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Abstract. We consider a class of steady solutions of the semi-geostrophic equations on ℝ3
and derive the linearised dynamics around those

solutions. The linear PDE which governs perturbations around those steady states is a transport equation featuring a pseudo-differential operator

of order 0. We study well-posedness of this equation in 𝐿
2(ℝ3

,ℝ3) introducing a representation formula for the solutions, and extend the result

to the space of tempered distributions on ℝ3
. We investigate stability of the steady solutions of the semi-geostrophic equations by looking at

plane wave solutions of the associated linearised problem, and discuss differences in the case of the quasi-geostrophic equations.
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1. Introduction

The aim of this work is to derive and analyse the linearised semi-geostrophic equation (LSG in what follows)

associated to a class of steady solutions of the semi-geostrophic equations (referred to as SG) on the whole space

ℝ3
. We present a well-posedness theory for this equation, and discuss the stability of these steady states. For a given

conservative steady solution ∇𝑃 of SG corresponding to a time-independent strictly-convex quadratic geopotential

𝑃 , the associated LSG in the conservative perturbation ∇𝜓 is the passive transport equation

𝜕

𝜕𝑡
∇𝜓 + (𝑢 ⋅ ∇)∇𝜓 + 𝑆

𝑇∇𝜓 = ℱ−1◦ℳ
𝑚
◦ℱ[∇𝜓], (1.1)

where the vector field 𝑢 is a 𝑃 -dependent Eulerian velocity, 𝑆 is a 𝑃 -dependent matrix, ℱ−1◦ℳ
𝑚
◦ℱ is a pseudo-

differential operator of order 0 with 𝑃 -dependent symbol 𝑚, and ℱ is the Fourier transform, defined in (1.18).

Although the existence theory in 𝐿
2(ℝ3

,ℝ3) of LSG follows from the theory of strongly continuous semigroups

on Banach spaces, we provide a representation formula for the solution, which allows us to work with the solu-

tions explicitly. We present and extend this result to the space of tempered distributions 
′(ℝ3

,ℝ3), to allow for

the treatment of global plane-wave solutions, which are not integrable functions on the whole space ℝ3
. We also

introduce concepts of stability for this family of steady solutions of the semi-geostrophic equations, by studying

the long-term behaviour of wave-like solutions, in analogy with the results of [5] on the Navier–Stokes equations.

Finally, we briefly mention how the same methods can be applied to the quasi-geostrophic equations, and discuss

similarities and differences between the two theories.

1.1. Contributions of this Paper

The main novelty of this paper is the introduction of an analytical framework in which one can analyse the linearised

semi-geostrophic equations for steady solutions that are globally defined in space. We consider conservative steady

solutions corresponding to quadratic strictly-convex potentials: this choice simplifies the derivation, as we will see

in Sect. 2, and it allows us to write the linearised equation in a very explicit manner, namely (1.1). Our choice

0123456789().: V,-vol  

http://crossmark.crossref.org/dialog/?doi=10.1007/s00021-021-00574-2&domain=pdf
http://orcid.org/0000-0003-1582-1242


   54 Page 2 of 20 S. Lisai, M. Wilkinson JMFM

of steady solutions of SG allows us to prove existence of solutions to LSG, and study the stability of the steady

solutions, in a sense that we specify in Definition 1.3. It is important to notice that the derivation of LSG is only

formal here: a rigorous derivation would require a well-posedness theory for the semi-geostrophic equations on the

whole space ℝ3
, which is still an open problem, to the best of the authors’ knowledge.

The authors believe that the framework presented in this paper can be a first step towards the understanding of the

long-time behaviour of more general steady solutions of the semi-geostrophic equations, and offer an interesting first

comparison between the behaviour of common steady solutions of the semi-geostrophic and the quasi-geostrophic

model. In fact, in Sect. 5, we discuss how the stability analysis predicts different behaviour for some of the common

steady solutions of the semi-geostrophic and the quasi-geostrophic equations.

To the best of the authors’ knowledge, this is the first analysis of the stability of globally-defined steady solutions

of the semi-geostrophic equations, although in the physics literature [13] the author analyses the linear stability of

parallel basic flow in the baroclinic semi-geostrophic equations in geometric coordinates.

1.2. The Semi-Geostrophic Equations in Eulerian Coordinates

The semi-geostrophic equations can be written in various coordinate systems, depending on the analytical tools

that one wishes to employ (e.g. optimal transport theory). The first formulation of SG in Eulerian coordinates was

introduced in the 1950s in [9] and was studied by Hoskins in the 1970s (see [10]). However, the model attracted

the interest of the mathematical community only in the late 1990s when Benamou and Brenier introduced a new

formulation in [4], in a set of coordinates which are now known as geostrophic or dual coordinates, and showed that

tools from the theory of optimal transport could be applied to study the well-posedness of the problem. Since then,

the problem is typically studied in geostrophic coordinates, because of its connection to optimal transport theory:

see, among the others, [1] and [2]. We invite the reader to see [11] for a review of the main formulations and results

in the semi-geostrophic theory.

For our purposes, we shall consider SG in Eulerian coordinates, which is the original setting in which the

equations were derived and studied by Hoskins [10] in 1975. In Eulerian coordinates, SG takes the form of an

active transport equation given by{
𝜕

𝜕𝑡
∇𝑃 + (𝒰[∇𝑃 ] ⋅ ∇)∇𝑃 = 𝐽 (∇𝑃 − idΩ),

∇𝑃 (⋅, 0) = ∇𝑃0,
(1.2)

in the unknown time-dependent conservative vector field ∇𝑃 ∶ Ω × ℝ → ℝ3
, where Ω ⊆ ℝ3

. In the above, the

matrix 𝐽 ∈ ℝ3×3
is given by

𝐽 ∶=
⎛⎜⎜⎝
0 −1 0
1 0 0
0 0 0

⎞⎟⎟⎠ , (1.3)

and the function idΩ ∶ 𝑥 ↦ 𝑥 denotes the identity function on Ω. The operator 𝒰 ∶ ∇𝑃 ↦ 𝑢 is the formal solution

operator associated to the boundary-value problem for the div-curl system on Ω given by{
∇ × (𝐷2

𝑃 𝑢) = ∇ × 𝐽 (∇𝑃 − idΩ),
∇ ⋅ 𝑢 = 0. (1.4)

This boundary value problem is typically endowed with the usual no-slip condition 𝑢⋅𝑛 = 0 on 𝜕Ω if Ω is a bounded

domain in ℝ3
. To guarantee well-posedness of 𝒰 in the case when Ω = ℝ3

, further conditions must be imposed

on 𝑢. In this article, we are interested in the linear dynamics of SG around a special family of steady solutions in

the whole space case Ω = ℝ3
. This family of steady solutions is realised by the gradients of globally-supported

quadratic strictly-convex functions: for a given symmetric positive definite matrix 𝐴 ∈ Sym+(3,ℝ) ⊂ ℝ3×3
, we

consider those steady solutions ∇𝑃 of (1.2) with

𝑃 (𝑥) ∶= 1
2
𝑥 ⋅ 𝐴𝑥, ∀𝑥 ∈ ℝ3

. (1.5)
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Indeed, one can show that ∇𝑃 is a steady solution of (1.2) with corresponding velocity field 𝑢 ∶= 𝒰[∇𝑃 ] given

by

𝑢(𝑥) = 𝑆𝑥, (1.6)

where the matrix 𝑆 is given by 𝑆 ∶= 𝐴
−1

𝐽 (𝐴 − 𝐼) and 𝐼 ∈ ℝ3×3
is the identity matrix.

1.3. Cullen’s Stability Principle

The choice of steady solutions (1.5) allows us to derive the linearised SG by formally taking Fréchet derivatives of

(1.2) and (1.4) at ∇𝑃 in the direction of a smooth conservative vector field ∇𝜓 (see Sect. 2). Using the fact that the

strictly-convex 𝑃 has constant Hessian, we will show that LSG can be written as the abstract Cauchy problem{
𝑑

𝑑𝑡
𝜙 = ℒ𝜙,

𝜙(0) = 𝜙0,
(1.7)

where the linear operator ℒ is defined as

ℒ𝜙 ∶= −(𝑢 ⋅ ∇)𝜙 − 𝑆
𝑇
𝜙 +ℱ−1◦ℳ

𝑚
◦ℱ[𝜙], (1.8)

as in (1.1). In the above, the operator ℳ
𝑚

is the multiplication operator ℳ
𝑚
[𝜙] = 𝑚𝜙 with symbol 𝑚 ∶ ℝ3⧵{0} →

ℝ which depends on the choice of the matrix 𝐴 and is given by

𝑚(𝑥) ∶= 2𝑥 ⋅ 𝐴−1
𝐽𝑥

𝑥 ⋅ 𝐴−1𝑥
, (1.9)

for any 𝑥 ∈ ℝ3⧵{0}. Observe that 𝑚 ∈ 𝐿
∞(ℝ3) ∩ 𝐶

∞(ℝ3⧵{0}).
The primary reason we work with this specific family of steady solutions is due to the well-known Stability

Principle of Cullen, which is adopted by most authors when analysing SG. Indeed, Cullen’s stability principle

(introduced for the first time in [7]) postulates that physically stable solutions of SG are those for which 𝑃 (⋅, 𝑡) is a

convex function in its spatial variable for any 𝑡. For more about the stability principle, we invite the reader to see

[8, Ch. 3] and [6].

As an interesting consequence of our analysis in this paper, we show that whilst steady solutions of the shape

(1.5) are stable in the sense of Cullen, they are in fact dynamically unstable in natural topologies. An additional

structural benefit to considering steady states of the form (1.5), we show in Sect. 2, is that they result in a linearised

equation that involves a pseudo-differential operator of order 0 on ℝ3
. We do not investigate the linearisation of SG

around other steady solutions in this paper, and we leave it for future work. Let us also mention that the correspond-

ing problem in bounded domains Ω ⊂ ℝ3
is substantially harder, with the existence of non-trivial steady solutions

of SG (1.2) on bounded domains being an open problem.

1.4. Characterisation of Steady Quadratic Flows

We observed that the velocity field 𝑢 induced by a geopotential 𝑃 of the form (1.5) is given by the linear transfor-

mation in (1.6). In particular, different choices for the positive-definite symmetric matrix 𝐴 will produce different

steady Eulerian flow fields. To show this, we consider a generic symmetric matrix

𝐴 ∶=
⎛⎜⎜⎝
𝑎 𝑏 𝑐

𝑏 𝑑 𝑒

𝑐 𝑒 𝑓

⎞⎟⎟⎠ , (1.10)

with the coefficients 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓 ∈ ℝ chosen in such a way that 𝐴 is positive definite. Then, the steady flow

velocity is given by 𝑢(𝑥) = 𝑆𝑥, with 𝑆 = 𝐴
−1

𝐽 (𝐴 − 𝐼). In particular, 𝑆 can be written in terms of the coefficients

of 𝐴 and it is easily verified that its spectrum is 𝜎(𝑆) = {0, 𝜆,−𝜆}, where

𝜆 ∶=
√

𝜇

det 𝐴
, 𝜇 ∶= 𝑎𝑓 − 𝑐

2 + 𝑑𝑓 − 𝑒
2 − 𝑓 − det 𝐴. (1.11)
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Hence, the matrix 𝑆 has real eigenvalues if and only if 𝜇 ≥ 0, and it has two purely imaginary eigenvalues otherwise.

We define the two sets in the space of positive definite symmetric real matrices

𝒜+ ∶=
{
𝐴 ∈ Sym+(3,ℝ) ∶ 𝜇 > 0

}
,

𝒜− ∶=
{
𝐴 ∈ Sym+(3,ℝ) ∶ 𝜇 < 0

}
.

(1.12)

As a result, the set 𝒜+ corresponds to hyperbolic flows, whereas the set 𝒜− corresponds to elliptic flows. Although

it is readily seen that the set 𝒜0 ∶= {𝐴 ∈ Sym+(3,ℝ) ∶ 𝜇 = 0} is non-empty, as it contains the identity matrix 𝐼 ,

we do not investigate the stability of steady solutions corresponding to such matrices.

1.5. Statement of Main Results

For reasons pertaining to the study of plane wave perturbations that we outline in the sequel, we aim to construct

solutions of (1.1) in 
′(ℝ3

,ℝ3) by duality, thereby considering the adjoint LSG given by the abstract Cauchy

problem {
𝑑

𝑑𝑡
𝜓 = 𝒦𝜓,

𝜓(0) = 𝜓0,
(1.13)

where the operator 𝒦 is the adjoint of the operator ℒ defined in (1.8), namely

𝒦𝜓 ∶= (𝑢 ⋅ ∇)𝜓 − 𝑆𝜓 +ℱ◦ℳ
𝑚
◦ℱ−1[𝜓]. (1.14)

The reader will observe that symbol 𝑚 defined in (1.9) is an even function, therefore a change of variables shows

that ℱ◦ℳ
𝑚
◦ℱ−1 = ℱ−1◦ℳ

𝑚
◦ℱ. This means that the analysis of the operator 𝒦 in (1.14) is essentially the same

as that of the operator ℒ defined in (1.8), up to a change of sign in the first term and transposing the matrix 𝑆 in

the second. In particular, all of the results that we prove for ℒ hold for 𝒦 mutatis mutandis.

Remark 1.1. Since the velocity 𝑢 corresponding to the steady solution (1.5) is given by 𝑢(𝑥) = 𝑆𝑥, the associated

flow map 𝐹
𝑢
(𝑥, 𝑡) = 𝑒

𝑡𝑆
𝑥 is a volume-preserving diffeomorphism of ℝ3

for any time 𝑡, and we expect LSG in

Eulerian coordinates (1.1) to be equivalent to the formulation in Lagrangian coordinates. We will not comment

further on the Lagrangian formulation, except for mentioning that the existence of strong solutions of LSG in

Lagrangian coordinates can be proved in 𝐿
2(ℝ3

,ℝ3) by applying the theory of evolution systems generated by

time-dependent operators, as presented in [12, Ch. 5]. In fact, LSG in Lagrangian coordinates (up to a rescaling) is

given by the abstract Cauchy problem {
𝑑

𝑑𝑡
Φ(𝑡) = (𝑡)Φ(𝑡),

Φ(0) = Φ0,
(1.15)

where the time-depending operator (𝑡) is defined as

(𝑡) ∶= ℱ−1◦ℳ
�̃�(𝑡)◦ℱ,

with the symbol �̃� defined in (1.19) in the next section.

As we mentioned above, our purpose is firstly to present the existence theory of LSG in 𝐿
2(ℝ3

,ℝ3) and extend

it to tempered distributions in 
′(ℝ3

,ℝ3). The following is our first main result:

Theorem 1.2. Given an initial tempered distribution 𝜂0 ∈ 
′(ℝ3

,ℝ3), there exists a strong solution in 
′(ℝ3

,ℝ3)
of (1.7), in the sense of Definition 1.7 (iv).

The reason we extend the existence theory of LSG to allow for less regular solutions than those which take

values in 𝐿
2(ℝ3

,ℝ3) is so that our solution theory admits plane-wave solutions of the form

𝜙(𝑥, 𝑡) = ∇𝑓 (𝑥, 𝑡), 𝑓 (𝑥, 𝑡) = 𝑎(𝑡)
2𝜋

sin(2𝜋𝑘(𝑡) ⋅ 𝑥), (1.16)

where 𝑎 ∶ ℝ → ℝ and 𝑘 ∶ ℝ → ℝ3
are appropriately chosen functions. These solutions are not integrable on ℝ3

,

with 𝜙(⋅, 𝑡) ∉ 𝐿
𝑝(ℝ3

,ℝ3) for any 𝑝 ∈ [1,∞). Nevertheless, we consider the corresponding time-dependent regular
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distribution 𝜂(𝑡) = 𝜂
𝜙(⋅,𝑡) and characterise the functions 𝑎 and 𝑘 for which 𝜂 is a strong solution of LSG in 

′
, as

in the sense that we clarify in Definition 1.7 (v). Then, for these specific solutions, we look at their stability in the

following sense.

Definition 1.3. We say that a steady solution ∇𝑃 of SG (1.2) is stable to plane-wave perturbations if any plane-

wave solution 𝜙 of the associated LSG (1.1) belongs to 𝐿
∞(ℝ3 × ℝ,ℝ3). Otherwise, we say that ∇𝑃 is unstable

to plane-wave perturbations, i.e. there exists a plane-wave solution 𝜙 of LSG such that ‖𝜙(⋅, 𝑡)‖
𝐿∞(ℝ3,ℝ3) is un-

bounded.

With this in place, let us state the main stability result of this work.

Theorem 1.4. The steady solution ∇𝑃 defined in (1.5) associated to a matrix 𝐴 is stable to plane-wave perturba-
tions if it corresponds to an elliptic flow, i.e. 𝐴 ∈ 𝒜− as in (1.12), and it is unstable to plane-wave perturbations if
it corresponds to a hyperbolic flow, i.e. 𝐴 ∈ 𝒜+.

1.6. Notation and Main Definitions

For the reader’s convenience, we fix here the notation that will be used throughout. The space (ℝ3
,ℝ3) is the

space of Schwartz functions, i.e. the set of all 𝑓 ∈ 𝐶
∞(ℝ3

,ℝ3) such that

‖𝑓‖
𝛼,𝛽

∶= sup
𝑥∈ℝ3

|𝑥𝛼
𝐷

𝛽
𝑓 (𝑥)| < ∞, (1.17)

for any 𝛼, 𝛽 ∈ ℕ3
multi-indices, where 𝑥

𝛼 ∶= 𝑥
𝛼1
1 𝑥

𝛼2
2 𝑥

𝛼3
3 and 𝐷

𝛽 = 𝜕
|𝛽|

𝜕𝑥
𝛽1
1 𝜕𝑥

𝛽2
2 𝜕𝑥

𝛽3
3

. The set (ℝ3
,ℝ3) endowed with

the weak topology generated by the family of seminorms {‖ ⋅ ‖
𝛼,𝛽

}
𝛼,𝛽∈ℕ3 is a Fréchet space. One can prove that

the topology generated by the family of seminorms is equivalent to the topology generated by the family of their

finite linear combinations. The space 
′(ℝ3

,ℝ3) is the space of tempered distributions endowed with the weak*-

topology. We use the notation  and 
′

in place of (ℝ3
,ℝ3) and 

′(ℝ3
,ℝ3) respectively, unless it is necessary

to specify a different range of the Schwartz functions. ℱ and ℱ−1
denote the Fourier transform and its inverse,

respectively. To avoid confusion due to the notation, we specify that we define the Fourier transform and its inverse

on 𝐿
1(ℝ3

,ℝ3) as follows:

ℱ[𝜙](𝜉) ∶=
∫ℝ3

𝜙(𝑥)𝑒−2𝜋𝑖𝜉⋅𝑥 𝑑𝑥, ℱ−1[𝜙](𝑥) ∶=
∫ℝ3

𝜙(𝜉)𝑒2𝜋𝑖𝜉⋅𝑥 𝑑𝜉, (1.18)

and extend this definition to 𝐿
2(ℝ3

,ℝ3) by density in the usual way. We also use the notation 𝜙 ∶= ℱ[𝜙] and

𝜙 ∶= ℱ−1[𝜙].
In order to construct solutions to LSG, we will need to consider the following Fourier symbols, defined in terms

of the symbol 𝑚 in (1.9):

�̃�(𝑡; 𝜉) ∶= 𝑚(𝑒−𝑡𝑆𝑇

𝜉), 𝑀(𝑡; 𝜉) ∶= 𝑒
∫

𝑡

0 �̃�(𝑟;𝜉) 𝑑𝑟
, (1.19)

𝑚(𝑡; 𝜉) ∶= 𝑚(𝑒𝑡𝑆𝑇

𝜉), 𝑀(𝑡; 𝜉) ∶= 𝑒
∫

𝑡

0 𝑚(𝑟;𝜉) 𝑑𝑟
. (1.20)

For any 𝑡 ∈ ℝ, �̃�(𝑡; ⋅) is an even function on ℝ3
, therefore ℱ−1◦ℳ

�̃�(𝑡;⋅)◦ℱ = ℱ◦ℳ
�̃�(𝑡;⋅)◦ℱ

−1
, and the same holds

for 𝑚(𝑡; ⋅),𝑀(𝑡; ⋅) and 𝑀(𝑡; ⋅).
The operator ℒ defined in (1.8) consists of three additive terms: we will need to refer to them and the groups

of operators that they generate, therefore we list here their definitions for the reader’s convenience. We formally

define the following operators without specifying their domains, as we discuss in Remark 1.6.

Definition 1.5. (i) We consider the three additive terms that constitute the operator ℒ = 𝐿1 +𝐿2 +𝐿3 defined

in (1.8):

𝐿1[𝜙] ∶= −(𝑢 ⋅ ∇)𝜙,

𝐿2[𝜙] ∶= −𝑆𝑇
𝜙,
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𝐿3[𝜙] ∶= ℱ−1◦ℳ
𝑚
◦ℱ[𝜙].

(ii) We define the families of operators {𝑇1(𝑡)}𝑡∈ℝ, {𝑇2(𝑡)}𝑡∈ℝ and {𝑇3(𝑡)}𝑡∈ℝ as follows:

𝑇1(𝑡)[𝜙](𝑥) = 𝜙(𝑒−𝑡𝑆𝑥),

𝑇2(𝑡)[𝜙](𝑥) = 𝑒
−𝑡𝑆𝑇

𝜙(𝑥),

𝑇3(𝑡)[𝜙](𝑥) = ℱ−1◦ℳ
𝑀(𝑡)◦ℱ[𝜙](𝑥).

(iii) For any 𝑡 ∈ ℝ, we define the operator 𝐺 ∶ 𝑡 ↦ 𝐺(𝑡)[𝜙] ∶= 𝑇1(𝑡)𝑇2(𝑡)𝑇3(𝑡)[𝜙], i.e.

𝐺(𝑡)[𝜙](𝑥) =
∫ℝ3

𝑒
−𝑡𝑆𝑇

𝜙(𝜉)𝑀(𝑡; 𝜉)𝑒2𝜋𝑖𝜉⋅𝑒−𝑡𝑆𝑥 𝑑𝜉. (1.21)

Remark 1.6. With an abuse of notation, we use the same symbol to denote an operator defined in different topolo-

gies, as the topology with which we work will be clear by the context. For instance, we denote by ℒ both the

operator in (1.8) defined on the space of distributions 
′

and its restriction to functions in 𝐿
2(ℝ3

,ℝ3) and  . By

this, we mean that if 𝜂
𝑓

is a regular distribution corresponding to the function 𝑓 ∈ 𝐿
2(ℝ3

,ℝ3), then we write

ℒ𝜂
𝑓
= 𝜂ℒ𝑓

. For the sake of clarity, we mention that by regular distribution we mean a distribution 𝜂 ∈ 
′

such

that there exists a function 𝑓 ∈ 𝐿
𝑝(ℝ3

,ℝ3) for some 𝑝 ∈ [1,∞], for which

⟨𝜂, 𝜓⟩ =
∫ℝ3

𝑓 (𝑥) ⋅ 𝜓(𝑥) 𝑑𝑥, ∀𝜓 ∈  .

Some concepts of the theory of semigroups will be employed throughout the paper: for instance, the reader

can observe that 𝐿1 is the infinitesimal generator of the strongly continuous group {𝑇1(𝑡)}𝑡∈ℝ in 𝐿
2(ℝ3

,ℝ3). The

theory of semigroups on Banach spaces is classical (and can be found in [12]), whilst the theory of semigroups on

locally convex topological spaces can be found in [15, Ch. IX] and in [3].

We now introduce the notions of solutions that will be of our interest in the following sections.

Definition 1.7. (i) We say that a function 𝜙 ∶ ℝ → 𝐿
2(ℝ3

,ℝ3) is a strong solution in 𝐿
2(ℝ3

,ℝ3) of LSG (1.7)

if 𝜙 ∈ 𝐶
1(ℝ, 𝐿

2(ℝ3
,ℝ3)) and it satisfies (1.7) in 𝐿

2(ℝ3
,ℝ3) for all 𝑡 ∈ ℝ.

(ii) We say that a function 𝜙 is a weak solution in 𝐿
2(ℝ3

,ℝ3) of LSG (1.7) if 𝜙 ∈ 𝐶
0(ℝ, 𝐿

2(ℝ3
,ℝ3)), it satisfies

the following integral equation

∫ℝ ∫ℝ3
𝜙(𝑥, 𝑡) ⋅

[
𝜕

𝜕𝑡
𝑓 (𝑥, 𝑡) + (𝑢(𝑥) ⋅ ∇)𝑓 (𝑥, 𝑡) − 𝑆𝑓 (𝑥, 𝑡) (1.22)

+ℱ−1◦ℳ
𝑚
◦ℱ[𝑓 (⋅, 𝑡)](𝑥)

]
𝑑𝑥 𝑑𝑡 = 0, (1.23)

for any test function 𝑓 ∈ 𝐶
∞
𝐶
(ℝ3 ×ℝ,ℝ3), and 𝜙(⋅, 0) = 𝜙0 in 𝐿

2(ℝ3
,ℝ3).

(iii) We say that a function 𝜙 ∶ ℝ →  is a strong solution in  of LSG (1.7) if 𝜙 ∈ 𝐶
1(ℝ,) and it satisfies the

differential equation and the initial condition in (1.7) in  for all 𝑡 ∈ ℝ.

(iv) We say that 𝜂 ∶ ℝ → 
′

is a strong solution in 
′

of LSG (1.7) if 𝜂 ∈ 𝐶
1(ℝ,

′) and it satisfies the differential

equation and the initial condition in (1.1) in 
′

for all 𝑡 ∈ ℝ, i.e.⟨
𝑑

𝑑𝑡
𝜂(𝑡), 𝜓

⟩
= ⟨ℒ𝜂(𝑡), 𝜓⟩ and ⟨𝜂(0), 𝜓⟩ = ⟨𝜂0, 𝜓⟩ ,

for any 𝜓 ∈  and 𝑡 ∈ ℝ. The time derivative in the expression above is to be interpreted in the weak*-sense

in 
′
.

(v) A function 𝜙 ∶ ℝ3 ×ℝ → ℝ is a plane-wave solution of LSG (1.7) if there exist two functions 𝑎 ∈ 𝐶
1(ℝ,ℝ)

and 𝑘 ∈ 𝐶
1(ℝ,ℝ3) such that 𝜙 is of the form (1.16) and the time-dependent regular distribution 𝜂

𝜙(⋅,𝑡) is a

strong solution in 
′

of LSG corresponding to the regular initial datum 𝜂
𝜙(⋅,0), according to the definition (iv)

above.
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1.7. Structure of the Paper

We present the proofs of the theorems above in the following sections, proceeding as follows: in Sect. 2, we present

the formal derivation of LSG for a conservative vector field, starting from SG as written in (1.2), and we comment on

the degeneracy of the symbol 𝑚, distinguishing between the matrices 𝐴 that give rise to a trivial pseudo-differential

operator and those that do not. In Sect. 3, we start by presenting the existence theory for solutions in 𝐿
2(ℝ3

,ℝ3),
and then provide the existence result in the space of Schwartz functions  . We conclude the section with the Proof

of Theorem 1.2 and discuss the regularity of solutions with regular initial datum, connecting the statement with the

existence in 𝐿
2(ℝ3

,ℝ3). In Sect. 4, we focus on plane-wave solutions of LSG and look at their long-term behaviour

in the case of both elliptic and hyperbolic flows, proving Theorem 1.4. In Sect. 5, we briefly investigate the stability

of the same family of steady solutions in the quasi-geostrophic theory, and draw a comparison of the results in the

two cases.

2. Derivation of LSG

We provide a formal derivation of LSG in Eulerian coordinates, as in (1.1), from SG in the form presented in (1.2).

We observe that SG can be written as the abstract Cauchy problem{
𝑑

𝑑𝑡
∇𝑃 = 𝒩[∇𝑃 ],

∇𝑃 (0) = ∇𝑃0,

where the nonlinear operator 𝒩 is defined formally as

𝒩[∇𝑃 ] ∶= −(𝐷2
𝑃 )𝑇𝒰[∇𝑃 ] + 𝐽 (∇𝑃 − idℝ3 ). (2.1)

Therefore, the linearised SG at ∇𝑃 is obtained by formally taking the Fréchet derivative of the operator 𝒩 at ∇𝑃

and it corresponds to the linear abstract Cauchy problem of the form{
𝑑

𝑑𝑡
∇𝜓 = 𝑑𝒩[∇𝑃 ; ∇𝜓],

∇𝜓(0) = ∇𝜓0,
(2.2)

in the unknown conservative perturbation ∇𝜓 ∈ 𝐶
∞(ℝ,).

Proposition 2.1. Given the smooth steady solution ∇𝑃 of SG defined in (1.5), the formal Fréchet derivative of the
operator 𝒩 defined in (2.1) at ∇𝑃 acting on a smooth time-dependent conservative vector field ∇𝜓 can be written
as the operator ℒ defined in (1.8).

Proof. Formally, the Fréchet derivative of the operator 𝒩 at ∇𝑃 in the direction ∇𝜓 is given by

𝑑𝒩[∇𝑃 ; ∇𝜓] = −𝐴 𝑑𝒰[∇𝑃 ; ∇𝜓] −𝐷
2
𝜓 𝑢 + 𝐽∇𝜓, (2.3)

where the linear operator 𝑑𝒰[∇𝑃 ; ⋅] is the Fréchet derivative of the nonlinear operator 𝒰, associated to the div-curl

system (1.4), at the steady solution ∇𝑃 in the direction ∇𝜓 . The vector field 𝑢 is the steady flow velocity defined

in (1.6). One can show that 𝑣 ∶= 𝑑𝒰[∇𝑃 ; ∇𝜓] coincides with a solution of the div-curl system{
∇ × (𝐴 𝑣) = −∇ × (𝐷2

𝜓 𝑢) + ∇ × 𝐽∇𝜓,

∇ ⋅ 𝑣 = 0. (2.4)

We consider 𝑑𝒩[∇𝑃 ; ∇𝜓], defined in (2.3), and observe in (2.4) that it is a curl-free quantity, therefore there exists

a scalar function 𝐸 such that

∇𝐸 = −𝐴 𝑑𝒰[∇𝑃 ; ∇𝜓] −𝐷
2
𝜓 𝑢 + 𝐽∇𝜓.

As the matrix 𝐴 is positive definite, and 𝑑𝒰[∇𝑃 ; ∇𝜓] is divergence-free, we can write an elliptic equation for 𝐸

in divergence form

∇ ⋅ (𝐴−1∇𝐸) = 𝐹1 + 𝐹2 ∶= −∇ ⋅ (𝐴−1
𝐷

2
𝜓 𝑢) + ∇ ⋅ (𝐴−1

𝐽∇𝜓)
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By formally taking Fourier transform across the above equality, we have that

𝐸 = 𝐸1 + 𝐸2, 𝐸
𝑖
(𝜉) ∶= − 1

4𝜋2 𝜉 ⋅ 𝐴−1𝜉
𝐹
𝑖
(𝜉).

We start looking at 𝐸1: by considering the Fourier transform of 𝐹1, namely

𝐹1(𝜉) = −
∫ℝ3

∇ ⋅
(
𝐴
−1

𝐷
2
𝜓(𝑥)𝑆𝑥

)
𝑒
−2𝜋𝑖𝜉⋅𝑥

𝑑𝑥

= 2𝜋𝑖𝑆𝐴
−1

𝜉 ⋅ ∇̂𝜓(𝜉) + 4𝜋2(𝜉 ⋅ 𝐴−1
𝜉)ℱ[𝑢 ⋅ ∇𝜓](𝜉),

one can write the explicit formula for 𝐸1:

𝐸1(𝑥) = − 1
4𝜋2 ∫ℝ3

𝐹1(𝜉)
𝜉 ⋅ 𝐴−1𝜉

𝑒
2𝜋𝑖𝜉⋅𝑥

𝑑𝜉

= 1
2𝜋𝑖 ∫ℝ3

𝑆𝐴
−1

𝜉 ⋅ ∇̂𝜓(𝜉)
𝜉 ⋅ 𝐴−1𝜉

𝑒
2𝜋𝑖𝜉⋅𝑥

𝑑𝜉 − 𝑆𝑥 ⋅ ∇𝜓(𝑥)

=
∫ℝ3

𝜉 ⋅ 𝑆𝐴
−1

𝜉

𝜉 ⋅ 𝐴−1𝜉
�̂�(𝜉) 𝑒2𝜋𝑖𝜉⋅𝑥 𝑑𝜉 − 𝑆𝑥 ⋅ ∇𝜓(𝑥). (2.5)

Hence, one can calculate

∇𝐸1(𝑥) =
∫ℝ3

𝜉 ⋅ 𝑆𝐴
−1

𝜉

𝜉 ⋅ 𝐴−1𝜉
∇̂𝜓(𝜉) 𝑒2𝜋𝑖𝜉⋅𝑥 𝑑𝜉 − 𝑆

𝑇∇𝜓(𝑥) − (𝑆𝑥 ⋅ ∇)∇𝜓(𝑥). (2.6)

Similarly, to find 𝐸2, we first write

𝐹2(𝜉) =
∫ℝ3

∇ ⋅
(
𝐴
−1

𝐽∇𝜓(𝑥)
)
𝑒
−2𝜋𝑖𝜉⋅𝑥

𝑑𝑥

= −2𝜋𝑖𝐽𝐴−1
𝜉 ⋅ ∇̂𝜓(𝜉),

and compute the inverse Fourier transform to find the explicit formula for 𝐸2 given by

𝐸2(𝑥) = − 1
2𝜋𝑖 ∫ℝ3

𝐽𝐴
−1

𝜉 ⋅ ∇̂𝜓(𝜉)
𝜉 ⋅ 𝐴−1𝜉

𝑒
2𝜋𝑖𝜉⋅𝑥

𝑑𝜉

= −
∫ℝ3

𝜉 ⋅ 𝐽𝐴−1
𝜉

𝜉 ⋅ 𝐴−1𝜉
�̂�(𝜉) 𝑒2𝜋𝑖𝜉⋅𝑥 𝑑𝜉.

Therefore, we find

∇𝐸2(𝑥) = −
∫ℝ3

𝜉 ⋅ 𝐽𝐴−1
𝜉

𝜉 ⋅ 𝐴−1𝜉
∇̂𝜓(𝜉) 𝑒2𝜋𝑖𝜉⋅𝑥 𝑑𝜉.

We have now a representation formula for ∇𝐸 by the expression above and (2.6):

∇𝐸(𝑥) = − (𝑆𝑥 ⋅ ∇)∇𝜓(𝑥) − 𝑆
𝑇∇𝜓(𝑥) +

∫ℝ3

𝜉 ⋅ (𝑆 − 𝐽 )𝐴−1
𝜉

𝜉 ⋅ 𝐴−1𝜉
∇̂𝜓(𝜉) 𝑒2𝜋𝑖𝜉⋅𝑥 𝑑𝜉.

To obtain (1.1), we just need to observe that

𝜉 ⋅ (𝑆 − 𝐽 )𝐴−1
𝜉 = 2(𝜉 ⋅ 𝐴−1

𝐽𝜉).
□

Remark 2.2. (Degeneracy of the pseudo-differential operator) The flow of LSG is interesting due to the presence

of the pseudo-differential operator ℱ−1◦ℳ
𝑚
◦ℱ, so we show that the action of this operator is not trivial, i.e. we

show that the pseudo-differential operator does not vanish for all choices of the matrix 𝐴. In fact, we have that

ℱ−1◦ℳ
𝑚
◦ℱ[∇𝜓] = 0 for a non-trivial ∇𝜓 if and only if 𝑚 = 0 a.e. on ℝ3

. Therefore, we have that the operator

ℱ−1◦ℳ
𝑚
◦ℱ is the zero operator if the matrix 𝐴 belongs to the set of matrices

ℬ ∶=
{
𝐴 ∈ Sym+(3,ℝ) ∶ 𝑥 ⋅ (𝐴−1

𝐽 )𝑥 = 0 ∀𝑥 ∈ ℝ3}
. (2.7)



JMFM Linear Dynamics of SG on ℝ3
Page 9 of 20    54 

We denote the complement of ℬ by 𝒢 ∶= Sym+(3,ℝ)⧵ℬ. An example of a matrix in the set ℬ is 𝐴 = 𝛽𝐼 , that

describes a non-trivial elliptic flow when 𝛽 ∈ (0, 1) ∪ (1,∞): indeed, the corresponding steady geopotential and

steady flow velocity field are given respectively by

𝑃
𝛽
(𝑥) = 𝛽

2
|𝑥|2, 𝑢

𝛽
(𝑥) = 𝛽 − 1

𝛽
𝐽𝑥.

In particular, the matrices in the set ℬ can generate both elliptic and hyperbolic flows, defined in (1.12).

3. Existence Theory for LSG

In this section, we present the existence results for LSG in 𝐿
2(ℝ3

,ℝ3), then in  , and finally in 
′
, where we

define strong solutions by duality. In fact, as we mentioned before, the operator ℒ defined in (1.8) and the operator

ℒ′ = 𝒦 defined in (1.14) are the same up to a sign and the transposition of the matrix 𝑆, therefore any result for

LSG (1.7) can be mirrored for the abstract Cauchy problem (1.13).

Although the existence of solutions in 𝐿
2(ℝ3

,ℝ3) can be proved by using the theory of strongly continuous

semigroups on Banach spaces, we give a direct proof using the explicit representation formula of the solution.

Formally, given the initial datum 𝜙0, the solution 𝜙 can be written as 𝜙(⋅, 𝑡) = 𝐺(𝑡)𝜙0, where the operator 𝐺(𝑡) is

defined in (1.21). We provide here a formal derivation of the formula.

First of all, we derive LSG in Lagrangian coordinates, which we introduced in (1.15). Given a smooth solution

𝜙 of LSG (1.7), we define the function

Φ(𝑥, 𝑡) ∶= 𝑒
𝑡𝑆

𝑇

𝜙(𝑒𝑡𝑆𝑥, 𝑡), (𝑥, 𝑡) ∈ ℝ3 ×ℝ, (3.1)

and observe that

𝜕

𝜕𝑡
Φ(𝑥, 𝑡) = 𝜕

𝜕𝑡

(
𝑒
𝑡𝑆

𝑇

𝜙(𝑒𝑡𝑆𝑥, 𝑡)
)

= 𝑆
𝑇
𝑒
𝑡𝑆

𝑇

𝜙(𝑒𝑡𝑆𝑥, 𝑡) + 𝑒
𝑡𝑆

𝑇 𝜕

𝜕𝑡
𝜙(𝑒𝑡𝑆𝑥, 𝑡) + 𝑒

𝑡𝑆
𝑇
(
𝜕

𝜕𝑡
𝑒
𝑡𝑆
𝑥 ⋅ ∇

)
𝜙(𝑒𝑡𝑆𝑥, 𝑡)

= 𝑒
𝑡𝑆

𝑇
[
𝜕

𝜕𝑡
𝜙(𝑒𝑡𝑆𝑥, 𝑡) + 𝑆

𝑇
𝜙(𝑒𝑡𝑆𝑥, 𝑡) +

(
𝑆𝑒

𝑡𝑆
𝑥 ⋅ ∇

)
𝜙(𝑒𝑡𝑆𝑥, 𝑡)

]
= 𝑒

𝑡𝑆
𝑇 [

ℱ−1◦ℳ
𝑚
◦ℱ[𝜙(⋅, 𝑡)](𝑒𝑡𝑆𝑥)

]
= 𝑒

𝑡𝑆
𝑇

∫ℝ3 ∫ℝ3
𝑚(𝜉)𝜙(𝑦, 𝑡)𝑒−2𝜋𝑖𝑦⋅𝜉𝑒2𝜋𝑖𝜉⋅𝑒𝑡𝑆𝑥 𝑑𝑦 𝑑𝜉

=
∫ℝ3 ∫ℝ3

𝑚(𝜉)Φ(𝑒−𝑡𝑆𝑦, 𝑡)𝑒−2𝜋𝑖𝑦⋅𝜉𝑒2𝜋𝑖𝜉⋅𝑒𝑡𝑆𝑥 𝑑𝑦 𝑑𝜉

=
∫ℝ3 ∫ℝ3

�̃�(𝑡; 𝜉)Φ(𝑦, 𝑡)𝑒−2𝜋𝑖𝑦⋅𝜉𝑒2𝜋𝑖𝜉⋅𝑥 𝑑𝑦 𝑑𝜉

= ℱ−1◦ℳ
�̃�(𝑡;⋅)◦ℱ[Φ(⋅, 𝑡)](𝑥),

which corresponds to the Eq. (1.15). We can now formally take the Fourier transform to write explicitly the solution

Φ: we have that Φ solves LSG in Lagrangian coordinates (1.15) if and only if Φ̂(⋅, 𝑡) solves the abstract Cauchy

problem {
𝑑

𝑑𝑡
Φ̂(⋅, 𝑡) = �̃�(𝑡)Φ̂(⋅, 𝑡),

Φ̂(⋅, 0) = 𝜙0,

If we multiply both the sides of the differential equation by the integrating factor 𝑀(𝑡; ⋅)−1 = 𝑒
− ∫

𝑡

0 �̃�(𝑟;⋅) 𝑑𝑟
, we see

that Φ(⋅, 𝑡) = ℱ−1[𝑀(𝑡; ⋅)𝜙0] is the solution of LSG in Lagrangian coordinates (1.15). By the definition of the

function Φ in (3.1), we have that
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𝜙(𝑥, 𝑡) = 𝑒
−𝑡𝑆𝑇 Φ(𝑒−𝑡𝑆𝑥, 𝑡)

=
∫ℝ3

𝑀(𝑡; 𝜉)𝑒−𝑡𝑆𝑇

𝜙0(𝜉)𝑒2𝜋𝑖𝜉⋅𝑒
−𝑡𝑆

𝑥
𝑑𝜉

= 𝐺(𝑡)𝜙0(𝑥).

The derivation above is formal, and we now prove that 𝐺(𝑡)𝜙0 is indeed a solution of LSG in the appropriate

topologies, starting with 𝐿
2(ℝ3

,ℝ3).

3.1. Existence of Solutions of LSG in 𝑳
𝟐(ℝ𝟑

,ℝ𝟑)

Theorem 3.1. Given 𝜙0 ∈ 𝐿
2(ℝ3

,ℝ3), the function 𝜙(⋅, 𝑡) ∶= 𝐺(𝑡)𝜙0, where the operator 𝐺(𝑡) is defined in (1.21),
is a weak solution in 𝐿

2(ℝ3
,ℝ3) of LSG (1.7). Moreover, if 𝜙0 belongs to the domain

𝐷(ℒ) ∶=
{
𝜙 ∈ 𝐿

2(ℝ3
,ℝ3) ∶ ℒ𝜙 ∈ 𝐿

2(ℝ3
,ℝ3)

}
(3.2)

of the operator ℒ, then 𝜙 is the unique strong solution of LSG in 𝐿
2(ℝ3

,ℝ3). Furthermore, if 𝜙0 is conservative,
namely 𝜙0 = ∇𝑓0 for some 𝑓0 ∈ 𝐻

1(ℝ3), then 𝐺(𝑡)𝜙0 is conservative for all times 𝑡 ∈ ℝ.

We can observe from Definition 1.5 of the operators 𝐿1, 𝐿2 and 𝐿3 that the domain 𝐷(ℒ) corresponds to

𝐷(𝐿1) =
{
𝜙 ∈ 𝐿

2(ℝ3
,ℝ3) ∶ (𝑢 ⋅ ∇)𝜙 ∈ 𝐿

2(ℝ3
,ℝ3)

}
,

as the operators 𝐿2 and 𝐿3 are bounded on 𝐿
2(ℝ3

,ℝ3).
Before proving the theorem above, we need the following auxiliary result.

Lemma 3.2. For any 𝑡 ∈ ℝ, the two operators ℒ and 𝐺(𝑡), defined in (1.8) and (1.21), respectively, commute on
the domain 𝐷(ℒ).

Proof. In Definition 1.5, we wrote the linear operator ℒ as the sum of three operators ℒ = 𝐿1 +𝐿2 +𝐿3, and we

defined 𝐺(𝑡) = 𝑇1(𝑡)𝑇2(𝑡)𝑇3(𝑡). One can easily notice that 𝐿2 and 𝑇2(𝑡) are just given by multiplication by 𝑆
𝑇

and

𝑒
𝑡𝑆

𝑇

respectively, and that they commute with all the other operators involved. Therefore, it suffices to prove that

the operator

𝑇1(𝑡)𝑇3(𝑡)𝐿1 + 𝑇1(𝑡)𝑇3(𝑡)𝐿3 − 𝐿1𝑇1(𝑡)𝑇3(𝑡) − 𝐿3𝑇1(𝑡)𝑇3(𝑡) (3.3)

is the zero operator on 𝐷(ℒ). We start by looking at the first term. For any 𝜙 ∈ 𝐷(ℒ) and 𝑥 ∈ ℝ3
we have the

following:

𝑇1(𝑡)𝑇3(𝑡)𝐿1[𝜙](𝑥)

=
∫ℝ3

𝑀(𝑡; 𝜉)(𝑆𝑇
𝜉 ⋅ ∇)𝜙(𝜉)𝑒2𝜋𝑖𝜉⋅𝑒−𝑡𝑆𝑥 𝑑𝜉

+ tr(𝑆)𝑇1(𝑡)𝑇3(𝑡)[𝜙](𝑥).

The second term in (3.3) is given by the composition of two pseudo-differential operators: by standard calculations,

one can show that for any 𝜙 ∈ 𝐷(ℒ) the following holds:

𝑇1(𝑡)𝑇3(𝑡)𝐿3[𝜙](𝑥)

=
(
ℱ−1◦ℳ

𝑀(𝑡)◦ℱ◦ℱ−1◦ℳ
𝑚
◦ℱ[𝜙]

)
(𝑒−𝑡𝑆𝑥)

=
∫ℝ3

𝑀(𝑡; 𝜉)𝑚(𝜉)𝜙(𝜉)𝑒2𝜋𝑖𝜉⋅𝑒−𝑡𝑆𝑥 𝑑𝜉.

For the third term in (3.3), we consider the following:
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𝐿1𝑇1(𝑡)𝑇3(𝑡)[𝜙](𝑥) = −(𝑆𝑥 ⋅ ∇)
∫ℝ3

𝑀(𝑡; 𝜉)𝜙(𝜉)𝑒2𝜋𝑖𝜉⋅𝑒−𝑡𝑆𝑥 𝑑𝜉

= −
∫ℝ3

𝑀(𝑡; 𝜉)𝜙(𝜉)𝑆𝑇
𝜉 ⋅ ∇

𝜉
𝑒
2𝜋𝑖𝜉⋅𝑒−𝑡𝑆𝑥

𝑑𝜉

=
∫ℝ3

𝑆
𝑇
𝜉 ⋅ ∇𝑀(𝑡; 𝜉)𝜙(𝜉)𝑒2𝜋𝑖𝜉⋅𝑒−𝑡𝑆𝑥 𝑑𝜉

+
∫ℝ3

𝑀(𝑡; 𝜉)(𝑆𝑇
𝜉 ⋅ ∇)𝜙(𝜉)𝑒2𝜋𝑖𝜉⋅𝑒−𝑡𝑆𝑥 𝑑𝜉

+ tr(𝑆)𝑇1(𝑡)𝑇3(𝑡)[𝜙](𝑥).

In the last term in (3.3), we have again the composition of two pseudo-differential operators: by using their definition,

one can easily see that

𝐿3𝑇1(𝑡)𝑇3(𝑡)[𝜙](𝑥)

=
∫(ℝ3)3

𝑚(𝜉)𝑀(𝑡; 𝜂)𝜙(𝜂)𝑒2𝜋𝑖𝜂⋅𝑒−𝑡𝑆𝑦𝑒2𝜋𝑖𝑦⋅𝜉𝑒−2𝜋𝑖𝜉⋅𝑥 𝑑𝜂 𝑑𝑦 𝑑𝜉

=
∫ℝ3

�̃�(𝑡; 𝜂)𝑀(𝑡; 𝜂)𝜙(𝜂)𝑒2𝜋𝑖𝜂⋅𝑒−𝑡𝑆𝑥 𝑑𝜂.

Therefore, the operator in (3.3) is simply given by the following pseudo-differential operator:(
𝑇1(𝑡)𝑇3(𝑡)𝐿1 + 𝑇1(𝑡)𝑇3(𝑡)𝐿3 − 𝐿1𝑇1(𝑡)𝑇3(𝑡) − 𝐿3𝑇1(𝑡)𝑇3(𝑡)

)
[𝜙](𝑥)

=
∫ℝ3

[
𝑀(𝑡; 𝜉)

(
𝑚(𝜉) − �̃�(𝑡; 𝜉)

)
− 𝑆

𝑇
𝜉 ⋅𝑀(𝑡; 𝜉)

]
𝜙(𝜉)𝑒2𝜋𝑖𝜉⋅𝑒−𝑡𝑆𝑥 𝑑𝜉.

The symbol within brackets is in fact null for any 𝜉 ∈ ℝ3⧵{0} and 𝑡 ∈ ℝ, because−𝑆𝑇
𝜉⋅∇𝑀(𝑡; 𝜉) = 𝑀(𝑡; 𝜉)

(
�̃�(𝑡; 𝜉)−

𝑚(𝜉)). This ends the proof of the lemma. □

Proof of Theorem 3.1. The existence of weak/strong solutions in 𝐿
2(ℝ3

,ℝ3) can be proved in several ways: for

instance, it is easy to show that ℒ is a bounded perturbation of the infinitesimal generator of a strongly continuous

group on 𝐿
2(ℝ3

,ℝ3), and the existence of solutions follows from classical semigroup theory on Banach space.

In this work, we make use instead of the representation formula, by showing that 𝐺(𝑡)𝜙0 defines a weak/strong

solution of LSG in 𝐿
2(ℝ3

,ℝ3), depending on the choice of the initial data. We start by showing that the operators

𝑇1(𝑡), 𝑇2(𝑡) and 𝑇3(𝑡) satisfy certain properties, namely

‖𝑇
𝑗
(𝑡)𝜙‖

𝐿2 ≲
𝑡
‖𝜙‖

𝐿2 and ‖𝑇
𝑗
(𝑡)𝜙 − 𝑇

𝑗
(𝑟)𝜙‖

𝐿2 → 0 as 𝑟 → 𝑡, (3.4)

for 𝑗 = 1, 2, 3 and 𝜙 ∈ 𝐿
2(ℝ3

,ℝ3).
For the family of operators {𝑇1(𝑡)}𝑡∈ℝ, we notice that ‖𝑇1(𝑡)𝜙‖𝐿2(ℝ3,ℝ3) = ‖𝜙‖𝐿2(ℝ3,ℝ3) for any𝜙 ∈ 𝐿

2(ℝ3
,ℝ3),

because 𝑥 ↦ 𝑒
−𝑡𝑆

𝑥 is a volume-preserving diffeomorphism on ℝ3
. We can also prove that

lim
𝑟→𝑡
‖𝑇1(𝑡)𝜙 − 𝑇1(𝑟)𝜙‖𝐿2 ≤ lim

ℎ→0
‖𝑇1(ℎ)𝜙 − 𝜙‖

𝐿2 = 0,

for all 𝜙 ∈ 𝐿
2(ℝ3

,ℝ3). In fact, by density of 𝐶
∞
0 (ℝ3

,ℝ3) in 𝐿
2(ℝ3

,ℝ3), for any 𝜙 ∈ 𝐿
2(ℝ3

,ℝ3) and for any 𝜀 > 0
there exists a function 𝑓 ∈ 𝐶

∞
0 (ℝ3

,ℝ3) such that ‖𝜙 − 𝑓‖
𝐿2 < 𝜀. Therefore, we have that

‖𝑇1(ℎ)𝜙 − 𝜙‖
𝐿2 ≤ ‖𝑇1(ℎ)(𝜙 − 𝑓 )‖

𝐿2 + ‖𝑓 − 𝜙‖
𝐿2 + ‖𝑇1(ℎ)𝑓 − 𝑓‖

𝐿2

< 2𝜀 + ‖𝑇1(ℎ)𝑓 − 𝑓‖
𝐿2 .

Now, since 𝑓 is smooth, we can apply the mean value theorem and find a 𝛿 > 0 such that ‖𝑇1(ℎ)𝑓 − 𝑓‖
𝐿2 < 𝜀

if |ℎ| < 𝛿, proving the convergence of the required limit. Regarding the operators {𝑇2(𝑡)}𝑡∈ℝ, we clearly have that‖𝑇2(𝑡)𝜙‖𝐿2 ≤ 𝑒
|𝑡||𝑆|‖𝜙‖

𝐿2(ℝ3,ℝ3) and, as 𝑟 → 𝑡,

‖𝑇2(𝑡)𝜙 − 𝑇2(𝑟)𝜙‖𝐿2(ℝ3,ℝ3) = ‖(𝑒−𝑡𝑆𝑇 − 𝑒
−𝑟𝑆𝑇 )𝜙‖

𝐿2(ℝ3,ℝ3) → 0.
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Finally, by Plancherel theorem, we have that

‖𝑇3(𝑡)𝜙‖𝐿2(ℝ3,ℝ3) ≤ 𝑒
|𝑡|‖𝑚‖

𝐿∞(ℝ3)‖𝜙‖
𝐿2(ℝ3,ℝ3).

Since the symbol 𝑀 is smooth in 𝑡, we also have that, as 𝑟 → 𝑡,

‖𝑇3(𝑡)𝜙 − 𝑇3(𝑟)𝜙‖𝐿2(ℝ3,ℝ3) ≤ ‖𝑀(𝑡; ⋅) −𝑀(𝑟; ⋅)‖
𝐿∞(ℝ3)‖𝜙‖𝐿2(ℝ3,ℝ3) → 0.

By using the estimates above, we have that for any 𝑡 ∈ ℝ, 𝐺(𝑡) is a bounded operator from 𝐿
2(ℝ3

,ℝ3) to

𝐿
2(ℝ3

,ℝ3). Moreover, from (3.4) we have that the function 𝑡 ↦ 𝐺(𝑡)𝜙0 = 𝑇1(𝑡)𝑇2(𝑡)𝑇3(𝑡)𝜙0 is continuous. We

need to prove that 𝜙 satisfies the integral Eq. (1.22), so we look at the following integral: for any test function

𝑓 ∈ 𝐶
∞
𝐶
(ℝ3 ×ℝ,ℝ3)

∫ℝ ∫ℝ3
𝐺(𝑡)𝜙0(𝑥) ⋅

(
𝜕

𝜕𝑡
𝑓 (𝑥, 𝑡) +𝒦𝑓 (𝑥, 𝑡)

)
𝑑𝑥 𝑑𝑡

=
∫ℝ3

𝜙0(𝑥) ⋅
∫ℝ

𝐺(𝑡)′
(
𝜕

𝜕𝑡
𝑓 (𝑥, 𝑡) +𝒦𝑓 (𝑥, 𝑡)

)
𝑑𝑡 𝑑𝑥,

where 𝐺(𝑡)′ is the operator adjoint to 𝐺(𝑡) in 𝐿
2(ℝ3

,ℝ3) for any 𝑡 ∈ ℝ, and one can prove that it is given by

𝐺(𝑡)′[𝜙](𝑥) =
∫ℝ3

𝑀(𝑡; 𝜉)𝑒−𝑡𝑆𝜙(𝜉)𝑒2𝜋𝑖𝜉⋅𝑒𝑡𝑆𝑥 𝑑𝜉, (3.5)

where the symbol 𝑀 is defined in (1.19). From a manipulation of the operator 𝐺(𝑡)′ and Lemma 3.2, it follows that

𝐺(𝑡)′
(
𝜕

𝜕𝑡
𝑓 (⋅, 𝑡) +𝒦𝑓 (⋅, 𝑡)

)
= 𝜕

𝜕𝑡

(
𝐺(𝑡)′𝑓 (⋅, 𝑡)

)
,

which shows that 𝐺(𝑡)𝜙0 is a weak solution of LSG in 𝐿
2(ℝ3

,ℝ3), as in Definition 1.7.

If 𝜙0 ∈ 𝐷(ℒ), Lemma 3.2 allows us to conclude that 𝐺(𝑡)𝜙0 is a strong solution. In fact, we have that

𝐺(𝑡)(𝐷(ℒ)) ⊂ 𝐷(ℒ), and
𝑑

𝑑𝑡
𝐺(𝑡)𝜙0 = ℒ𝐺(𝑡)𝜙0 ∈ 𝐿

2(ℝ3
,ℝ3). By continuity of the operators 𝑇1(𝑡), 𝑇2(𝑡) and

𝑇3(𝑡), we infer continuity of the map 𝑡 ↦ 𝑑

𝑑𝑡
𝐺(𝑡)𝜙0 = 𝐺(𝑡)ℒ𝜙0, which implies that 𝐺(𝑡)𝜙0 is a strong solution of

LSG. The continuous differentiability of the map 𝑡 ↦ 𝐺(𝑡)𝜙0 allows us to prove uniqueness by means of an energy

estimate and Grönwall inequality.

Finally, we consider a conservative initial datum 𝜙0 = ∇𝑓0, with 𝑓0 ∈ 𝐻
1(ℝ3), and the corresponding weak

solution 𝜙(⋅, 𝑡) = 𝐺(𝑡)∇𝑓0. Through a standard computation, one can show that for any smooth 𝑓0 ∈ 𝐶
∞
0 (ℝ3)

𝐺(𝑡)𝑓0(𝑥) = ∇
∫ℝ3

𝑀(𝑡; 𝜉)𝑓0(𝜉)𝑒2𝜋𝑖𝜉⋅𝑒
−𝑡𝑆

𝑥
𝑑𝜉

= ∇𝑇1(𝑡)𝑇3(𝑡)𝑓0(𝑥),

where we abuse the notation and define 𝑇1(𝑡) and 𝑇3(𝑡) as operators on scalar valued functions in 𝐿
2(ℝ3

,ℝ) in the

natural way. We can conclude the proof by density, by observing that 𝑇1(𝑡)𝑇3(𝑡) is a bounded linear operator on

𝐻
1(ℝ3). □

3.2. Existence of Solutions of LSG in (ℝ𝟑
,ℝ𝟑)

We now focus on the existence of solutions of LSG in the Fréchet space : as we mentioned in the introduction,

we endow  with the weak topology generated by the seminorms (1.17). In order to construct strong solutions of

LSG in  , one way would be to directly apply the theory of locally equicontinuous semigroups on locally convex

topological spaces by showing that 𝐿1, 𝐿2 and 𝐿3 are infinitesimal generators of locally equicontinuous 𝐶0-groups,

and then apply the Trotter formula (see [3, Theorem 20]). Instead, we use the representation formula (1.21) and

show that this gives a strong solution in  , as by Definition 1.7. In order to do so, we will need estimates for the

families of operators {𝑇1(𝑡)}𝑡∈ℝ, {𝑇2(𝑡)}𝑡∈ℝ and {𝑇3(𝑡)}𝑡∈ℝ, in a similar fashion as for the 𝐿
2
-theory.

Theorem 3.3. Given 𝜙0 ∈  , there exists a unique strong solution 𝜙 in  of LSG, as in Definition 1.7. Moreover,
the solution is given by 𝜙(𝑡) = 𝐺(𝑡)[𝜙0], as defined in (1.21), and it is smooth, i.e. 𝜙 ∈ 𝐶

∞(ℝ,).
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The reader can observe that Schwartz functions belong to 𝐷(ℒ), defined in (3.2). Therefore, for any 𝜙0 ∈  ,

Theorem 3.1 establishes the existence of a unique strong solution of LSG in 𝐿
2(ℝ3

,ℝ3) corresponding to 𝜙0, and

this solution is given by 𝐺(𝑡)𝜙0. We need to establish the regularity of the solution.

Proof of Theorem 3.3. We start by showing that for any 𝑗 ∈ {1, 2, 3} and 𝑡 ∈ ℝ, the operator 𝑇
𝑗
(𝑡) is bounded in the

Fréchet space  , in the sense that for any seminorm 𝑝 on  there exists a seminorm 𝑞 such that 𝑝(𝑇
𝑗
(𝑡)𝜙) ≲

𝑡
𝑞(𝜙)

for any 𝜙 ∈  . We also show that the operators 𝑇
𝑗
∶ ℝ →  are continuous, i.e. for any semi-norm 𝑝 on  ,

𝑝(𝑇
𝑗
(𝑡)𝜙 − 𝑇

𝑗
(𝑟)𝜙) → 0 as 𝑟 → 𝑡, for any 𝜙 ∈  .

By induction on |𝛽| = 𝛽1 + 𝛽2 + 𝛽3 ∈ ℕ, one can show that for any 𝛼, 𝛽 ∈ ℕ3
there exist constants 𝐶(𝛼) > 0

and 𝑀(𝛼, 𝛽) ∈ ℕ and a finite family of seminorms
{‖ ⋅ ‖

𝛼(1),𝛽(1) ,… , ‖ ⋅ ‖
𝛼(𝑀(𝛼,𝛽)),𝛽(𝑀(𝛼,𝛽))

}
such that

‖𝑇1(𝑡)𝜙‖𝛼,𝛽 ≤ 𝑒
|𝑡| |𝑆|∞(|𝛼|+|𝛽|)

𝐶(𝛼)
𝑀(𝛼,𝛽)∑
𝑖=1

‖𝜙‖
𝛼(𝑖),𝛽(𝑖) , (3.6)

for any 𝜙 ∈  and for any 𝑡 ∈ ℝ. Again, by induction on |𝛽|, one can also show that ‖𝑇1(𝑡)𝜙−𝜙‖
𝛼,𝛽

→ 0 as 𝑡 → 0,

for any 𝜙 ∈  . The operators 𝑇2(𝑡) are clearly bounded, as

‖𝑇2(𝑡)𝜙‖𝛼,𝛽 ≤ 𝑒
|𝑡| |𝑆|∞‖𝜙‖

𝛼,𝛽
, (3.7)

for any 𝜙 ∈  and 𝑡 ∈ ℝ, and the map 𝑡 ↦ 𝑇2(𝑡)𝜙 is clearly continuous for all 𝜙 ∈  .

In order to show that the family of operators {𝑇3(𝑡)}𝑡∈ℝ also satisfies the wanted properties, the main tool is

given by the following estimate for ℱ and ℱ−1
: for any 𝛼, 𝛽 ∈ ℕ3

we have that

‖ℱ[𝜙]‖
𝛼,𝛽

≤

∑
𝑘∈ℕ3
𝑘≤𝛼,𝛽

𝐶
𝛼,𝛽

𝑘

[
‖𝜙‖

𝛽−𝑘,𝛼−𝑘 +
3∑

𝑖,𝑗=1
‖𝜙‖

𝛽−𝑘+2𝑒𝑖+2𝑒𝑗 ,𝛼−𝑘

]
, (3.8)

where the constant 𝐶
𝛼,𝛽

𝑘
is defined as

𝐶
𝛼,𝛽

𝑘
∶=
√
2𝜋2(2𝜋)|𝛽−𝛼|𝑘!

(
𝛼

𝑘

)(
𝛽

𝑘

)
,

and 𝑘 ≤ 𝛼 for 𝑘, 𝛼 ∈ ℕ3
means that 𝑘

𝑖
≤ 𝛼

𝑖
for 𝑖 ∈ {1, 2, 3}. In particular, the following bound

‖𝑇3(𝑡)𝜙‖𝛼,𝛽 ≤ 𝐶𝑒
|𝑡| ‖𝑚‖

𝐿∞(ℝ3)

𝑁∑
𝑖=1
‖𝜙‖

𝛼(𝑖),𝛽(𝑖) , (3.9)

holds for any 𝜙 ∈  and 𝑡 ∈ ℝ, with constants 𝐶 and 𝑁 depending only on 𝛼, 𝛽 ∈ ℕ3
. The continuity of the map

𝑡 ↦ 𝑇3(𝑡)𝜙 follows from the fact that the symbol 𝑀 is smooth in 𝑡.

The estimates (3.6), (3.7) and (3.9) prove that the operator 𝐺(𝑡) = 𝑇1(𝑡)𝑇2(𝑡)𝑇3(𝑡) maps  into  , and that

for any 𝛼, 𝛽 ∈ ℕ3
there exist constants 𝐶 = 𝐶(𝛼, 𝛽, 𝑡) and 𝑀 = 𝑀(𝛼, 𝛽, 𝑡) and a finite set of multi-indices

{(𝛼(𝑖), 𝛽(𝑖)) ∈ ℕ3 × ℕ3 ∶ 𝑖 ∈ [1,𝑀] ∩ ℕ} such that

‖𝐺(𝑡)𝜙0‖𝛼,𝛽 ≤ 𝐶

𝑀∑
𝑖=1
‖𝜙0‖𝛼(𝑖),𝛽(𝑖) ,

for any 𝜙0 ∈  . The continuity of the map 𝑡 ↦ 𝐺(𝑡)𝜙0 from ℝ to  follows from the continuity of the operators

𝑇1(𝑡), 𝑇2(𝑡) and 𝑇3(𝑡) in 𝑡. By Lemma 3.2, we can write
𝑑

𝑑𝑡
𝐺(𝑡)𝜙0 = 𝐺(𝑡)[ℒ𝜙0], and therefore the strong solution

is smooth is 𝑡. A crucial point for the bootstrapping argument is that the operator ℒ maps  into  . □

As we mentioned above, the adjoint LSG problem (1.13) is mathematically equivalent to LSG (1.7), therefore

the Proof of Theorem 3.3 can be adapted to show the following result.
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Corollary 3.4. Given 𝜓0 ∈  , there exists a unique strong solution 𝜓 ∈ 𝐶
1(ℝ,) to the abstract Cauchy problem

(1.13). Moreover, the solution is given by 𝜓(𝑡) = 𝐹 (𝑡)𝜓0, where the operator 𝐹 (𝑡) is defined as

𝐹 (𝑡)𝜓(𝑥) =
∫ℝ3

𝑀(𝑡; 𝜉)𝑒−𝑡𝑆�̂�(𝜉)𝑒2𝜋𝑖𝜉⋅𝑒𝑡𝑆𝑥 𝑑𝜉, (3.10)

for any 𝜓 ∈  .

The reader can compare the expressions (3.10) and (3.5) and observe that 𝐹 (𝑡) = 𝐺(𝑡)′, namely 𝐹 (𝑡) is the

adjoint operator of 𝐺(𝑡).

3.3. Existence of Solutions of LSG in ′(ℝ𝟑
,ℝ𝟑)

The existence of strong solutions of the adjoint LSG (1.13) in  allows us to construct strong solutions to LSG in


′
.

Proof of Theorem 1.2. For any 𝑡 ∈ ℝ, we consider the operator 𝐹 (𝑡) defined in Corollary 3.4, and we prove that

𝑡 ↦ 𝐹 (𝑡)′𝑇0 is a strong solution of LSG in 
′
, in the sense of the Definition 1.7. With 𝐹 (𝑡)′ we denote the operator

on 
′

defined by duality as ⟨
𝐹 (𝑡)′𝜂, 𝜓

⟩
= ⟨𝜂, 𝐹 (𝑡)𝜓⟩ , ∀𝜓 ∈  ,

for a distribution 𝜂 ∈ 
′
. In fact, the operator 𝐹 (𝑡)′ can be seen as an “extension” of the operator 𝐺(𝑡) to the space

of tempered distributions. In order to prove that 𝐹 (𝑡)′𝜂0 is a strong solution of LSG, we apply the equivalent of

Lemma 3.2 for the operators 𝒦 and 𝐹 (𝑡): in fact, for any 𝜂 ∈ 
′

and 𝑡 ∈ ℝ, the following sequence of identities⟨
𝑑

𝑑𝑡
𝐹 (𝑡)′𝜂, 𝜓

⟩
=
⟨
𝜂,

𝑑

𝑑𝑡
𝐹 (𝑡)𝜓

⟩
= ⟨𝜂,𝒦𝐹 (𝑡)𝜓⟩ = ⟨𝜂, 𝐹 (𝑡)𝒦𝜓⟩ = ⟨ℒ𝐹 (𝑡)′𝜂, 𝜓

⟩
holds for any test function 𝜓 ∈  . Continuous differentiability of the function 𝑡 ↦ 𝐹 (𝑡)′𝜂0 from ℝ to 

′
is a con-

sequence of the continuous differentiability of 𝑡 ↦ 𝐹 (𝑡)𝜓0 from ℝ to  for any 𝜓0 ∈  , as proved in Corollary 3.4.

□

As we mentioned, 𝐹 (𝑡)′ is formally an extension of 𝐺(𝑡) to 
′
. This is clarified by the following corollary, that

connects the 𝐿
2

theory of Theorem 3.1 and the 
′

theory of Theorem 1.2.

Corollary 3.5. Let 𝜂0 be a regular distribution corresponding to the function 𝜙0 ∈ 𝐿
2(ℝ3

,ℝ3). Then the solution
𝜂 constructed in the Proof of Theorem 1.2 is regular for all times 𝑡 ∈ ℝ, i.e. there exists a function 𝜙 ∶ ℝ →
𝐿
2(ℝ3

,ℝ3) such that 𝜂(𝑡) = 𝜂
𝜙(𝑡). The function function 𝜙 is given by the representation formula 𝜙(𝑡) = 𝐺(𝑡)𝜙0, as

defined in (1.21) and therefore it is a weak solution of LSG in 𝐿
2(ℝ3

,ℝ3). If 𝜙0 ∈ 𝐷(ℒ) ⊂ 𝐿
2(ℝ3

,ℝ3), then 𝜙 is
the unique strong solution of LSG in 𝐿

2.

Proof. The definition of the solution 𝜂 that was constructed in the Proof of Theorem 1.2 and a standard calculation

allow us to write for any test function 𝜓 ∈  and for any 𝑡 ∈ ℝ

⟨𝜂(𝑡), 𝜓⟩ = ⟨𝐹 (𝑡)′𝜂0, 𝜓
⟩
= ⟨𝜂0, 𝐹 (𝑡)𝜓⟩ =

∫ℝ3
𝜙0 ⋅ 𝐹 (𝑡)𝜓

=
∫ℝ3

𝐺(𝑡)𝜙0 ⋅ 𝜓 =
⟨
𝜂
𝐺(𝑡)𝜙0

, 𝜓

⟩
.

By Theorem 3.1, we have that 𝐺(𝑡)𝜙0 is a weak (strong) solution in 𝐿
2(ℝ3

,ℝ3) of LSG if 𝜙0 ∈ 𝐿
2(ℝ3

,ℝ3)
(𝜙0 ∈ 𝐷(ℒ)), and if 𝜙0 is conservative so is 𝐺(𝑡)𝜙0 for all times 𝑡 ∈ ℝ by Theorem 3.1. □
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4. Stability

As we have an existence theory of a global-in-time solution of LSG, we can study the long-time behaviour of

its solutions and comment on stability of the steady solutions introduced in (1.5). A comprehensive theory of

stability of such solutions is not the purpose of this work, and we instead consider the particular case of plane-wave

perturbations. We begin by characterising the specific forms of the amplitude 𝑎 and frequency 𝑘 that give rise to

solutions of LSG of the form (1.16), writing their form explicitly in terms of their initial values 𝑎(0) and 𝑘(0). We

then look at their stability, presenting a Proof of Theorem 1.4.

4.1. Plane-wave Solutions

We now consider a specific type of solutions to LSG: we are interested in solutions 𝜙 of the form (1.16). As such

functions are not square-integrable on ℝ3
for any time 𝑡 ∈ ℝ, the concept of plane-wave solutions is clarified in

Definition 1.7 (v). It is clear that not all functions of the form (1.16) are plane-wave solutions: indeed, we first

characterise the functions 𝑎 and 𝑘 that generate plane-wave solutions.

Proposition 4.1. A function 𝜙 of the form in (1.16) is a plane-wave solution of LSG if and only if the functions 𝑎

and 𝑘 are of the form

𝑎(𝑡) = 𝑎0𝑀(𝑡; 𝑘0), 𝑘(𝑡) = 𝑒
−𝑡𝑆𝑇

𝑘0, (4.1)

for 𝑎0 ∈ ℝ and 𝑘0 ∈ ℝ3⧵{0}, and 𝑀 defined in (1.19).

Proof. If 𝜂
𝜙

is the time-dependent regular distribution corresponding to the function 𝜙 of the form (1.16). Then 𝜂
𝜙

is a strong solution in 
′

of LSG if and only if for any test function 𝜓 ∈  and 𝑡 ∈ ℝ we have that

0 =
⟨
𝑑

𝑑𝑡
𝜂
𝜙(⋅,𝑡), 𝜓

⟩
−
⟨
𝜂
𝜙(⋅,𝑡),𝒦𝜓

⟩
=
∫ℝ3

[
𝜕

𝜕𝑡
𝜙(𝑥, 𝑡) −ℒ𝜙(𝑥, 𝑡)

]
⋅ 𝜓(𝑥) 𝑑𝑥,

which holds if and only if
𝜕

𝜕𝑡
𝜙 − ℒ𝜙 = 0. The reader can observe that, although ℒ𝜙(⋅, 𝑡) ∉ 𝐿

𝑝(ℝ3
,ℝ3) for any

𝑝 ∈ [1,∞], the product ℒ𝜙(⋅, 𝑡) ⋅𝜓 is integrable for any Schwartz function 𝜓 ∈  . From a direct computation one

proves that
𝜕

𝜕𝑡
𝜙(𝑥, 𝑡) = ℒ𝜙(𝑥, 𝑡) if and only if 𝑎 and 𝑘 solve the following initial value problems:{

𝑎
′(𝑡) = 𝑚(𝑘(𝑡))𝑎(𝑡),

𝑎(0) = 𝑎0,

{
𝑘
′(𝑡) = −𝑆𝑇

𝑘(𝑡),
𝑘(0) = 𝑘0.

The functions in (4.1) are the unique solutions to the Cauchy problems above. □

Using the definition of 𝑎 and 𝑘 in (4.1), we notice that we can write the solution 𝜙 as

𝜙(𝑥, 𝑡) = 𝑎0𝑀(𝑡; 𝑘0) cos(2𝜋𝑘0 ⋅ 𝑒−𝑡𝑆𝑥)𝑒−𝑡𝑆
𝑡

𝑘0,

which formally coincides with 𝐺(𝑡)[𝑎0𝑘0 cos(2𝜋𝑘0 ⋅ 𝑥)] = 𝐺(𝑡)[𝜙(⋅, 0)], the representation formula that we found

for solutions of LSG in 𝐿
2

and in  .

4.2. Stability of the Plane-wave Solutions

We proceed now to prove Theorem 1.4, distinguishing between elliptic and hyperbolic flows, as we defined them

in (1.12).

Proof of Theorem 1.4. We use different arguments for the two types of flows, so we look at one case at the time.

We recall the partition Sym+(3,ℝ) = 𝒢 ∪ℬ introduced in (2.7).
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I. Hyperbolic flows. For a matrix 𝐴 ∈ 𝒜+ ∩𝒢, the spectrum of 𝑆 is {0, 𝜆,−𝜆}, with 𝜆 > 0, as we observed in

(1.11). We denote with 𝑘
±
0 an eigenvector of 𝑆

𝑇
corresponding to the eigenvalue ±𝜆, and observe that �̃�(𝑡; 𝑘±0 ) =

±2𝜆: in fact,

±𝜆 =
𝑆

𝑇
𝑘
±
0 ⋅ 𝐴−1

𝑘
±
0

𝑘
±
0 ⋅ 𝐴−1𝑘±0

=
𝑘
±
0 ⋅ (𝐴−1

𝐽 − 𝐴
−1

𝐽𝐴
−1)𝑘±0

𝑘
±
0 ⋅ 𝐴−1𝑘±0

=
𝑒
∓𝑡𝜆

𝑘
±
0 ⋅ 𝐴−1

𝐽𝑒
∓𝑡𝜆

𝑘
±
0

𝑒∓𝑡𝜆𝑘±0 ⋅ 𝐴−1𝑒∓𝑡𝜆𝑘±0

=
𝑒
−𝑡𝑆𝑇

𝑘
±
0 ⋅ 𝐴−1

𝐽𝑒
−𝑡𝑆𝑇

𝑘
±
0

𝑒−𝑡𝑆𝑇
𝑘
±
0 ⋅ 𝐴−1𝑒−𝑡𝑆𝑇

𝑘
±
0

= 1
2
𝑚(𝑒−𝑡𝑆𝑇

𝑘
±
0 ) =

1
2
�̃�(𝑡; 𝑘±0 ).

This allows us to write 𝑀(𝑡; 𝑘±0 ) = 𝑒
±2𝑡𝜆

and to estimate the 𝐿
∞

-norm of the solution 𝜙 at all times:

‖𝜙(⋅, 𝑡)‖
𝐿∞(ℝ3,ℝ3) = sup

𝑥∈ℝ3
|𝜙(𝑥, 𝑡)| = |𝑎0|𝑒±2𝑡𝜆𝑒∓𝑡𝜆|𝑘±0 | = |𝑎0||𝑘±0 |𝑒±𝑡𝜆.

Hence, if we choose the solution 𝜙 corresponding to an initial datum with 𝑘0 eigenvector corresponding to the posi-

tive eigenvalue, the solution grows exponentially in time. Likewise, if 𝑘0 is chosen in the eigenspace corresponding

to the negative eigenvalue, the solution decays exponentially in time.

If 𝐴 ∈ 𝒜+ ∩ℬ, then 𝑎 is constant as 𝑚 = 0, and the plane-wave solution 𝜙 is given by

𝜙(𝑥, 𝑡) = 𝑎0 cos(2𝜋𝑘0 ⋅ 𝑒−𝑡𝑆𝑥)𝑒−𝑡𝑆
𝑇

𝑘0.

If 𝑘
±
0 is eigenvector of 𝑆

𝑇
with eigenvalue ±𝜆, then ‖𝜙(⋅, 𝑡)‖

𝐿∞(ℝ3,ℝ3) = |𝑎0|𝑒∓𝑡𝜆|𝑘0|. Therefore the solution with

initial datum 𝜙0(𝑥) = 𝑎0 cos(2𝜋𝑘0 ⋅ 𝑥)𝑘0, with 𝑘0 eigenvector of 𝑆
𝑇

corresponding to the negative eigenvalue,

grows exponentially in time in 𝐿
∞

-norm.

II. Elliptic flows. For a generic 𝐴 ∈ 𝒜− ∩ 𝒢, the spectrum of the matrix 𝑆 is {0, 𝑖𝜆,−𝑖𝜆}, with 𝜆 > 0. The

trajectories 𝑘(𝑡) = 𝑒
−𝑡𝑆𝑇

𝑘0 are bounded and periodic with period 𝜏 = 2𝜋
𝜆

, hence the long-term behaviour of the

plane-wave solution 𝜙 depends on 𝑀(𝑡; 𝑘0), as

|𝜙(𝑥, 𝑡)| = |𝑘(𝑡)||𝑎0|𝑀(𝑡; 𝑘0) = |𝑘(𝑡)||𝑎0|𝑒∫ 𝑡

0 𝑚(𝑘(𝑟)) 𝑑𝑟
.

Since 𝑘(𝑡) is 𝜏-periodic, the integral of 𝑚(𝑘(𝑡)) can be partitioned as below

∫

𝑡

0
𝑚(𝑘(𝑟)) 𝑑𝑟 = 𝑁

∫

𝜏

0
𝑚(𝑘(𝑟)) 𝑑𝑟 +

∫

𝑡−𝑁𝜏

0
𝑚(𝑘(𝑟)) 𝑑𝑟,

where 𝑁 =
⌊

𝑡

𝜏

⌋
. The behaviour of the solution depends on the sign of the integral of 𝑚(𝑘(𝑡)) over the period [0, 𝜏]:

we show that

∫

𝜏

0
𝑚(𝑘(𝑟)) 𝑑𝑟 = 0, (4.2)

therefore the integral of 𝑚(𝑘(𝑟)) over [0, 𝑡] is oscillatory, proving that 𝜙 is bounded for any initial data 𝑎0 and 𝑘0:

‖𝜙‖
𝐿∞(ℝ3×ℝ,ℝ3) ≤ max

𝑡∈[0,𝜏]
|𝑘(𝑡)||𝑎0|𝑒𝜏‖𝑚‖𝐿∞ .

We need to prove that (4.2) holds for any initial data 𝑎0 and 𝑘0. First of all, we observe that we can focus on the

numerator of the symbol 𝑚 defined in (1.9): if 𝑘0 ≠ 0, then 𝑘(𝑡) ≠ 0 for all 𝑡, and there exists a constant 𝐶 > 1 such

that for all 𝑡 ∈ ℝ
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0 <
1
𝐶

≤ 𝑘(𝑡) ⋅ 𝐴−1
𝑘(𝑡) ≤ 𝐶 < ∞.

We use the notation 𝑝(𝑥) ∶= 𝑥 ⋅𝐴−1
𝐽𝑥 for the numerator of 𝑚, and we show that there exists a function 𝑓 ∶ ℝ → ℝ

such that 𝑝(𝑘(𝑡)) = 𝑓
′(𝑡). Since 𝜎(𝑆𝑇 ) = {0, 𝑖𝜆,−𝑖𝜆}, there exists an invertible matrix 𝑉 ∈ ℝ3×3

such that

𝑆
𝑇 = −𝜇𝑉 𝐽𝑉

−1
, where 𝐽 is defined in (1.3), and therefore

𝑝(𝑘(𝑡)) = 𝑘0 ⋅ 𝑒
−𝑡𝑆

𝐴
−1

𝐽𝑒
−𝑡𝑆𝑇

𝑘0 = 𝑘0 ⋅ (𝑉 𝑒
𝜇𝑡𝐽

𝑉
−1)𝑇 𝐴−1

𝐽 (𝑉 𝑒
𝜇𝑡𝐽

𝑉
−1)𝑘0

= 𝑘0 ⋅ 𝑉
−𝑇

𝑒
−𝜇𝑡𝐽

𝑉
𝑇
𝐴
−1𝐽𝑉 𝑒

𝜇𝑡𝐽
𝑉

−1
𝑘0,

where

𝑒
𝜇𝑡𝐽 =

⎛⎜⎜⎝
cos(𝜇𝑡) − sin(𝜇𝑡) 0
sin(𝜇𝑡) cos(𝜇𝑡) 0
0 1

⎞⎟⎟⎠ .
Hence, 𝑝(𝑘(𝑡)) = 𝑐1 cos2(𝜇𝑡) + 𝑐2 cos(𝜇𝑡) sin(𝜇𝑡) + 𝑐3 cos(𝜇𝑡) + 𝑐4 sin(𝜇𝑡) + 𝑐5, with 𝑐1,… , 𝑐5 ∈ ℝ constants

depending on 𝑘0 and 𝐴. This expression admits an anti-derivative 𝑓 (𝑡), such that 𝑝(𝑘(𝑡)) = 𝑓
′(𝑡), given by

𝑓 (𝑡) = 𝑐1
2𝜇𝑡 + sin(2𝜇𝑡)

2𝜇
− 𝑐2

cos2(𝜇𝑡)
2𝜇

+ 𝑐3
sin(𝜇𝑡)

𝜇
− 𝑐4

cos(𝜇𝑡)
𝜇

+ 𝑐5𝑡 + 𝑐6,

and (4.2) holds if and only if 𝑓 (𝜏) = 𝑓 (0), namely if and only if 𝑐1 + 2𝑐5 = 0. This works for any choice of the

matrix 𝐴 ∈ 𝒜− ∩𝒢.

Finally, if 𝐴 ∈ 𝒜− ∩ℬ, then 𝑎 is constant and ‖𝜙(⋅, 𝑡)‖
𝐿∞(ℝ3,ℝ3) = |𝑎0||𝑘(𝑡)| is bounded, concluding the proof.

□

5. Comparison with the Quasi-geostrophic Approximation

We now present a brief comparison between the stability of the family of steady solutions (1.5) which are solutions

of both SG and the quasi-geostrophic equations (QG). The two models are obtained as formal asymptotic limits of

the 3-D Euler equations for small Rossby number, and the theory presented in this paper can be mirrored for QG

following a similar approach. In fact, rather than writing QG in terms of both full and geostrophic velocities (as

presented, for instance, in [14]), one can show that the equations can be written in terms of the full velocity 𝒱[∇𝜙]
and the gradient ∇𝜙 as follows:

𝜕

𝜕𝑡
∇𝜙 + (𝐽∇𝜙 ⋅ ∇)∇𝜙 + 𝐵𝒱[∇𝜙] = 𝐽∇𝜙, (5.1)

where 𝐵 = diag(1, 1, 𝑁2), 𝑁 is the Brunt–Väisälä frequency and the operator 𝒱 ∶ ∇𝜙 ↦ 𝑢 is the solution operator

associated to the div-curl system {
∇ × (𝐵𝑢) = ∇ × 𝐽∇𝜙 − ∇ ×𝐷

2
𝜙𝐽∇𝜙,

∇ ⋅ 𝑢 = 0,

endowed with decay conditions on the velocity field. The streamfunction 𝜙 is related to the geopotential 𝑃 in the

semi-geostrophic Eq. (1.2) through the identity

𝑃 (𝑥, 𝑡) = 𝜙(𝑥, 𝑡) + 1
2
𝑥 ⋅ 𝐵𝑥.

Therefore, the steady solutions ∇𝜙 for QG corresponding to ∇𝑃 (1.5) are given by

𝜙(𝑥, 𝑡) = 1
2
𝑥 ⋅ 𝐴𝑥, (5.2)

with 𝐴 = 𝐴 − 𝐵 and 𝐴 a positive definite symmetric matrix. We mention that 𝜙 is not the physical pressure 𝑝,

which is instead given by 𝑝(𝑥, 𝑡) = 𝜙(𝑥, 𝑡) + 𝑁
2

2 𝑥
2
3, for any 𝑥 = (𝑥1, 𝑥2, 𝑥3) ∈ ℝ3

and 𝑡 ∈ ℝ.
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5.1. Linearisation of QG

In a similar fashion as we did in Sect. 2, the quasi-geostrophic Eq. (5.1) can be linearised at a steady solution ∇𝜙

in (5.2) and written as the following linear problem in the unknown vector field 𝜓

𝜕

𝜕𝑡
𝜓 + (𝑢

𝑔
⋅ ∇)𝜓 +𝑀

𝑇
𝜓 = ℱ−1◦ℳ

𝑚𝑄𝐺
◦ℱ[𝜓], (5.3)

coupled with the initial condition 𝜓(⋅, 0) = 𝜓0. The steady geostrophic velocity 𝑢
𝑔

is given by 𝑢
𝑔
(𝑥) = 𝑀𝑥, with

the matrix 𝑀 defined as 𝑀 ∶= 𝐽 (𝐴−𝐵). The symbol 𝑚
𝑄𝐺

has a similar structure as the symbol 𝑚 defined in (1.9)

for LSG:

𝑚
𝑄𝐺

(𝑥) ∶= 2𝑥 ⋅𝑀𝐵
−1

𝑥

𝑥 ⋅ 𝐵−1𝑥
. (5.4)

We refer to the Eq. (5.3) as the linearised quasi-geostrophic equation, or LQG.

By studying the spectrum of the matrix 𝑀 , the reader can show that we can again identify three possible be-

haviours: we have that 𝜎(𝑀) = {0,√𝜇
𝑄𝐺

,−√𝜇
𝑄𝐺

}, with 𝜇
𝑄𝐺

= 𝑏
2 − (𝑎− 1)(𝑑 − 1), where 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓 are the

coefficients of the matrix 𝐴 as in (1.10). Therefore, the set of positive definite symmetric matrices can be partitioned

into the three disjoint sets:

𝒜𝑄𝐺

+ ∶=
{
𝐴 ∈ Sym+(3) ∶ 𝜇

𝑄𝐺
> 0
}
, (5.5)

𝒜𝑄𝐺

− ∶=
{
𝐴 ∈ Sym+(3) ∶ 𝜇

𝑄𝐺
< 0
}
, (5.6)

𝒜𝑄𝐺

0 ∶=
{
𝐴 ∈ Sym+(3) ∶ 𝜇

𝑄𝐺
= 0
}
. (5.7)

We call hyperbolic and elliptic, respectively, the flows associated to the first and second sets, as we do in the SG

theory. In analogy with the work in Sect. 4, we focus our attention on the two open sets 𝒜𝑄𝐺

+ and 𝒜𝑄𝐺

− .

It is a straight-forward exercise to prove that the results that we prove for LSG in Sects. 3 and 4 have corre-

sponding analogous for LQG. In particular, we define the operator

ℒ
𝑄𝐺

𝜓 ∶= −(𝑢
𝑔
⋅ ∇)𝜓 −𝑀

𝑇
𝜓 +ℱ−1◦ℳ

𝑚𝑄𝐺
◦ℱ[𝜓], (5.8)

and we can derive the representation formula for the solution associated to the initial datum 𝜓0 as

𝜓(𝑥, 𝑡) =
∫ℝ3

𝑒
−𝑡𝑀𝑇

𝜓0(𝜉)𝑀𝑄𝐺
(𝑡; 𝜉)𝑒2𝜋𝑖𝜉⋅𝑒−𝑡𝑀𝑥

𝑑𝜉,

where 𝑀
𝑄𝐺

is defined depending on 𝑚
𝑄𝐺

in (5.4):

�̃�
𝑄𝐺

(𝑡; 𝜉) = 𝑚
𝑄𝐺

(𝑒−𝑡𝑀𝑇

𝜉), 𝑀
𝑄𝐺

(𝑡; 𝜉) = 𝑒
∫

𝑡

0 �̃�𝑄𝐺(𝑟;𝜉) 𝑑𝑟.

Theorem 5.1. Given an initial tempered distribution 𝜂0 ∈ 
′, there exists a strong solution in 

′ of LQG (5.3),
i.e. there exists a 𝜂 ∈ 𝐶

1(ℝ,
′) such that for all 𝑡 ∈ ℝ we have⟨

𝑑

𝑑𝑡
𝜂(𝑡), 𝜓

⟩
=
⟨
ℒ

𝑄𝐺
𝜂(𝑡), 𝜓

⟩
, ∀𝜓 ∈  ,

and 𝜂(0) = 𝜂0 in 
′.

We consider plane-wave solutions of LQG (5.3) of the form (1.16), and consider the corresponding concepts of

stability to plane-wave perturbations, as we did in Definition 1.3.

Theorem 5.2. The steady solution ∇𝜙 (5.2) of QG (5.1) associated to a matrix 𝐴 is stable to plane-wave pertur-
bations if it corresponds to an elliptic flow, i.e. 𝐴 ∈ 𝒜𝑄𝐺

− as in (5.5), and it is unstable to plane-wave perturbations
if it corresponds to an hyperbolic flow, i.e. 𝐴 ∈ 𝒜𝑄𝐺

+ .
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5.2. Stability in SG and QG

We showed that the matrix-parameterised family of common steady solutions for SG and QG defined in (1.5) and

(5.2) exhibit different behaviours depending on the choice of the positive definite symmetric matrix 𝐴, and in either

approximations we partitioned the set of such matrices into two open subsets (as we already mentioned that the

sets 𝒜0 and 𝒜𝑄𝐺

0 are not interesting). In fact, the two partitions do not coincide, and therefore they allow for four

different cases: referring to the sets defined in (1.12) and (5.5), we have that either

(i) 𝐴 ∈ 𝒜+ ∩𝒜𝑄𝐺

+ , or

(ii) 𝐴 ∈ 𝒜+ ∩𝒜𝑄𝐺

− , or

(iii) 𝐴 ∈ 𝒜− ∩𝒜𝑄𝐺

+ , or

(iv) 𝐴 ∈ 𝒜− ∩𝒜𝑄𝐺

− .

Each of the interections above is non-empty and contains at least one matrix that generates a non-trivial flow.

The following matrices are examples of elements in the intersections above, respectively:

𝐴1 =
⎛⎜⎜⎝
1
2 −1 −1
−1 4 1
−1 1 3

⎞⎟⎟⎠ , 𝐴2 =
⎛⎜⎜⎝
2 0 −1
0 2 0
−1 0 3

4

⎞⎟⎟⎠ ,

𝐴3 =
⎛⎜⎜⎝
1
2 −1 −1
−1 3 3
−1 3 7

2

⎞⎟⎟⎠ , 𝐴4 =
⎛⎜⎜⎜⎝
1
2 0 −1
0 1

2 0
−1 0 3

⎞⎟⎟⎟⎠
.

The fact that the intersections (ii) and (iii) are non-empty suggests that, although SG and QG are heuristically

derived to model the same phenomena, they in fact exhibit different behaviours.

6. Final Remarks

We introduced the linearisation of the semi-geostrophic Eq. (1.2) for conservative steady solutions corresponding

to globally-defined strictly-convex quadratic geopotentials, and studied the existence of solutions with initial data

in 𝐿
2(ℝ3

,ℝ3), (ℝ3
,ℝ3) and 

′(ℝ3
,ℝ3). We discussed the stability of such steady solutions, by introducing the

concept of stability to plane-wave perturbations, following the approach in [5]. We also notice that the same tech-

niques can be applied to the well-known quasi-geostrophic equations, and drew a comparison between the long-term

behaviour of the same solutions in the two models, LSG (1.1) and LQG (5.3).

We believe that this work is a first step in analysing the dynamical stability of steady solutions to SG (1.2). In

particular, it would be interesting to consider more general steady solutions: in Sect. 2, the reader can observe that

the derivation makes use of the fact that the Hessian 𝐷
2
𝑃 = 𝐴 of the steady geopotential is constant, and lifting

this assumption would lead to a different form for the operator ℒ defined in (1.8). Another issue is to construct

non-trivial steady solutions of SG (1.2) both on the whole space ℝ3
and on a domain with boundary: conservative

steady solutions with quadratic geopotentials can be constructed if the domain is a ball, but more interesting domains

require more complicated solutions, which make it harder to keep calculations as explicit as they are in this paper.

Another point on which the authors would like to draw attention is the concept of stability: our definition of

stability to plane-wave perturbations arises from the idea of perturbing the steady solution and studying the long-

term behaviour of the perturbation in order to infer something about the behaviour of solutions which are “close”

to the steady state. Firstly, we want to remind the reader that a rigorous stability analysis requires a well-posedness

theory for the nonlinear Eq. (1.2) that is not available at the moment. Secondly, the concept of stability can be

extended to more general perturbations. Again, this can require a more abstract approach, whereas the plane-wave

solutions considered in this paper allow for a more explicit investigation of stability.
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