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Vertical distribution of wave shear stress in variable water depth:

Theory and field observations
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[1] A generalized analytical model is developed to describe the vertical distribution
of wave-induced shear stress in the presence of bottom slope, bottom friction and
depth-induced wave breaking in the shoaling region and surf zone. The theory is
compared to data obtained on an unbarred beach in 3.7-m mean water depth over a
2� bottom slope. Bottom slope and bottom friction are incorporated in the theory by
including the wave energy dissipation by bottom friction in a potential wave theory for
variable water depth, and coupling the wave theory with a wave bottom boundary layer
(WBBL) theory over a sloping bottom. The effect of wave breaking is included through a
periodic bore dissipation model. Previous studies have considered some, but not all, of
these effects. Each of the three components, sloping bottom, bottom friction and wave
breaking, exhibits a different vertical structure. The contributions due to bottom slope and
bottom friction attain maximum strength in the WBBL, and decay with distance above the
bed, approaching smaller but nonzero values at the surface. In contrast, the contribution
from wave breaking is maximal at the surface, and decays linearly with depth, becoming
zero at the bed. The vertical structure of the cross-shore (u) and vertical (w) components of
wave orbital velocity was measured using a coherent Doppler acoustic profiler. The
measured velocity fields were used to obtain the ensemble averaged wave shear stress
profiles that extend across the WBBL to a height of 30 cm above the bed. Close to the
seabed, the observed and predicted huwi profiles are similar, confirming the sensitivity of
wave stress to frictional and bottom slope effects within the WBBL. Farther from the bed,
however, the observed profiles fall off more rapidly with height, as w approaches
quadrature with u faster than predicted. Wave breaking induced shear stresses were not
observed.

Citation: Zou, Q.-P., A. J. Bowen, and A. E. Hay (2006), Vertical distribution of wave shear stress in variable water depth: Theory

and field observations, J. Geophys. Res., 111, C09032, doi:10.1029/2005JC003300.

1. Introduction

[2] Studies of wave-induced circulation have been moti-
vated by its close coupling with sediment transport and
subsequent morphological evolution through the shoaling
region and surf zone. Along-shore and rip currents are the
dominant feature of wave-induced circulation in the hori-
zontal plane and have been investigated extensively by
either 1-D or 2-D depth-averaged models [Bowen, 1969a,
1969b; Longuet-Higgins, 1970]. Wave-induced circulation
in the cross-shore vertical plane is characterized by an
offshore directed current, the undertow, which has
been studied by 1-D or 2-D along-shore averaged models
[Dyhr-Nielsen and Sorensen, 1970; Stive and Wind, 1986;
Svendsen et al., 1987].

[3] However, recent studies suggest that along-shore and
rip currents co-exist with cross-shore currents and that the
vertical and horizontal variations of wave-induced circula-
tion tend to intertwine on a natural beach [Svendsen and
Lorenz, 1989; Svendsen and Putrevu, 1994]. It was also
found that the vertical structure of nearshore circulation
accounts for the order of magnitude enhancement of lateral
mixing through nonlinear interactions of cross-shore and
alongshore currents [Svendsen and Putrevu, 1994]. In
addition, bottom currents that are directly related to sedi-
ment transport often deviate substantially from depth aver-
age currents in both direction and magnitude. Clearly, 3-D
modeling is required to describe fully the dynamics of
nearshore circulation and its contribution to sediment trans-
port. Wave shear stress represents the vertical momentum
flux within the circulation due to the presence of waves
[Longuet-Higgins and Stewart, 1962]. It arises from the
correlation between the horizontal and vertical wave veloc-
ities, which takes the form of �rhuwi. Here h i signifies the
time average and r is water density. It follows that the
vertical distribution of wave shear stress is a central element
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of 3-D modeling of wave-induced circulation, and this is the
subject of this paper.
[4] Literature on the vertical distribution of wave shear

stress is scarce, partly because the horizontal and vertical
velocities given by the potential flow solution for waves
propagating over a flat bed are in quadrature so that the
wave shear stress is zero. In the presence of bottom slope,
bottom friction and wave breaking, however, waves evolve
as they propagate, therefore, the horizontal and vertical
velocities are no longer in quadrature and a nonzero wave
shear stress is induced.
[5] Previous studies of wave shear stress distribution have

focused on the interior flow region and have not incorpo-
rated wave bottom boundary layers. Using a dynamic model
of surface roller, Deigaard and Fredsoe [1989] constructed
a theoretical solution for the shear stress of dissipative
waves propagating over a horizontal bottom in shallow
water. Through a sloping bottom perturbation of the linear
wave solution for a horizontal bottom, De Vriend and Kitou
[1990] obtained the wave shear stress solution for non-
dissipative waves over a sloping bottom. Most recently,
using the identity @huwi/@z = hzwi � @[hu2i � hw2i]/@x/2,
where huwi is the wave shear stress, hu2i and hw2i are the
wave normal stresses, z = uz � wx is the wave vorticity,
subscripts ‘‘x’’ and ‘‘z’’ represent the derivative relative to x
and z hereinafter, and invoking zero wave vorticity z = 0 for
the interior flow region, Rivero and Arcilla [1995] derived
the shear stress solution for breaking or nondissipative
waves over a sloping bed from the normal stress solutions
for waves over a horizontal bottom. Their solution reduces
to that of Deigaard and Fredsoe [1989] for breaking waves
over a horizontal bottom in shallow water, and to that of
De Vriend and Kitou [1990] for nondissipative waves over a
sloping bottom in shallow water, but not in intermediate
water depths.
[6] Here, we approach the theoretical problem differently:

first, we extend Chu and Mei’s [1970] potential wave theory
for a sloping bottom to incorporate wave bottom dissipation
and wave breaking effects, match the velocity solutions with
those of WBBL theory for a sloping bottom [Zou and Hay,
2003], and then obtain a matched wave shear stress solution
for the full water column.
[7] Deviations of the phase between horizontal and ver-

tical velocity components from 90� outside the WBBL have

been noticed in the field, from velocity measurements using
current meters at different distances from the bed [Herbers
et al., 1992; Elgar et al., 2001]. The viscous diffusion
within boundary layers adjacent to solid and free surfaces
also generates a nonzero wave shear stress which gives rise
to a mean drift current [cf. Longuet-Higgins, 1960]. Despite
that, field observations of shear stress profile have not been
reported to our knowledge. This requires synoptic profile
measurements of both velocity components, which has
become available only recently using acoustic Doppler
technique [Zedel and Hay, 1999]. In this study, the field
observations over a 2� seabed slope at Queensland Beach,
Nova Scotia, are compared with theoretical predictions of
wave shear stress distribution to investigate the effects of
bottom slope and WBBL.
[8] The objectives of this presentation are: (1) to develop

a generalized solution of wave shear stress distribution
incorporating the effects of bottom slope, bottom dissipation
and wave breaking; (2) to examine in combination the
effects of bottom slope, bottom dissipation and wave
breaking, and (3) to compare the predicted wave shear
stress profile with field measurements. Existing work con-
siders some, but not all, of these effects. A secondary
objective is to compare the present solution with previous
results of Deigaard and Fredsoe [1989], De Vriend and
Kitou [1990], and Rivero and Arcilla [1995].

2. Theory

[9] We consider here the vertical structure of shear stress
beneath waves propagating over a sloping seabed, in finite
depth of water, with a spatial scale of many wavelengths,
i.e., jr~Hhj/kh = O(ka) � O(e), where r~H is the horizontal
gradient operator, h is the water depth, k is the wave
number, and a is the surface elevation amplitude.
[10] Following Chu and Mei [1970], we take x as the

horizontal coordinate, positive shorewards, and z as the
vertical coordinate, positive upward, with z = 0 at the mean
free surface and z = �h(x) at the bottom (see Figure 1).
Through WKB expansions, the first harmonic solutions of a
normally incident monochromatic wave over straight and
parallel bottom contours are obtained as [cf. Chu and Mei,
1970; Zou et al., 2003]

U x; z; tð Þ; W x; z; tð Þ; h x; tð Þ½ 


¼ Re U 1ð Þ Xð Þ;W 1ð Þ Xð Þ; h 1ð Þ Xð Þ
h i

ei kx�wtð Þ
n o

; ð1Þ

where X = ex is the slowly varying horizontal coordinate, Re
denotes the real part of the variable and superscript ‘‘(1)’’
denotes the complex amplitude of the primary wave
hereinafter,

U 1ð Þ ¼ gak

w cosh q
1þ i dþ duð Þ½ 
 coshQ; ð2Þ

W 1ð Þ ¼ �igak

w cosh q
1þ idð Þ sinhQþ idQ coshQ

� �
; ð3Þ

Figure 1. Definition sketch of variables and coordinate
system for waves propagating over a planar, sloping seabed.
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h 1ð Þ ¼ a; ð4Þ

where Q = k(z + h), q = kh,

d ¼ � a1 Q� qð Þ þ a2 Q tanhQ� q tanh qð Þ þ a3 Q2 � q2
� �� �

;

ð5Þ

dQ ¼ � a1 þ a2 tanhQþ Qsech2Q
� �

þ 2a3Q
� �

; ð6Þ

du ¼ � a2 þ 2a3Q tanhQþ a1 tanhQ½ 
; ð7Þ

where

a1 ¼ hx; ð8Þ

a2 ¼ k�1 a

cosh q

	 
�1
a

cosh q

	 

x

; ð9Þ

a3 ¼
kx

2k2
; ð10Þ

a1, a2 and a3 are associated with the bottom topography,
wave amplitude and wave number variations respectively
and (9) and (10) may be rewritten as

a2 ¼
1

2kE
Ex �

tanh q

1þ G
hx ð11Þ

and

a3 ¼
�hx

2q

G

1þ G
; ð12Þ

where G = 2q/sinh (2q) and E = rga2/2 is the wave energy.
According to (8) and (12), a1 and a3 are proportional to
bottom slope hx. As shown by equations (2) and (3), each
velocity component is the corresponding horizontal bottom
solution for nondissipative waves with added perturbation
terms by bottom slope and wave energy gradient. Given by
d, dQ and du, these perturbation terms are in quadrature with
the horizontal bottom solutions for nondissipative wave,
therefore, u and w are no longer in quadrature and a nonzero
wave shear stress is induced.
[11] Assuming steady state, in the presence of bottom

friction and wave breaking, wave transformation is gov-
erned by the wave energy flux balance equation

CgE
� �

x
¼ � Df þ Db

� �
; ð13Þ

where Df and Db are the average rates of energy dissipation
per unit area of seabed due to bottom friction and wave
breaking, and Cg = C(1 + G)/2 and C = w/k are the wave
group and phase speeds respectively [Thornton and Guza,
1983].
[12] In addition to contributing to wave energy dissipa-

tion, bottom friction introduces a secondary vertical velocity

component, �tb/rC, which arises from the velocity deficit
within the wave bottom boundary layer (see Appendix B).
The bed shear stress is given by

tb ¼
1

2
r fw U

1ð Þ
b

��� ���Ub; ð14Þ

where fw is the friction factor, Ub = U(z = �h) is the wave
bottom velocity and jUb

(1)j is the wave bottom velocity
amplitude. The secondary vertical velocity is 180� out of
phase with the horizontal velocity, therefore, an additional
wave shear stress is induced.
[13] Adding �tb

(1)/rC to the right hand side of (3) and
combining it with (2), and invoking (5), (6) and (7), we
obtain

uwh i ¼ Re U 1ð ÞW 1ð Þ*
� 

=2� Re U 1ð Þt 1ð Þ*
b

� 
= 2rCð Þ

¼ �G
E

rh
a1 þ a2 þ 2a3ð ÞQ½ 
 þ 1

2C
fw U

1ð Þ
b

��� ��� coshQ� �
ð15Þ

where superscript ‘‘*’’ denotes the complex conjugate
hereinafter. Substituting (8), (11) and (12) into (15), we
obtain

uwh i ¼ � G
E

rh

	 

hx �

1

1þ G

q

tanh q
hx

zþ h

h

	 
�

þ 1

2C
fw U

1ð Þ
b

��� ��� coshQ�� 1

2
G
Ex

r
zþ h

h

	 

ð16Þ

The above equation indicates that a positive/negative wave
energy gradient Ex has a negative/positive contribution to
huwi. As indicated in Figure 2, the shear stress solution (16)
reduces to that of Rivero and Arcilla [1995] for breaking or
nondissipative waves over a sloping bed, to that of De
Vriend and Kitou [1990] for nondissipative waves over a
sloping bottom and to that of Deigaard and Fredsoe [1989]
for breaking waves over a horizontal bottom in shallow
water.
[14] According to (14), the wave energy dissipation due

to bottom friction is given by

Df ¼ tbUbh i ¼ 1

2
r fw U

1ð Þ
b

��� ��� U2
b

� �
; ð17Þ

where hUb
2i = G

E

rh
+ O(hx) according to (2). Following

Thornton and Guza [1983], we estimate the energy
dissipation due to wave breaking by analogy with a
traveling bore, that is

DB ¼ 1

4
r fg

BHð Þ3

h
; ð18Þ

where f is the wave frequency, B is an empirical breaker
coefficient of O(1) and H is the wave height. Based on the
assumption that the fluid velocity at the crest equals the
phase speed for a Stokes wave, Miche (1954) proposed
the breaker criterion

HB ¼ 0:88

k
tanh

g

0:88
kh

� 
; ð19Þ
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where g can vary from 0.4 to 1.2 depending on beach slope
and breaker type. In shallow water where kh  1, (19)
becomes

HB ¼ gh: ð20Þ

Invoking (13), (17) and (18), the coefficient a2 defined by
(11) may be decomposed into three components,

a2 ¼ a2 s þ a2 f þ a2B; ð21Þ

where

a2s ¼ � hx

1þ Gð Þ2 tanh q
; ð22Þ

a2f ¼
�Df

2kCgE
¼ � 1

2

fw U
1ð Þ

b

��� ���
Cg sinh 2q

; ð23Þ

and

a2B ¼ �DB

2kCgE
¼ � 2pkhð Þ�1

B 3kH ; ð24Þ

subscripts ‘‘s’’, ‘‘f’’ and ‘‘B’’ represent the wave amplitude
change due to shoaling, bottom friction and wave breaking.
Substituting (21)–(24) into (15), we obtain

huwi

¼ �G
E

rh
hx 1� 1

1þ G

q

tanh q

zþ h

h
� G

1þ Gð Þ2
1� q tanh qð Þ zþ h

h

" #(

þ
fw U

1ð Þ
b

��� ���
2C

coshQ� CQ

Cg sinh 2q

� �
� 2pð Þ�1

B3kH
zþ h

h

)
: ð25Þ

As indicated by (25), wave shear stress in the interior flow
is the sum of three superimposed components due to bottom
slope, bottom friction and wave breaking, represented as the
first, second and third terms in the curly bracket of (25).
According to (25), the bottom friction and wave breaking
induced wave shear stresses are not sensitive to the bottom
slope change. It is also evident from (15), (23) and (25), that
bottom friction induced wave shear stress consists of two
counteracting components with different vertical structure,
while breaking induced wave shear stress comes solely from
the negative wave energy gradient (24) due to breaking,
therefore, is positive and has a linear vertical structure.
[15] The above solution is valid in the interior flow

region (z + h � zb), where zb is a height several times
greater than the boundary layer thickness. Within the
WBBL (z + h � zb), the solution takes the form of

uwh i ¼ ûŵh i ¼ Re û 1ð Þŵ 1ð Þ*
� 

=2; ð26Þ

where û(1) and ŵ(1) are the complex amplitudes of the
horizontal and vertical velocities for the WBBL over a
sloping bottom, given by Zou and Hay [2003] (see
Appendix B).

2.1. Bottom Slope Effects

[16] In the presence of a sloping bottom, the wave shear
stress solution (25) reduces to

uwh i ¼ � G
E

rh
hx 1� 1

1þ G

q

tanh q

zþ h

h

�

� G

1þ Gð Þ2
1� q tanh qð Þ zþ h

h

#
ð27Þ

which displays a linear vertical distribution in the interior
flow regardless of water depth relative to wavelength (see
Figure 3). This is in contrast to the vertical distribution of

Figure 2. Comparisons of present solutions (25) and previous solutions by Deigaard and Fredsoe
[1989], Rivero and Arcilla [1995], and De Vriend and Kitou [1990]. fw is friction factor, B is the breaking
coefficient, k is wave number, and �hx is the bottom slope.
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wave normal stress, which is linear only if the water depth is
much smaller than the wavelength [Zou et al., 2003]. This
result was explained by Rivero and Arcilla [1995] using a
kinematic relationship

uwh iz¼ � 1

2
u 2
� �

� w 2
� �� �

x
: ð28Þ

Approximating the right hand side of the above relationship
by the identity for irrotational flow over a horizontal
bottom,

u 2
� �

� w 2
� �

¼ GE=rh ð29Þ

which is independent of the distance above the bed, so the
vertical gradient of wave shear stress on the left hand side of
(28) is independent of z.
[17] At the mean free surface, z = 0, the wave shear stress

becomes

uwh i ¼ � GE

rh 1þ Gð Þ2
1� q tanh qð Þhx ð30Þ

and at the bottom, z + h = 0, it becomes

uwh i ¼ �G
E

rh
hx: ð31Þ

[18] As shown by Figure 3, the wave shear stress com-
ponent due to bottom slope attains a maximum at the bed
and decreases linearly with height toward a smaller, but
nonzero value, at the surface. As discussed further in the
following two paragraphs, the wave bottom shear stress is
the product of bottom slope and wave bottom horizontal
velocity variance, and the wave surface shear stress is one
quarter of that value in shallow water and decreases with
water depth toward zero in deep water (see Figure 4). As
also indicated by Figure 3, at a given water depth and wave
frequency, wave shear stress increases with bottom slope.
[19] For monochromatic waves, wave shear stress is

related to wave velocities by

uwh i ¼ u2
� �1=2

w2
� �1=2

cos quw ð32Þ

where quw is the phase difference between u and w.
Therefore, many of the features of the wave shear stress
displayed in Figure 3 can be explained by the vertical
variation of u and w, as demonstrated by Zou et al. [2003,
Figure 2]: (1) the phase between u and w deviates from 90�
throughout the water column and the deviation increases
with bottom slope and toward the bed; (2) the sloping
bottom effect on both the magnitude and phase of w
decreases with height, increases with slope, and decreases
with frequency for a given water depth; (3) bottom slope has
little effects on the magnitude of u.

Figure 3. Predicted vertical profiles of normalized shear stress induced by a 10 s nonbreaking wave at a
water depth of (a) 3 m, (b) 10 m, (c) 20 m and (d) 40 m using Chu and Mei’s [1970] potential wave
theory: predictions for a bed slope of 2�, 1� and 0�. The shear stress is normalized by kE where k and E
are the wave number and wave energy.
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[20] In order to satisfy the condition of no normal flow at
the bed, w = �hxu, the wave shear stress at the bottom
becomes

uwh i ¼ �hx u2
� �

� �GEhx=rh ð33Þ

which is consistent with (31). The wave shear stress at the
surface may be determined from the kinematic and dynamic
conditions

w ¼ ht ð34Þ

and

hx ¼ �ut=g ð35Þ

as

uwh i ¼ Re u 1ð Þw 1ð Þ*
� 

=2 ¼ gh 1ð Þh 1ð Þ*
x =2 ¼ Ex= 2rð Þ

� �GE 1� q tanh qð Þhx= rh 1þ Gð Þ2
h i

ð36Þ

which is consistent with (30). Thus the wave shear stress at
the surface is half the wave energy gradient. This relation-
ship indicates the presence of a nonzero surface shear stress
in spatially nonuniform waves.
[21] For a given bottom slope, as the relative water depth,

k1h, increases, huwi at the bottom (dashed line) decreases
with the wave bottom velocity, whereas huwi at the surface
(solid lines) reduces to a negative value first and then slowly
increases to zero in deep water (Figure 4). The latter effect,
which looks peculiar, arises due to the theoretical decreases in
wave height in intermediate depth during shoaling. It is also

evident from Figure 4 that huwi at the surface is one quarter of
its value at the bed in shallow water and that huwi at the
surface and at the bed decays toward zero at deeper water.

2.2. Bottom Friction Effects

[22] In the presence of bottom slope and bottom friction,
the wave shear stress solution (25) reduces to

uwh i ¼ � G
E

rh

(
hx 1� 1

1þ G

q

tanh q

zþ h

h

�
:

� G

1þ Gð Þ2
1� q tanh qð Þ zþ h

h

#

þ
fw U

1ð Þ
b

��� ���
2C

coshQ� CQ

Cg sinh 2q

� �)
: ð37Þ

The second term in the curly bracket of (37) represents the
bottom friction contribution to wave shear stress in the
interior. The bottom friction induced huwi is the sum of a
negative component with a z- dependence of cosh Q, given
by the secondary vertical displacement �tb/rC due to the
velocity deficit of WBBL and a positive component with a
z-dependence of Q, contributed by the negative wave
energy gradient due to bottom friction. The cosh Q term
attains the same vertical structure as the horizontal velocity
for a horizontal bottom while the Q term displays a linear
vertical profile regardless of relative water depth. Through-
out the interior region, the cosh Q term outweighs the Q
term so that the net contribution to huwi by bottom friction
remains negative (see Figure 5). In addition, the bottom
friction induced wave shear stress in the interior region is
not sensitive to the bottom slope change.
[23] Within the WBBL, however, the wave shear stress

distribution with bottom slope is distinct from that without
slope (see Figure 5). More specifically, huwi with bottom
slope increases from zero at the bed to a local maximum and
decreases slightly further upwards, whereas that without
bottom slope decreases monotonically from zero at the bed
to a negative value at the top of the layer (Figure 5). This is
the result of a significant bottom slope effect on both the
amplitude and phase of vertical velocity within the WBBL
[cf. Zou and Hay, 2003, Figure 2].

2.3. Breaking Wave Effects

[24] In shallow water, the wave shear stress solution (25)
reduces to

uwh i¼ � E

rh
hx 1� 3

4

zþ h

h

	 

þ 2Cg

� ��1
fw U

1ð Þ
b

��� ����
1� 1

2

zþ h

h

	 


� 2pð Þ�1
B3kH

zþ h

h

�
ð38Þ

which is valid for shallow water waves subject to bottom
slope, bottom friction as well as wave breaking effects.
[25] For a constant water depth and nonbreaking wave

with bottom friction, (38) reduces to

uwh i ¼ �fw U
1ð Þ

b

��� ��� E

2rCgh
1� 1

2

zþ h

h

	 


¼
Exð Þf
r

1� 1

2

zþ h

h

	 

; ð39Þ

Figure 4. Normalized wave shear stress at the surface
(solid line) and bottom (dashed line) for nonbreaking
waves, as a function of the dimensionless water depth k1h,
where k1 = w2/g is deep water wave number. The shear
stress is normalized by kEhx where k, E and hx are the wave
number, wave energy and bottom slope.
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where (Ex)f = �Df /Cg = �fwjUb
(1)jE/(2Cgh) is the wave

energy gradient due to bottom friction, which is equivalent
to equation (34) of Deigaard and Fredsoe [1989]. At the
surface, the wave shear stress due to the secondary vertical
displacement associated with the WBBL outweighs that due
to wave bottom dissipation by a factor of two, so that (39)

reduces to huwi = 1

2r
(Ex)f. For a constant water depth and

breaking waves without bottom friction, (38) reduces to

uwh i ¼ 2pð Þ�1
B3kH

E

rh
zþ h

h

¼ � Exð ÞB
2r

zþ h

h
; ð40Þ

where (Ex)B = �DB/Cg = �p�1 B3 kHE/h is the wave energy
gradient due to wave breaking, which is equivalent to
equation (52) of Deigaard and Fredsoe [1989]. At the

surface, (40) reduces to huwi = �1

2
(Ex)B/r which is

consistent with (25).
[26] Wave breaking produces a negative wave energy

gradient, which generates a positive huwi (Figure 6). In
contrast with the bottom slope induced wave stress, the
wave breaking induced wave shear stress decreases with
depth until it becomes zero at the bed (Figure 6). The
opposing effects of wave breaking and bottom slope on the
vertical gradient of wave shear stress introduce an additional

local minimum at the top of the WBBL. As also shown by
Figure 6, wave breaking tends to enhance the local maxi-
mum of wave shear stress within the WBBL.

3. Field Measurements and Data Analysis

[27] The field measurements were carried out at Queens-
land Beach, Nova Scotia, an O(100 m)-long, unbarred,
pocket beach. The instrument deployment configuration is
shown in Figure 7. An instrumented bottom pod was
deployed approximately 60 m from the shoreline, in a mean
water depth of 3.7 m. The local bed slope was about 2� with
an accuracy of 0.5� according to rod and total station
surveys and between 1.4� and 2.3� according to the rotary
pencil beam sonar, during the storm. The seabed sediments
were composed of find sand with a median diameter of
0.17 mm. Vertical and horizontal velocity profiles with
0.7 cm vertical resolution were acquired at 15-minute
intervals for about 8 minute with a bistatic 1.7 MHz
Coherent Doppler Profiler (CDP [Zedel and Hay, 1999]) at
a profile acquisition rate of about 30 Hz, using 9 pulse-pair
averaging. Surface elevation was measured at 30-minute
intervals for about 8 min with an upward-looking, 2.25 MHz
pencil beam acoustic sounder at a sampling rate of 8 Hz.
Bedform geometry was detected at 30-minute intervals by
cm-resolution 2.25 MHz rotary side scan and pencil
beam sonars and continuously, except during daylight, with

Figure 5. The predicted vertical profiles of the normalized shear stress induced by a 10 s nonbreaking
wave at a water depth of (a) 3 m, (b) 10 m, (c) 20 m and (d) 40 m using the present theory with bottom
friction (dashed line) and Chu and Mei’s [1970] theory without bottom friction (solid line): predictions
for a bed slope of 2�, 1� and 0�. The friction factor fw = 0.05 and the wave bottom velocity amplitude
jUb

(1)j = 1.17 ms�1 are used in the predictions.
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a mm-resolution laser-video system. More detailed descrip-
tions of the field site and instrumentation are given by
Crawford and Hay [2001] and Smyth et al. [2002].
[28] Results are presented from three intervals during a

storm event when the bed state changed from linear transi-
tion ripples to flat bed and then back to linear transition
ripples before, during and after the peak of the storm
[Crawford and Hay, 2001; Smyth et al., 2002]. Power
spectra Shh of surface elevation h were estimated using
Welch’s averaged periodogram method and a Hanning
window, dividing each 8-minute data run into demeaned
and detrended 512-sample segments overlapped by
75%, which yields a degree of freedom of 28. As shown
in Figure 8, the wave surface elevation spectrum, Shh, was
bimodal during storm growth and unimodal during storm
decay. The evolution of wave spectra in Figure 8 reflects the
transition of the wavefield from a mix of sea and swell
immediately preceding and during storm peak to residual
swell during storm decay.
[29] CDP measurements of horizontal and vertical veloc-

ity profiles extend to a height of about 30 and 50 cm above

the bed respectively. The measured u and w are bandpass
filtered between 0.08 and 0.3 Hz using a 5th order Butter-
worth filter. The time averaged correlation between the
filtered u and w is taken as the wave shear stress. Vertical
profiles of wave shear stress and root-mean square vertical
and horizontal wave orbital velocity are presented in
Figures 9–11, for the three time intervals. Note that the
horizontal velocity measurements close to the bed may be
contaminated by the high-amplitude bottom reflection leak-
ing into the received signal through the sidelobes of the
transducer beam pattern. Thus, the lowest 3 points of huwi
and urms should be viewed with caution [see also Zou and
Hay, 2003], a point to which we return in section 5.2.
[30] The huwi profiles in these figures indicate an in-

crease in the magnitude of wave stress with time as the
storm builds, and then a gradual reduction as the storm
decays. According to (33), the magnitude of huwi near the
bed would be expected to be �urms

2 hx in the absence of
bottom friction. Thus, using the urms profile at 7:45 GMT in
Figure 10c and a 2� bottom slope for example, the expected
value of huwi immediately above the WBBL would be
�5 � 10�3, which is comparable to the magnitude of the
near-bottom peak for the corresponding huwi profile in
Figure 10a. Also evident in these figures is the steeper huwi
gradients in the interior (i.e. above the WBBL) as wave
energy increases.

4. Comparisons Between Theory and
Measurements

[31] The predicted vertical profiles of wave shear stress
huwi with bottom slope (solid lines) compare well with ob-
servations within the WBBL (circles), but the discrepancy
increases with distance above the bed outside the WBBL
(Figure 12). The predictions without bottom slope (dash-
dotted lines), however, severely underestimate the observa-
tions in both these regions. Nobuoka and Mimura [2003]
drew a similar conclusion from their comparisons of wave
shear stress measured in a laboratory wave tank to Biesel
and Airy wave theory. They also noticed that the observa-
tions of wave shear stress near wave breaking points are
over estimated by theory and suggested that wave nonlin-
earity might contribute to the error. As shown by Figure 12,
the observed wave shear stress is less than 5% below its
predicted value within WBBL, but is over-predicted by an

Figure 6. The predicted vertical profiles of the normalized
shear stress induced by a 10 s breaking wave with a
significant wave height of 1.5 m at a water depth of 3 m,
over a bed slope of 0� (a and b), 1� (c and d), and 2� (e and f ).
The friction factor fw = 0.01 (left panels), fw = 0.05 (right
panels) and wave breaking parameter B = 1 are used in the
predictions. Prediction with wave breaking, bottom friction
and bottom slope (dashed-dot line), bottom friction and
bottom slope (dashed line), and only bottom slope (solid
line).

Figure 7. Side view of the instrument array configuration,
adapted from Crawford and Hay [2001, Figure 4].
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error that increases with height to about 50% at the
uppermost point. Different from Nobuoka and Mimura
[2003], the disparity remains the same for three intervals
of different sea state. Thus, these data do not indicate that
the discrepancy is due to wave nonlinearity.
[32] The observed local maximum of huwi in the WBBL

is accurately predicted by the sloping bottom theory with
WBBL (solid line), but not by that without WBBL (dotted
line), or that for a horizontal bottom (dash-dotted line). This
result is consistent with that displayed by Zou and Hay
[2003, Figure 9]; more specifically, same as vertical veloc-
ity, wave shear stress in the WBBL is subject to significant
sloping bottom and turbulent friction effects.
[33] As shown by Figure 12, although the predicted wave

shear stress is in good agreement with observations within
the WBBL, the observed wave shear stress fall off more
rapidly with height than predicted outside the WBBL.
This result is consistent with that displayed by Figures 13c
and 13d (same as Figure 5 of Zou et al. [2003]) where the
observed w approaches quadrature with u faster with height
than predicted. As also shown in Figure 12, the upward
increase of the error in prediction is more severe in the flat
bed interval when wave bottom velocity reaches its maxi-
mum. The deviation between theory and observations will
be discussed further in the next section.

5. Discussion

5.1. Theory

[34] The wave shear stress component due to the bottom
slope attains its maximum at the bed and decreases linearly

with distance from the bed toward a smaller but nonzero
value at the surface (Figure 3). The bottom slope induced
wave shear stress at the bed is the product of the bed slope
and the variance of the horizontal wave bottom velocity. At
the surface, the wave stress is one quarter of the bottom
value in shallow water, decreases with increasing relative
water depth, reduces to a negative value first and then
slowly increases to zero in deep water (Figure 4). The latter
effect, which looks peculiar, arises due to the theoretical
decreases in wave height in intermediate depth during
shoaling.
[35] Outside the WBBL, bottom friction tends to de-

crease the wave shear stress by almost the same amount
regardless of bottom slope. Within the WBBL, in the
presence of bottom slope, bottom friction causes the wave
shear stress to rise to a local maximum as the bed is
approached, and then to decrease to zero at the bed. In
the absence of bottom slope, bottom friction decreases the
wave shear stress monotonically toward zero at the bed
(Figure 5).
[36] The contribution to huwi from depth-induced wave

breaking increases linearly with height from zero at the bed
to a positive, maximum value at the surface. At the top of
the WBBL, the upward increasing trend of huwi from wave
breaking starts to outweigh the upward decreasing trend
from bottom friction and, as a result, a minimum in huwi
occurs (Figure 6).
[37] Rivero and Arcilla [1995] pointed out the inconsis-

tency between their results and those of De Vriend and
Kitou [1990] for intermediate water depths despite both
results being consistent for shallow water. In contrast, we

Figure 8. Surface elevation spectra, Shh, with a degree of freedom of 28, during linear transition ripple I
(left), flat bed (middle) and linear transition ripple II (right) intervals: spectra for each of the 8 minute data
runs labeled with the starting time in GMT.
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found that despite the difference in their approaches,
these two sets of solutions are identical to each other
(see Appendix A) and both are consistent with the
present result.

[38] One may gain an insight into the role of wave shear
stress in the momentum balance for nearshore circulation by
combining the 1-D undertow equation by Svendsen [1984]

th iz
r

¼ g hh ix þ u2
� �

� w2
� �� �

x
þ uwh iz ð41Þ

Figure 9. Time evolution of (a) wave shear stress huwi,
root-mean square of (b) vertical and (c) horizontal velocity
components during linear transition ripple I interval, where
each of the 8 minute data runs are labeled with the starting
time in GMT.

Figure 10. Same as Figure 9, except for the flat bed
interval.
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with the relationship (28), i.e., huwiz = �(hu2i � hw2i)x/2
for the interior to obtain

th iz
r

¼ g hh ixþ
1

2
u2
� �

� w2
� �� �

x
: ð42Þ

These equations indicate that the momentum flux generated
by the wave shear stress is opposite in sign and half the

magnitude of that bywave normal stress. Since (hu2i� hw2i)x
is normally smaller than ghhix within breaker region, the
momentum flux induced by the wave shear stress has
been neglected in previous studies of nearshore circula-
tion until very recently. However, it is expected that wave
shear stresses become significant in the mean flow
momentum balance when (hu2i � hw2i)x attains a
magnitude comparable to ghhix, which often happens at
the outer edge of the surf zone and in the shoaling region
[Rivero and Arcilla, 1995].

5.2. Model-Data Comparisons

[39] Within the WBBL, the wave shear stress profiles are
in good agreement with the predictions of the combined
bottom slope/bed friction theory, notwithstanding the pre-
viously mentioned fact that the bottom-most 3 bins of the
u-component profile are likely contaminated by the echo
from the seabed, as suggested by the noisier appearance of
the urms profiles, compared to wrms, immediately above the
bottom (Figures 10 and 11). The nearbed measurements of
w are more reliable than u because of the CDP beam
geometry. The w component is measured along a single,
nearly vertical acoustic beam, whereas the u component is
measured using the signal received by a transducer with its
acoustic axis inclined away from vertical [Zedel and Hay,
1999; Smyth et al., 2002]. As a result of Fermat’s principle
of least time, and the sidelobes in the transducer beam
patterns, a bottom echo can arrive at the inclined transducer
before the relatively weaker signal scattered from particles
in suspension within the range bins closest to the bed. In
contrast, the earliest bottom echo in the vertical beam
appears only in the bin defining the bed location. For the
flat bed interval (Figure 10), the WBBL is about 5-cm thick,
based on the wrms profiles alone (also see Zou and Hay
[2003] for WBBL thickness estimates). Thus, excluding the
bottom-most 3 points from the huwi profile, 5 or 6 mea-
surement points are within the WBBL. Based on the
comparisons of observations with theory in Figure 12b,
these are just sufficient to resolve the nearbed peak in the
wave shear stress.
[40] Despite the contamination of the bottom-most bins of

the u-component profile by the bottom echo, there is still
good agreement between the predicted and the ensemble-
averaged huwi profiles even very close to the bed
(Figure 12). Thus, when averaged over a sufficient number
of realizations, the ensemble-averaged huwi exhibits the
expected tendency toward zero at the bottom. Since huwi
relates to the variances of u and w by (32), it is likely that
the near-bed huwi gradient is mainly due to the rapid decay
of hw2i1/2 toward zero at the bed, therefore, is not fully
resolved by the 3 bottom-most data points.
[41] Outside the WBBL, none of the observed wave stress

profiles exhibit any tendency toward higher stresses with
increasing distance from the bottom, even during peak
storm conditions. Neither do the predicted profiles indicate
a tendency to increase away from the bed for the range of
wave height spanned by the observations, using a wave
breaking parameter B = 1. Thus, for the mean water depth of
3.67 m and significant wave heights up to 1.2-m observed
by the experiment, the wave-breaking effects on huwi did
not penetrate to within 30 cm of the bed.

Figure 11. Same as Figure 9, except for the linear
transition ripple II interval.
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[42] Also outside the WBBL, the observed huwi profiles
decay with height much more rapidly than the predictions
(Figure 12). huwi is dependent on the phase between u and
w (see (32)). Thus, this rapid decay is caused by the
observed w approaching quadrature with the observed u
much more rapidly than the predictions (Figure 13c). This
might be generated by the flow blocking which tends to
introduce a w perturbation that is phase-locked to u and
increases toward the source of disturbance (Using results
from tow-tank experiments with a similar CDP system,
Zedel and Hay [2002] found that departures in the measured
profiles from the uniform vertical structure expected in the
tow tank could be explained by the blocking effect.). For the
present experiment, the instruments were deployed on a
cantilevered mast to avoid potential contamination of the
nearbed measurements by wakes from the frame legs. The
CDP transceiver housings are cylindrical, �10 cm in
diameter and �30 cm in length. Other sensor housings of
comparable size were mounted shoreward of the CDP
transceivers (Figure 7). Together, these instrument packages
present a nonnegligible local obstruction to the flow.
[43] To estimate the effects of flow blocking, we combine

potential flow around a sphere [Kundu and Cohen, 2004,
section 5.19] with Chu and Mei’s [1970] potential wave
theory for a sloping bottom [Zou et al., 2003]. Similar to
Zedel and Hay [2002], the method of images is used to
satisfy the condition of no normal flow at the bed. The
combined instrument assemblage is taken to be a 30-cm
diameter sphere. The spherical shape is clearly a crude
approximation (Figure 7). The choice of 30-cm diameter
was based on the 30-cm length of the CDP housings.
Figures 14 and 15 illustrate the effect of such a sphere at
0.85-m height on the profiles of transfer function, Hwh, and
the wave stress, huwi, for a monochromatic wave with a
frequency of 0.12 Hz in 3.67-m water depth. These figures
represent the flow blocking effects averaged over a full
wave cycle, driven by the u – component of the flow alone.
In the presence of flow disturbance, on the onshore side of
the sphere center, x > 0, w increases in magnitude more
rapidly (Figure 14a) and approaches quadrature with u, less
rapidly upwards (Figure 14c), leading to the increased
values of huwi with height in Figure 15a. On the offshore
side of the sphere center, the opposite occurs: w increases in
magnitude less rapidly (Figure 14b) and approaches quad-
rature with u more rapidly (Figure 14d), leading to a more
rapid decay of huwi with height (Figure 15b).
[44] The spatial distribution of instrument housings on the

mast is displayed by Figure 7, which suggests that vertical-
beam CDP unit locates on the offshore side of the effective
centre of the blocking sphere. It is for this geometry that

Figure 12. Predicted and ensemble-averaged observed
vertical profiles of shear stress for (a) linear transition ripple
interval I (b) flat bed interval and (c) linear transition ripple
interval II, for 3, 6 and 7 data runs respectively, and for a
bed slope of 1.50�, 2� and 1.65� respectively: theory with
bottom friction and horizontal bed (dashed-dot lines),
sloping bed with/without breaking (dashed/solid lines),
with breaking but without bottom friction (dotted line);
the observations are denoted with circles; breaking
parameter B = 1.
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flow blocking is expected to causes huwi to decrease more
rapidly with height, which would explain the tendency of
the observed huwi to approach zero more rapidly with
height than predicted (Figure 12). Similarly, the computed
effect of flow blocking on Hwh (Figure 14d) would explain
the tendency for w to approach quadrature with u more
rapidly in the observations than predicted (Figure 13c).

5.3. Wave Breaking Effects

[45] Measurements of the vertical profile of wave shear
stress over a sloping bed have been made recently by De
Serio and Mossa [2006] using Laser Doppler Velocimetry
(LDV). Their experiments were carried out using regular
waves, and their measured huwi profiles extend from the
outer shoaling region through the breaking region to the
inner surf zone. Unlike the present study, these measure-
ments did not resolve the WBBL. In the breaking region, De
Serio and Mossa observed a linear increase of huwi with
height toward a maximum at the surface by wave breaking
as predicted by the present theory.
[46] In the outer shoaling region, some of the De Serio

and Mossa [2006] results (e.g. Test 1, Sect. 63) indicate a
roughly linear decay of huwi with height from a nearbed
value of approximately �hx hUb

2i to a near-zero value near

the surface, as predicted by the present sloping bed theory.
While not all of the De Serio and Mossa huwi profiles from
the outer shoaling region exhibit this tendency consistently,
none indicate the very rapid decay of huwi with height seen
in our data.
[47] Thus, the laboratory results of De Serio and Mossa

[2006] support our conjecture that the rapid decay of huwi
with height in the field data might be an artifact of the
measurement caused by the flow blocking of instrument
packages. The computed blocking correction for the phase
of w is similar to the departure of the observed phase from
the sloping bed theory (Figures 13c and 14d), whereas the
blocking correction for the magnitude of w is opposite to the
departure of the observed magnitude from the prediction
(Figures 13a and 14a). Despite that, the over-prediction of
the observed huwi in Figure 12 is mainly due to the error in
the phase predictions of w that exclude the flow blocking
effects.

6. Summary and Conclusions

[48] We have constructed a generalized solution for the
wave shear stress distribution throughout the water column
beneath dissipative and nondissipative waves in finite water

Figure 13. Vertical profiles of the magnitude and phase of the transfer functions Hwh (a and c) and Huh
(c and d) at the wave peak frequency for the flat bed interval: theory with bottom friction for a bed slope
of 0� (dashed-dot lines) and 2� (solid lines); the observations are denoted with plus signs [after Zou et al.,
2003, Figure 5].
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depth on a bottom slope, and have compared the theory to
data from a field experiment on an unbarred beach. Bottom
slope and bottom friction are incorporated in the theory
using potential wave theory in combination with WBBL
theory for a sloping bottom; wave breaking is included
through a periodic bore dissipation model. In the interior
flow region, the present solution reduces to that of Deigaard

and Fredsoe [1989] for the case of dissipative waves over a
horizontal bottom in shallow water, to that of Rivero and
Arcilla [1995] for the case of breaking waves or non-
dissipative waves over a sloping bed, and to that of
De Vriend and Kitou [1990] for the case of nondissipative
waves over a sloping bed.

Figure 14. Vertical profiles of the magnitude and phase of the transfer functions between vertical
velocity and surface elevation, Hwh, at 0.15 m onshore (a and c) and offshore (b and d) relative to the
sphere center, at the wave peak frequency of 0.12 Hz. The results are shown for a sphere at 0.85 m above
the bed, 0.15 m in radius. Theory with bottom friction for a bed slope of 0� with/without sphere (dotted/
dashed lines) and 2� with/without sphere (dash-dotted/solid lines).

Figure 15. Same as Figure 14, except for the vertical profiles of wave shear stress. Theory with bottom
friction for a bed slope of 0� with/without sphere (dotted/dashed lines) and 2� with/without sphere (dash-
dotted/solid lines).
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[49] The wave shear stress solution is the sum of three
superimposed components due to the sloping bottom, bot-
tom friction and wave breaking respectively. Bottom slope
and wave breaking contribute a positive huwi, while bottom
friction contributes a negative huwi. Each of these three
components exhibits a different vertical structure. The
bottom slope and bottom friction components are more
pronounced near the bed, whereas the wave breaking
contribution is enhanced near the surface. Outside the
WBBL, the wave shear stress displays a linear vertical
structure, whereas within the WBBL the wave shear stress
increases from zero at the bed toward a local maximum and
decreases farther away from the bed due to the combined
effects of bottom friction and bottom slope.
[50] The present theory for a sloping bed gives reason-

ably good predictions of observed huwi profile, while the
theory for a horizontal bed severely underestimates
the observations. More specifically, within the WBBL,
the predicted huwi profile is in good agreement with
observations. Thus, both theory and observations illustrate
the primary importance of WBBL and sloping bottom
effects on the wave shear stresses close to the bed. In
contrast, wave breaking effects on huwi decrease toward
zero at the bed. Consistent with the theory, the effects of
breaking on the wave stress were not detectable in the
observations for the range of conditions encountered in
the experiment (i.e. Hs/h � 0.32) and the heights spanned
by the huwi profiles ([z + h]/h < 0.1).
[51] Outside the WBBL, the observed huwi profiles decay

more rapidly with height than the predictions. Potential flow
analysis indicates that this discrepancy might be a conse-
quence of flow blocking by the sensor housings. This
conjecture is supported by recently published laboratory
measurements, which do not exhibit such a rapid decay of
huwi with height.

Appendix A: De Vriend and Kitou’s [1990] and
Rivero and Arcilla’s [1995] Results

[52] Rivero and Arcilla [1995] cited the following wave
shear stress solution by De Vriend and Kitou [1990] for
shoaling waves over a sloping bed [cf. Rivero and Arcilla,
1995, equation (1)]

uwh i ¼ G
E

rh
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where zh is the bottom vertical coordinate. Alternatively,
Rivero and Arcilla [1995] obtained the shear stress solution
through the relationship between wave induced shear stress
huwi, normal stresses hu2i and hw2i, and vorticity, that is [cf.
Rivero and Arcilla, 1995, equation (24)]
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where d is the still water depth and h is the mean water
depth. The authors then commented ‘‘this equation is,
though similar, essentially different from the one presented

in De Vriend and Kitou [1990], given by equation (1) in this
paper’’. Replacing d in (A2) with �zh, we reduce (A2) to
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which may be further rewritten as
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reduces (A4) to
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which is equivalent to solution (A1) given by De Vriend and
Kitou [1990]. It is then readily seen that in the absence of
bottom friction, (16) is equivalent to the solution (A6) of De
Vriend and Kitou [1990] and therefore equation (24) of
Rivero and Arcilla [1995].

Appendix B: Bottom Friction Effects

[53] In addition to its contribution to wave energy dissi-
pation (17), bottom friction introduces a perturbation to the
vertical velocity in the interior flow, which arises from
the velocity deficit of the wave bottom boundary layer
[Longuet-Higgins, 1953]. The vertical velocity solution
within a WBBL over a bottom slope of hx was obtained
by Zou and Hay [2003],

ŵ 1ð Þ ¼ 1þ i
U

1ð Þ
bx

kU
1ð Þ

b

 !
ŵ

1ð Þ
h � hxû

1ð Þ; ðB1Þ

where

ŵ
1ð Þ
h ¼ ik

Z z

�h

U
1ð Þ

b dzþ 1

iwr
t 1ð Þ � t 1ð Þ

b
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ðB2Þ

is the corresponding WBBL vertical velocity for a
horizontal bottom, Ub

(1) is the amplitude of the wave bottom
velocity Ub

(1), Ubx
(1) is the horizontal gradient of Ub

(1), t(1) is
the turbulent shear stress, tb

(1) is the turbulent shear stress at
the bed, û(1) is the horizontal velocity solution within the
WBBL and superscript ‘‘(1)’’ denotes the complex
amplitude of the primary wave.
[54] The following velocity solutions are found to be

valid for the whole water column [cf. Zou et al., 2003],

u 1ð Þ ¼ U 1ð Þ û
1ð Þ

U
1ð Þ

b

; for � h � z � 0 ðB3Þ
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w 1ð Þ ¼
ŵ 1ð Þ; for � h � z � �hþ zb

W 1ð Þ zð Þ �W 1ð Þ z ¼ �hþ zbð Þ þ ŵ 1ð Þ z ¼ �hþ zbð Þ; for � hþ zb � z � 0:

8<
:
where zb is a height corresponding to several boundary layer
thickness, û(1) and ŵ(1) are the WBBL velocity solutions for
a sloping bottom given by Zou and Hay [2003]:
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#
; ðB8Þ

(ker, kei) and (ker1, kei1) are the zeroth- and first-order
Kelvin functions, z = (z + h)/dw is the stretched vertical
coordinate, z0 = z0/dw, z0 is bottom roughness, dw = ku*/w,
k � 0.4 is von Karman’s constant, u* =

ffiffiffiffiffiffiffiffiffiffiffiffi
tbj j=r

p
is the

friction velocity, w is the wave radian frequency and a = 2
is the turbulent relaxation coefficient in the viscoelastic-
diffusion model [Zou, 2002].
[55] Invoking the boundary condition for potential wave

theory, Wb
(1) = �hxUb

(1) (z = �h) and integrating the mass
conservation equation, Ux

(1) +Wz
(1) = 0 over the interval (�h,

�h + zb), we obtain

W 1ð Þ z ¼ �hþ zbð Þ ¼ ik 1þ i
U

1ð Þ
bx

kU
1ð Þ

b

 !Z zb

�h

U
1ð Þ

b dz� hxU
1ð Þ

b :

ðB9Þ

Combination of (B1) and (B2) at z = �h + zb leads to

ŵ 1ð Þ z ¼ �hþ zbð Þ ¼ ik 1þ i
U

1ð Þ
bx

kU
1ð Þ

b

 ! Z zb

�h

U
1ð Þ

b dz� 1

iwr
t 1ð Þ
b

� �

� hxU
1ð Þ

b : ðB10Þ

Subtracting (B9) from (B10), we obtain the secondary
vertical displacement just outside the WBBL,

ŵ 1ð Þ z ¼ �hþ zbð Þ �W 1ð Þ z ¼ �hþ zbð Þ ¼ � 1þ i
U

1ð Þ
bx

kU
1ð Þ

b

 !
t 1ð Þ
b

rC
;

ðB11Þ

where 1 + i
U

1ð Þ
bx

kU
1ð Þ

b

= 1 + O(hx) so that (B11) is approximately

the same as that for a horizontal bottom at the leading order.
[56] Substituting (B11) into (B4) gives

w 1ð Þ ¼
ŵ 1ð Þ; for � h � z � �hþ zb

W 1ð Þ � t 1ð Þ
b

rC
for � hþ zb � z � 0

:

8<
: ðB12Þ

Notation

a surface elevation amplitude.
B empirical breaker coefficient.
Cg = C(1 + G)/2, wave group speed.
C = w/k, wave phase speed.
Df wave energy dissipation due to

bottom friction.
DB wave energy dissipation due to

wave breaking.
E = rga2/2, wave energy density.
f wave frequency.
fw friction factor.
G = 2q/sinh (2q).
g acceleration of gravity.
H wave height.
h water depth.
k wave number.

k1 deep water wave number.
Q = k(z + h)
q = kh.
U wave horizontal velocity of

potential flow.
Ub wave bottom velocity.
u wave horizontal velocity.
û WBBL horizontal velocity for

a sloping bottom.
W wave vertical velocity for

potential flow.
w wave vertical velocity.
ŵ WBBL vertical velocity for a

sloping bottom.
ŵh WBBL vertical velocity for a

horizontal bottom.
U (1), û(1), W (1), ŵ(1) complex velocity amplitude.

x horizontal coordinate, positive
shoreward.

z vertical coordinate, positive
upward, with z = 0 at the mean water
surface.

zb a height corresponding to
several boundary layer thicknesses.

z0 bottom roughness length.
h surface elevation of primary wave.

ðB4Þ

ðB6Þ
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h(1) complex surface elevation amplitude.
a turbulent relaxation coefficient.
dw thickness of WBBL.
k von Karman constant.
t turbulent shear stress.
tb turbulent shear stress at the bed.

t(1), tb
(1) complex stress amplitude.
w wave radian frequency.

Operators
h i time average.
j j magnitude.

Subscripts
* complex conjugate.
x horizontal gradient.
z vertical gradient.
t time derivative.

rms root mean square value.
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