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Abstract

In this paper we investigate the iterative solution of enriched finite element methods for
solving a frequency domain wave problem. The considered methods are partition of unity
isogeometric analysis (PUIGA) and the partition of unity finite element method (PUFEM).
We study the performance of an operator based preconditioner, namely, the shifted Laplace
preconditioner against a complex shifted ILU preconditioner. Compared to complex shifted
ILU, the shifted Laplace preconditioner leads to a significant performance improvement in
terms of reduced number of GMRES iterations. Through numerical examples, we show that
the shifted Laplace preconditioner results in a wavenumber independent GMRES convergence
for the frequency range considered. We also show in general that preconditioned GMRES
performs better with PUIGA than for PUFEM. The improvement is explained in terms of
the lower condition numbers with PUIGA at higher frequencies. This work is one of the first
attempt to evaluate the performance of operator based preconditioners on a Trefftz type method
for solving frequency domain wave problems.

Keywords. Partition of Unity FEM; Isogeometric Analysis; Preconditioning; Iterative solver;
Shifted-Laplace preconditioner; Helmholtz problem

1 Introduction

Solving frequency domain wave problems using deterministic methods has a wide range of engineering
applications. In this respect the finite element method (FEM) is the method of choice when dealing
with complicated geometries and/or heterogeneous domains. However, the solution with numerical
methods such as the FEM is usually limited to relatively small wavenumbers. As the wavenumber
increases it is also necessary to increase the discretization resolution (i.e. the number of degrees of
freedom per-wavelength) in order to keep the error under control [1]. A constant mesh resolution
would give increasing numerical errors with frequency and this behaviour is described in the literature
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as pollution error. The rate at which the discretization resolution needs to be increased is dependent
on the order of the approximation. Several theoretical and numerical estimates of this rate are
available for FEM [1–3]. The increase in the discretization resolution has long been a bottle neck
for extending the range of wavenumbers that can be dealt with using FEM. Although eliminating
the pollution error was proved to be impossible for two- and three-dimensional problems [4] but
finding an approach that can slow down or even eliminate this increase has been the quest of many
researchers from engineering and mathematical backgrounds.

To deal with the pollution error several approaches are available in the literature. In general using
high order polynomial basis functions for approximating the solution has a favourable impact on
handling the pollution compared to low orders [5,6]. Another approach is to use oscillatory functions
that can incorporate the exact wavenumber in approximating the solution [7,8]. This can be achieved
using a continuous formulation such as the partition of unity finite element method (PUFEM) [9],
the generalised finite element method [10], a discontinuous formulation such as the discontinuous
enrichment method [11] and the ultra-weak variational formulation [12]. Enriching the FEM basis
with plane waves can significantly improve the approximation properties of the finite elements [8,13].
Thus, the resolution required to achieve a given accuracy is significantly reduced compared to non-
enriched elements and coarse meshes can be used to approximate the solution even at high frequencies
[13,14]. Recently, the isogeometric analysis (IGA) was also found to significantly reduce the pollution
error [15–19].

IGA was first introduced to simplify the meshing process of the finite element method [20]. The
main advantage is to utilise the same non-uniform rational B-Splines (NURBS) functions used to
create the geometry, to also approximate the solution. The isogeometric analysis was introduced for
vibrations and structural dynamics in [21]. Comparisons for eigenvalue problems of free vibration
and time harmonic wave problems show that the smooth basis functions of the isogeometric analysis
lead to almost spectral approximation properties and all modes converge with increasing order of
approximation. On the other hand the standard C0 continuous finite element shape functions are
divergent at higher modes [22]. Further studies on the eigenfunction approximations of the finite
element show that the eigenfunctions errors jump at the transition points between branches of the
eigenvalue spectrum while IGA approximation do not exhibit such jumps [23]. Similar advantages
of IGA was also reported on applications to Lamb wave propagation in the time domain [24].

The potential of IGA to simplify the meshing process can be limited when solving frequency domain
wave problems where the mesh must be refined whenever a higher wavenumber is considered. This
can be overcome by enriching IGA with plane waves known as partition of unity isogeometric analysis
(PUIGA) bring together advantages of IGA and PUFEM [25]. Thus, the basis functions used
to interpolate the geometry will also be used to approximate the solution. But when a higher
wavenumber is considered it is only sufficient to increase the number of enrichment functions without
the need for any mesh refinement. So whereas accurate geometry representation can be achieved
using the NURBS basis functions, even superior approximation can be achieved via enriching the
NURBS basis. It should also be noted that the solution becomes more sensitive to small geometrical
inaccuracies as higher wavenumbers are considered [26]. Thus, the major advantage of PUIGA
compared to IGA or PUFEM is the ability to represent the exact geometry with coarse mesh grids
that do not require refinement as the wavenumber increases. However, PUIGA also inherits the
severely ill-conditioned linear systems that result from incorporating the enrichment [15]. To deal
with the ill-conditioning problem often direct solvers are employed. Therefore, the computations can
become prohibitively expensive for large three-dimensional domains as the complexity of direct solve
is O(N3) in 3D. To elevate the computational burden it is possible to use iterative methods to solve
the linear systems. However, the ill-conditioning issue can delay or even prevent the convergence of
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such solvers unless an appropriate preconditioner is implemented. Several authors investigated using
linear iterative solvers with preconditioners for enriched finite element methods with enrichment such
as the PUFEM [27] as well as other enrichment methods [28–30].

In fact developing a suitable preconditioner is a non-trivial task for numerical solution of the
Helmholtz equation at high wavenumbers. Even without adding enrichment the problem leads
to a large, complex and often ill-conditioned linear system [31]. Different approaches have been
investigated to use iterative solvers for the Helmholtz problem and this remains to be an open
topic. However, some recent developments show several promising directions that could be useful
also for PUIGA and other enrichment methods [32]. A major development is related to the research
within multigrid context such as reformulation-based preconditioning [33], wave-ray methods [34,35],
Krylov-type methods including smoothers [36] or sweeping preconditioners [37, 38]. Another devel-
opment is the complex shifted Laplacian preconditioner [39–42]. A recent literature review on the
solution of the Helmholtz problem linear system, can be found in [43].

Using moderate order splines based elements and injecting a high number of plane wave enrichment
functions into the discretization is proven to lead to more efficient solutions compared to using
only high order splines [15, 25]. Both high and moderate order splines can represent the exact
geometry. This is an important feature at high wavenumbers as any inaccuracies in the geometry
representation can have a diverse impact on the solution. The exact geometry representation with
coarse elements based on splines and the efficient field representation with plane waves enrichment
are two unique features of PUIGA that brings a significant advantages compared to other finite
element methods available for the wave problem. However, the ill-conditioning issue is a main
obstacle for implementing PUIGA. This is especially true because the majority of the preconditioners
developed for the finite element method are not particularly useful for solving enriched methods [27].
Therefore, finding a suitable preconditioners is a major development for the method. In this paper
we investigate the iterative solution of PUIGA for solving Helmholtz problems. This paper presents
a first attempt to study iterative solution of such systems. It is still unclear how PUIGA will perform
when using preconditioned iterative schemes that are popular for Helmholtz equation. We aim to
evaluate the performance of shifted Laplace preconditioner and compare it with other commonly used
preconditioner for this type of linear systems. Furthermore, this study will also compare iterative
solution of PUIGA to that of PUFEM where a direct solver is also considered as a reference. Hence,
this work is also one of the first attempts to evaluate the performance of the recently introduced
operator based preconditioners for enriched finite elements. The rest of the paper is organised as
follows. We first introduce the variational formulation to be solved and briefly explain the iterative
solver and the preconditioners considered for the solution. We then evaluate the performance of the
solver and the preconditioner for PUIGA systems compared to PUFEM systems for a unit square
domain. Finally, we discuss the performance on a practical application where we analyse the interior
noise for a typical passenger car cabin.

2 Weak form and enriched numerical solution

In this paper we investigate the numerical solution of the Helmholtz equation for frequency domain
wave problems

∇2φ+ k2φ = 0, in Ω (1)

where k is the wavenumber, ∇2 the Laplace operator and φ is the complex wave potential. We
are only interested in the cases where the wavenumber is positive and real. The equation is to
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be solved in a bounded domain Ω in R2 with the boundary ∂Ω. To solve a full exterior problem
we need to truncate the domain so that the exterior boundary is not located at the infinity. An
approximate boundary condition then needs to be used on this truncation boundary. Imposing such
artificial boundary conditions can introduce error into the solution due to spurious reflections. Since
accuracy of the solution is our main concern in this paper we avoid this approximation by imposing
the analytical solution of a known problem on the domain boundaries via a Robin type boundary
condition

∇φ · n + ikφ = g on ∂Ω, (2)

where n is the unit outward normal vector defined on ∂Ω and g is a boundary source term for a
given problem. The weak formulation of the boundary value problem defined by (1) and (2) can be
obtained by multiplying equation (1) by a test function v and then integrating over the domain Ω.
Using the divergence theorem and substituting the boundary conditions, following weak form can
be obtained: find φ ∈ H1(Ω), s.t.,∫

Ω

(
∇φ∇v − k2φv

)
dΩ + ik

∫
Γ

φvdΓ =

∫
Γ

gvdΓ, ∀v ∈ H1(Ω). (3)

where H1 is a Sobolev space. To find an approximate numerical solution φh we use the finite element
method. Thus, we define a triangulation by dividing the domain Ω into a set of non-overlapping
and non self-intersecting elements Ei ∈ Th. Each element Ei is characterised with a diameter h. We
also define the finite element approximation space Wh ⊂ H1(Ω) to be the space of polynomials with
order p

Wh = {v ∈ H1 : v|E∈ Pp(E) for each element E ∈ Th} (4)

where the approximation space Wh spans a set of N basis functions {NA, A = 1, · · · , N} i.e.
dim(Wh) = N . We now search for the approximate solution in the discrete space Wh: find φh ∈ Wh,
s.t., ∫

Ω

(
∇φh∇v − k2φhv

)
dΩ + ik

∫
Γ

φhvdΓ =

∫
Γ

gvdΓ, ∀v ∈ H1. (5)

where the numerical solution φh is interpolated using the basis functions NA

φh =
N∑
A=1

φANA. (6)

Thus, the weak form can now be rewritten as a set of linear equations

N∑
A=1

φA

[∫
Ω

(
∇NA∇v − k2NAv

)
dΩ + ik

∫
Γ

NAvdΓ

]
=

∫
Γ

gvdΓ, ∀v ∈ Wh. (7)

The test functions v ∈ Wh are chosen to be same as the solution basis functions NB, B = 1, · · · , N .
Thus, it is possible to write

N∑
A=1

φA

∫
Ω

(
∇NA∇NB − k2NANB

)
dΩ + ik

∫
Γ

NANBdΓ =

∫
Γ

gNBdΓ, for B = 1, · · ·N (8)

The integral of weak form (8) can then be performed element-wise and the contributions assembled
into a global matrix. In general the PUFEM and PUIGA differ mainly in the choice of polynomial
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basis functions NA where the Lagrangian polynomials are used for the former while NURBS for the
latter. Also the way elements E are constructed is different; whereas PUFEM uses a Lagrangian
mesh, PUIGA uses an isogeometric mesh. Next we discuss the construction of these two type of
meshes and the choices of the basis functions. Then we move to the enrichment.

2.1 Lagrangian element

This paper only considers quadrilateral Lagrangian elements E with one basis function associated
with each element node. The reference element Ê is defined in the parent space ξ̂ ∈ [−1, 1]2. Any
element E in the triangulation Th is related to the reference element Ê with an affine transformation
FE so that

FE : ξ̂ ∈ Ê → FE(ξ̂) (9)

Using transformation FE the integrals in (8) can be evaluated in the parent space using Gauss
quadrature. In one dimension, the basis functions for FEM are constructed using Lagrange polyno-
mials

Na(ξ) =
n∏
b=1
b 6=a

ξ̂ − ξ̂b
ξ̂a − ξ̂b

(10)

with the number of nodes n local to Ê being related to the polynomial order i.e. n = p+ 1. In 2D,
the basis functions are built with the tensor product of two polynomials with order p in 1D.

2.2 Isogeometric elements

Again only quadrilateral elements are considered. The reference element Ê is again defined in the
parent space ξ̂ ∈ [−1, 1]2. The same affine transformation (9) is used to map the elements Ei ∈ Th
to the reference element Ê where the integrals in (8) are evaluated by transferring functions between
the physical and parent spaces. The B-spline basis functions are built on a sequence of knots that
are given as a vector in 1D

Ξ = [ξ1, ξ2, · · · , ξn+p+1] (11)

with ξi being the knot number i. The vector Ξ is defined over a parametric space ξ̃ = (ξ) ∈
[ξ1, ξn+p+1]. The length of this vector is related to the polynomial order p and the number of basis
functions n. Thus, in one-dimension the B-splines can be constructed from the knots using Cox-
deBoor recursion formula

Ni,p(ξ) =
ξ − ξi
ξi+p − ξi

Ni,p−1(ξ) +
ξi+p+1 − ξ
ξi+p+1 − ξi+1

Ni+1,p−1(ξ) for p > 0 (12)

where,

Ni,0(ξ) =

{
1, if ξi ≤ ξ < ξi+1,

0, otherwise
(13)

Note that, unlike FEM, IGA involves space containing parametric coordinate ξ̃ over which the B-
splines are defined. Thus an additional mapping between the parent and parametric space also
needs to be defined. The weighted B-splines are then used to construct the NURBS basis. Similar
to the Lagrangian basis, the NURBS basis in 2D are obtained by taking the tensor product of two
B-splines in 1D. It is common to construct NURBS basis functions using B-Splines of different orders
so that the basis in two dimensions becomes bi-variate, which is unusual for Lagrangian elements. It
should be noted that for p = 0 and 1 both NURBS and Lagrangian basis are the same. A detailed
description on the construction of isogeometric elements can be found in [20,44].
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2.3 Plane wave enrichment

In both PUFEM [45] and PUIGA [25], plane wave enrichment is combined with the polynomial basis
using the partition of unity method (PUM) [9]. Using the polynomial basis functions Ni, we can
approximate the discrete solution φh as

φh =
N∑
i=1

Niφi (14)

where the φi are the unknown solution values at nodes and Ni are the Lagrangian polynomial basis
functions when using FEM. Alternatively when using IGA, φi and Ni respectively are the unknowns
at control points and NURBS basis functions. In the PUM these nodal values are expanded into a
combination of Q plane waves

φi =

Q∑
q=1

si,qψi,q (15)

where si,q is now the new unknown associated with plane wave ψi,q in qth direction attached with
the node i. In the current study, the plane wave directions are always evenly spaced around the unit
circle irrespective of the associated finite element node or control point. Let us now define a set of
plane waves as

ψQ = span
{
eik(x cos(θq)+y sin(θq)), q = 1, 2, ..., Q

}
. (16)

Then, the PUM approximation space is defined as

Vh = span
{
Nieik(x cos(θq)+y sin(θq)), i = 1, 2, ..., N, q = 1, 2, ..., Q

}
. (17)

Therefore, the solution φh can be approximated with PUFEM or PUIGA as

φh =
N∑
i=1

Ni
Q∑
q=1

si,qψi,q (18)

Although here we consider evenly spaced plane waves around the unit circle so that θq = 2π q
Q

, it is
also possible to cluster them in a certain direction.

We can now define the product of qth plane wave with the polynomial/NURBS basis function as the
PUM shape function χα = Niψi,q with the global index α defined as α = (i − 1)Q + q. For a total
of N basis functions each associated with Q plane waves (see (18)), the approximation for φh can
be written as

φQh =
ntot∑
α=1

χαsα where ntot = N ×Q (19)

hence, ntot is the size of the PUM space. Here, the superscript Q is used only to distinguish between
the discrete solution from polynomial and PUM based schemes. Finally, using (19) in (5) to write
the linear system for PUM based methods

ntot∑
α=1

[∫
Ω

(
∇χα · ∇χβ − k2χα∇χβ

)
dΩ + ik

∫
Γ

χαχβ dΓ

]
sα =

∫
Γ

χβg dΓ (20)

for a set of ntot unknowns sα;α = 1, · · · , ntot and where β = 1, · · · , ntot. It is possible then to
assemble all the integrals into a single system of linear equations such as

Ax = b (21)
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where, A is the coefficient matrix with b and x as the load and unknowns vector, respectively. A
typical entry of A and b can be given as

Aα,β =
∑
E

[∫
E

(
∇χα · ∇χβ − k2χα∇χβ

)
dΩ(E) + ik

∫
∂E
χαχβ dΓ(E)

]
(22)

and

bα =
∑
E

∫
∂E
χβg dΓ(E) (23)

To evaluate the oscillatory integrand over the multi-wavelength-sized elements a high order Gauss
quadrature scheme is used with the number of integration points is set to around ten points per-
wavelength in one direction. Despite the high number of integration points PUM remains a lot more
efficient than the standard FEM thanks to the significant reduction in the total number of degrees
of freedom required. The unknown values of the plane wave amplitudes sα can now be obtained by
solving the (21) which will be discussed next.

3 Preconditioned GMRES solver

The matrix A ∈ CN×N in (21) is complex valued, non-Hermitian, block sparse, symmetric and often
ill-conditioned or even singular for large values of the wavenumber k and/or large values of Q. When
solving Helmholtz problems at high frequencies, it may become inevitable to use an iterative solver
where the size of linear system can become too large to be solved with a direct solver. In such a
case Krylov subspace methods may still converge within a reasonable number of iterations provided
a ‘good’ preconditioner is available. But the construction of such a preconditioner remains an open
topic for research.

In this section we investigate the solution of the linear system (21) using a Krylov subspace method,
namely, GMRES which is chosen here for two reasons. First, GMRES requires one matrix-vector
product in each of its iteration. Second, robust theoretical proofs exist that guarantee the con-
vergence of GMRES in exact arithmetic in at most N iterations where N is the number of equa-
tions/unknowns. However, the method also requires a growing memory storage as the number of
iterations increases in order to apply a full recurrence. Therefore, GMRES is often restarted by reset-
ting the initial guess. This variation of the method is often called ‘restarted GMRES’ or GMRES(m)
where m is the number of iterations before resetting the initial guess. But this variation is less robust
as it may result in the loss of convergence.

The solution of (21) at iteration n, say xn, is approximated as a linear combination of n vectors
where xn lies in the Krylov subspace Kn defined by

Kn(A,b) = span{b,Ab, . . . ,An−1b} (24)

so that the residual at the nth step rn = ‖b−Axn‖ is minimized. If xn is not a good approximation,
then the vector Anb is also added to the Krylov subspace to evaluate the next approximation. The
two papers [46,47] show how a sequence of Krylov vectors can be efficiently built in order to obtain
xn.

A ‘good’ preconditioner is then chosen so that the solution is approximated using the minimum
number of iterations to achieve a given residual norm rn. The preconditioner is chosen to change
some of properties of A such as the condition number or the distribution of its eigenvalues. In
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this regards it is known that the convergence of a Krylov subspace solver strongly depends on the
distribution of the complex eigenvalues of A. Having the eigenvalues clustered and on one side
of real or imaginary axis (depending on the problem), helps accelerating the convergence i.e. it
minimizes the number of iterations needed. Therefore, we aim to chose a preconditioner that will
help in clustering of the eigenvalues favourably. In this study, following two preconditioners are
studied:

• Incomplete LU factorization with a complex shift (shifted-ILU). The factorization is called
incomplete as it involves a threshold which is chosen to trade off between the accuracy of the
factorisation and the memory requiered to store the factorization [48].

• Shifted-Laplacian preconditioner [49]

It is known that ILU is not an effective preconditioner for the Helmholtz equation at high wavenum-
bers. Therefore, the shifted-ILU was introduced as an alternative that uses a shifted coefficient
matrix to construct LU factors required for preconditioning. Thus a suitable diagonal shift is added
in the original coefficient matrix and then incomplete LU factors for the shifted matrix are obtained.
These factors are then used for the ‘split preconditioning’ of the original linear system. This idea
was first investigated by Kershaw for the incomplete Cholesky-CG method [50]. It was found that
such a simple shift in the diagonal helps to cluster the eigenvalues favourably, hence, can be used as
an effective preconditioner for the original linear system. The complex-shifted ILU was later inves-
tigated as a preconditioner for Helmholtz problems [48]. On the other hand, the shifted-Laplacian
preconditioner is built with disretization of the shifted Helmholtz operator and has been shown to
accelerate the GMRES convergence [49,51,52].

3.1 Preconditioners:

• ILU with a complex shift :
Let P denote the preconditioning matrix. Decomposing the matrix P using an LU factorization
we can write

P = PLPR (25)

where PL and PR are the LU factors. This decomposition can then be used as a ‘split-
preconditioner’ for the linear system (21), i.e.,

PL
−1APR

−1y = PL
−1b, and x = PR

−1y (26)

Starting from a sparse matrix P, the decomposition PL and PR are often considerably more
dense with higher numbers of non-zero entries. However, if we drop some of the non-zero
entries that are less than a given threshold τ then PL and PR can also be sparse but the
decomposition will be an approximation of P and let us denote it with P̃. Therefore, the
factorization is called incomplete and the preconditioning strategy is refereed to as ILU.

It has been established that using such a decomposition of A as a split-preconditioner for
the system (21) considerably improves the convergence of iterative solvers. The ILU with a
diagonal shift is then obtained in a similar way except that the preconditioner is built with a
diagonal shift in A based on the threshold τ . It is useful if the threshold is weighted with a
local measure such as the norm of the current row in the matrix A. Let c be a vector that
contains appropriate shifts for each of the diagonal entry based on the local measure. Once the
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shift vector c is computed, the preconditioner can be built easily by adding the entries from
each row of the vector c to the corresponding diagonal of the original matrix A and assigning
the result to P̃, i.e.,

P̃ij =

{
Aij, if i 6= j,

Aii + ici, if i = j; i ≤ n.
(27)

Once the preconditioning matrix P̃ is available, its ILU factors namely P̃L and P̃R can be
obtained and applied on the system as before. In this paper we follow the technique described
by Algorithm 1 to compute vector c based on the local algebraic heuristic proposed in [48].

Input: Matrix A and drop threshold τ
Output: a vector c containing diagonal shifts
for j = 1; j ≤ n; do

ν = imag(Ajj);
v = Alj, l = 1; l ≤ n;
γτ = τ ‖v‖1;
if ν ≥ 0 then

µτ = −ν +
√
ν2 + γ2

τ ;
end
if ν < 0 then

µτ = −ν −
√
ν2 + γ2

τ ;
end
cj = µτ

end
return c;

Algorithm 1: Building vector for complex shifts in the diagonal

• Shifted Laplace preconditioner :
The second type of preconditioner considered in this paper is operator based where a shift is
applied in the continuous problem. This is a significant difference compared to ILU with a
complex shift where the shift is applied on the discrete problem. Considering the Helmholtz
equation the shifted Laplace preconditioner can be applied as follows

∆φ+ (k2 + iε)φ = 0 in Ω (28)

∇φ · n + iηφ = g on ∂Ω (29)

The preconditioner is then constructed by discretizing the boundary value problem (28-29).
In this paper we set η = k and the value for ε is chosen during the numerical experiments. A
Galerkin approximation of the system (28-29) can then be written following section 2. The
obtained linear system is then

Pεx = b (30)

with the entries in the matrix Pε are given by

Pεα,β =
∑
E

∫
E

(
∇χα · ∇χB − (k2 + iε)χαχβ

)
dΩ(E) + ik

∫
∂E
χαχβ dΓ(E) (31)

Thus, the preconditioned system with Pε is given by

P−1
ε Ax = P−1

ε b (32)
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4 Numerical tests

4.1 Scattering problem

We consider the numerical solution for a problem where a unit amplitude plane wave is scattered
by a circular scatterer. The scatterer is assumed to be infinitely rigid and the plane wave to be
propagating in the positive x-direction. The analytical solution for the scattered potential is given
by

φ = −
L∑
l=0

ilεl
J ′l (ka)

H ′l(ka)
Hl(kr) cos(lθ) (33)

where θ and r are the polar coordinates, a is the radius of the scatterer, Jl(ka) the Bessel function
and Hl(ka) the Hankel function. Both functions are first kind and order l. The prime in a function
denotes the derivative with respect to its argument. The value of εl = 1 if l = 0 and εl = 2
otherwise. In all the presented results the considered number of the analytical solution components
is fixed as L = 20. In order to impose the known solution in (33) on the boundary of computational
domain, the source term g in (2), needs to be evaluated. The scatterer is centred at [0,0] and the
computational domain Ω is a unit square centred at [5,5]. The accuracy of numerical solution is
evaluated with a relative error in H1−norm defined as

H1-error =
‖φ− φh‖H1(Ω)

‖φ‖H1(Ω)

(34)

where the H1−norm for the Helmholtz equation is

‖v‖2
H1(Ω) = ‖∇v‖2

L2(Ω) + k2 ‖v‖2
L2(Ω) (35)

Furthermore, the H1−projection or best approximation of analytical solution in the space Vh is
defined as

φbah = arg min
φh∈Vh

‖φ− φh‖ (36)

where the best approximation φbah is computed by solving the variational formulation: find φbah ∈ Vh,
s.t., ∫

Ω

(
∇φbah ∇vh + k2φbah vh

)
dΩ =

∫
Ω

(
∇φ∇vh + k2φvh

)
dΩ (37)

The formulation (37) is solved using the same discretization procedure as that of finding the approx-
imate solution φh as described in Section 2. Finally, we also define t as the number for the degrees
of freedom per-wavelength

t = λ

√
N

A
(38)

where λ = 2π/k is the wavelength, N the total number of degrees of freedom and A the area of
computational domain.

Three different tests are carried out in this numerical experiment. In the first test we evaluate the
performance of the preconditioned iterative solver for a growing wavenumber k and with a fixed t.
In the second and third test the performance is evaluated for h− and q−refinements, respectively.
LU decomposition with forward and backward substitution procedure is used here as direct solver.
We choose GMRES for the iterative solver and set the tolerance for residual norm as 10−5.
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4.1.1 Constant t

In the first set of results we aim to compare the performance of the ILU preconditioner with a
complex shift (hereafter called SILU) with the shifted Laplace preconditioner (S) when solving a
linear system (21). In the first test case, for the numerical solution we only consider the polynomial
order p = 1. Hence, both PUIGA and PUFEM produce exactly the same approximations where
the NURBS and the Lagrangian polynomials are identical for p = 1. The H1−errors for the results
obtained with SILU and S are also compared to the best approximation errors where the latter is
obtained using the direct solver. The problem is solved for k = 20π to 300π with increments of
40π. The number of enrichment functions is fixed to Q = 32 and we set t = 0.5. For k = 20π
the problem is solved using a uniform mesh of 2 × 2 square elements. To keep t constant as k
increases h−refinement is performed. Figure 1 show the relative errors (a) and (b), the condition
numbers (c) and (d) and the number of iterations required with both preconditioners (e) and (f),
plotted for the considered wavenumber range. The results show that a constant H1−error of around
1% is obtained for this range of wavenumbers with both preconditioners leading to practically the
same solution. The error of the best approximation, is also roughly constant which suggests that
the results exhibit no pollution as wavenumber grows. Looking at the condition numbers it can be
seen that the S preconditioned linear system has the smallest condition number compared to the
original system A or A preconditioned with SILU. In fact applying SILU seems to slightly increase
the condition number compared to the original system. The condition numbers seem to be constant
for the original system A and A preconditioned with S. Using S, seems to also lead to a constant
number of iterations while in the case of SILU the number of iterations grows with wavenumber.

We solve the same problem again with the same parameters as before, however, the number of
degrees of freedom per-wavelength is now increased to t = 1. The resulting linear systems in this
case becomes larger and more sparse than before. The increased sparsity is due to keeping the
number of plane waves enrichment constant Q = 32. Therefore, the size of the blocks associated
with the nodes remains unchanged while the number of the nodes i.e. the linear system size is
quadrupled. For the new set of results we plot the errors as well as the condition and iteration
numbers in Figure 1 (right column). Compared to the previous set of results the H1−errors with
SILU diverge from that of S at k = 180π. At this point the error starts to increase quickly with the
wavenumber. In general the condition number increases in all the cases compared to the case when
t = 0.5. This is to be expected as in general for partition of unity based systems, increase in t results
in higher condition numbers. However, the linear systems associated with SILU shows a significant
increase compared to the original system or the one preconditioned with S. As before the latter
leads to the smallest condition numbers. Unlike the previous results, SILU now leads to condition
numbers significantly larger than the original system. Also here the number of iterations remains
constant with S while it increases steadily with SILU. The difference in the number of iterations
between S and SILU is more pronounced at t = 1 than at t = 0.5. In general the difference is at least
an order of magnitude for smaller wavenumbers and grows to two orders of magnitude for higher
wavenumbers.

To understand the results better we plot in Figure 2 the distribution of the eigenvalues in the complex
plane for the original system A as well as A preconditioned with SILU or with S. The figure shows
the distribution for k = 300π and t = 0.5. In the original system the distribution covers a relatively
wide range of imaginary and real values in both negative and positive sides of both axes. The
distribution is improved with SILU where the eigenvalues are distributed in a much smaller range as
can be seen in the Figure 2. However, some eigenvalues still lie on the left of imaginary axis. Using
S it is clear that the eigenvalues are clustered around 1 and only towards right of the imaginary axis.
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(a) H1−error: t = 0.5 (b) H1−error: t = 1

(c) Conditioning: t = 0.5 (d) Conditioning: t = 1

(e) Iterations: t = 0.5 (f) Iterations: t = 1

Figure 1: Scattering problem: Results obtained with t = 0.5, 1.0 and Q = 32 where H1−projection,
SILU, S and original system without preconditioning A.

12



-100 -50 0 50 100

-300

-200

-100

0

100

200

300

(a)

-1 -0.5 0 0.5 1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

(b)

0.995 1 1.005

-5

0

5
10

-3

(c)

Figure 2: Eigenvalues for k = 300π of A (a), P̃−1
L AP̃−1

R (b), and P−1
ε A (c). Note while for SILU

system (b) some eigenvalues still dangling on −ve real axis, eigenvalues for S preconditioned system
lie perfectly on the right side of the imaginary axis.

This explains the improvement in the condition number as well as the constant number of iterations
with S. Based on the results presented in this section it is clear that shifted Laplace preconditioner
significantly outperforms SILU when solving the Helmholtz equation with enriched finite elements.
Therefore, for the remainder of this paper we only investigate the S preconditioned linear systems.

4.1.2 q−refinement

In the second numerical test we solve the scattering problem again but for a fixed mesh grid and a
fixed wavenumber while increasing the number of enriching plane waves. Obviously, in this case the
increase in Q will also lead to an increase in t. The aim here is to keep the same sparsity pattern but
to scale-up the size of the system as the total number of degrees of freedom Q×N is increased. The
considered polynomial order is now p = 2. Therefore, PUFEM and PUIGA will produce two different
approximations. The problem is solved for three different wavenumbers: k = 50π, 100π and 200π. A
mesh composed of 8×8 square elements is used for the three wavenumbers considered. The problem
is first solved with the number of enrichment functions being Q = 4, 10 and 36, for k = 50π, 100π
and 200π, respectively. Next, the solution is repeated but with the number of enrichment functions
increased incrementally. The H1−errors for the increased Q are plotted in Figure 3. The errors
obtained using the direct solver for the system before applying any preconditioner are also included
in the figure. The figure shows that PUIGA and PUFEM perform similarly for k = 50π. As the
wavenumber increases to k = 100π and then to 200π, PUIGA seems to lead to better errors for
increased enrichment. The errors with the iterative solver follow exactly the same trends as when
using a direct solver. However, the iterative solver consistently leads to an order of magnitude higher
errors. This can be improved by reducing the GMRES tolerance for residual. The condition numbers
and the number of iterations associated with the linear systems resulting from all the considered cases
are also plotted in the figure as the wavenumber grows. Compared to PUFEM, the condition numbers
for PUIGA are slightly higher but the growth slows down as wavenumber grows. Hence, at higher
number of enrichment functions PUIGA results in smaller condition numbers. For both PUIGA
and PUFEM the smallest wavenumber, namely, k = 50π resulted in the highest condition numbers.
This behaviour which is also reported in previous studies [15, 25], is reflected in the performance of
the preconditioned iterative solver. The S preconditioner leads to a constant number of iterations
as Q grows up to the point where the condition number exceeds 1016. After that point the number
of iterations starts to increase rapidly which is to be expected for such severely ill-conditioned linear
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(a) (b)

(c) (d)

Figure 3: Scattering problem q−refinement: (a):H1−error LU solve (b): H1−error S solve (c):
Conditioning (d): GMRES iterations
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systems. However, thanks to the improved conditioning with PUIGA the number of iterations with
S preconditioner remains constant to a significantly higher Q compared to PUFEM.

4.1.3 h−refinement

Our final aim in this example is to investigate the performance of the preconditioned iterative solver
for a given wavenumber when keeping the number of enrichment functions constant and refining the
mesh, hence, increasing the number of degrees of freedom per-wavelength t. In this case we increase
the system size as well as its sparsity while keeping the wavenumber unchanged. Similar to the
previous test the polynomial order is p = 2 and the problem is solved for the wavenumbers k = 50π,
k = 100π and 200π. The number of enrichment functions is fixed for all the cases Q = 16. The
problem is first solved using uniform mesh grids composed of 4×4, 6×6 and 12×12 square elements
for the k = 50π, 100π and 200π, respectively. The solution is then repeated but with incrementally
refined mesh grids. The errors obtained in all the cases are plotted in Figure 4 for GMRES solution
with S for both PUFEM and PUIGA. The errors from LU solve, condition numbers and the number
of iterations for S preconditioned system are also plotted in the same figure. The H1−errors with
preconditioned iterative solution again follow similar patterns to those with the direct solver. The
error with PUIGA is better than that with PUFEM in general. The h−refinement leads to a slower
increase in the condition numbers compared to the q−refinement. For example at k = 50π, to
achieve an error of around 10−6 with the PUFEM, the condition number increases to around 1016

using the q−refinement (Figure 3) while it increases only to 1010 using the h−refinement. But it
should be noted that the total number of degrees of freedom needed with the h−refinement is 10000
compared to 8092 with the q−refinement. The same observation can also be made for PUIGA
but the increase in the condition number for the q−refinement compared to the h−refinement is
smaller than the PUFEM where the corresponding numbers are κ = 1010 for the h−refinement and
increase to κ = 1012 for the q−refinement. In this set of results the condition numbers with PUIGA
are in general higher than those with PUFEM. However, based on the previous set of results as
the condition number increases beyond 109 the trend will be reversed. This can already be seen
in k = 50π results. Finally, for the considered range of meshes the number of iterations remains
practically constant for all the meshes and the three considered wavenumbers. This is true for
PUFEM as well as PUIGA.

5 Car cabin problem

The final numerical experiment examines a practical application in acoustics where the acoustic
scattering inside a car cabin is investigated. Figure 5 shows the considered geometry which is based
on a published example [53] and the geometry details can be found therein. The acoustic excitation
is introduced using a unit normal velocity imposed on part of the car geometry shown by red line in
Figure 5. All the exterior boundaries are assumed to be infinitely rigid so that the acoustic waves
are fully reflected from them. The rigid boundaries are modelled with a homogeneous Neumann
boundary condition. The cabin seats are assumed to be made of acoustically soft material. To
model this behaviour, an impedance boundary condition is imposed on the seats which are indicated
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(a) (b)

(c) (d)

Figure 4: Scattering problem h−refinement: (a): H1−error LU solve (b): H1−error S solve (c):
Conditioning (d): GMRES iterations n: number of degrees of freedom in each parametric direction
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Figure 5: Car cabin problem: car geometry where the dotted line refer to ΓZ , the red line to ΓN .
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Figure 6: Car cabin problem: (a): Mesh A and (b): Mesh B.
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with a dashed line in Figure 5. The boundary conditions for this problem are

∂φ

∂n
= −2πifρairvn on ΓN (39)

∂φ

∂n
= −2πifρair

φ

Z0

on ΓZ (40)

∂φ

∂n
= 0 on Γ \ (ΓZ ∪ ΓN) (41)

where ΓZ and ΓN refer to the impedance and inhomogeneous Neumann boundaries, respectively.
The frequency of the acoustic wave is f , the air density ρair = 1.225 kg m−3, the normal velocity vn
= 1 m s−1 on ΓN and the imposed normal acoustic impedance Z0 = 2000 rayl on ΓZ . Applying the
new boundary conditions results in the following weak form∫

Ω

(
∇φ∇v − k2φv

)
dΩ +

∫
ΓZ

Zφv̄ =

∫
ΓN

gN v̄ (42)

where gN = −2πifρairvn and Z = 2πifρair
1
Z0

.

The aim in this example is to investigate the S preconditioned GMRES solution of an PUIGA linear
system. The main difference in this example compared to the previous one is that the mesh here
is composed of multiple NURBS patches compared to a single NURBS patch before. To evaluate
the impact of the S preconditioner on the computational requirements we also consider the CPU
time as the frequency increases in this example. To this end we perform a frequency sweep for the
frequency range 10 to 100 kHz with increments of 10 kHz. The corresponding wavenumber increases
from 184.8 to 1848. To understand the impact of frequency increase on solver performance, as before
we consider both h− and q−refinements. Usually, the second approach is preferred as PUIGA can
capture the exact geometry even on coarse meshes. Injecting more enrichment functions is then more
convenient to practitioners than refining the mesh. It should also be stressed that only PUIGA is
considered as using PUFEM will make it necessary to refine the mesh grid in order to represent
the geometry accurately. Any small inaccuracies in the geometry representation can have a major
impact on the solution when considering high wavenumbers [25,26]. It should be also added that the
relatively high frequency of 100 kHz was possible to compute thanks to the enrichment approach.

(a) (b)

Figure 7: Car cabin problem: (a): residual of the solution vector, (b): CPU solution time.
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(a) (b)

Figure 8: Car cabin problem: Eigenvalues for the car problem with Q = 8 in complex plane at
f = 10 kHz: Original system matrix A (a) and A preconditioned with S (b).

For the h−refinement we start with the frequency f =10 kHz. The problem is solved on the mesh
shown in Figure 6 (Mesh A). The total number of degrees of freedom in this case is 221(control
points)×8(enrichment functions)= 1768. As the frequency increases, the mesh is refined and the
number of enrichment functions is kept unchanged. For the q−refinement starting again from f =10
kHz the mesh shown in Figure 6 (Mesh B) is used with Q = 2 enrichment functions. As the frequency
increases the mesh is kept unchanged while the number of enrichment functions is increased. Figure 7
shows the solution vector residual and the CPU time for both h− and q−refinements. The results are
compared to those of the direct solve. The residual resulting from the iterative solver is practically
constant and remains around 10−6 for the full range of the frequency sweep. On the other hand the
error with direct solve increases by more than two orders of magnitude for the considered rage. This
observation can be made for both h− and q−refinements. The constant residual of the iterative
solver is explained with the fixed GMRES tolerance. The figure also shows a significant drop in
the condition numbers when using S preconditioner. The drop increases with the frequency with
both types of refinements which is expected. This drop in the condition number can be explained
by looking at the distribution of the eigenvalues of the linear system before and after applying the
preconditioner. In Figure 8 the eigenvalues are plotted in the complex plane for Q = 8 and f = 10
kHz and Mesh B. It can be confirmed from the figure that S leads to a favourable clustering of
the eigenvalues around 1 and only on the positive side of the real axis. It should be added that
the number of iterations needed for h− as well as the q−refinements was practically constant at 4
iterations. For demonstration we show in Figure 9 the absolute value of the wave pressure for the
frequencies f = 50 and 100 kHz. The figure shows that both direct and iterative solvers produce
qualitatively the same solution.

6 Conclusions

Solving frequency domain wave problems with PUIGA has two main advantages. Compared to
Lagrange polynomial based enrichment approaches (i.e. PUFEM) modelling exact geometries with
PUIGA can be achieved on relatively coarse mesh grids. Compared to standard isogeometric analysis
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(a) (b)

(c) (d)

Figure 9: Car cabin problem: Absolute value of the acoustic pressure for t ≈ 1 and for frequencies
50 kHz (a and b) and 100 kHz (c and d) obtained with a LU solve (a and c) and S preconditioned
iterative solve (b and d).

PUIGA does not require mesh refinements when increasing the frequency. However, similar to other
enrichment approaches PUIGA also results in ill-conditioned linear systems at high numbers of
enrichment functions. Therefore, using iterative solvers with this type of systems can become a
major issue which is what we investigate in this paper. Solving wave scattering problems we study
such ill-conditioned systems for growing frequency, refined mesh grids and increased number of
enrichment functions. Two classes of preconditioners are investigated, namely, ILU with a complex
shift and shifted Laplace preconditioner. The numerical results show that using a shifted Laplace
preconditioner it is possible to achieve a wavenumber independent convergence for practical range of
frequencies. This major improvement is explained in terms of the significant drop in the condition
numbers as well as the eigenvalue clustering. Using the shifted Laplace preconditioner leads to a
favourable eigenvalues clustering around 1 in the complex plane. The reduction in GMRES iterations
when using the shifted Laplace preconditioner was consistently observed for PUIGA as well as
PUFEM. However, in general the iterative solution of PUIGA is more stable than PUFEM as
higher frequencies are considered. This can be attributed to slower condition number growth with
degrees of freedom for PUIGA than for PUFEM. As a practical application we investigate the wave
scattering in a car cabin interior. A frequency sweep is performed in the range from 10 kHz to
100 kHz. The problem is solved with PUIGA and the results show a significant improvement in
terms of the CPU time when using the shifted Laplace preconditioner with GMRES compared to
a standard direct solve. The results in this test case also show that the S preconditioner preserves
its efficiency even when using multiple patches despite the lower order continuity happening along
the patches interfaces. This remains to be true even when applying both the h− as well as the
q−refinements. The studies in this test case are performed for a fixed number of patches as for
practical applications it is uncommon to apply the refinement on the patch number. However,
we expect the S preconditioner to remain efficient even if the geometry is meshed with a different
set of patches as long as the number of patches does not increase significantly which should be
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avoided. Using an increased number of patches will gradually reverse the advantages of using
NURBS and bring the method closer to the standard finite element method. Finally, although
the work presented in this paper is tested on two-dimensional case studies but we expect to arrive
at similar conclusions when looking at three-dimensional applications. In fact the impact of this
work will increase significantly in three-dimensional applications as the total number of degrees of
freedom increases and the use of direct solvers becomes largely inefficient.
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[7] I. Babuška and J.M. Melenk. The partition of unity method. International Journal for Numer-
ical Methods in Engineering, 40:727–758, 1997.

[8] O. Laghrouche, P. Bettess, E. Perrey-Debain, and J. Trevelyan. Wave interpolation finite
elements for Helmholtz problems with jumps in the wave speed. Computer Methods in Applied
Mechanics and Engineering, 194:367–381, 2004.
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