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ABSTRACT

A vortex half-wave retarder (VHR) is a new type of polarizing element with a constant retardance across its clear
aperture but its fast axis rotating continuously over the area of the optic. In polarization optics, the VHR-based
polarization control method is very efficient to control the radial and azimuthal polarization states of light with a simple
system configuration, ease of use, and high energy utilization efficiency. In optical manipulation, VHR can generate
nondiffracting Bessel beams with an enlarged trapping region of optical tweezers. In the field of optical imaging, an
imaging system with a vortex half-wave retarder has been reported to improve the resolution. Due to its many unique
functions with novelty, vortex half-wave retarder has received a lot of interests in optical micro-operation, optical
imaging, optical communication, optoelectronics, quantum information and remote sensing. In this paper, we study the
performance evaluation for imaging with a 0-order vortex half-wave retarder by using a method referred to as Optical
Transfer Matrix. After introduction of the Jones matrix for the vortex half-wave retarders as a general pupil matrix, we
present the optical transfer matrix as the frequency transfer characteristics for the imaging system. As compared with a
polarization imaging with a half-wave plate, the imaging system with a vortex half-wave retarder has a typical effect of
apodizing by increasing a contrast for the high-frequency end.

Keywords: Optical Transfer Matrix, zero-order vortex half-wave retarder, super-resolution

1. INTRODUCTION
The use of vortex half-wave retarder (VHR) has attracted much attention for its applications in optical micro-operation,

optical imaging, optical communication, optoelectronics, quantum information and so on, due to its unique structure with
a constant retardance across its clear aperture but its fast axis rotating continuously over the area of the optic[5]. In
polarization optics, the VHR-based polarization control method is very efficient to control the radial and azimuthal
polarization states of light with a simple system configuration, ease of use, and high energy utilization efficiency[7].In the
case of radially or azimuthally polarized beams, they have been shown to improve performance in confocal microscopy
[1]and lithography systems[2]. In optical manipulation, VHR can generate nondiffracting Bessel beams[4] with an enlarged
trapping region of optical tweezers, and convert standard TEM00 Gaussian beams into so-called "donut hole" Laguerre-
Gaussian modes[8]. The Laguerre-Gaussian mode beam carries different orbital angular momentum, which can be coded
to apply to optical communication and optical information. Secondly, intensity distribution and spiral phase structure can
also be applied to the generation of orbital angular momentum entangled states, optical trap, optical wrench, atomic
capture, particle manipulation and so on. In the field of optical imaging, an imaging system with a vortex half-wave
retarder has been reported to improve the resolution. It is of great significance for the researches of optical imaging.
Optical Transfer Matrix (OTM), as a method to analyze the performance of optical polarization imaging systems, enjoys
some distinct advantages, such as more objective, more reliable, and it can be applied to both small and large aberration
optical systems[9]. The OTM describes the frequency transfer characteristic of the system for each Stokes parameter
propagating from the object plane to the image plane. The change of resolution can be obtained, and the performance can
be evaluated by analyzing the image of OTM.

In this paper, we study the performance evaluation for imaging with a 0-order vortex half-wave retarder by using a
method referred to as Optical Transfer Matrix. This paper is structured as follows. The model of an imaging system with
a vortex half-wave retarder is set up in Section 2. In Section 3, after introduction of the Jones matrix for the vortex half-
wave retarders as a general pupil matrix, we present the optical transfer matrix as the frequency transfer characteristics
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for the imaging system. Section 4 gives the image of optical transfer matrix. In Section 5, as compared with a
polarization imaging with a half-wave plate, the imaging system with a vortex half-wave retarder has a typical effect of
apodizing by increasing a contrast for the high-frequency end. Conclusions are presented in Section 6.

2. MODLE OF POLARIZATION IMAGING SYSTEMWITH A VHR
A polarization imaging system is functional combination of an imager and a polarimeter, which is used to map the

state of polarization(SOP) of the target. The SOP is commonly represented with Stokes vector for this system.The
polarization imaging system with a VHR typically includes an imaging len and a 0-order vortex half-wave retarder，as
shown in Figure 1. In addition, the system also includes imaging targets and image detectors The distribution of Stokes
vector is computed from the intensity images with polarization information.

Throughout this paper, we use a polarization imaging system with a 0-order vortex half-wave retarder, a rotating
polarizer and an imaging len as a sample. The imaging performance of the vortex half-wave retarder is obtained by
studying the optical transfer matrix of this polarization imaging system.

Figure 1.Structural diagram of an optical polarization imaging system with a 0-order vortex half-wave retarder

3. OPTICAL TRANSFER MATRIX OF A ZERO-ORDER VHR
Optical Transfer Matrix (OTM) is a 4  ×4 matrix, and Mmn (m  =0 ~ 3, n  =0 ~ 3) are the elements of the OTM, 

Each element of the matrix is a Optical Transfer Function(OTF).

The Jones matrix for a half-wave plate is
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When this half-wave plate is a 0-order vortex half-wave retarder, the elements of the Jones matrix are as follow[6].
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The key to evaluating the polarization imaging system using the method of optical transfer matrix is to get the
expression of each element in the optical transfer matrix. The expression of the optical transfer matrix of a polarization
imaging system can be obtained by correlation operations from the Jones vector in its Jones matrix[10]. In next section,
the image of OTM can be obtained by the expressions of OTM.

4. THE IMAGE OF OPTICAL TRANSFER MATRIX
The expression of each element in the optical transfer matrix is obtained, so we can draw an image of each element of

the optical transfer matrix in matlab software, as shown in Figure 2. the x axis represents the normalized spatial
frequency in the x direction, which is represented by the formula 02 ff x . xf represents a certain spatial frequency of

this system in the x direction, 02 f represents the cutoff frequency of this system in the case of incoherent imaging.
Similarly, the y-axis represents the normalized spatial frequency in the y direction. Because

02 ff x , 02 ff y represents the normalized spatial frequency. We define the value range of x and y as (-1, 1). The z
axis represents the value of each element of the optical transfer matrix, and represents the change of the system's transfer
capability with the change of spatial frequency. Since the entire system including the x-axis and y-axis are normalized,
the maximum value of the optical transfer matrix will not exceed 1. We define the value range of the z-axis as (-1, 1).
Another reason for normalization is to facilitate comparison with the optical transfer matrix of other systems.

Figure 2. Transfer matrix image of polarization imaging system with VHR
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As shown in Figure 2 above, The value of M01,M02,M03,M10,M13,M20,M23,M30,M31,M32 is 0 or infinitely close to 0,
which means that the zero-order vortex half-wave retarder has little or no effect on the components of these optical
transfer matrices. M00 and M33 have the same amplitude and opposite phase. The images of M12, M21 and M22 can be
obtained by rotating M11.

5. COMPARISON OF OPTICAL TRANSFER MATRIX BETWEEN HALF-WAVE PLATE
AND VORTEX HALF-WAVE RETARDER

We compared the Modulation Transfer Function(MTF) of the zero-order vortex half-wave retarder M00 with the
modulation transfer function of the half-wave plate M00, and the results are shown in Figure 3(Ⅰ). In order to see the
comparison results more clearly, we intercepted a section of the curve in the figure, as shown in Figure 3(Ⅱ).

(Ⅰ)

(ⅠI)

Figure 3.The M00 comparison image of MTF of HVWR and HWP, (Ⅰ) 3D contrast image M00 of between HVWR and HWP.

(Ⅱ)2D contrast curve M00 of between HVWR and HWP.

It can be seen from the above Figure 3 that in the range of low frequency and high frequency, the amplitude of the M00
component of the vortex half-wave plate is greater than that of the half-wave plate, indicating that in this case, the vortex
half-wave plate can transmit more information. The greater the contrast, the better the image quality.

Meanwhile, we compared the Modulation Transfer Function (MTF) of the zero-order vortex half-wave retarder M11
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with the modulation transfer function of the half-wave plate M11 , and the results are shown in Figure 4(Ⅰ). The limitation
of the M11 component of the vortex half-wave plate is that its maximum value is only obtained in a few places, and it is
not a circularly symmetric structure. This problem can be solved by the rotation method. Figure. 4(II) is an image
obtained by rotating the M11 component image of VHR by 30°and 60° .In order to see the comparison results more
clearly, Taking the curve of the highest peak of the zero-order vortex half-wave plate M11 and the curve corresponding to
the ordinary half-wave plate M11, as shown in Figure 4(ⅡI).

It can be seen from Figure 4 that in the high-frequency part, the amplitude of M11 of the vortex half-wave plate is
larger than that of the ordinary half-wave plate, and the high-frequency part reflects the transmission of the optical
system to the details of the object.This also proves that the use of vortex half-wave retarders in the polarization imaging
system can indeed improve the resolution of the imaging system.

(Ⅰ)

(ⅠI)
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(ⅠII)

Figure 4. The M11 comparison image of MTF of HVWR and HWP; (Ⅰ) 3D contrast image M11 of between HVWR and HWP.

(II)The image obtained by rotating the M11 component image of VHR by 30° and 60°. (III) 2D contrast curve M11 of between HVWR
and HWP.

6. CONCLUSION
In conclusion, we give the Jones matrix of the zero-order vortex half-wave retarder, and draw the image of the optical

transfer matrix through the expression. Finally, the image of the optical transfer matrix of the zero-order vortex half-
wave retarder is compared with the image of the optical transfer matrix of the half-wave plate. From the result, the value
of the modulation transfer function of M00 and M11 in the zero-order vortex half-wave retarder in the high-frequency part
is larger than the value of the modulation transfer function of the half-wave plates M00 and M11 in the high-frequency
part. The high-frequency part of the optical transfer matrix reflects the system's detailed transfer of objects. Therefore,
this paper proves that the use of vortex half-wave retarder can indeed improve the imaging resolution of the system.
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