliminated by weighting the models together instead. The models are thus
averaged together, which may cause all models are non-zero at the same time.
Weighting gives a smoother transition as well as a better description away from
the operating points of the separate models.

The technique used for weighting together the models is referred to as
Bayesian weighting and is described in [98]. The �rst step is to compare the
measured output y to the modeled outputs ŷi for each model i computing a
residual for each model:

εi(k) = y(k)− ŷi(k|k) (9)

The computed residuals εi(k) are then used to compute the probability Pi(k)
that model i is the true model. This is done for all L models and is computed
as follows:

Pi(k) =
Pi(k − 1)× exp

(
−0.5 εTi (k) Ki εi(k)

)∑L
j=1 Pj(k − 1)× exp

(
−0.5 εTj (k) Kj εj(k)

) ∀i = 1, · · · , L (10)

where Pi(k − 1) is the probability of model i being the correct model up
until the previous time step k−1. Ideally, Ki is a diagonal scaling matrix based
on the covariance of each model to its mean value. However, the covariance is
generally not known at the design stage, and instead, Ki is used as a tuning
parameter to set the speed at which the weights will be allowed to evolve. Either,
leading to divide or conquer strategy. Large values are chosen for Ki when a
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swift transition is required as one single model will conqeuor the others, leading
to a behavior close to the switching approach. A small Ki on the other gives
a divide between the models as well as making a move slower between models.
The probabilities Pi(k) are then normalized to obtain the wight of the di�erent
models as:

λi(k) =
Pi(k)∑L
j=1 Pj(k)

(11)

It should be noted that (10) is a recursive process concerning Pi. Hence, if Pi
becomes zero, it would remain zero, and thus remain zero making that particular
model inactive. Inactive models can be avoided by setting a minimum value,
δ > 0, for the probabilities that is not allowed to be exceeded. The values of
the probabilities at any time are given by:

Pi =

{
Pi if Pi ≥ δ
δ if Pi < δ

(12)

In this way, all models will remain active so that they can be used in the continu-
ous probability iterations (10). Another e�ect of having recursive computations
is that the initial values of the di�erent probabilities are required. When no a
priori knowledge is available uniform distribution of the probabilities is used to
initialize the calculations.

The PWL model bank is reduced to a single model through the weight
calculation in (9)-(12) and summing in (4). Computing of the optimal control
move deviates from the one speci�ed in (7) as it now has a �nite horizon instead
of an in�nite horizon.

J(k) =

Np∑
j=0

‖x̃(k + j|k)‖2Q +

Nc∑
j=0

‖ũ(k + j|k)‖2R (13)

where Np is the prediction horizon, while Nc is the control horizon, which are
chosen so that Nc ≤ Np. The minimization is carried using Matlab and the
built in quadratic optimization tool quadprog. Constraints for both the change
of the input ∆u(k) = ũ(k + j|k) − ũ(k + j − 1|k) as well as on the input itself
u(k) are included.

3.2. Min-Max MPC

The MMPC approach is straightforward to apply, the only addition com-
pared MPC using a single model is the inclusion of a weighting step. As the
setup utilized, have a �nite horizon and no penalty for the �nal stage the system
is just showing robustness towards modeling error. To increase the robustness of
the setup a min-max approach is used as it obtains robustness of di�erent uncer-
tainties. Robustness to parametric uncertainties follows the method developed
in [19]. The approach start from the system, models and cost function speci�ed
in (1)-(7). The robustness is incorporated by explicitly incorporating the model
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uncertainty. In the min-max approach, the cost function is maximized over the
model set as the variable before the minimization, as described by

min
U(k)

max
Ai,Bi

J∞(k) (14)

The min-max problem, however, is a computationally costly optimization. The
complexity is reduced by looking for an upper bound on maximization part. As-
sume that a quadratic Lyapunov function of the state V (x(k)) = x(k)TP (k)x(k)
exists for all models sets i, with P (k) = P (k)T and P (k) � 0, chosen such that

V (x̃i(k + 1 + j|k))− V (x̃i(k + j|k)) ≤
−‖x̃i(k + j|k)‖2Q − ‖ũi(k + j|k)‖2R (15)

for all j ≥ 0. For the cost function (7) to converge and hence have a �nite
value over the in�nite horizon J∞(k) it is required that lim

j→∞
x̃(k + 1 + j|k) = 0

and lim
j→∞

ũ(k + 1 + j|k) = 0, thus lim
j→∞

V (x̃(k + 1 + j|k)) = 0 as V (x(k)) =

x(k)TP (k)x(k). Summing up both sides of (15) for j = 0, · · · ,∞ gives

−V (x̃(k|k)) ≤ −J∞(k) (16)

This gives an upper bound on the cost function J∞(k) ≤ V (x̃(k|k)) which
applies to all models, hence max

Ai,Bi

J∞(k) ≤ V (x̃(k|k)) and thus simplifying the

min-max problem (14) to
min
U(k)

V (x̃(k|k)) (17)

subject to P (k) � 0, (15) and the constraints of the system. The convexity of
(17) means that the problem can be described as an LMI and hence it can be
stated as

min
γ,P (k)

γ subject to x̃(k|k)TP (k)x̃(k|k) ≤ γ (18)

where P (k) is dependent on U(k). As P (k) � 0, the variable QP (k) can be
introduced and de�ned as QP (k) ≡ γP−1(k) and hence QP � 0 . This enables
us to cast the constraint in (18) as an LMI by applying the Schur complement
to get: [

1 x̃(k|k)T

x̃(k|k) QP (k)

]
� 0 (19)

The control input is then de�ned through a state feedback law ũ(k + j|k) =
Fi(k)x̃(k+ j|k), for some matrix Fi(k). Substituting the feedback law into (15)
in place of ũ(k + j|k) in combination with the linear models (2) to give:

x̃(k + j|k)T
[
Φi(k)TP (k)Φi(k) + Fi(k)TRFi(k)− P (k) +Q

]
x̃(k + j|k) ≤ 0 (20)
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where Φi(k) ≡ Ai+BiFi(k). As (20) is quadratic the inequality will be true for
all j ≥ 0 and all i if

{Ai +BiFi(k)}TP (k){Ai +BiFi(k)}+ Fi(k)TRFi(k)− P (k) +Q ≤ 0 (21)

This is another LMI, which can be pre- and post-multiplied by QP (k), which
maintains the inequality as QP (k) � 0. Combined with the substitution P (k) =
γQP (k)−1 and by de�ning Yi(k) ≡ Fi(k)QP (k) gives

QP (k)−Ψi(k)TQP (k)−1Ψi(k)− 1

γ
QP (k)QQP (k)− 1

γ
Yi(k)TRYi(k) ≥ 0 (22)

where Ψi(k) = AiQP (k) +BiYi(k). The LMI (22) is the than same as
QP (k) 0 0 Ψi(k)

0 γI 0 Q1/2QP (k)
0 0 γI R1/2Yi(k)

Ψi(k)T QP (k)QT/2 Yi(k)TRT/2 QP (k)

 ≥ 0 (23)

for every i = 1, · · ·, L
The optimization problem (14) has been translated into (18) which can be

expressed as
min

γ,Y1,···YL,QP

γ subject to (23) and (19) (24)

and, when a solution is found, the control variable is obtained from Fi(k) =
Yi(k)QP (k)−1 and ũi(k+ j|k) = Fi(k)x̃i(k+ j|k). For a symmetric control vari-
able constraint |ũi(k+j|k)| ≤ ūi the following LMIs are added to the constraints
in (24)[

Xi(k) Yi(k)
Yi(k)T QP (k)

]
≥ 0 with Xi(n, n)(k) ≤ ū2

i,n, n = 1, · · ·, nmax (25)

where Xi are additional control variables that satis�es Xi = XT
i and where

Xi(n, n) are the diagonal elements. The constraint variable is obtained from
ūi,n ≡ min{∆un,max, un,max − ûi, |un,min − ûi|} where ∆umax is the biggest
allowable change and umax and umin are respectively, the highest and lowest
permissible values of u. The constrained problem is thus (24) with the addition
of constraint (25) and variable Xi as

min
γ,Y1,···YL,QP

γ subject to (19), (23) and (25) (26)

3.3. MPC with Adaptive integral controller

The MMPC and the min-max MPC both can achieve o�set-free control even
under some amount of modeling uncertainty. However, neither of them can han-
dle any other uncertainties, such as disturbance. Assuming that the disturbance
cannot be measured and thus included in the model. The integral action has to
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be incorporated into the controller. Here we will not be following the standard
techniques in MPC, which either using an observer with an augmented model or
integral sliding mode (ISM). The integral action is instead incorporated through
an adaptive integral controller. For the MMPC the idea is to use it in the same
way as for ISM, running an integral part in parallel with the MPC as given by:

u(k) = uMMPC(k) + uI(k) (27)

where the uMMPC is generated as in section 3.1. The block diagram of the
setup is shown in Figure 1.

Model 1

Model 2

Model L

Weight
Calculator

Model
Bank

Optimizer Process

Measurement

Integral
Controller

ỹ1

ỹ2

ỹL

λ1

λ2

λL

Ā, B̄, C̄

x̃, ũ, ỹ uMMPC

y

ym

yref

w

v

τ̄I

uI

constraints

u

Figure 1: Block diagram: MMPC with I-control (MMPC�I)

The input signal u is sent back to the models to predict how the system is
developing yi ∀ i = 1, · · · , L. The predictions and the measured output ym are
then compared in the Weight calcualtor through (9)-(12). It's all combined in
the Model Bank by summing according to (4) as well as utilizing the combined
models to give the current estimated state of the system x̃, ũ and ỹ and passing
it to the Optimizer. Separately the integral controller would obtain the input
based on the integral action with the workings outlined in the following section.

The incorporation of the integral controller into the min-max MPC setup
is slightly di�erent as can be seen in Figure 2. The LMI Optimization block
is de�ned by (26). Integral action uI and past control signal ũ are combined
inside the block as

ũ(k − 1) = ũMMPC(k − 1) + ũI(k) (28)

and used as the starting point for the computation of the new control input
through (26).

In this approach, the integral action signal uI is fed into optimizer to be
accounted for in the min-max optimization. The Models are used to generate
the current states, while the Convex (LMI) Optimization follows (26).
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Optimization

Integral
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Measurement
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y
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−
+ e

x̃, ũ

Constraints w

v

Figure 2: Block diagram: min-max MPC with I-control (min-max MPC-I)

3.3.1. Adaptive integral control setup

The standard integral controller part is a matter of taking the integral of the
control error, e, from time t = 0 to the current time. As the MPC is utilizing a
discrete model, the discrete version of the integral controller is:

uI(k) =
ts
τI

k∑
j=0

e(j) (29)

where e(j) is the control error at any time instant j and de�ned in the standard
way as e(j) = yref (j) − ym(j)), τI is the discrete reset time for model and ts
is the n sampling interval. As models are already available as it is required
for the MPC, the computation of the reset time would be based on a model
based approach, such as IMC tuning [99, 100]. The reset time for each model
is obtained by �rst changing the respective model to transfer function form, a
second order system with dead time. A proportional integral (PI) controller
is obtained (Kc(1 + 1

τ̄Is
)) and the reset time extracted as τ̄I = τ̃I

Kc
. Finally,

τ̄I is transformed back into discrete state space to get τI . Hence reset time
is obtained for each model and an adaptive function is required to obtain the
integral controller output. The approach here is to use the same type of Bayesian
weighting as speci�ed for the MMPC. Thus the di�erent weights are computed

12



as in (9)-(12) and the integral action is given by

uI(k) =

L∑
i=1

tsλi(k)

τI,i

k∑
j=0

e(j) (30)

where τI,i is the reset time for model i and λi is the weight for each model.

4. Simulation study

The application to a neutralization reactor demonstrates the e�ciency of the
proposed controller. The control of pH is considered to be one of the most di�-
cult standard control problems [96, 101], which is due to the nonlinear behavior
of the neutralization process. The gain of the process can change considerably
over a minimal range, requiring the controller to be able to adapt to the changing
conditions.

4.1. Neutralization reactor

Consider the Continuously Stirred Tank Reactor (CSTR) with constant vol-
ume and constant feed �ow rate presented in [102, 103, 104]. The feed stream
and control stream are aqueous solutions of Phosphoric acid (H3PO4) and Cal-
cium Hydroxide (Ca(OH)2) respectively. The feed has a constant �ow rate, fw
but a varying concentration cw, while the control stream has a constant con-
centration cu but a variable �ow, fu, which is used for control. The chemical
reactions for the neutralization reactions are:

H2O
 OH− + H+

H3PO4 
 H2PO−4 + H+

H2PO−4 
 HPO2−
4 + H+

HPO2−
4 
 PO3−

4 + H+

Ca(OH)2 
 CaOH+ + OH−

CaOH+ 
 Ca2+ + OH−

(31)

The reactions (31) are considered fast and are hence considered to be at equilib-
rium at all times, which means that the equilibrium can be described through
the following equations:

Kw = [H+][OH−] Ka1 =
[H+] · [H2PO4

−]

[H3PO4]

Kb1 =
[CaOH+] · [OH−]

[Ca(OH)2]
Ka2 =

[H+] · [HPO4
2−]

[H2PO4
−]

Kb2 =
[Ca2+] · [OH−]

[CaOH+]
Ka3 =

[H+] · [PO4
3−]

[HPO4
2−]

(32)
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As an additional complication calcium and phosphate may form salts, CaHPO4

and Ca3(PO4)2, which may precipitate or dissolve according to the following
reactions:

Ca(OH)2 + H2PO−4 
 CaHPO4(s) + OH− + H2O

2CaHPO4(s) + Ca(OH)2 
 Ca3(PO4)2(s) + 2H2O
(33)

Equation (33) increases the dynamic nonlinearity into the system, which is mod-
eled based on the mass transfer of solids precipitating out of the solution as well
as being dissolved back into the solution. The rate of precipitation/dissolution is
given by ra and rb for CaHPO4(s) and Ca3(PO4)2(s), which gives the following
dynamic model of the system:

dW+(t)

dt
= −1

τ
W+(t) (34)

dWP (t)

dt
=

1

τ
(cw(t)−WP (t))− ra(t)− 2rb(t) (35)

dWC(t)

dt
=

1

τ

(
fu(t− d1)cu

fw
−WC(t)

)
− ra(t)− 3rb(t) (36)

dna(t)

dt
= −1

τ
na(t) + ra(t) (37)

dnb(t)

dt
= −1

τ
nb(t) + rb(t) (38)

where W+, WP and WC are the total liquid concentrations of charge, Phospho-
rus and Calcium respectively, in the system. nA and nB are solid amount of
precipitate in the reactor. d1 is an assumed delay in the control actuator, while
there is another time delay, d2 describing a measurement delay for the output,
which means that pHmeasured(t) = pHsystem(t−d2). Values of the model param-
eters and initial operating conditions are given in Table 4.1. For any W+, WP

and WC the pH is obtained by solving the following equation:

0 = W+ − 10−pH + 10pH−14

+WP
1 + 2 · 10pH-pKa2 + 3 · 102·pH-pKa2−pKa3

10pKa1−pH + 1 + 10pH-pKa2 + 102·pH-pKa2−pKa3

−WC
1 + 2 · 1014−pKb2−pH

10pH+pKb1−14 + 1 + 1014−pKb2−pH

(39)

The neutralization process contains severe nonlinearities, which is ampli�ed
by the precipitation. The nonlinear behavior of the system is illustrated by the
titration curve shown in Figure 3.

4.2. Modeling of neutralization process for the controllers

The controllers presented in Section 3 all rely on a set of state space PWL
models. The PWLmodels are obtained by linearizing the dynamic model around
�ve operating points pH=3, 4, 5, 6 and 7. As the pH is a measurement of ions
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Table 1: Model parameters and initial operating conditions

c̄w = 0.01 mol/l c̄u = 0.01 mol/l
f̄u = 0.392

f̄w
l/min W+ = 0 mol/l

WP = 0.01 mol/l WC = 0.0003 mol/l
n̄a = 0 mol/l n̄b = 0 mol/l
d1 = 0.5 min τ = 5 min
d2 = 0.5 min pKa1 = 2.15
pKa2 = 7.20 pKa3 = 12.35
pKb1 = 2.43 pKb1 = 1.4

Table 2: Elements of matrices A, B and C at di�erent operating points

pH Ai Bi CTi

3
[
0.9048 0

0 0.9048

] [
0

0.0952

] [
−212
458

]
4

[
0.9048 0

0 0.9048

] [
0

0.0952

] [
−2068
4083

]
5

[
1.0593 −0.3314
0.1545 0.5735

] [
−0.0178
0.0774

] [
−2702
5457

]
6

[
1.3022 −0.8551
0.3974 0.0497

] [
−0.0495
0.0457

] [
−674
1197

]
7

[
1.2878 −1.0165
0.3928 −0.1295

] [
−0.0635
0.0306

] [
−796
940

]

in an aqueous solution, the precipitation part (37)-(38) is neglected as that
deals with solids. Also, as the initial concentration of charge is zero, hence a
linearization of (34) would give a constant zero value for the charge. Thus the
state x for the models are made up of the total concentrations of phosphate
and calcium respectively (35)-(36). The output y (the pH) is a function of x
described by (34)-(39). The two time delays d1 and d2 that are part of the
system has to be incorporated into the PWL model as well. As the two time
delays are both 0.5 minutes the sampling time ts are chosen to have the same
value, hence (2) becomes:

x̃(k + 1) = A(k)x̃(k) +B(k)ũ(k − 1)

ỹ(k) = C(k)x̃(k − 1)
(40)

The PWL models for the conditions in Table 4.1 are obtained in a discrete
deviation variable form (40), with the values of the matrix and vectors, Ai, Bi
and Ci given in Table 2.
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Figure 3: Titration diagram for varying acid and base concentrations.

4.3. Test setup

The MMPC optimization problem (13) was setup using quadprog in Matlab®

to obtain the controller output at each time step. The min-max approach, with
its semide�nite programming setup as speci�ed by (24-25), is implemented into
Matlab using YALMIP [105]. The I-controller given by (30) were implemented
directly in Matlab.

The tuning variables where the same for both cases and are given in Table
3. The constraints of the controller (the input) were a maximum rate of change
of 5 mmol/(l·min) in conjunction with the minimum and maximum levels of 0
mmol/l and 15 mmol/l respectively. As the sampling time is 0.5 min, the rate
of change within one sampling period is thus 2.5 mmol/(l·min). The constraints
were implemented directly into the quadprog for the multi-model approach. The
constraint setup for the min-max setup, speci�ed in (19), depends on a symmet-
ric constraint. The limiting constraint is obtained by comparing the di�erent
limitations to the change of controller output. Thus the constraint was obtained
through

un = min{2.5, u(n− 1), 15− u(n− 1)} (41)

where the �rst part deals with maximum change allowable change. The two
following constraints may reduce the allowed changes to make sure the minimum
or maximum are not exceeded. The reset time was computed as speci�ed in
Section 3.3 and are given in Table 3.

4.4. Simulation results

The process, given by (39-38), was simulated in Matlab R2017b in an Intel
Core i7-6700, 3.40GHz computer with a 64-bit Windows 7 operating system.
The process was simulated using their ode45 solver. The simulations were set
up with a white Gaussian noise ±2.5% of the pH measurement. For additional
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Table 3: Controller parameters

Ki = 5, i = 1, · · · , 5 δ = 0.05
Pi = 0.2, i = 1, · · · , 5 ts = 0.5 min

Q =

[
1 0
0 1

]
R = 1

τI,1 = 1658 pH·min/mol τI,2 = 9944 pH·min/mol
τI,3 = 10712 pH·min/mol τI,4 = 2324 pH·min/mol
τI,5 = 2297 pH·min/mol

comparison the observer based approach proposed in [77] was implemented with
Kalman �lter weights Q = 1 and R = 10 and based on the model for pH = 6,
yielding

Lx =

[
−0.6965
0.4391

]
, Ld = −0.7065 (42)

This method will be referred to as the observer based approach. The method
of utilizing an augmented model and incremental inputs like in [9, 94], which is
denoted augmented model approach. The tests were run to compare approaches
concerning the di�erent uncertainties occurring such as set-point changes, dis-
turbances, and modeling errors.

4.4.1. Disturbance rejection

Firstly disturbance rejection was applied, the system is initially at steady
state. After 10 minutes a ten percent decrease in the disturbance �ow occurs
and remains for 30 minutes. The system is left to settle back before a ten
percent increase in the disturbance �ow that also lasts for 30 minutes, where
the results can be seen in Figure 4. None of the techniques have any problem
at pH = 3 as the system is relatively linear with a low gradient at that pH,
which is particularly true for the disturbance as an input signal. The regions
around pH = 6 and pH = 7 also have a reasonably low gradient, which enables
the response to be small. However, the responses at those pH show that the
traditional integral action MPC have a problem to remain o�set-free. This is due
to the breakdown of observability of the linear model to ful�ll the requirement
that x∗, d∗ is a unique solution of

x∗ = faug(x
∗, u, d∗)

y = haug(x
∗, d∗)

(43)

Even though the state and disturbance are estimated accurately, as seen in
Figure 5, o�set-free control is not achieved. The problems are further elevated
at pH = 4 and pH = 5 as the gradient is very high at those points. Thus
highlighting the di�culties of controlling pH over a wide range as it will have
to handle such a nonlinear behavior.

17



0 20 40 60 80 100 120 140 160 180 200
time [min]

3

4

5

6

7

8

O
ut

pu
t [

pH
]

Setpoint
min-max MPC-I
MMPC-I
Observer
Augmented model

Figure 4: Control simulation: Disturbance rejection at various pH
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Figure 6: Control simulation: Set-point tracking and disturbance rejection.

4.4.2. Set point tracking and disturbance rejection

The pH was set to follow the set-point sequence of 3�4�5�6�7�6�5�4�3 to
study the tracking abilities of the di�erent controllers. The disturbance rejection
was then tested by inducing a disturbance change with a magnitude of −10%.
The disturbance was introduced at 12.5 minutes and kept constant through the
set-point changes. After the disturbance change, a set-point change was done
every 50 minutes following the given sequence. It can be seen in Figure 6 that
the best technique is the min-max MPC approach, though some oscillations
occur at ph=6, which is also highlighted in Figure 7. The MMPC approach, on
the other hand, is more hampered by large overshoots as well having harder to
reach the set-point. The ability to remove the o�set is the major problem with
the observer based technique, not getting o�set-free control for pH = 5, 6 or 7.
The causes are the same as for the previous case as can be seen in Figure 8.
Again the observer estimates the state and disturbance accurately, which is not
enough to achieve o�set-free control as (43) is not ful�lled.

4.4.3. Modeling error

Most papers dealing with o�set-free control for MPC deals with either distur-
bance rejection or modeling error. Here, we combine both of them by extending
the case from the previous section by assuming that the models used are not
correct even at their operating point. To simulate the modeling errors a uni-
formly distributed random error of magnitude 10% is included in all the entries
in the matrices Ai, Bi and Ci for all models i = 1, · · · , 5. Thus the models do
not have the right gradient nor the true output magnitude. The simulations of
Section 4.4.2 with the addition of the modeling error with the results presented
in Figure 9.

The inclusion of model error a�ects all the approaches, though the min-
max-MPC-I still performs reasonably well, the primary issue being the overshoot
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Figure 9: Control simulation: Set-point change and disturbance rejection when modeling error
is present.

when going from pH = 7 to pH = 6. Oscillations become much more pronounced
for the MMPC-I, and the deterioration of performance is considerable around
pH = 5. The observer-based approach on the other more or less loses its ability
to produce o�set-free control. The reason becomes evident in Figure 10 as
the observer is no longer able to provide reasonable estimates of states and
disturbance. These changes highlighted by the �gures are also mirrored by
studying the root mean square error (RMSE). For min-max-MPC-I, the RMSE
hardly changes at all while MMPC-I goes from 0.26 to 0.33 and the observer
based set-up goes from 0.22 to 0.33. That the min-max based approach fares
the best under modeling error is not unexpected as the whole point of using
the min-max approach is to be able to deal with modeling error. So it can be
noted that even with the inclusion of an integral action controller the approach
maintains its ability to deal with parametric uncertainties.

5. Conclusion

The standard way of incorporating integral action into an MPC setup is
to use an observer in conjunction with an augmented model. However, the
observer-based con�guration can only achieve o�set-free control under certain
conditions. One of them is the requirement to have an accurate model at the
operating point. Also, observer-based approaches add additional complications
in tuning. The observer has to be well tuned to work well, and when dealing
with non-linear systems, great care has to be taken concerning the modeling to
achieve steady-state o�set-free control.

In this contribution, the integral action comes from a separate integral con-
troller, which is based on a classic controller. The reasoning being that this
would create an easy to tune controller. The control setup would be easier to
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Figure 10: Observer behavior for the combined modeling errors, set-point tracking and dis-
turbance rejection.

tune and would not require an exact model as for the observer based approach.
Thus, saving time and e�ort both concerning modeling and tuning. The pro-
posed combination for the setup is utilizing a PWL model description of the
nonlinear system using a min-max approach. The min-max MPC was combined
with an adaptive I-controller to o�er the possibility of o�set-free control for
a range of uncertainties, such as modeling errors, input disturbances, output
(measurement) disturbances and set-point tracking. These are all done while
the states are not measurable.

The simulation results show that the proposed technique managed to reach
a steady-state o�set-free control for the di�erent uncertainties. The traditional
method of using an observer show declining control when an accurate model
is not available. However, there are still improvements that could be made,
especially concerning handling model errors as well as the overshoot occurring
when the system has a very steep gradient.

Further research would include expanding it to guarantee robust o�set-free
control and the use of online and developing models like arti�cial neural networks
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