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ABSTRACT 

This dissertation contributes to two lines of literature in asset allocation. The first is 

concerned with the impact on optimal portfolios of time variability, asymmetries and 

spill-over effects in the conditional variance-covariance matrix of UK asset-class 

returns. It is also motivated by the economic significance of different models of 

multivariate heteroskedasticity. Various multivariate-GARCH models, and less 

complicated benchmarks, are used to describe these effects and analyse the 

interaction in volatility and correlations between UK stocks and bonds. The 

performance of optimal portfolios formed from the inputs implied by the various 

models is compared. It is shown that the conditional variance-covariance matrix of 

UK asset-class returns exhibit significant time variation, asymmetries and spill-over 

effects. Moreover, taking these effects into consideration has a significant impact on 

the formation of optimal portfolios, performance measurement and asset allocation. 

 The second line of research deals with modelling the allocation decision of 

investors who have long-term liability obligations. A discrete-time single-period 

model and a continuous-time multiperiod model is developed in which the utility of 

such an investor is maximised. It is seen that the optimal demand for risky assets is 

described by an allocation in two portfolios: the tangency portfolio identified in an 

asset-only context, and a liability-hedge portfolio. The investor uses the tangency 

portfolio for optimal diversification and the liability-hedge portfolio to provide the 

best hedge available against increases in his liability. However, the composition of 

the hedge portfolio is particular to the liability of the investor, thus does not 

constitute a separating fund. The multiperiod model is then extended to allow for 
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stochastic opportunity sets, and a suggestion is made as to how pension funds can 

allow for stochastic withdrawals in this utility maximisation framework. 
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SUMMARY OF CONTRIBUTIONS 

 

The analysis in this dissertation pursues two lines of research in asset allocation. The 

first, is concerned with the effect on asset allocation of time variability in the 

conditional variance-covariance matrix of asset-class returns. The analysis attempts 

to measure the economic impact of various models of multivariate heteroskedasticity. 

Five multivariate GARCH models and two less complicated benchmarks are used to 

analyse the interaction in volatility and correlations between UK stocks and bonds. 

Robust Conditional Moment tests are used to detect any misspecification regarding 

time variability, asymmetries and spill-over effects in the covariance matrix of asset 

classes. Furthermore, the idea of news impact surfaces developed by Kroner and Ng 

(1993) is used to assess the models qualitatively as to how they describe the effect of 

past news in the stock and bond markets on the volatility of stocks, the volatility of 

bonds and the covariance between stocks and bonds. The results suggest that news in 

the stock market has a minimal impact on the future volatility of bonds, while news 

in the bond market has the largest impact. Moreover, future volatility of stocks 

depends on past news in both the bond market and the stock market. It is shown that 

bad news affects volatility differently than good news. When news in both markets is 

bad the increase in the future volatility of stocks is dramatic. The covariance also 

depends on news from both markets. However, news from the bond market has the 

largest impact. The results also suggest that time variation and predictabilities in the 

variance covariance matrix of asset classes have a significant impact on portfolio 

formation. On average there could be as much as 59% difference in the performances 



iv 

 

of optimal portfolios from taking these predictabilities into account than from 

ignoring them. Significant differences are also reported from assuming a particular 

misspecified model than a well specified one. It is shown that these effects make a 

significant impact on portfolio management, performance measurement and asset 

allocation. 

 The second line of research pursued is concerned with the introduction of 

liabilities in asset allocation. Asset allocators such as institutional investors may be 

more interested in the expected return and variance of the surplus - value of assets 

less liabilities - rather than the expected returns and variances of assets alone. They 

may be willing to forgo a certain amount of return on assets for the sake of hedging 

against increases in their liabilities. A balance sheet constraint is formulated where 

the particular nature of institutional liabilities is recognised. A single-period 

allocation problem is then solved for such an investor. It is shown that optimal risky-

asset demands are described by holdings in two risky-asset portfolios. The first is a 

minimum-variance portfolio used by the investor for optimal diversification, and the 

second is a portfolio that provides the best hedge available to the investor against 

increases in his liability. If a risk-less asset exists then the investor uses it to adjust 

the volatility of his asset portfolio. The optimal demand for the risky-asset portfolio 

depends on the investors preferences while the optimal demand for the liability-

hedge portfolio is independent of preferences. However, the composition of the 

hedge portfolio is particular to the liability held by the investor. Thus, two risky-fund 

separation does not hold. Following the single-period model, an intertemporal model 

is developed in continuous-time in which the allocation problem over the life-time of 
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the investor is solved by dynamic programming techniques. The model is also 

extended to allow for stochastic opportunity sets. It is seen that optimal demands for 

risky assets comprise an allocation in three portfolios: the tangency portfolio of risky 

assets identified in an asset-only framework, a liability-hedge portfolio that provides 

the best hedge available against increases in the liability, and an optimal state-hedge 

portfolio that provides the best hedge available against movements in the state. 

However, the optimal liability-hedge portfolio does not constitute a separating fund. 

Finally a suggestion is made as to how pension funds could allow for stochastic 

withdrawals in this utility maximisation framework. 
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CHAPTER ONE 

INTRODUCTION TO EMPIRICAL ANALYSIS 

 

 

1.1 Preliminary Definitions 

 

Asset allocation is the general title given (mainly by practitioners) to various investment 

policies, strategies, and activities inherent in the apportionment of funds to various 

categories of assets. This  decision is often carried out under various constraints dictated 

by institutional microstructure such as controls on the portfolio overall range of 

tolerable risk by pension fund officers, or individual investor objectives including his or 

her own personal risk tolerance. Investors engaged in determining the "best" mix 

between the categories of assets considered are often referred to as asset allocators. 

Institutional investors like pension funds, insurance funds, investment trusts and mutual 

funds constitute the bulk of asset allocators. 

 

1.1.1 Asset Classes Versus Individual Securities 

 An asset class is essentially a portfolio of many securities grouped according to 

similar legal, institutional, and risk-return characteristics. For example, stocks constitute 

a major asset class as well as bonds, and Treasury-Bills. The classification of asset 

classes can be refined even further according to some logical categorisation. For 
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example, stocks can be divided according to size and/or industry providing what is 

called sub-asset classes. 

  Asset allocation is an exercise in balancing a basket of various asset classes of 

interest. There are a few possible reasons why asset allocators are more interested in 

asset classes or sub-classes than in single securities. First, exposure to the risk-return 

characteristics of asset classes, as opposed to individual securities, is found to be a 

major determinant of the risk profile, the shape of the return distribution and the 

performance of invested funds.1  

 Brinson, Hood, and Beebower (1986) investigated the performance of 91 large 

US pension plans from 1974 to 1983. By decomposing each plan's investments into 

four asset categories (stocks, bonds, Treasury-Bills and others), they attributed the 

performance variations of total quarterly return among the plans to three factors, namely 

investment policy, security selection, and market timing. Investment policy identifies 

the asset allocation plan selected to control the overall risk and meet fund objectives 

over the long term. It is the percentage  proportion of investments allocated to various 

asset classes over a specified time horizon. Security selection refers to the possible 

ability of plan managers to pick individual securities based on forecasts conditional on 

'micro' information related to firm specifics. Timing refers to the possible ability of plan 

managers to attempt to 'outperform' the equity market by switching between equity 

investments and cash equivalents during 'bull' and 'bear' markets. Market timing is 

based on forecasts conditional on 'macro' information related to the price movements of 

                                                 
1 For some examples of how Dynamic Asset Allocation strategies, like portfolio insurance and 

immunization, can change the risk profile and reshape the return distribution of an invested fund see 

Black and Jones (1987), Perold and Sharpe (1988), Harlow (1991), and Bodie (1991). 
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the general stock market as a whole.2 Brinson, Hood, and Beebower report that on 

average 93.6% of the variation could be explained by the asset allocation plan followed. 

Market timing and asset allocation explained 95.3% of the variation while security 

selection and asset allocation explained 97.8% of the total variation. 

 William Sharpe (1992) found that on average roughly 90% of the variation in 

monthly returns of a large sample of US mutual funds is explained by the asset 

allocation decision while only 10% is explained by security selection. 

 Grauer and Hakansson (1982,1985) show that substantial gains can be achieved 

from active diversification (quarterly and annual revisions) among asset classes 

(common stocks, government and corporate bonds, and T-Bills), especially for highly 

risk-averse investors. Grauer and Hakansson (1986) include small stocks in their 

analysis to show that even the most risk-averse investors benefit by their inclusion. 

 Second, one of the implications of Markowitz (1952) portfolio theory is that the 

firm-specific risk of an individual asset is irrelevant to an investor who holds a well 

diversified portfolio. What is relevant to such an investor is the contribution to the total 

risk of the portfolio that will result from the inclusion of an individual asset. Firm 

specific risk is diversifiable. This type of risk eventually vanishes as the number of 

securities in a portfolio increases. The implication, first drawn by Markowitz (1952), is 

a facile argument for optimal portfolio choice from a set of diversified portfolios. 

 Third, there is a practical reason for considering optimising a few diversified 

portfolios rather than a conceived universe of single securities. The Markowitz (1952) 

optimisation procedure generates a set of optimal weights for all individual securities. 

                                                 
2  See Fama (1972), and Grinblatt and Titman (1985). 
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Implementing the resulting 'optimal' allocation policy would most probably entail 

prohibitive amounts of transaction costs. Besides, it may not even be possible to fully 

implement the resulting allocation policy due to the large number of securities that are 

considered and the relatively limited amount of funds available for investments. 

 Under these conditions the profession standardised on the formation of 

portfolios of securities on some basis, that attempts to keep intact as much common and 

similar characteristics of individual securities as possible. Reducing the number of 

assets of interest and curbing the size of information and transaction costs in such a 

manner will facilitate analysis even though some efficiency loss may occur due to 

improper diversification. However, the more we refine the division of major asset 

classes to smaller sub-asset classes the less is the loss in efficiency from improper 

diversification.3 

 Fourth, even if there exist enough resources for security analysis there must be 

more observations than securities to avoid a singular variance-covariance matrix.4 At 

the present time this dictates the use of more frequent observations which in turn 

increases the susceptibility to the potential problem of non-synchronous trading. 

Furthermore, considering highly frequent data (hourly or daily) in asset allocation 

analysis may not be in line with what occurs in practice. Asset allocators tend not to 

adjust the broad categories very frequently as such an exercise may entail excessive 

transaction costs as well as long term risk-return implications.  

                                                 
3 Evans and Archer (1968) show that portfolios of randomly selected securities have risk that 

asymptotically decreases to the risk of the market portfolio.  Furthermore, most gains were achieved 

by the time the portfolios had 10 to 15 securities in them. 
4  See Scholes and Williams (1977) for a detailed treatment of the effect of infrequent trading on 

the covariance matrix, and Bollerslev, Chou, and Kroner (1992) for a survey of articles on modelling 

the time variability in the variance-covariance matrix of security returns, among which some 

investigate the possible effects of non-synchronous trading on the autocorrelations. 
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 A consequence of the above was the emergence of asset classes as investment 

vehicles.    

 

1.2 What is the issue? 

 

 Asset allocators usually have to diversify locally as well as internationally. For 

example, a typical aggregate allocation by UK pension funds puts more than 76% of 

funds in UK investments.5 Asset allocation seeks to diversify among asset classes in the 

same manner as Markowitz portfolio theory diversifies among individual securities. 

Moreover, just as the covariances between individual securities are responsible for the 

reduction in total portfolio risk in diversified portfolios, so are the covariances between 

asset classes responsible for the 'optimal' asset allocation. The less is the covariation 

between asset classes (or the less is the correlation) the more is the reduction in total 

risk. Any misspecification in modelling this comovement between asset classes may 

eventually result in an inefficient or sub-optimal allocation of funds. In the empirical 

analysis of this thesis, the primary interest is in investigating the structural 

characteristics of the comovement between UK asset classes, as well as the extent to 

which this structure and any predictabilities therein are responsible for the performance 

of optimal portfolios. 

 

                                                 
5  49% in UK company securities, 9.2% in British government securities and the rest in other asset 

classes like cash (5.8%), UK land property and ground rents (8.7%), and unit trusts and short term 

assets (3.2%) - Her Majesty's Statistical Office, end 1991. 
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1.2.1 Asymmetries in returns, variance and covariance 

 Volatility clustering and time variability in the second moments of asset returns 

have long been recognised and extensively researched.6 Most of the literature, however, 

concentrates on modelling the time-varying second moments using univariate 

techniques. These techniques use only the information in the asset's own return history, 

while multivariate techniques use the information in the entire variance-covariance 

matrix of the returns of all assets considered. This ability to model the entire variance-

covariance matrix facilitates the investigation of various interactions between assets' 

conditional variances, covariances, and shocks. Some of these interactions have been 

useful in detecting certain predictabilities in stock returns, variances, and covariances. 

For example, Lo and MacKinlay (1990) and Mech (1990) uncover a certain aspect of 

the predictability of stock returns: there is an asymmetry in the ability to predict returns 

of stocks of different market value. Specifically, returns of large-capitalisation stocks 

can be used to predict reliably the returns of smaller stocks, but not vice versa. Lo and 

MacKinlay conclude that this asymmetry requires "...further investigation of 

mechanisms by which aggregate shocks to the economy are transmitted from large 

capitalisation companies to small ones." 

 Conrad, Gultekin, and Kaul (1991) investigate further the predictable price 

behaviour of different securities. They examine empirically the differential 

predictability of the conditional variance of the returns of large versus small firms. 

Their motivation for analysing conditional volatility follows directly from Ross (1989), 

who shows that the variance of price changes is related directly to the rate of flow of 

                                                 
6 Bollerslev, Chou, and Kroner (1992) provide an extensive survey of the literature up to and 

including 1991. Two subsequent surveys are Bera and Higgins (1992), and Diebold and Lopez (1994). 
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information. "Hence, studying the differential predictability of volatilities may shed 

light on the process by which information is assimilated across firms of different market 

value." 

 Using both univariate and multivariate specifications of the GARCH family of 

statistical processes on US stock returns from 1962 to 1988, Conrad, Gultekin, and Kaul 

model conditional variances and estimate the interaction between the conditional 

volatilities of different securities. They present evidence showing "...a distinct 

asymmetry in the predictability of the volatilities of large versus small firms: a volatility 

"surprise" to larger firms can be used to predict reliably the volatility of smaller market 

value firms, but not vice versa."  They refer to this asymmetric predictability as 

volatility "spill-over effects" from larger to smaller firms.7 However, Conrad, Gultekin, 

and Kaul (1991) do not report parameter estimates analysing any possible asymmetric 

effects in the conditional covariances, even though their model specification allows for 

such effects. 

 Kroner and Ng (1993) concentrated on analysing asymmetric effects in the 

conditional covariance matrix of large-firm versus small-firm portfolios. They 

formulate definitions for three types of possible asymmetries, namely (a) own-volatility 

(self-variance) asymmetry, (b) cross-volatility (cross-variance) asymmetry, and (c) 

covariance asymmetry. Own-variance asymmetry means that the conditional variance 

of an asset is affected by the sign of the asset's own return shock. For example, bad 

news to asset i in the last period might have a greater impact on the variance of asset i 

                                                 
7 Hamao, Masulis and Ng (1990), and Chan, Chan, and Karolyi (1992) used univariate models to 

report similar "spill-over effects".  Through simulation experiments using the non-trading model of Lo 

and MacKinlay (1990b), Conrad, Gultekin, and Kaul (1991) show that the reported evidence of 

asymmetric spill-over effects are not due to infrequent/non-synchronous trading.  
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than good news. Cross-variance asymmetry means that the conditional variance of an 

asset is affected by the sign of the return shock of another asset. If cross-variance 

asymmetry exists, then unexpected bad (or good) news about asset i can affect the 

conditional volatility of asset j.8 Finally, covariance asymmetry means that the 

covariance between two assets is affected by the sign of the return shock of at least one 

of the two assets. If covariance asymmetry exists between the returns of two asset 

classes, then unexpected bad (or good) news about at least one of the asset classes affect 

the degree of comovement (or information flow) between the two asset classes. 

 Using the returns on a large-firm portfolio and a small-firm portfolio, Kroner 

and Ng (1993) present results showing that the covariance between large-firm and 

small-firm returns is higher following a negative shock to the large-firm portfolio, while 

it is almost unaffected by shocks to the small-firm portfolio. This confirms the results of 

Conrad, Gultekin, and Kaul (1991) who concluded that small-firm news does not affect 

large-firm volatility. Furthermore, they report increases in the volatility of the large-firm 

portfolio following any news to the large firm, but especially following bad news. On 

the other hand, the variance of the small-firm portfolio is only "mildly affected" by 

news to the small firms while bad news to the large-firm portfolio has a "dominant 

impact" on small-firm variances. This also supports the findings of Conrad, Gultekin, 

and Kaul (1991), who show that large-firm news spill over to small-firm volatility. "But 

it provides the additional insight that it is only the bad news which spills over, and not 

the good news." 

                                                 
8 Some previously used spill-over models do not incorporate a cross-variance asymmetry term 

(e.g., Hamao, Masulis, and Ng (1990), and Chan, Chan, and Karolyi (1992)). Although the 

multivariate quadratic BEKK specification used by Conrad, Gultekin, and Kaul (1991) allows for all 

three forms of asymmetries, they do not report parameter estimates of asymmetric effects in the 

covariances. 
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 These studies show the existence of predictabilities in the variance-covariance 

matrix between US firms or US size-ranked portfolios. They also indicate the extent to 

which these predictabilities affect the variance-covariance matrix. 

 In this analysis, the existence of such predictabilities (asymmetric and spill-over 

effects) is investigated, and the extent to which they may affect the variance-covariance 

matrix of UK asset classes assessed. Such an investigation may highlight characteristic 

properties of the UK covariance structure that might be important for UK asset 

investments. The impact of such characterisation of the covariance structure on the 

formation of optimal portfolios is also investigated. 

 

 

1.3 Why Is The Issue Important? 

 

 If time variability, self-variance, cross-variance, and/or covariance asymmetries 

exist in the conditional variance-covariance matrix of UK asset classes, then modelling 

these predictabilities may prove valuable in the formation of efficient portfolios. Taking 

into consideration such predictabilities would help in using the information embedded 

in past returns more efficiently. It would also aid in understanding the dynamics of 

information flow to and between asset classes. Moreover, it should cast some light on 

the structural characteristics, if any, of the conditional variance-covariance matrix of 

UK asset classes. 

 Such an exercise may result in some economic and econometric benefits. If any 

of the predictabilities discussed above exist among UK asset classes, then modelling 
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them should lead to the formation of more optimal portfolios in that they have higher 

returns for a given level of risk or a lower risk for a given level of expected return. 

Knowledge of how news affects the volatility of an asset or an asset class may enable 

investors to formulate decision rules that allow them to trade more profitably. From an 

econometric point of view, a multivariate rather than a univariate setting will have to be 

considered. In a multivariate setting the entire conditional variance-covariance matrix of 

asset returns is modelled. This leads to higher precision in estimating the parameters 

involved.  

 Although traditional models may ignore the time variability and/or any 

predictabilities that might exist in the conditional variance-covariance matrix of asset 

returns, it is not yet clear whether models that consider these predictabilities perform 

better than otherwise. If an investigation shows that models taking predictabilities into 

consideration perform better, then it may serve as an evidence base upon which 

suggestions to practitioners might be made. 

 

1.4 Intended Methodology 

 

 The GARCH family of stochastic processes were found to be instrumental in 

studying the time variable behaviour of the conditional second moments of asset 

returns.9 However, to study the time variability and any predictabilities in the 

                                                 
9 See Engle (1982), Bollerslev (1986), Engle and Kroner (1993), and literature surveys of 

Bollerslev, Chou, and Kroner (1992), Bollerslev, Engle, and Nelson (1993), Bera and Higgins (1992), 

and Diebold and Lopez (1994). 
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conditional covariances (as well as variances) a multivariate setting is called for. The 

multivariate GARCH (MGARCH) model is well suited for such analysis.10 

 MGARCH models describe the entire conditional variance-covariance matrix of 

asset returns. This allows them to entertain a large variety of testable hypotheses 

depending on how the matrices of coefficient parameters are specified and on the 

functional representations of the models.11 Moreover, quite a few specifications impose 

different restrictions on how the variance-covariance matrix is conditioned on past 

information. An empirical example is given by Kroner and Ng (1993). In addition they 

test for the kind of asymmetries discussed above. 

 Kroner and Ng (1993) demonstrate that the four most popular multivariate-

GARCH models, namely the VECH model of Bollerslev, Engle, and Wooldridge 

(1988), the constant-correlation model of Bollerslev (1990), the Factor-ARCH model of 

Engle, Ng, and Rothschild (1990) and the BEKK model of Engle and Kroner (1993) 

impose very different restrictions on how news affects the covariance matrix. They 

emphasise that "these differences could significantly affect the results of portfolio 

management.... ." Furthermore, they introduced a new set of robust conditional moment 

tests to detect the presence of misspecifications in the covariance matrix with power in 

the direction of the kinds of asymmetries discussed above. To illustrate the models and 

the new tests, they used daily return data on a large-firm and a small-firm portfolio. 

Their results demonstrated that all four existing models are misspecified, especially in 

the dynamics of the covariances. Consequently, they introduced a general dynamic 

                                                 
10 In addition to the literature reviewed in the text see Kraft and Engle (1982), Bollerslev, Engle, 

and Wooldridge (1988), Engle and Kroner (1993), and Longin and Solnik (1992). 
11 See Engle and Kroner (1993) for a summary of the theoretical properties of MGARCH models, 

and Kroner and Ng (1993) for a graphical illustration and empirical implications of the way the four 

most popular MGARCH models impose restrictions on how news affects the covariance matrix. 
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covariance (GDC) matrix model which nests the covariance matrix models discussed 

above. Estimation results of the GDC on the above data revealed "minimal evidence of 

misspecification in the model." 

 Examining the news impact surfaces (three dimensional graphs depicting the 

effects of  return shocks of small and large firms on their variances and covariance) 

implied by the GDC model reveals a significant difference from the news impact 

surfaces of either of the four models mentioned above. This illustrates the importance of 

a well specified model for covariances. Assuming a particular model than another 

without considering any misspecifications it might have regarding asymmetries would 

have implications on portfolio management and asset allocation. In this analysis the 

quality and extent of these implications are assessed using similar methodology to that 

presented above.  

 

1.5 Objectives And Findings 

 

 This analysis is motivated by the possible importance of structural 

characteristics of the conditional variance-covariance matrix of major UK asset classes. 

It is also motivated by the extent to which modelling the possible presence of any 

predictabilities leads to the formation of more optimal portfolios. The intention is to 

detect, specify and model the possible presence of time variability in UK asset class 

returns as well as any predictabilities therein. In other words, to take into account self-

variance, cross-variance, covariance asymmetries and spill-over effects when modelling 

UK asset-class conditional second moments and covariances. It is also informative to 
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assess the impact of these predictabilities on portfolio management and asset allocation 

with the aid of 'news-impact surfaces' and movements in the 'optimal' efficient frontier. 

Finally, in order to check whether or not modelling as above is better than traditional 

asset allocation models, the performance of portfolios on the efficient frontier created 

with modelling as above are compared with the performance of portfolios created by 

traditional asset allocation models like the constant correlation or the constant variance-

covariance matrix models. 

 Also by way of motivation, the main findings of this empirical analysis are 

presented here. The Financial Times All Share (FTALL) index and the FT-A All-

Government-Bond index are used as representatives of the UK stocks and bonds asset 

classes. It is shown that the conditional variance-covariance matrix of weekly excess 

returns of these asset classes exhibits significant variation over time. This variation is 

persistent over time, and is more so for bonds than for stocks. The time variation in the 

conditional covariance seems to be due to the time variation in the conditional variances 

and not due to changes in the conditional correlation. Evidence is also presented as to 

asymmetries characterising this time variation. News in the stock market seems to have 

little or no effect on the one-period-ahead volatility of bonds, while news in the bond 

market has a significant effect on the one-period-ahead volatility of stocks. This cross-

market asymmetry is coupled with another kind of asymmetry - namely the different 

effects of good and bad news. Bad news, in either market, seems to have a different 

impact on the future volatility of stocks than good news. In particular, when news in 

both markets is bad the increase in the future volatility of stocks is dramatic. The 

covariance also depends on news from both markets. However, news from the bond 
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market has the largest impact. In general, the larger the magnitude of news from the 

bond market the higher is the future covariance between stocks and bonds. The results 

also suggest that this time variation and the asymmetric predictabilities in the 

conditional variance-covariance matrix of asset classes have a significant impact on the 

formation of optimal portfolios. On average, there could be as much as 59% difference 

in the performance of optimal portfolios from taking these predictabilities into account 

than from ignoring them. The largest impact seems to be due to the time variation, 

while significant differences are also reported from assuming a particular functional 

form or model parameterisation for this time variation. Certain misspecifications 

regarding asymmetries also have a significant impact on portfolio formation. It is shown 

that these effects are important for portfolio management, performance measurement 

and asset allocation. 

 

1.6 Layout Of Empirical Chapters 

 

 The empirical analysis proceeds by presenting, in chapter two, the theoretical 

background, definitions, advantages and disadvantages of the various conditional 

heteroscedasticity models used in this analysis. Particular emphasis is given to 

discussing the different ways in which the various models deal with asymmetries and 

spill-over effects. Other theoretical properties are also discussed. In chapter three, the 

idea of news impact surfaces is presented. This is used to illustrate, in three-dimensional 

graphs, how the various models describe the flow of information between UK stocks 

and bonds. The Robust Conditional Moment tests of Kroner and Ng (1993) used to 
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detect any misspecification regarding asymmetries in the models and the proposed 

Asymmetric Dynamic Covariance (ADC) matrix model of Kroner and Ng (1993) are 

also presented in chapter three. The ADC is a general model that nests most of the 

multivariate-GARCH models discussed in chapter two together with various extensions 

for capturing asymmetries. The data used and the results of estimating the various 

univariate and multivariate-GARCH models are discussed in chapter four. In chapter 

five, the procedure adopted for analysing and testing the effect of time variability, 

asymmetries and spill-overs on the formation of optimal portfolios is described, and the 

impact of the estimates of the various models on the formation of optimal portfolios is 

discussed. Finally, chapter 6 summarises and concludes the empirical analysis. 
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CHAPTER TWO 

TIME VARIABLE MODELS FOR  

CONDITIONAL SECOND MOMENTS AND COVARIANCES 

 

 

In this chapter a theoretical exposition of the time varying models of conditional 

heteroscedasticity used in this analysis is provided. 

 

2.1 General Conditional Heteroscedasticity 

 

Traditional econometric models first assumed a constant variance-covariance 

matrix for the returns of economic time series. Since Mandelbrot (1963) and Fama 

(1965) it has long been recognised that not only the first moments of price changes 

are time-varying but also the second moments and, more recently, the covariances. 

Econometricians have laboured to produce various models to describe this time 

variability in the second moments and covariances.  

 A general conditional heteroscedasticity model can be presented in the 

following manner. Let t-1 be an information set available at time t-1, b a vector of 

unknown parameters, t be an observable, conditional zero mean, serially 

uncorrelated stochastic process with a conditional variance, ht, that can vary over 

time. Then 
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is a conditional heteroscedastic process, where D is a defined distribution and g is a 

positive function of the elements in t-1 and the unknown parameter vector b. The 

distribution, D, could be normal or any other distribution (presumably with fatter 

tails). The information set, t1 , could be general enough to contain all available 

information prior to and up to time t-1 including past values of t and other 

endogenous and exogenous variables, X. The function g may be linear or non-linear. 

Usually t is taken as the unexpected component (or residuals) resulting from 

modelling the first moment of some other stochastic process Yt, where 

  Y X Ct t t f 1 ; ,  (2.2) 

and f (Xt-1 ;C) is the hypothesised mean of Yt as a function of the parameter vector C 

and the set of exogenous variables Xt-1 observed at time t-1 and included in the 

information set t-1. 

 

2.2 The Linear Univariate ARCH(q) Process 

 

Engle (1982) suggested a functional form for modelling the intertemporal 

dependence in the conditional variance of economic time series. He proposed that the 

function g in (2.1) be linear and autoregressive in the elements of the set of q past 

squared values of the residual t, {2
t-1 , .... ,2

t-q}. He defined (2.1) together with 
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as an autoregressive conditional heteroscedastic (ARCH) process of order q, where  

>0 and bi  0 to ensure a positive ht. 

 Engle (1982) applied this process to the time variability in the second 

moments of UK inflation. Numerous empirical evidence has since been documented 

in favour of autoregressive conditional heteroscedasticity in economic and financial 

time series, where the ARCH model was instrumental in capturing the property of 

volatility clustering (see Bollerslev, Chou and Kroner (1992)). 

 

2.3 The Linear Univariate GARCH (p,q) Process 

 

In using ARCH the number of lags required for some applications can be 

large. Bollerslev (1986) generalised Engle’s ARCH to include moving-average terms 

analogous to the extension from AR to ARMA in modelling the mean. The inclusion 

of moving-average terms can considerably reduce the number of lags required in the 

conditional variance dynamics.12  

 The conditional variance in the Generalised ARCH or GARCH (p,q) model 

of Bollerslev (1986) is written as  

                                                 
12  For the development of GARCH see also Taylor (1986, 1994). For some applications of the 

parsimonious lag structure of the GARCH model, see for example Bollerslev (1986, 1987), French, 

Schwert and Stambaugh (1987), Akgiray (1989), Schwert and Seguin (1990) and McCurdy and 

Morgan (1991). 
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,  (2.4) 

where  > 0, bi, cj  0 and bi+cj < 1, for all i = 1, ..., p and j = 1, ..., q. Here, p is the 

order of the ARCH term and q is the order of the GARCH term. Note that through 

successive substitution of equation (2.4) the GARCH model can be considered as an 

infinite-order ARCH process where the current conditional variance, ht, depends on 

the infinite past realisations of the squared residuals,  t j 2 ,  j = 1, ... , . 

 

2.4 The Multivariate GARCH (p,q) Process 

 

The GARCH family of statistical processes were found to be useful in 

studying the time-varying behaviour of the conditional second moments of asset 

returns.13 However, to study the time variability and any predictabilities in the 

conditional covariances (as well as in the conditional variances) a multivariate setting 

is called for. The multivariate-GARCH (MGARCH) model is well suited to such 

analysis.14 

 Let t be an n-dimensional vector of conditional mean-zero random variables 

with an NN conditional variance-covariance matrix, Ht, that can change over time. 

Then 

                                                 
13  See Engle (1982), Bollerslev (1986), Engle and Kroner (1993), and literature surveys of 

Bollerslev, Chou, and Kroner (1992), Bollerslev, Engle and Nelson (1993), Bera and Higgins (1992), 

and Diebold and Lopez (1994). 
14  In addition to the literature reviewed in the text see Kraft and Engle (1983), Bollerslev, Engle, 

and Wooldridge (1988), Engle and Kroner (1993), and Longin and Solnik (1992). 
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is defined as a multivariate-GARCH process, where MD is a multivariate distribution 

and G is a positive-definite function of elements in the information set t-1 and the 

parameter space Z. 

 In formulating and parameterizing the function G in this multivariate setting 

several key issues have to be addressed. Some of these issues are shared with 

univariate formulations but there are others that are unique to multivariate GARCH 

models. First, a general formulation that can entertain a large number of testable 

hypotheses usually entails the estimation of an overwhelmingly large number of 

parameters. In practice, some restriction must be imposed on the parameter space to 

make the model empirically useful. Second, if restrictions are imposed, a question 

then arises whether they impose the required positive semi-definiteness of the 

conditional variance-covariance matrix Ht. Third, one may ask whether causality in 

variance (and covariance) as in Granger, Robins and Engle (1987) is allowed by the 

chosen parameterization, i.e. whether the conditional variance of one asset can help 

predict the variance of another asset (or the covariance between the two assets). A 

fourth issue is concerned with whether the chosen parameterization allows the 

conditional variances and covariances to react differently to different news, i.e. 

whether asymmetric response is allowed, and if so, what kind of asymmetry is 

allowed and how is it formulated. A fifth issue concerning the conditional 

covariances is whether the correlations are time varying or constant over time. 

Finally, it is natural to ask whether there exists a structure of common responses in 
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the variances and covariances that would produce simple statistics sufficient to 

forecast the entire covariance matrix. The implication is towards the detection of 

common factors that would allow parsimonious parameterizations of the dynamics of 

the whole conditional variance-covariance matrix.15 

 These issues are discussed briefly as the exposition of the models used in this 

analysis proceeds. 

 

2.5 Vector ARCH and Diagonal ARCH Specifications 

 

To simplify the exposition assume that the information set, t-1, available at 

time t-1, contains past variances and past squared innovations and no exogenous 

variables. In an N-variate system the conditional variance-covariance matrix, Ht, is a 

squared NN symmetric matrix. The elements across the diagonal (the conditional 

covariances) are equal and as such appear twice in the matrix, once above the 

principal diagonal (the conditional variances) and once below it. These redundant 

elements are eliminated by defining vech() to be the vector-half operator that stacks 

the elements in the lower triangle of an NN matrix into an (N(N+1)/2)1 vector. 

Thus vech(Ht) will contain all the unique elements of the conditional variance-

covariance matrix, Ht. A natural multivariate extension of the GARCH(p,q) model 

suggested by Bollerslev, Engle and Wooldridge (1988), often named the VECH 

model in the literature or the VEC representation by Engle and Kroner (1993), is 

given by equation (2.5) and  

                                                 
15  See Bollerslev, Engle and Nelson (1993) for detailed discussion of the above issues. 
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q

j

j=1

p

1

  ,  (2.6) 

where C is a 1

2
N(N+1)1 vector parameter of constants, Ai, i = 1,...,q and Bj, j = 

1,...,p, are 1

2
N(N+1) 1

2
N(N+1) matrices of parameters, and t-i is the N1 vector of 

innovations of the N assets at time t-i, i=1,...,q. This formulation is a general 

parameterization, since each unique element of the conditional covariance matrix is 

allowed to depend on the most recent p lags of all the elements in the matrix and the 

most recent q lags of self and cross products of all the elements in the innovation 

vector t. To illustrate, consider a simple bivariate GARCH(1,1) with two assets 

where q=1, p=1, and N=2. Then the VEC model in (2.6) becomes 
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(2.7) 

or, 

 h11,t  =  c1  +  a112
1,t-1+a121,t-12,t-1 +a132

2,t-1  +  b11h11,t-1+b12h12,t-1+b13h22,t-1 , 

 h12,t  =  c2  +  a212
1,t-1+a221,t-12,t-1 +a232

2,t-1  +  b21h11,t-1+b22h12,t-1+b23h22,t-1 , 

 h22,t  =  c3  +  a312
1,t-1+a321,t-12,t-1 +a332

2,t-1  +  b31h11,t-1+b32h12,t-1+b33h22,t-1 . 

 It is important to note some of the properties of this parameterization. First, it 

allows for Granger causality in the variance as well as in the covariance, by allowing 

the variance of one asset to depend on the one-period lagged variance of the other 

asset as well as the one-period lagged covariance between the two assets. For 

example, the variance of the first asset at time t, h11,t, depends on the variance of the 
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second asset at time t-1, h22,t-1, and the covariance at time t-1, h12,t-1. This causality 

permits the information embedded in the volatilities and the correlation to be 

transferred (or ‘spill-over’) from one asset to the other. Such a property is a useful 

tool in testing some hypotheses about the flow of information from one variate to 

another.16 For example, Hamao, Masulis and Ng (1990) use this property to test for 

information flow between international capital markets, Chan, Chan and Karolyi 

(1991) use it between national stock and futures markets, and Conrad, Gultekin and 

Kaul (1991) use it to test for spill-overs between sub-asset classes of large and small 

US stocks.  

 The second advantage of the VECH parameterization is that it allows for 

asymmetric response to news embedded in the elements of the vector of innovations, 

t-1. The term, it, as mentioned above, can represent the residual component of the 

mean process of asset i. As such it carries an element of shock or news that is 

unexpected by definition. If the square of the shock is present in the formulation then 

the impact of the ‘magnitude’ of the news on the variance or covariance would be 

reflected in the corresponding coefficient. This, however, does not say anything 

about whether the news is ‘good’ or ‘bad’, i.e. whether t-1 is positive or negative. 

The presence of the level (not the square) of i,t-1 in the variance equation of asset i 

will permit the possibility of bad news, as defined by a negative sign of i,t-1, to affect 

the variance at time t differently from good news, as defined by a positive i,t-1. Such 

permitted asymmetric response to news is termed ‘self-variance’ asymmetry as 

mentioned above. If the sign of the shock of one asset is allowed to affect the 

                                                 
16  Ross (1989) shows that volatility can be regarded as a measure of the rate of information flow. 
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variance of another asset, then the permitted asymmetric response is termed ‘cross-

variance’ asymmetry. Finally, if the sign of the shock of at least one asset is allowed 

to affect the covariance, then the permitted asymmetric response is termed 

‘covariance asymmetry.’ All three asymmetries are permitted by the general VECH 

parameterization through the presence of the square and cross products of the shocks 

of both assets in both of the variance equations and in the covariance equation. 

 These properties of asymmetric impact of news on the conditional variances 

and covariances is central to this analysis and will, therefore, be discussed in more 

detail in the following chapters. 

 Returning to the model at hand, there is a trade-off between the number of 

parameters one may wish to consider in a multivariate-GARCH specification and the 

empirical viability of estimation, and that is precisely where the VECH 

parameterization stands at a disadvantage. The total number of parameters associated 

with non-redundant elements in the VECH representation is 1

2
N(N+1)[1+ 1

2

(p+q)(N+1)]. This is a very large number indeed, especially as more assets are 

included and higher p and q lag structures are considered. For example, in the simple 

bivariate-VECH-GARCH(1,1) model written above there is a total of 21 parameters 

of interest. In a trivariate system the number of parameters increases to 78, and more 

are added as more lags are considered. This obviously presents an empirical problem, 

since for a moderately large system of variates the parameters could easily exceed 

the sample size. It is then necessary to further restrict the above parameterization in 

order to have a number of parameters that is more manageable. Obviously, further 

restrictions will be at the cost of losing some generality. Researchers, however, have 
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produced a number of parameterizations that not only reduce the set of parameters to 

a manageable number but  present specifications that allow new hypotheses to be 

tested. These hypotheses cannot be tested directly under the VECH representation. 

Some of these parsimonious models are used in this analysis, and are briefly 

presented next. 

 

2.6 The Diagonal VECH Representation 

 

Bollerslev, Engle and Wooldridge (1988) proposed a natural simplification to 

the VECH representation by imposing diagonality on the parameter matrices Ai and 

Bj in equation (2.7). This assumes that each element of the covariance matrix, hij,t 

depends only on past values of itself and past values of  the product i,tj,t . To 

illustrate, the Diagonal VECH model in the bivariate GARCH(1,1) case is  
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or, 
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 (2.8b) 

 It is evident from the above equations that the model is a simultaneous system 

of simple univariate-GARCH(1,1) processes in the variances and in the covariance. It 

is also evident that the total number of parameters has been considerably reduced to 
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only 9. The parsimony of this representation makes it easier to estimate for large 

systems of variates than the full VECH parameterization. 

 This model, however, does not allow for spill-over effects (Granger causality) 

between the elements of the covariance matrix. Each variance, hiit, depends only on 

its own past value, hii,t-1, and not on the past value of the variance of the other asset, 

hjj,t-1, ij, or the past value of the covariance between the two assets, hij.t-1, ij. As 

such, any information flow between the two assets is ignored in the sense that the 

volatility of one asset does not affect the volatility of the other, nor does it affect the 

co-movement of the two assets. 

 The model is also limited further by its inability to capture two types of 

asymmetries: self-variance and cross-variance asymmetries. The variance of asset i, 

hii,t, depends on the square of its own past shock,  i t, ,1

2  but not on the sign of the 

shock, i,t-1, or the sign of the past shock of asset j, j,t-1. The model, therefore, cannot 

differentiate between ‘good’ news and ‘bad’ news. It only captures the effect of the 

magnitude of news of the same asset. On the other hand, the model does allow for 

covariance asymmetry where ‘bad’ news to asset i, or asset j, are permitted to affect 

the covariance differently from ‘good’ news. This is evident from the presence of the 

cross product of the level of the two shocks, 1,t-12,t-1, in the covariance equation. 

However, when both shocks are negative, the model cannot differentiate between the 

effects of ‘bad’ news and ‘good’ news of the same magnitude. 
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2.7 The BEKK Representation 

 

In order for any representation to be possible, the variance-covariance matrix, 

Ht, is required to be positive definite for all values of t in the sample space, {t, t-1, 

... , 1}. This requirement usually translates to some regularity conditions on the 

values that the parameters can take on. For example, in the simple univariate 

GARCH(1,1) positive variances are ensured by restricting the parameter  > 0 and 

the parameters bi, cj ≥0, i=1,...,q and j=1,...,p. Stationarity is also ensured by the 

additional restriction, bi + cj < 1, which is equivalent to the absence of unit roots in 

the variance equation. In the VECH and even in the diagonal representation, positive 

definiteness is difficult to check and impose during estimation. Baba, Engle, Kraft 

and Kroner (1991) propose a parameterization that imposes these restrictions and is 

more general than the diagonal VECH representation.  

 Consider the following model, referred to as the BEKK representation: 

 H C C A A B H Bt i

i

q

t i t i i j

j

p

t j j      


 



 
1 1

  ,  (2.9a) 

where C, Ai and Bj are NN parameter matrices, with C triangular. This 

parameterization is quadratic in the parameters involved as the ARCH term, t-i t-i, 

and the GARCH term, Ht-j, are post and pre-multiplied by the corresponding 

parameter matrices thus ensuring positive definiteness. To illustrate the BEKK model 

consider the simple GARCH(1,1) case, 

 H C C A A B H Bt t t t         1 1 1 . (2.9b) 
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In the bivariate case the BEKK becomes, 
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or, 
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 (2.9d) 

The model economises on the number of parameters involved relative to the VECH  

representation. There are 11 free parameters in this BEKK-GARCH(1,1) compared 

to 21 in the VECH-GARCH(1,1). The model also allows for all conceivable spill-

over and asymmetric effects in the variances as well as in the covariance. However, 

the economy in the number of parameters is achieved at a slight cost of ambiguity. 

Any one parameter is a coefficient in more than one term and, therefore, captures 

more than one effect simultaneously. This makes it very difficult to isolate and test 

for any individual spill-over or asymmetric effect, even though the model takes that 

spill-over or asymmetric effect into consideration.  

 The model is covariance stationary if and only if all the eigen values of  
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q

j j

j

p

  
 

 
1 1

 

are less than one in modulus, where, , denotes the Kroneker’s product (element by 

matrix multiplication).17 It is interesting to note that, if the parameter matrices Ai and 

Bj are diagonal, the BEKK model reduces to a parameterization similar to, but 

slightly more restrictive than, that of the diagonal VECH. 

 

2.8 The Constant Correlation Model 

 

Bollerslev (1990) suggested a parsimonious specification that restricts the 

conditional covariance between two assets to be proportional to the product of the 

conditional standard deviations, while the conditional variances follow a 

GARCH(p,q) process. In this model the conditional correlation coefficient between 

two asset-returns is assumed to be constant over time, but the conditional covariance 

may still vary over time through the GARCH evolution of the variances. The 

Constant Correlation GARCH(p,q) for N assets can be written as, 

 
h c a b h

h h h

ii t i ik i t k iL iL t L
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q

ij t ij ii t jj t

, , ,

, , ,

  

    

 



 



2

11

 ,         i j,  i, j =1,...,N.

 (2.10a) 

where the conditional correlation coefficient, ij, is bounded between -1 and +1. In 

matrix notation the model is, 

                                                 
17 For a detailed description and proofs of the definition, parameterization, positive definitness and 

stationarity conditions of the BEKK model, see Engle and Kroner (1993). 
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 H D Dt t t  ,  (2.10b) 

where  Dt is a NN diagonal matrix with elements { h t11

1 2

,

/ , ... , h NN t,

/1 2 }, and  is the 

time invariant correlation matrix. The variance of each asset follows a univariate 

GARCH(p,q) process. To illustrate, a bivariate Constant Correlation GARCH(1,1) is 

written as, 
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where, 

 h c a b hii t i i i t i ii t, , ,     1

2

1  ,      i = 1,  2,  (2.10d) 

or simply (2.10d) and, 

 h h ht t12 12 11 22   , , . (2.10e) 

This representation is positive definite if  is positive definite and the requirements 

for positive definiteness of the univariate GARCH(1,1) processes of the conditional 

variances are held. Stationarity is also ensured if the variances are stationary and 

   1 112 . Note that this model imposes a structure on the conditional 

covariance - being proportional to the product of the conditional standard deviations 

where the constant of proportionality, 12, is time invariant. The imposed structure 

makes this model economise on the number of parameters to be estimated. It also 

allows for testing certain hypotheses regarding the correlation coefficient. Bollerslev 

(1990) used this model on five nominal European versus dollar exchange rates and 

found evidence of higher co-movement between the currencies following the 
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inception of the European Monetary System. Longin and Solnik (1992) used the 

model to test the extent of integration between international capital markets. 

 Notice that the model does not allow for causality in the variances and 

covariance, nor does it capture any of the three kinds of asymmetric response to 

news, as described above. Moreover, the conditional covariance is affected by the 

magnitude of news only through its proportionality to the product of the standard 

deviations. 

 

2.9 The One-Factor GARCH Model 

 

One of the motivations for multivariate ARCH is developed from the fact that 

many economic variables tend to react to the same information, whether it is micro 

or macro information. Accordingly, there may exist a few factors that are responsible 

for the dynamics in the conditional variances and covariances of all the assets 

considered. The possible existence of such factors implies that assets move together 

only as a response to the movement in the common factor. One model that captures 

such dynamics is the Factor ARCH model of Engle (1987). Let  and  be N1 

vectors of factor loadings and portfolio weights, and let  and  be two scalar 

parameters. The specification for a one-factor GARCH (1,1) model is 

 H C C Ht t t              [ . .( ) ]1 1

2 , (2.11) 

where Ht-1 is the conditional variance of the common factor and t-1 is its 

innovation at time t-1. As is evident from this equation, the conditional variances and 



32 

 

covariances of the assets at time t, Ht, depend solely on the conditional variance and 

the shock of the common factor at time t-1. In fact, the common factor in the above 

specification is a portfolio constructed from the N assets under consideration 

weighted by the vector . Moreover, this portfolio follows a GARCH(1,1) process. If 

well diversified portfolios are considered in place of the N assets, then the factor 

representing portfolio constructed with the weight vector  can be looked upon as a 

surrogate for the market portfolio. To see this more clearly, let Rpt  Rt , where Rt = 

(R1t, ... , RNt), be the return on a portfolio formed with a weight vector . The 

conditional variance of this portfolio is hpt = Ht and its return shock at t-1 is pt-1 

= t-1 where, as before, t-1 is the vector of return shocks of the N assets at time t-1. 

The one-Factor GARCH(1,1) can be written as 

 
h h

w h

ij t ij i j p t

p p t p t

, ,

, ,

,

,

   

     

  

  

       i, j = 1,  ...  ,N,

hp,t 1 1

2
 (2.12) 

where wp  CC, ij = cij - ijwp and cij is the (i,j)th element of C. The variance of 

the portfolio, hp,t, could follow a more general GARCH(p,q) process instead, 

 h w hp t p i

i

p

p t i j

j

q

p t j, , ,    






   
1 1

2  .  

It is interesting to notice that this model is a special case of the BEKK representation 

in which A=   and B=  . As such, the one-factor GARCH model is 

positive definite as long as CC and  intersect only at the origin.18 A casual look 

at equation (2.12) may reveal no obvious spill-over or asymmetric response to news. 

                                                 
18 For a fuller description of the model and stationarity constraints see Engle (1987), Lin (1992) 

and Engle, Ng and Rothschild (1990). 
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This is because the spill-over effects are embedded in the conditional variance of the 

portfolio, hp,t, which is the variance-covariance matrix of the N assets post- and pre-

multiplied by the weight vector  (a constant). Similarly, the return shock of the 

portfolio is a weighted average of the return shocks of the N assets, p,t-1 = 11,t-1 

+22,t-1+, ... ,+NN,t-1. When squared, the return shock will contain all self- and 

cross-products of the return shocks of the N assets thus holding all the elements 

necessary for asymmetric effects.19 In addition to being able to capture asymmetric 

and spill-over effects, the factor structure imposed by the model lends a 

parsimonious representation - a total number of only seven free parameters for a 

bivariate system. This makes the Factor-ARCH family of models particularly 

appealing especially for empirical applications in finance. 

 

2.10 Summary 

 

This chapter provides an overview of a number of models that are used in this 

analysis. The exposition shows how a particular parameterisation, or functional form, 

restricts a model to capture various effects in different ways. The theoretical 

properties of five multivariate-GARCH models are discussed with particular 

emphasis given to spill-over and asymmetric effects. The following table provides a 

summary of the number of parameters in a model, the type of asymmetry allowed, 

and whether or not spill-over effects are taken into account. 

                                                 
19 Of course, if the weights are predetermined then the magnitude of the asymmetric response to 

any news will consequently be affected.  
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Model Summary For The Bivariate GARCH(1,1) Case 

 

 Number of  Asymmetries  Spill- 

Model parameters Own Variance Cross Variance Covariance overs 

VECH 21 YES YES YES YES 

BEKK 11 YES YES YES YES 

D-VECH 9 NO NO YES NO 

CCORR 7 NO NO NO NO 

FGARCH 6 YES YES YES YES 

 

 

The VECH, Diagonal VECH and the BEKK models differ in the way they 

parameterise the various elements of news and past volatility, while the Constant 

Correlation and the Factor GARCH models adopt different functional forms. The 

VECH model is the most general while the Constant Correlation is the most 

restrictive. The Factor GARCH model imposes a cross-sectional restriction that 

affects the extent to which asymmetries impact on future volatility. 

These models, together with another more general model presented in chapter 

three and two less sophisticated benchmarks discussed in chapter four, form the 

modelling methodology adopted to investigate the behaviour of volatility in the 

excess returns of UK stocks and bonds and to assess the effect on asset allocation of 

possible time variation, asymmetries and spill-overs characterising this volatility. 
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CHAPTER THREE 

QUALITY ASSESSMENT, TESTING AND A NESTING MODEL 

 

 

In section 3.1 of this chapter the idea of news impact surfaces is presented, and it is 

shown how it may be used to assess the various models, discussed in chapter two, 

qualitatively. The Robust Conditional Moment tests developed by Kroner and Ng 

(1993), used to statistically test the significance of misspecifications in the models, 

are presented in section 3.2. Finally, the Asymmetric Dynamic Covariance Matrix 

model is briefly reviewed in section 3.3. 

 

3.1 The Impact of News On Asset-Class Volatility and Covariances 

 

A central question  to this analysis is whether asymmetric response to news 

and information transfer between UK asset-class conditional volatility and 

correlations affect the asset allocation decision. In other words, whether modelling 

the possible presence of time variability, asymmetries and spill-over effects in the 

conditional variance-covariance matrix of asset-class returns produce estimates of 

volatility and correlations that lead to a more optimal allocation of funds. 

 A necessary step towards answering the question is to select a model that 

adequately captures the possible presence of time variability and any predictabilities 
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in the covariance matrix. The models presented above have specifications and 

parameterizations that capture predictabilities in different ways and to various 

extents. To illustrate these differences, the idea of ‘news impact surfaces’ is 

employed. This idea is first introduced by Kroner and Ng (1993) as a multivariate 

generalisation of the news impact curves in Pagan and Schwert (1990), and Engle 

and Ng (1993). These surfaces can be looked upon as a tool for assessing the quality 

of a chosen model. It might be helpful to first present the original motivation behind 

the development of this idea. 

 There is an intuitive reasoning behind the interest for the presence of 

asymmetries in the models discussed above rather than being mere functional 

properties of a particular parameterization. This interest followed the empirical 

finding by Black (1976) who noted a negative correlation between current returns 

and future volatility. Positive returns are often followed by periods of low volatility 

while negative returns are often followed by periods of high volatility. Black (1976) 

and Christie (1982) suggested an economic explanation for that behaviour that is 

linked to the capital structure of the firm. This suggestion has come to be known in 

the literature as the ‘leverage effect’. According to the leverage effect, an unexpected 

reduction in equity value would raise the debt-to-equity ratio (all else being equal), 

hence creating an uncertainty regarding future cash flows. This uncertainty raises the 

riskiness of the firm as manifested by an increase in future volatility. 

 The linear GARCH(p,q) process is not able to capture this kind of effect since 

the conditional variance at time t, ht, is a function only of its own past, ht-1, and the 

past squared innovations,  t1

2 . The sign of returns plays no role in affecting 
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volatility. The effect of positive or negative unexpected returns (‘good’ or ‘bad’ 

news) of the same magnitude are not differentiated. As such, the linear GARCH(p,q)  

model is said to be symmetric in its treatment of the impact of news on future 

volatility. If the information at time t-2 and earlier is held constant, one can examine 

the relationship between news at time t-1, t-1, and the conditional variance one 

period ahead, ht. Engle and Ng (1993) call the graph traced by the implied 

relationship the ‘news impact curve’ because it relates past return shocks (news) to 

current volatility. To illustrate, consider the linear GARCH(1,1) model written in 

(2.4) with p=q=1. Evaluating the lagged conditional variances, ht-1, at the level of the 

unconditional variance, the news impact curve is given by 

 h k bt t   1 1

2 ,  (3.1) 

where k =  + c12,  is the unconditional standard deviation and  and c1 are 

constants as in equation (2.4). The curve is clearly a quadratic function of t-1 and is, 

therefore, symmetric around t-1=0. As such, it does not differentiate between 

negative and positive shocks, and any leverage effect is simply ignored. Moreover, 

any bad news is allowed to affect future volatility by the same amount as good news 

of the same magnitude. Plots of the news impact curve reveal how past news is 

allowed to affect future volatility, and may be used to assess the differences between 

comparative models in their capacity to react to news. 

 Kroner and Ng (1993) generalised this idea of the news  impact curve to the 

bivariate ‘news impact surface’ where the effect of shocks (news) from two assets on 

the variance of one of the assets, or their covariance, is presented in three-

dimensional graphs. The functional form of the news impact surfaces implied by the 
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models used in this analysis are listed in Table I for the simple p=q=1 lag structure. It 

can be seen how a different parameterization or a functional specification governs 

the relationship between news and its impact on the conditional variance-covariance 

matrix. For example, in Table I, the same elements of news (    1 1 2 1 1 1

2

2 1

2

, , , ,, , ,t t t t   
) 

are present in the variances and covariances under both the VECH(1,1) and the 

BEKK(1,1) models. The difference between the two models emerges from the way 

they  parameterize these elements. The difference in the parameter structure between 

the two models endows each corresponding element with a different intensity of 

impact. The BEKK model restricts the number of parameters which capture the 

effect of news to four: a11, a12, a21 and a22, while the VECH model measures the 

effect of each element of news with a separate parameter, giving a total of nine. The 

restriction that the BEKK imposes forces each of the four parameters to capture more 

than one effect simultaneously. Thus, parsimony is gained at the cost of being 

ambiguous.  

 Although, the difference in the parameter structure is what distinguishes the 

BEKK from the VECH model, it is the functional specification that characterises the 

Constant Correlation model. The model restricts the covariance to be proportional to 

the product of the standard deviations. This restriction renders the covariance 

insensitive to differences between good and bad news, but sensitive to the magnitude 

of news.20 

 The extent of the difference between the various models is easily seen from 

graphs of their implied news impact surfaces. These are displayed in figures 1 to 3. 

                                                 
20 The level of the return shock of either asset is not present in the covariance (or the variance) 

equation(s), however, the square of the shock is. 
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In order to plot these surfaces, the Diagonal VECH, the BEKK, the Constant 

Correlation and the Factor-GARCH models were estimated using the sample data of 

this analysis. This data consists of weekly excess returns from January 1976 to 

January 1995 of two major UK asset classes. The Financial Times All Share 

(FTALL) index and the FTA All-Government-Bond index are used as 

representatives of the stocks and bonds major asset classes. The concern here is with 

illustrating the differences between the various models. Discussion of the data and 

the estimation results is deferred to chapter 4. 

 Figures 1,2 and 3 represent different aspects of the impact of a shock. Each 

Figure consists of four panels of three-dimensional graphs representing the news 

impact surface implied by one of the four multivariate GARCH models discussed 

above. In these panels, the two horizontal axes represent shocks in stocks and in 

bonds. The values that the shocks can take on, range from -5 to +5. This range is 

arbitrary and is chosen only for demonstrational purposes. In these axes, positive 

values represent good news and negative values represent bad news. The vertical axis 

represents either the conditional variance in stocks (Figure 1), the conditional 

variance of bonds (Figure 2), or the conditional covariance (Figure 3). The 

mathematical relationships between the variable on the vertical axis and the two 

variables on the horizontal axes are reported in Table I. 

 Each of the four panels in Figure 1 exhibits the impact surface of news on the 

variance of stocks implied by one of the four multivariate-GARCH models discussed 

above. The panels are three-dimensional plots of the conditional variance of stocks, 

h11,t, as a function of past news in the stock market, 1,t-1, and past news in the bond 
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market, 2,t-1. The exact form of the relationship is described in Table I. The news 

impact surfaces implied by the Constant Correlation and the Diagonal VECH models 

are both symmetric in their response to news in the stock market and centred at 

1 1 0,t  . Good or bad news in the stock market increase the future volatility of 

stocks. Moreover, the increase in volatility is the same for good and bad news of the 

same magnitude. In fact, because of the symmetry stock volatility is indifferent to the 

type of news from the stock market. In addition, the surfaces are parallel to the axis 

representing news in the bond market,  2 1,t . This implies that the two models 

describe stock volatility to be indifferent to past news from the bond market. News of 

either type in the bond market has no effect on the future volatility of stocks. In 

summary, the two surfaces describe stock volatility to depend only on news from the 

stock market. 

 Apart from these apparent similarities there are considerable differences 

between any other pair of models. For example, the surface implied by the factor 

GARCH model describes an opposite relationship to the one described by the 

Diagonal VECH or the Constant Correlation model. The surface is almost symmetric 

at  2 1 0,t  , and almost parallel to the axis representing shocks in the stock market, 

1 1,t . This implies that the factor GARCH model describes the volatility of stocks to 

be largely dependent on news in the bond market, and almost indifferent to news in 

the stock market - a contradictory description to that provided by the above two 

models. 

 The surfaces implied by the above three models are, or almost, symmetric, 

thus it is easier to understand their implications. However, to study the implications 
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of asymmetric surfaces, such as the one implied by the BEKK model, it might be 

helpful to divide the plane spanned by the two horizontal axes into four quadrants. 

For example, the quadrant spanned by positive shocks,  1 1,t  and  > 02,t-1 , 

represents good news in both markets, the quadrant spanned by negative shocks 

represents bad news in both markets, and the other two quadrants represent news of 

different types. The surface implied by the BEKK model depicts increases in stock 

volatility only when news in both markets are of the same type. When news from 

both markets are of different types the surface depicts a decrease in the level of stock 

volatility. Thus, the BEKK disagrees with the other three models in describing the 

impact of news on stock volatility. 

 Figure 2 exhibits the implied news impact surfaces for the conditional 

variance of bonds, h22,t. All four surfaces have similar shapes suggesting that the four 

models do not vary substantially in their description of the impact of news on the 

future volatility of bonds. The  surfaces depict an increase in bond volatility 

following news, of either type, in the bond market. In general, news in the stock 

market has little or no effect. When there is an effect, the models describe it slightly 

differently. The diagonal VECH and the Constant Correlation models agree that 

news in the stock market does not affect the volatility of bonds. The two surfaces are 

valley shaped and their troughs are parallel to the axis representing news in the stock 

market. On the other hand, the surfaces implied by the BEKK and the factor GARCH 

are slightly tilted, implying a slight impact from news in the stock market. Moreover, 

the surfaces are tilted in opposite directions to each other describing different effects. 

To clarify this, consider the two quadrants representing good news in the bond 
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market. Both models describe an increase in the volatility of bonds regardless of the 

type, or the magnitude, of news in the stock market. However, the surface implied by 

the BEKK describes a higher level of bond volatility when news in the stock market 

is bad rather than good. The surface implied by the Factor GARCH describes the 

opposite; bond volatility is lower when news in the stock market is bad rather than 

good.  

 The differences between the four models are more prominent in the 

covariances. Figure 3 exhibits the news impact surfaces implied for the conditional 

covariance between stocks and bonds, h12,t. All four surfaces have very different 

shapes. When there is good news in the stock market accompanied by bad news in 

the bond market, the Constant Correlation model describes an increase in the 

covariance between stocks and bonds. This increase is linear in its response to the 

magnitude of news. The Diagonal VECH model, however, describes a decrease. The 

BEKK and the Factor-GARCH describe an increase but in a quadratic form that is 

less extreme than the linear increase of the Constant Correlation model. These 

apparent differences between the models are caused by their assumed functional 

forms. For example, under the Constant Correlation model, the covariance, h12,t, is 

proportional to the product of the standard deviations. Thus past return shocks in 

both markets, regardless of the sign, will increase the standard deviations, and hence 

the covariance. The inability of the Constant Correlation model to capture covariance 

asymmetry is evident from the symmetry in the star-shaped surface in Panel 2 of 

Figure 3. On the other hand, the covariance, h12,t, under the Diagonal-VECH model 

is a function of the cross products of the past level of both shocks (1,t-12,t-1). When 
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the shocks are of opposite sign their product can decrease the covariance to negative 

values. However, when the shocks are of similar sign their product increases the 

covariance. This is evident from the saddle shape of the surface in panel 3 of Figure 

3. 

 Another way of showing the extent of the differences between the models is 

to look at the correlation between the estimated conditional-variance and conditional-

covariance series from the four models. If the models are successful in capturing the 

dynamics of the conditional variances or covariance, then their estimates should be 

highly correlated. Table II presents the values of the correlation coefficient  between 

the estimated stock-variance series from the four models, the estimated bond-

variance series from the four models and the estimated covariance series from the 

four models. The correlation between the estimates of the stock variance differ 

substantially among pairs of alternate models. The correlation ranges from 0.275, 

between the Factor-GARCH model and the Constant Correlation model, to 0.999 

between the Constant Correlation model and the Diagonal-VECH model. The high 

correlation of 0.999 suggests that the Constant Correlation and the Diagonal-VECH 

models have very close estimates, while the correlation value of 0.275 reflect the 

wide difference between the ways by which the Constant Correlation and the Factor-

GARCH model capture the dynamics of the conditional variance of stocks. 

 The correlation coefficients of the bonds’ variance are all very high, ranging 

from 0.964 to 0.999. This implies that all of the four models do not differ 

substantially in their estimates of the dynamics of the conditional variance of bonds. 

The same, however, cannot be said for the conditional covariance. The correlation 
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for the conditional covariance ranges from 0.732 to 0.954 showing some differences 

between the estimates of the  four alternative models. Notice that the relative values 

of the correlation coefficients reflect the same differences (or similarities) between 

the models as exhibited graphically by the news impact surfaces, in Figures 1 to 3, 

and in functional form in Table I. For instance, the news impact surfaces implied by 

the Diagonal-VECH and the Constant Correlation model have similar shapes for both 

variances. For the stock variance, the surfaces of both models imply that shocks in 

bond returns have no effect on the volatility of stocks - the surfaces are valley-shaped 

in the direction of the 1,t-1 axis. For the bond variance, the surfaces of both models 

imply that shocks in stock returns have no effect on the volatility of bonds - the 

surfaces are valley-shaped in the direction of the 2,t-1 axis. These similarities are 

reflected in the highest correlation coefficients of 0.999 in the variance of stocks and 

0.999 in the variance of bonds. On the other hand, the difference between the two 

models is shown clearly in their estimates of the conditional covariance - their news 

impact surfaces in the covariance have different shapes and their correlation is only 

0.732. 

 These qualitative differences between the alternative models raise concerns 

about their adequacy in capturing the dynamics and asymmetric predictabilities in the 

conditional variance-covariance matrix of asset returns. Equivalently, one should ask 

whether the news impact surfaces implied by the models are reasonable descriptions 

of the data. Kroner and Ng (1993) present evidence of the differences between 

estimates of alternative multivariate-GARCH models using large and small US-firm 

stock returns. They state that “...these differences highlight the possibility that 
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conclusions from specific applications may be  sensitive to the choice of a model.” 

“...so that conclusions may be reversed if a different model is chosen.”  In light of 

such concerns, Kroner and Ng (1993) develop a set of robust conditional moment 

tests on the adequacy of a model in capturing the dynamics and asymmetries in the 

conditional variances and covariances. Furthermore, instead of extending each of the 

multivariate-GARCH models used so as to capture asymmetries and then compare 

their performances, they follow a more structured approach and propose a 

Asymmetric Dynamic Covariance (ADC) matrix model that encompasses all the four 

models discussed above together with an extension for capturing asymmetries. These 

tests are used on the above four models and the ADC matrix model to reveal any 

misspecification regarding asymmetries and to aid in the comparison of the 

performance between the models. In the next two sections, the ADC matrix model 

and these tests are briefly reviewed using similar notation to that used by Kroner and 

Ng (1993). 

 

 

 

3.2 The Asymmetric Dynamic Covariance (ADC) Matrix Model 

 

In this section the ADC matrix model is presented. The conditions under 

which the model reduces to any of the four multivariate GARCH models presented in 

chapter two are also discussed.  
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Define ai and bi to be N1 vectors of parameters equivalent to the ith column 

of the parameter matrices A and B in the BEKK specification. Also define 

 i t i t, ,max{ } 0,  and   t t { , },1  ...,  N,t
. Finally, define 

 w z b H b a aij t ij i t j i t t j i t t j,             1 1 1 1 1      . (3.2a) 

The ADC is given by  
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where the constant matrix with elements zij,t is positive definite, ij  (-1,+1) for all 

ij, and |ij|<1-|ij|. In matrix notation the model can be written as 
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    t t t NN tdiag h h h 1 11 22, , ,, ,...., , 

    [ |...| ] 1 N , 

and the operator   refers to element-by-element multiplication. This model satisfies 

several necessary properties of covariance matrices, such as positive variances and 

correlations between (-1,+1) (cf. Kroner and Ng (1993)). Furthermore, this 

specification nests many of the existing time varying covariance matrix models 

together with extensions that allow for asymmetries. To illustrate, let  i be the ith 

column of an NN identity matrix, let  i  and  i N, ,... i  1 , be scalars, and ignore 

the asymmetric term for simplicity. First, if a i i i    and b i i i    for all i, and if 

ij = 0 i, j, then the ADC model reduces to a positive-definite version of the 

Diagonal-VECH of Bollerslev, Engle and Wooldridge: 

   h z hii t ii i ii t i i t, , , ,      2

1

2

1

2    i  

and 

   h z b b h a aij t ij ij ij i j ij t ij i j i t j t, , , , ,         1 1    i j. 

Second, if a i i i   , and b i i i   , for all i, and if ij = 0 i, j, then ADC model 

reduces to the Constant Correlation model of Bollerslev: 

   h z hii t ii i ii t i i t, , , ,      2

1

2

1

2    i  

and 

   h h hij t ij ii t jj t, , ,         i j . 

Furthermore, if the asymmetric term is included, then the model becomes the 

asymmetric Constant Correlation model used in Chan, Chan and Karolyi (1991). 
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Third, if ij = 0 and ij=1 ij, then the ADC model reduces to the BEKK model of 

Engle and Kroner: 

   H C C A A B H Bt t t t         1 1 1 . 

Fourth, if  ij = 0, ij=1 ij, A=(), and B=(), where  and  are N1 

vectors and  and  are scalars, then the ADC model reduces to the Factor-GARCH 

model of Engle, Ng, and Rothschild: 

    H C C Ht t t             ( ) ( )1 1

2
 

Since the ADC encompasses all the four multivariate-GARCH models discussed 

above, then comparison between any of the four models and the ADC can be 

performed by means of the likelihood ratio test, while model misspecification can be 

tested using Kroner and Ng (1993) robust conditional moment tests or similar 

Lagrange-multiplier tests as in Engle and Ng (1993). 

 

3.3 Robust Conditional Moment Tests 

 

Given the theoretical and qualitative differences between the models 

discussed above, careful consideration must be given to the choice of a particular 

model. This section presents a set of robust conditional moment tests, proposed by 

Kroner and Ng (1993), that have power towards detecting misspecification regarding 

the types of asymmetries discussed above. 

To test the specification of a model, Kroner and Ng (1993) study the shape of 

a particular model’s variance or covariance news impact surface. They propose to 
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test for systematic overstatement or understatement of the estimated variance-

covariance matrix in relation to the sign and magnitude of the return shocks. The 

tests they develop use the fact that the implied news impact surfaces are correctly 

specified if and only if E(   t t t 1 ) = Ht, where t is the vector of shocks of the N 

assets at time t. Therefore, they propose to test the null that E H
t t t t

( )    
1

0

against the alternative that E Ht t t t( )    1 0 . 

 Define a “generalised residual”, uij,t, to be the ijth element of the matrix of 

innovations  t t tH  , so that uij,t  itjt - hij,t. Also define x1,t-1, ... , xn,t-1 to be 

“misspecification indicators”, which are variables known at time t-1. If an estimated 

model has adequately captured the predictability in the variance-covariance matrix, 

then uij,t should have no relationship to any variables known at time t-1 including the 

misspecification indicators. Formally, E u xij t t( ), , 1 = 0, =1, ... , n. Alternatively, uij,t 

should be uncorrelated with all elements in the information set, including the 

misspecification indicators x1,t-1, ... , xn,t-1. Therefore, one would expect 

 C
T

u xcm ij t t

t

T

  




1

1

1

, ,  

to be “close” to zero for all x   if the ijth covariance equation is correctly specified. 

Ccm is the unconditional sample covariance between the generalised residual and the 

misspecification indicator. To test if it is close to zero, Kroner and Ng (1993) apply 

the framework of Wooldridge (1990) which is not sensitive to the conditional 

distribution used when estimating the GARCH model. Wooldridge’s robust 

conditional moment test statistic is  
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1 1

1

1

2

2

1

2

1

1

, , , ,    

where  ,t1
 is the residual from a regression of x t , 1

 on the derivatives of hij,t with 

respect to each parameter in the model. Under certain conditions, Wooldridge (1990) 

shows that Crcm has an asymptotic 1

2  distribution. These robust conditional moment 

tests can be computed from two auxiliary regressions. The first regression is x t , 1
 on 

the derivatives of hij,t with respect to all the parameters of the null model. The second 

regression is a vector of ones on the product u ij t t, ,.  1 , where  ,t1
 is the residual 

from the first regression. The test statistic is T times the uncentred R-square from the 

second regression. 

 To complete the construction of the set of tests Kroner and Ng (1993) select a 

set of misspecification indicators which are likely to signal that the news impact 

surfaces are misspecified. Let I() be an indicator function that takes the value of one 

if the argument is true and zero otherwise. The “sign” misspecification indicators are:  

    x I(t t1 1 1 0  , )  

    x It t2 2 1 0 ( ), . 

If own-variance asymmetry exists in (for example) the first equation, then 

E u xt t( ), ,11 1 1 0  , so the conditional moment test which examines the correlation 

between u11,t and x1,t-1 should be significant. Similarly, if cross-variance asymmetry 

exists between (say) the variance of the first asset and news to the second asset, then 

E u xt t( ), ,11 2 1 0  , so the conditional moment test which examines the correlation 

between u11,t and x2,t-1 should be significant. 
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 Given the multivariate nature of this application and that different 

combinations of the signs of the return shocks might be important, a set of 

“quadrant” misspecification indicators could also be useful. These are  

    x It t t3 1 1 2 10 0   ( ; ), ,   

    x It t t4 1 1 2 10 0   ( ; ), ,   

    x It t t5 1 1 2 10 0   ( ; ), ,   

    x It t t6 1 1 2 10 0   ( ; ), ,  . 

Furthermore, since the null model might over-predict or under-predict the covariance 

following unexpectedly large or small return shocks of different signs, one can also 

use indicators of  a combination of size and sign of the shocks. These are called the 

extreme size-sign misspecification indicators: 

    x It t t7 1 1

2

1 1 0   , ,( )  

    x It t t8 1 1

2

2 1 0   , ,( )  

    x It t t9 2 1

2

1 1 0   , ,( )  

    x It t t10 2 1

2

2 1 0   , ,( ) . 

If  large amounts of bad news to the first asset affects the variance of the second 

asset, then E u xt t( ), ,22 7 1 0  , so the conditional moment test which examines the 

correlation between u22,t and x7,t-1 should be significant. 

 In fact, as Engle and Ng (1993) suggest, one could test how well the model is 

specified by considering other sets of misspecification indicators. For example, one 

could test how well the lag structure of the GARCH(p,q) model is specified by 

considering the variables  t2

2
,  t3

2
,  t4

2
, ... etc. If the lag structure in (say) the first 



52 

 

equation is correct, then the conditional moment test which examines the correlation 

between u11,t and  t i 2 2 3, , , ... i   , should be insignificant. These extensions are 

also considered in estimation and are reported and discussed below. 

 In the next chapter, the data used in this analysis is described and the models 

presented above are estimated. Each model is subjected to the battery of tests 

presented above, and the results are discussed and compared.  
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CHAPTER FOUR 

DATA, EMPIRICAL ESTIMATION AND RESULTS 

 

 

The data used in this analysis is presented and discussed in section 4.1. In section 

4.2, the procedure adopted for adjusting the mean of the data series is presented, and 

the estimation results are discussed. Section 4.3 deals with the estimation and testing 

of the various multivariate-GARCH models used to describe the variance-covariance 

matrix of the data series. Particular emphasis is given to discussing how the various 

models describe the time variation, asymmetries and spill-overs found in the 

covariance matrix of the data series. 

 

4.1 The Data 

 

Two indices are used as diversified portfolios to represent two major UK 

asset classes. Daily return data on the Financial Times All Share (FTALL) index and 

the FTA All-Government-Bond index are compounded from Wednesday close to 

Wednesday close to obtain weekly return series. Wednesdays are chosen for three 

reasons: a minimum number of holidays occur at this day, there is no problem of 

weekend effects and it avoids the Friday book settlement procedure every two weeks. 

The data covers the period from the first week in January 1976 to the first week in 
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February 1995, giving a total of 995 observations. Weekly intervals are chosen as a 

compromise between the relatively few monthly observations and the noisy daily 

data. Two asset classes are considered for two reasons. First, considering the 

objectives of this study and some of the more elaborate models, a bivariate system is 

sufficient for the purposes of this analysis. Second, the number of parameters to be 

estimated rises, at an increasing rate, with larger systems making convergence 

difficult to achieve and time consuming. 

 The returns from the two indices include dividend payments and are adjusted 

for scrip issues, rights issues, stock splits, ...etc. The FTALL Share index contains 

roughly 650 stocks listed on the London International Stock Exchange and the FTA 

All-Government-Bond index is constructed to contain a selection of UK government 

bonds. Excess returns are calculated relative to the offer rate on seven-day lending 

and borrowing  in the money market.21  

 

4.2 The Conditional Mean 

 

The focus of this analysis is on the conditional variance-covariance matrix 

rather than the conditional mean. The analysis concentrates on the unexpected part of 

the asset-class excess returns. An adjustment procedure similar to those used in 

Kroner and Ng (1993), Engle and Ng (1993), and Pagan and Schwert (1990) is used 

to remove the predictable component in asset-class excess returns. This procedure is 

                                                 
21 Bid and middle rates are also considered but no qualitative differences are observed in my 

results. 
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a Vector Auto-Regression (VAR) of order ten together with lags of a threshold term. 

Specifically, for two asset-classes, i = 1,2, 

 R C R Di t i

j L

jL j t L jL j t L, . ,( )   
 

  
1

2

1

10

     i,t
 (4.1) 

where C,  and  are coefficients, Ri,t is the excess return on asset-class i, and Dj,t-L is 

a threshold term that takes the absolute value of the excess return, Rj, when it is 

negative. Throughout this analysis i = 1 refers to stocks and i = 2 refers to bonds. The 

presence of the lags in the excess returns of one asset in the return equation of the 

other asset, removes any predictable spill-over effects in the mean. This, and the 

presence of the lags of the excess returns of the same asset and the presence of the 

lags on the threshold term, ensures that any detectable auto-correlation, spill-over 

effects and asymmetries in the conditional variances and covariances are not caused 

by a misspecification in the mean. 

 The estimation results of the vector-autoregression, together with some 

diagnostics on the residuals, are reported in Table III. Before the description of the 

results progresses, a note of warning is warranted. The vector autoregression is 

estimated for returns without assuming any dependencies in the variance. Hence, if 

stock or bond returns depend on their variances while the variances are 

autocorrelated, then dependencies maybe induced in the mean equation. Thus, 

significant autocorrelations reported in Table III maybe due to the homoscedastic 

assumption of the underlying OLS estimation. In other words, reported 

autocorrelations may not be a feature of returns, but rather an induced property of 

serial dependence in the variance that has been ignored when estimating the vector 
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autoregression. Hence, the vector autoregression is used mainly to filter the series 

from linear dependencies so that if they appear in the variances and covariances it 

would not be because of ignoring them in the mean equation. Therefore, conclusions 

from Table III should not be generalised.  

 In Table III, the columns headed ‘Dependent Variable R1,t’ report the 

estimated coefficients, standard errors and t-statistics on the explanatory variables for 

the excess returns on stocks, R1,t. The first twenty explanatory variables are the first 

ten lags in stock excess returns and the first ten lags in bond excess returns. The 

statistical significance of the coefficients on R1,t-4 and R2,t-6 indicate that stock returns 

exhibit some dependence on their own past values, as well as on the past values of 

bond returns. The coefficients on D1,t-1 and D1,t-4 are also significant. This indicates 

that current negative returns affect future values differently from current positive 

returns - an example of asymmetry in stock returns. Note that none of the threshold 

variables in bond returns is significant at the five percent level. It seems that there is 

no significant difference between the effect of  negative and positive bond returns on 

future stock returns.  

 In Table III, the columns headed ‘Dependent Variable R2,t’ report the 

equivalent for the excess returns on bonds. The significance of the coefficients on 

R t1 4,   and R t1 7,   indicates the dependence on past stock returns at lags four and 

seven. Bond returns also exhibit some dependence on their own past values - the 

coefficients on R2,t-1 and R2,t-3 are significant. This suggests that past returns on 

bonds, at lags one and three, affect future values. Moving on to the threshold terms, it 

is interesting to note that bond returns are affected by negative stock returns. 
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Moreover, the effect of negative stock returns is significantly different from that of 

positive ones - the coefficients on D1,t-1, D1,t-7 and D1,t-9 are significant at the five 

percent level. In addition, the coefficients on the lags of the D2 variables are all 

insignificant, indicating no self asymmetry present in bond returns. 

 Table III also reports some diagnostics on the residuals. From the Ljung-Box 

test statistic for twelfth-order serial correlation for the levels, there is no significant 

serial correlation left in the excess-return series of stocks and bonds after the 

adjustment procedure. The coefficients of skewness and kurtosis indicate that the 

sample distribution of the excess returns of stocks is slightly skewed to the left and 

has slightly fatter tails than the standard normal, while the sample distribution of the 

excess returns of bonds is slightly skewed to the right and is less fat-tailed than that 

of stocks. It should be noted that ignored autoregressive dependencies in the 

conditional variances induce leptokurtosis (fat tails) in the unconditional distribution 

of the mean.22 Therefore, the excess kurtosis reported could be an early indication of 

GARCH dependencies, and/or due to a misspecification in the mean equation. 

However, the significance of the Ljung-Box test statistic for twelfth-order serial 

correlation in the squares, indicates a significant presence of time-varying volatility. 

This time variability is also evident from the intermittent periods of volatility 

clustering that can be observed from the time-series plots of the squared residuals in 

Figure 4.  

                                                 
22  See Bollerslev, Engle and Nelson (1993). 
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 Table III also reports two sets of misspecification tests on any asymmetries 

found in the series of adjusted excess-returns.23 The test statistics that are significant 

for stocks are also significant for bonds. Therefore, the following descriptions apply 

equally to both stocks and bonds. The first set of tests examine the different impacts 

of negative and positive shocks and the differential effects of their size. From the 

reported values of the sign-bias tests there is no preliminary evidence that past 

negative-return shocks affect volatility differently than past positive-return shocks. 

The significance of the negative-size-bias test suggests that large negative return 

shocks increase future volatility more than smaller ones. The positive-size-bias test is 

not significant, but when the size term is dropped it is - suggesting that positive 

return-shocks increase future volatility regardless of size. 

 The second set of tests examine similar aspects but in the extreme-size band 

of the shocks (  t1

2
). The tests suggest similar conclusions: past shocks increase 

volatility regardless of the sign, while large negative shocks have a significant impact 

                                                 
23 These tests are fully described in Engle and Ng (1993). They are similar to the robust 

conditional moment tests of Kroner and Ng (1993) used in this analysis. Engle and Ng (1993) use the 

following regression: 

  v a b S b S b S z et t t t t t t t
2

1 1 2 1 1 3 1 1 0      





 





    

where v ht t t
2 2

0  , h0t is the conditional variance under the null, S
t 


1
 is a dummy variable that takes 

the value of one when the return shock, t-1, is negative and zero otherwise, S
t 



1
 is 1- S

t 



1
, and z

t0

  is a 

vector of scores. Here, I am testing the null that 
t

2  is constant, therefore, z
t0


 is a vector of ones and 

the term is incorporated into the constant coefficient a. The sign-bias, the Negative-size bias, and the 

Positive-size bias tests are the t-ratios of the coefficients b1, b2 and b3 in the regression, while the joint 

test is the lagrange-multiplier statistic TR2 , where T is the number of observations in the sample and 

R2 is the squared multiple correlation of the regression. The coefficient b1 picks up any asymmetry 

due to negative shocks in excess of the effect of positive shocks, while the coefficients b2 and b3 focus  

on the different effects that large and small negative and positive return shocks have on volatility. For 

the Negative-sign, Positive-sign, Negative-extreme-size and Positive-extreme-size bias tests reported 

in Table III, I dropped the constant coefficient a, from the regression, and considered the following 

variables: S
t 



1
, S

t 



1
, S

t t



1 1

2 , and S
t t



1 1

2 . The coefficients on the last two variables focus on the 

different effects that extreme negative and positive values of the return shock have on volatility. These 

are comparable to the Size-sign misspecification indicators in Kroner and Ng (1993). 
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on future volatility. These results, together with the joint tests, strongly indicate that 

the past return shock, t-1, has an influence on current volatility. 

 The estimation is done in two steps. First, the vector-autoregression in 

equation (2.10) is estimated by OLS and the residuals, i,t, are taken as observable 

data in the estimation of the conditional variance-covariance matrix. This two-step 

procedure is necessary in order to isolate the effects of different models of the 

conditional variance-covariance matrix on asset allocation. The second estimation is 

done by maximising the log-likelihood at time t given by 

   L H Ht t t t t( ) ln( ) . [ln| | ( )]      
2 05 1 , 

using the Brendt, Hall, Hall and Hausman (BHHH) (1974) numerical optimisation 

algorithm assuming a multivariate-normal distribution.24 The information matrix 

under this two-step procedure is block diagonal, thus, in spite of a loss in efficiency, 

the estimated parameters are consistent (c.f. Bollerslev and Wooldridge (1992) and 

Kroner and Ng (1993)). The results of estimating the conditional variance-covariance 

matrix by the univariate and the multivariate-GARCH models discussed above are 

presented in the next section. 

 

                                                 
24 The constant term in the log-likelihood function is ignored in estimation, as it does not affect the 

position of the sought global maxima in terms of the estimated parameter values. The second step 

could be estimated while assuming a more general distribution such as the multivariate student t-

distribution. However, this is not necessary since the coefficients of kurtosis of the residuals from the 

first step are not large, especially before the dependence in the conditional variance-covariance matrix 

is accounted for. Neglected ARCH can induce leptokurtosis in the unconditional distribution (see, for 

example, Bollerslev, Engle and Nelson (1993). 
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4.3 The Conditional Variance-Covariance Matrix 

4.3.1 The Constant Covariance Matrix Benchmark 

As a first step a simple univariate GARCH process is fitted to the adjusted 

excess returns of stocks and bonds. These univariate estimations are necessary for the 

Constant Covariance benchmark, where the variances are allowed to vary over time 

but the covariance is assumed constant and equal to its unconditional sample value. 

The estimation of the univariate processes also offers an indication of the lag order, 

p, q, of the GARCH(p,q) process that characterises the data. Separate univariate 

GARCH(p,q) processes are estimated for the excess returns of stocks and bonds with 

different lag structures ranging from p=q=1 to p=q=3. Among the various lag 

structures, p=q=1 seems to be the most appropriate for the sample data. The value of 

the log-likelihood function for an estimated GARCH(1,3) process for stocks is 

3290.988 and for a GARCH(1,1) process is 3290.890 giving a likelihood-ratio test 

statistic of 0.19526 which is not significant at the five percent level. In the case of 

bonds, the value of the log-likelihood function for an estimated GARCH(1,3) process 

is 4091.197 and for a GARCH(1,1) is 4089.100 giving a likelihood-ratio test-statistic 

of 4.1926, which, again, is not significant at the five percent level. The estimates of a 

GARCH(1,1) for the excess-returns of stocks and bonds are reported in Table V, 

together with Lagrange-multiplier type tests on any misspecification in the order of 

the lags. The tests reported in the table are a variation of the Engle and Ng (1993) 

misspecification tests explained in footnote (23), and are similar to those used in Ng, 

Engle and Rothschild (1992). These tests indicate that a lag structure of p=q=1 is 

adequate in describing the autoregressive nature of the conditional heteroscedasticity 
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that characterises the excess returns of stocks and bonds. All the coefficients of 

ARCH lags p=2 to p=4 (coefficients on  i t j, ,

2  i =1,2,  j = 2,3,4 ) are not significant 

at the five-percent level, and the F-test statistics for joint misspecification (testing if 

all coefficients are insignificantly different from zero) are also not significant at the 

same level for both stocks and bonds. 

 The estimated coefficients reported in the table indicate a medium persistence 

in the volatility of stocks ( b c1
2

1
2 084  . ), and high persistence in the volatility of 

bonds ( b c2
2

2
2 0 96  . ), suggesting that shocks in the past level of volatility do not die 

quickly but have a prolonged effect on the level of future volatility - a fact that 

indicates a high degree of time variability in the conditional second moments of these 

series. This fact is of importance to asset allocators as it highlights possible long-

term risk characteristics of their funds. Periods of low market volatility are likely to 

be followed by more periods of low volatility, while periods of high volatility are 

often followed by yet more periods of high volatility. This pattern appears to be more 

persistent in the bond market than in the stock market. 

 The robust conditional moment tests in the estimated variance of stocks 

reveal significant values at the five percent level for the x1 and x6 misspecification 

indicators. These values suggest that there is a significant degree of asymmetry, 

present in the data, arising from the effect of negative shocks (bad news) in the stock 

market and from positive shocks (good news) in both the stock and the bond markets 

that is not accounted for by the univariate GARCH model. On-the-other-hand, the 

estimated variance of the excess returns of bonds shows no significant 

misspecification regarding asymmetries. None of the misspecification indicators are 
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significant. The assumed constant covariance shows a significant misspecification 

(x9) in capturing the effect of large news in the bond market when there is bad news 

in the stock market. Perhaps an initial indication of the presence of this type of 

asymmetry in the covariance between stocks and bonds. 

 

4.3.2 The Diagonal-VECH Model 

 The test results on the structure of the lags presented above suggest that a 

p=q=1 process may well characterise the sample data. In this and subsequent sections 

the estimation results of the multivariate-GARCH models with a lag structure of 

p=q=1 are presented. 

 Table V contains the estimation results of the Diagonal-VECH model. In the 

covariance equation, h12,t, the coefficients on the ARCH and the GARCH terms (

 1, 1 2 1t t ,
 and h12,t-1) are both significant. This indicates the presence of time 

variability in the conditional covariance, or covariance clustering, between stock and 

bond returns. This clustering seems to exhibit a medium degree of persistence (a12 + 

b12 = 0.89), indicating that previous shocks have a prolonged effect on the estimates 

of the future covariance  a property that has not been as extensively investigated in 

the literature as the similar property in the conditional variances. As mentioned in the 

introduction, covariances between asset classes are relevant to optimal allocation as 

covariances between individual securities for optimal diversification. If covariances 

change over time, as is evident here, and there are predictable patterns in this time 

variation (e.g., asymmetries or spill-over effects) then better allocation of funds 

could result by using such information. Besides, investigating this property is 
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valuable for understanding how markets interact or how information is shared 

between securities or classes of securities (e.g., industries or size categories). 

Moreover it is relevant for diversification and asset pricing. Therefore, investigating 

this property is as important to asset allocation and portfolio management as the 

same property in the variances. 

 Despite its ability to capture the time variability in the covariance, the 

Diagonal-VECH model exhibits significant misspecification with regard to 

asymmetries in its estimates of the variance of stocks as well as the covariance. The 

misspecification indicators, x1 and x6, are significant for h11,t, and x9 and x10 are 

significant for h12,t. These results suggest that the Diagonal-VECH does not 

adequately capture the effect of bad news in the stock market, nor the effect of good 

news in both markets, on the volatility of stocks. The model also seems unable to 

capture the full impact of large shocks of either sign in the excess returns of bonds 

(x9, and x10) on the covariance. These results undermine the shape of the news 

impact surfaces implied by this model.  

 As mentioned earlier, the model is a system of univariate GARCH equations 

for the variances and the covariance. There are no spill-over terms in the variance 

equations or in the covariance equation. Therefore, volatility in one market cannot 

affect the volatility in the other, and information is not allowed to flow between the 

two markets. In addition, asymmetric effects are only allowed in the covariance 

equation. The difference between good and bad news can be reflected only in the 

covariance. These shortcomings are a consequence of the diagonal restriction that 

characterises this model. The news impact surfaces demonstrate the effect of these 
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constraints. The implied surface for stock volatility, in Panel 3 of Figure 1, is valley-

shaped in parallel to the axis representing news in the bond market, 2,t-1. The 

volatility of stocks, h11,t, is only affected by news in the stock market, in a symmetric 

fashion around 1,t-1 = 0. Good news in the stock market increases stock volatility by 

the same amount as bad news of the same magnitude. News in the bond market has 

no effect. Similarly, the implied surface for bond volatility, in Panel 3 of Figure 2, is 

valley-shaped in parallel to the axis representing news in the stock market, 1,t-1. The 

volatility of Bonds, h22,t, is only affected by news in the bond market, in a symmetric 

fashion around 2,t-1 = 0. News in the stock market has no effect. However, the 

surface for the covariance, in Panel 3 of Figure 3, is saddle-shaped along the 

diagonal of the shock axes. This is a direct consequence of being a function of the 

cross product of the shocks, 1,t-12,t-1, as reported in Table I. When the shocks have 

the same sign, the net effect is to increase the covariance, otherwise, it decreases the 

covariance. This is the case regardless of the values of the estimated parameters. In 

fact, for any estimated values of the parameters (as long as they satisfy the positivity 

and stationarity conditions), the surfaces will always have the same shape. The only 

difference would be in the scale of the vertical axis, whether it represents the 

volatility of stocks, h11,t, the volatility of bonds, h22,t, or the covariance between 

stocks and bonds, h12,t. This is not the case for all models, however. 
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4.3.3 The BEKK Model 

 The estimation results of the BEKK model are presented in Table VI. Under 

the BEKK, it is not straight forward to discuss the significance of the estimated 

parameter coefficients, because each coefficient is attached to more than one variable 

and thus captures more than one effect in a highly non-linear manner. However, from 

equation (2.9d) note that only two elements of the coefficient matrix B are present in 

either of the variance equations: b11 and b21  in the variance equation for stocks, and 

b12 and b22 in the variance equation for bonds. In the variance equation of stocks, 

h11,t, the coefficient b21 captures the impact of h22,t-1 and, partially, the impact of 

h t12 1, 
. Since the estimated value of b21, reported in Table VI, is not significant, then 

this indicates that the past volatility of bonds h22,t-1 has no significant impact on the 

volatility of stocks. Similarly, in the variance equation for bonds, h22,t, the coefficient 

b12 captures the effect of h11,t-1 and, partially, the effect of h12,t-1. Since the estimated 

value of b12, reported in Table VI, is slightly significant (at the six-percent level), 

then this indicates that the past volatility of stocks, h11,t-1 has a slight impact on the 

volatility of bonds. In summary, the BEKK describes a slight degree of spill-over in 

volatility from stocks to bonds but not vice versa.  

 Table VI also reports the estimated ARCH coefficients, aij. All four 

coefficients are significant, suggesting that news in one market affects the volatility 

in the other market as well as the covariance between the two markets.  

 The ARCH coefficient estimates are measures of the impact of particular 

elements of news on variances and covariances. The BEKK model imposes a certain  

functional form on the relationship between news and variances and covariances. 



66 

 

Thus the coefficient estimates together with the functional form of the model 

determine the shape of the implied news impact surfaces. The three surfaces implied 

by the BEKK depict significant asymmetries in the impact of news on future 

variances and covariances. From Panel 1 of Figure 1, the surface for the variance of 

stocks, h11,t, is valley-shaped, with the trough being along the diagonal of the shock 

axes. The surface is not symmetric along either of the shock axes. In the quadrants 

where news is either good or bad in both markets, the volatility of stocks is high. In 

the quadrants where the shocks have opposite signs (different types of news), the 

volatility of stocks is low. Stock volatility increases only when news from both 

markets are in unison. Moreover, the larger the magnitude of news (of the same type) 

the higher is the volatility of stocks. From Panel 1 of Figure 2, the surface for the 

variance of bonds, h22,t, is also asymmetrical, but only slightly so. For example, when 

large amounts of good news arrives in the stock market (say at 1,t-1=+5) the single 

mesh curve depicting the impact of news in the bond market, 2,t-1, on its variance, 

h22,t, is not centred around 2,t-1=0. Its minima occurs at  2,t-1 >0. Moreover, it is not 

symmetric around this value. Larger positive values of  2,t-1 increases h22,t at a higher 

rate than negative values of the same magnitude. This is reflected in the slope of the 

curve being steeper to the right of the minima. However, the degree of asymmetry is 

slight for the variance of bonds. Asymmetry is more pronounced in the covariance. 

From Panel 1 of Figure 3, the covariance surface is not centred at zero for either 

shock. The twisted valley shape implies a presence of asymmetries. For example, in 

the two quadrants where news in the bond market is bad, the covariance is higher the 

larger the magnitude of this news. This is true regardless of the type of news in the 
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stock market. However, the increase in covariance is larger when news in the stock 

market is bad rather than good. In the two quadrants where news is good in the bond 

market, the covariance is higher when news in the stock market is good rather than 

bad. In summary, the covariance increases following news of either type from the 

bond market, but different types of news from the stock market have opposite effects. 

 However, the model seems to be misspecified with regard to asymmetries. 

The estimated conditional variance of stocks exhibit significant misspecification in 

the indicator variables x1, x6 and x9. This implies that the functional form or the 

parameterization of the model fails to capture significant effects, on the future 

volatility of stocks. These effects are due to negative shocks in stocks, x1, positive 

shocks in both stocks and bonds, x6, and negative extreme-size shocks in stocks, x9. 

The estimated covariance is also misspecified with regard to the x9 indicator, which 

measures the effect of negative extreme-size shocks in stocks. Although the model 

seems to adequately characterise the movements in the conditional variance of 

bonds, it fails to describe the full impact of news on the volatility of stocks or the 

covariance between stocks and bonds. These shortcomings are reflected on the news 

impact surfaces. 

 

4.3.4 The Constant Correlation Model 

 The estimation results of  the Constant Correlation model are presented in 

Table VII. All the coefficients are significantly different from zero, and the time-

invariant correlation coefficient between the excess returns of stocks and bonds is 

0.5. The model shows no significant misspecification in the estimated conditional 



68 

 

variance of bonds and the conditional covariance between stocks and bonds. The 

estimated conditional variance of stocks, however, exhibits significant 

misspecification with regard to the asymmetric indicators x1 and x6. This reflects the 

inadequacy of the model in capturing the impact of bad news in the stock market and 

good news in both markets on the volatility of stocks. 

 Note that, from the equations of the model in Table VII, the variances follow 

univariate GARCH(1,1) processes. Thus, there are no spill-over terms and 

information flow in one market is not allowed to affect the volatility in the other. 

This restriction is shared with the Diagonal-VECH model. However, unlike the 

Diagonal-VECH, the Constant Correlation model describes the conditional 

covariance to be dependent on the volatility in both markets. Information flows in 

both markets are allowed to affect the degree of co-movement between their excess 

returns. In addition, the model restricts the correlation coefficient to be constant. 

Therefore, the time-variation in the covariance is restricted to be a consequence of 

the time-variation in the variances, and not due to changes in the correlation. On the 

other hand, the Diagonal-VECH model assumes a more general univariate GARCH 

process for the covariance. Comparing the results of these two models shows that the 

Diagonal-VECH (and indeed the BEKK) is misspecified with regard to the 

conditional covariance, while the Constant Correlation shows no such 

misspecification. This is a remarkable result, because although the Constant 

Correlation model restricts the correlation coefficient to be constant during the 

sample period of over nineteen years, it shows no significant misspecification in 

describing the dynamics of the covariance. This is perhaps an indication of the 
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stability of the correlation coefficient between UK stock and bond excess returns, in 

spite of the fact that the conditional covariance exhibits significant time-variation. If 

this is the case, it should be confirmed by the estimation results of the ADC. 

 The news impact surface implied by the Constant Correlation model for the 

variance of stocks, h11,t, is exhibited in Panel 2 of Figure 1. The surface is valley-

shaped in the direction of the axis representing news in the bond market. This 

indicates that, according to this model, news in the bond market has no effect on the 

one-period-ahead volatility of stocks. Volatility in the stock market is affected by 

news in the same market in a symmetric fashion (around 1 1 0,t  ). The shape of the 

surface is identical to that of the Diagonal-VECH model. Both model the variance of 

stocks as univariate and symmetric GARCH processes. 

 The news impact surface for the bond variance is again identical in shape to 

that of the Diagonal-VECH model. The surface is valley-shaped in the direction of 

the axis representing news in the stock market. The model describes the volatility in 

bonds to be indifferent to news in the stock market, while increase symmetrically 

around zero with news in the bond market. Thus volatility in either market is 

sensitive only to news in that market. 

 The news impact surface for the covariance is exhibited in Panel 2 of Figure 

3. The surface is star-shaped due to the restriction on the covariance to be 

proportional to the product of the standard deviations. Since the estimated correlation 

coefficient is positive and standard deviations are always positive then the covariance 

cannot be negative. The symmetry in the surface stems from the symmetry in the 

relationship between the elements of news and the variances. News arriving in one 
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market increases the volatility in that market, and this in turn increases the 

covariance between the two markets. Since the variances are symmetric, and the 

covariance is proportional to the product of the square-root of the variances, then the 

covariance is indifferent to the type of news. Good news, in either market, increases 

the covariance by the same amount as bad news of equal magnitude. 

 

4.3.5 The Factor-GARCH Model 

 In estimating the one-factor GARCH model described in equation (2.12), an 

orthogonality and a normality constraint are imposed on the log-likelihood function. 

These constraints take the form of restrictions on the elements of the vector of 

weights, , and the relationship between the vector of weights and the vector of 

factor loadings, . The two vectors must be orthogonal to each other (i.e.,  = 0 for 

different factors and  = 1 for the same factor), and the elements of the vector of 

weights must sum to one (i.e.,  = 1, where  is a vector of ones).25 In most 

empirical applications of the one-factor GARCH model, the vector of portfolio 

weights is often assumed to take on predetermined values (e.g., 1=2=0.5 

representing equal weights in the construction of a factor representing portfolio). 

However, the model was constructed with the added flexibility of allowing the vector 

of weights to enter the log-likelihood equation as a vector of free parameters to be 

determined by the data through the estimation procedure. This allows the data to 

                                                 
25 These constraints stem from the definition of the Factor-GARCH model in Engle (1987), where 

 and  are eigen-vectors. In this empirical application, I am treating  as a vector of portfolio 

weights that should add up to one (c.f. Lin W. (1992)). Incorporating  these constraints is the same as 

taking 2 = 1- 1 , and 2 = (1-11)/(1-1) in the log-likelihood function. 
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suggest the ‘optimal’ composition of the factor-representing portfolio whose variance 

drives the variance-covariance matrix of the individual asset classes involved. The 

estimation results are reported in Table VIII. 

 The estimated value of 0.0696 for 1 suggests that the portfolio chosen by the 

data to represent the common factor is made-up of 93% of bonds and 7% of stocks. 

Therefore, according to the Factor-GARCH model, it is mostly the variability in UK 

government bond premiums (returns on bonds in excess of the risk-free rate) that 

drive the volatility and covariance of the excess returns of UK bonds and stocks.26 

 In equation (2.12), the common factor portfolio is measured by a linear 

combination of unexpected returns, t. This implies that the factor loading i 

represents the magnitude of the response of asset i’s volatility to changes in the 

unexpected returns of the factor. From the table, 1 has an estimated value of 0.95, 

implying a value of 1 for 2. This suggests that the volatility of bonds is slightly 

more responsive to factor changes than the volatility of stocks. This is not surprising 

however, since the factor is constructed mainly from bonds. 

 In this model the variances and the covariances move together only as a 

response to the common factor. Thus, the news impact surfaces implied by this 

model are all identical in shape. The only difference is in the scale of the vertical axis 

which is affected by the constant terms and the value of the vector of factor loadings, 

                                                 
26  This is a surprising result that may arise if the parameters are not identified. Such an 

identification problem may be due to introducing the vector of weights as additional parameters to be 

jointly estimated (however, see Lin (1992)). To avoid this problem, this model is often estimated with 

pre-determined weights. This is also done for the above model. For an equally weighted portfolio 

(w1=w2=0.5) the model attained a log-likelihood value of 7481.02 significantly smaller than the value 

of 7513.45 reported in Table VIII. For a portfolio with 65% in stocks (w1=0.65, w2=0.35), the log-

likelihood value attained is 7504.70. For a portfolio with 100% in bonds (w1=0, w2=1), the log-

likelihood value attained is 7512.56. In all cases, the model exhibits significant misspecification 

regarding asymmetries. 
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. This is clear from the equations of the surfaces reported in Table I. The identical 

news impact surfaces describe the variances and the covariance between stocks and 

bonds to be mainly affected by news in the bond market. This is a direct consequence 

of the factor-representing portfolio being constructed mainly of bonds. 

 The results of the misspecification tests suggest that the Factor-GARCH 

model does not significantly misspecify the dynamics of the volatility of bonds or the 

covariance between stocks and bonds. However, the x1, x6 and x9 misspecification 

indicators are significantly different from zero for the variance of stocks. This 

suggests that the Factor-GARCH model, together with the previous models, fails to 

fully account for the asymmetries present in the conditional volatility of stocks, 

despite its ability to do so by virtue of its functional form. 

 

4.3.6 The Asymmetric Dynamic Covariance (ADC) Matrix Model 

 The estimation results of the ADC are presented in Table . Consistent with 

the previous models, the ADC implies a higher persistence in the volatility of bonds 

than that in stocks. Volatility persistence, measured by b a11
2

11
2  for stocks and 

b a22
2

22
2  for bonds, take the values of 0.776 and 0.886 respectively, suggesting that 

previous shocks in the excess returns of bonds have a more lasting effect on the 

future volatility of bonds than previous shocks in the excess returns of stocks on the 

future volatility of stocks. These values, however, are considerably less than those 

estimated by previous models.  
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 It is important to note that the coefficients 11 and 12 are significant, 

suggesting that the ADC captures certain asymmetries unaccounted for by the other 

models. The misspecification indicators support this fact by exhibiting no significant 

misspecification in the ADC with regard to asymmetries either in the variances or the 

covariance.  

 In light of the above, it is interesting to see whether the ADC model actually 

describes the data better than any of the above models. As mentioned above, the 

ADC encompasses all the four multivariate GARCH models discussed above 

together with various asymmetric extensions. This nesting property allows a 

statistical comparison between the “goodness-of-fit” of the ADC and that of the 

models that it nests by means of the likelihood ratio test. The log-likelihood function 

value of 7556.13 attained by the ADC is higher than that of any of the four models. 

In addition, this value is significantly higher as indicated by a likelihood ratio of 

26.618 against the BEKK, 29.424 against the Diagonal-VECH, 34.444 against the 

Constant Correlation and 85.361 against the Factor-GARCH model. 

The above results show that the ADC exhibits no significant misspecification 

regarding asymmetries and achieves a higher log-likelihood function value than the 

above models. This means that its implied news impact surfaces are a good 

description of the data and may act as qualitative benchmarks against which the 

surfaces of the other models are compared. Figure 5 exhibits the three news impact 

surfaces, implied by the ADC, for the variance of stocks, the variance of bonds and 

the covariance between stocks and bonds. The surface for the variance of stocks has 

an irregular bowl shape indicating that news, of either type, in either the bond market 
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or the stock market has an effect on the future volatility of stocks. In particular, when 

the arrived news is bad in both markets, the estimated increase in the future volatility 

of stocks is relatively large. Moreover, when news is bad in the bond market, the 

arrival of good news in the stock market decreases the volatility of stocks. The 

surface for the variance of bonds appears similar to those implied by the previous 

models and consistent with the notion that news, whether good or bad, in the stock 

market has minimal or no effect on the future volatility of bonds. The conditional 

variance of bonds seems to increase, almost symmetrically, in response to past 

shocks in the excess returns of bonds. The conditional covariance also seems to be 

affected by past shocks in excess returns. This is reflected in the irregular valley 

shape of the covariance surface shown in Panel 3 of Figure 5. News, of either type, in 

the bond market increases the covariance. However, news in the stock market can 

increase or decrease the covariance, depending on the type of news in the bond 

market. If news is good in the bond market (  2 1 0,t  ), then good news arriving in 

the stock market increases the covariance, while bad news decreases it. The order is 

reversed when news is bad in the bond market ( 2 1 0,t  ); arrival of good news in 

the stock market decreases the covariance, while the arrival of bad news increases it. 

Good news in both markets seems to increase the future covariance between stocks 

and bonds but not as much as when news is bad in both markets. In general, the 

conditional covariance seems to be more responsive to past shocks in the excess 

returns of bonds. 

 Note that from the equation of the ADC model (reported in the table), the 

covariance is a linear combination of the product of the standard deviations, 
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h ht t11 22, ,. , and an asymmetric GARCH process, w t12, . The scalar attached to 

h ht t11 22, ,.  is the constant conditional correlation coefficient, 12 , and the scalar 

attached to w t12,  is 12 . The estimated value of the coefficient 12  is not significant, 

while 12  has a significant estimated value of 0.5. This value coincides with that 

reported in the estimation results of the Constant Correlation model. This confirms, 

as discussed above, that although the conditional covariance between stocks and 

bonds exhibits significant time-variation it is unlikely to be caused by changes in the 

correlation. The correlation between the excess returns of UK stocks and bonds 

seems to be stable over time, while the conditional covariance exhibits significant 

time variation caused by the time-variation in the variances. 

 

4.4 Summary 

 

In this chapter, time variation and predictabilities in the variance-covariance 

matrix of UK stocks and bonds are analysed using the multivariate-GARCH models, 

presented in chapter two, together with the more general ADC matrix model 

presented in chapter three. Initially a benchmark that assumes time-varying variances 

but a constant covariance is estimated. This benchmark is needed in chapter five to 

represent possible practices of modelling variances by univariate techniques while 

assuming a constant covariance. The univariate estimation also helps in determining 

the lag structure of the GARCH process underlying the other models. 
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 The data used consists of weekly excess returns on the FTALL Share index 

and the FTA All Government Bond indices compounded from daily data from 1 

January 1976 to 1 February 1995. The results of estimating the models suggest that 

there is a significant degree of time variability in the variances and the covariance 

between the excess returns of UK stocks and bonds. This property seems to be 

persistent over time, and more so for bonds than stocks. Evidence is also presented 

that the time variation in the covariance is likely to be caused by the time variation in 

the variances and not by changes in the correlation between stocks and bonds. The 

correlation coefficient between UK stocks and bonds seems to be stable over time, 

and is estimated to have a value of 0.5. Both the Constant Correlation model and the 

ADC matrix model agree to this value. 

 Another property that seems to characterise the covariance matrix between 

stocks and bonds is the presence of asymmetries. Evidence is presented of two 

general types of asymmetry. The first type deals with the flow of information 

between the two markets. The models considered differ in the way they parameterise 

or, by way of functional form, describe the effect of news in one market on the future 

volatility of the other. However, the results show that the models are unanimous in 

describing the future volatility of bonds to be almost unaffected by news from the 

stock market. Moreover, none of the models seems to show any significant 

misspecification in this description. There seems to be little or no flow of 

information from stocks to bonds. However, news from the bond market seems to 

spill over to the stock market, and the models differ substantially in their description 

of this effect. The ADC matrix model offers a better description of the data than the 
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other models. It agrees that news does not spill over from stocks to bonds, but rather 

from bonds to stocks. This asymmetry in the flow of information between UK stocks 

and bonds is similar to the spill-over property reported by Conrad, Gultekin, and 

Kaul (1991) and Kroner and Ng (1993) between the volatility of large and small US 

firms, and by Hamao, Masulis and Ng (1990) between the volatility of the US stock 

market and both the UK and the Japanese stock markets. 

 The second type of asymmetry deals with the effect on volatility of different 

types of news. All models, except the ADC, exhibit some misspecification in 

capturing the different effects of good and bad news, particularly in the volatility of 

stocks. The Diagonal VECH, the BEKK model, and the Constant Covariance 

benchmark, exhibit additional misspecification in their description of the covariance. 

The ADC exhibits no significant misspecification regarding this type of asymmetry, 

neither in the variance nor in the covariance. It describes a distinct difference 

between the effect of good news and bad news from both markets on the future 

volatility of stocks and the covariance between stocks and bonds. 

 These results have obvious implications on option and asset pricing and 

portfolio management. To what extent do these predictabilities have an effect on 

asset allocation is a central question to this analysis and is dealt with in the next 

chapter. 
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CHAPTER FIVE 

THE EFFECT ON OPTIMAL ALLOCATION 

 

5.1 Introduction 

 

A central question to this analysis is whether modelling any intertemporal 

dependence, asymmetries and spill-over effects in the second moments and 

covariances of asset-class returns, leads to a more optimal allocation of funds. In a 

portfolio optimisation exercise an investor would need estimates of expected returns, 

variances and covariances (or correlations) for the vector of assets considered as 

inputs to the optimisation procedure. Solving the optimisation procedure would then 

yield a vector of ‘optimal’ weights that represent a prescription to follow in order to 

achieve the highest return for a given level of risk (variance) or the lowest risk for a 

given level of return. 

 Initially, the portfolio choice problem was solved using constant 

unconditional estimates of the inputs (see, for example, Grubel (1968), Levy and 

Sarnat (1970) and Elton and Gruber (1976 )). However, in light of the overwhelming 

evidence of time variable conditional second moments (and more recently, 

covariances) it might prove beneficial to produce estimates of inputs by models that 

take into consideration any predictable time variability, asymmetries and spill-over 

effects in the conditional variance-covariance matrix. 
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In this chapter the effect on asset allocation of different ways of modelling 

multivariate heteroskedasticity is investigated. A portfolio allocation problem 

between UK stocks and bonds is solved by a quadratic programming procedure. 

Inputs for this procedure are obtained from the various estimates of the variance 

covariance matrix as described by the models presented in chapter two. The 

performance of various portfolios on the optimal frontier is then analysed across the 

various models. Details of the procedure adopted are described in the next section. 

The results are presented and discussed in section 5.3. The final section presents a 

simple check of the robustness of the results. 

 

5.2 The Procedure Adopted 

 

This section presents the proposed allocation problem between UK stocks 

and bonds and the procedure adopted to investigate the effect of time variation, 

asymmetries and spill-overs on the formation of optimal portfolios. 

 

5.2.1 Portfolio Optimisation  

In this analysis the following asset allocation problem is considered: 
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where t is a vector of portfolio weights, 1  is a vector of ones, rt is a vector of excess 

returns on assets, rp, t is the excess return on a portfolio formed with the weight vector 

t, R is a target excess return specified to identify a particular portfolio on the 

minimum-variance efficient frontier (e.g., R = 5%), and Ht is the conditional 

variance-covariance matrix of the asset-classes considered (UK stocks and 

government bonds). Notice the time subscript, t, which indicates that the conditional 

variance-covariance matrix and the vector of portfolio weights are allowed to vary 

over time. In this analysis the interest is not in expected returns, but instead 

concentrates on the effect of estimating the conditional variance-covariance matrix, 

Ht, on the asset allocation problem outlined above. As such, Ht is estimated by the 

various multivariate-GARCH models presented in chapter two and tests conducted to 

see whether estimates from a particular model consistently lead to a more efficient 

set of portfolios.  

 

5.2.2 Model Comparison 

5.2.2.1 The Impact of Model Restrictions on Asset Allocation 

The comparison between the performance of the various models is made 

against benchmarks of progressive complexity. Two benchmarks are considered. The 

most ‘naive’ is a Constant Variance-Covariance Matrix benchmark where the 

estimates of the variances and the covariances are taken as constant and equal to their 

unconditional sample values. The assumptions underlying this benchmark represent 

traditional allocation models that ignore time variation. Comparison of the five 
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multivariate-GARCH models against this benchmark should reveal whether time 

variability and volatility clustering modelled by an autoregressive moving-average 

process have an impact on the efficiency of allocation. The second, Constant 

Covariance, benchmark assumes that the covariance between asset-classes is 

constant and equal to its unconditional sample value but the variances are time 

varying and this time-variability is modelled by simple univariate and symmetric 

GARCH processes. A comparison of more sophisticated models that allow time 

variability in both the variances and the covariances against the second benchmark 

would reveal whether covariances exhibit autoregressive conditional 

heteroscedasticity and the extent to which this may affect the efficiency of allocation.  

One step up in the degree of sophistication is the Constant Correlation model 

of Bollerslev (1990) where variances and covariances are allowed to vary over time 

but the covariance is restricted to be proportional to the product of the standard 

deviations where the constant of proportionality (the correlation coefficient) is time 

invariant. The Diagonal-VECH model takes the same form in the variances as the 

Constant Correlation model but allows for a more general time variability in the 

covariance. A comparison between those two models should throw some light on the 

effect of the covariance restriction in the Constant Correlation model on the 

efficiency of allocation. Finally, if the presence of asymmetries has an effect on the 

portfolio problem, then the ADC matrix model might produce better estimates of  the 

variance-covariance matrix than the other four multivariate-GARCH  models. 
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5.2.2.2 Assumptions of the Constant Covariance benchmark  

It is worth noting that in a multivariate context, the assumption underlying the 

second, Constant Covariance, benchmark yields a theoretically incorrect model. The 

procedure of estimating separate univariate GARCH processes for the dynamics of 

the variances, while assuming a constant covariance, does not impose the boundaries 

on the conditional correlation coefficient necessary for stationarity. In a multivariate 

context such as described above, the ratio of the conditional covariance to the 

product of the conditional standard deviations must be between -1 and +1 during all 

periods. Indeed, the first benchmark violates the upper boundary during two periods. 

Nevertheless, the underlying assumptions are included as a ‘benchmark’ rather than a 

model to investigate its behaviour. It may reflect some erroneous practice by 

investors who may engage in estimating volatilities by univariate techniques while 

assuming constant covariances. 

 

5.2.2.3 Performance of Competing Portfolios 

 To examine the relative performance of the various models, several portfolios 

on the efficient frontier are examined. Let k denote a particular model or benchmark. 

Each model, k, is estimated, and the resulting series of estimated variances and 

covariance, 
,H k t , is used in place of Ht in the optimisation procedure. By choosing a 

target level of excess return, R, a portfolio should have, the optimisation procedure 

will yield a set of ‘optimal’ weights for that portfolio for each period of time t-1 to t, 
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t=2,...,T. Repeating this procedure for a few target returns one can trace the whole 

efficient frontier implied by the input, 
,H k t

, estimated by model k.  

This process is repeated for each model or benchmark, k, k=1, …, 7. Thus, 

the efficient frontier implied by each of the models at any particular period of time, t-

1 to t, t = 2, ..., T is constructed. Hence, for each interval of time, t-1 to t, there is a 

set of competing portfolios that yield the same return, R. Each of these portfolios, 

however, has a different amount of risk depending on which model is used to 

estimate the variance-covariance matrix. It is important to understand that these 

portfolios do not represent different choices available to an investor, but rather 

different estimates of the true efficient portfolio available at that time. The true 

efficient portfolio is not observable, however. The investor has to use some 

procedure to estimate the composition of that portfolio. The question being asked is 

whether an estimate obtained by using one of the models discussed above that is 

based on certain assumptions and restrictions regarding the time variability, 

asymmetry and spill-over effects, fares better than other estimates based on different 

sets of assumptions and restrictions. Since the above models capture these effects in 

different ways and to various extents, it is of interest to see what impact this has on 

the formation of optimal portfolios. 

 

5.2.2.4 Portfolio construction - The Target Return Portfolios 

The portfolios analysed are those with annual target excess returns of 5, 10 

and 12 percent in addition to the global minimum-variance portfolio. The target-

return portfolios are identified by setting a value for the excess return a portfolio 
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should have and solving for the weights given the expected returns of the asset 

classes. The weights are then used in conjunction with the estimate of the variance-

covariance matrix from a particular model to calculate the variance of that target-

return portfolio. The reward-to-variability ratio is then calculated by simply dividing 

the target excess return by the standard deviation of that portfolio. Notice that under 

this set-up and during any particular period of time the asset-class weights are the 

same for all models of the variance-covariance matrix. Furthermore, these weights 

are solely determined by the set of expected excess-returns of the asset classes and 

the target excess-return. In fact, no risk minimisation is needed because with two 

asset-classes and the constraints on the weights (they sum up to unity) and the returns 

(being weighted and added to equal the target return) the portfolio weights are 

identifiable with only the set of excess returns and the target excess-return. However, 

the set of weights varies from period to period due to the variation in the excess 

returns of the two asset-classes. This variation is common for all the models of the 

variance-covariance matrix. Therefore, the proposed comparison between the models 

based on the relative performance of their reward-to-variability ratios is largely 

determined by the difference in their estimates of the variance-covariance matrix of 

the two asset-classes. In these circumstances short selling is allowed; otherwise, a 

portfolio with a pre-specified target excess-return may not be attainable during all 

periods. 

 



85 

 

5.2.2.5 Portfolio Construction - The Global Minimum-Variance Portfolio 

 The construction of the global minimum variance portfolio is different, 

however. The weights are no longer determined by the set of excess returns and the 

target return. Portfolio variance is minimised (subject to the constraint that the 

weights add up to one), and the weights are obtained. These weights are then used in 

the usual manner to calculate the excess return and the reward-to-variability ratio of 

the global minimum-variance portfolio.  

 

5.2.3 Criteria Of Comparison: Ratio Of Expected Return To Variance 

 One way to compare the performance of competing portfolios is to see which 

one achieves the lowest variance. This criteria is based on the fact that for a given 

level of expected return a portfolio on the true minimum-variance frontier will have a 

lower variance than any other portfolio with the same expected return. This is true 

regardless of what volatility this other portfolio is estimated to have by an incorrect 

model. To test this the difference in the return-to-risk ratio of a particular return 

portfolio across the various models is calculated. This involves calculating the time 

series of the ratio of expected-return-to-variance for a portfolio with a fixed target 

return R for a particular model, and then testing the difference between this series 

and another calculated from a different model. A simple non-parametric t-test is 

used. 

 The limitations of the above procedure together with various possible 

extensions and alternatives are discussed in chapter 6. 
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5.3 Empirical Results 

 

This section presents the results of the above procedure. First, a discussion of 

the weights is provided. The weights in stocks for the global minimum variance 

portfolio are used as an example. Second, the results of model comparison are 

presented for the global minimum variance portfolio and for the three target return 

portfolios. Third, the implications of the results with regard to asset allocation, and 

performance measurement are discussed. 

 

5.3.1 Portfolio Weights 

The implied weights during any particular period differ across the models of 

the variance-covariance matrix. To provide an indication of how different and time 

variable the weights are, Figure 6 exhibits the time series plots of the proportion of 

the global minimum-variance portfolio that is invested in stocks. The time series of 

the weight in stocks shows a high degree of variation for all models except the 

Factor-GARCH model and the Constant Variance-Covariance Matrix model. The 

pattern of this variation for the first three plots follows closely the variation in the 

squared adjusted bond excess returns reported in Figure 4. This makes sense, since 

the global minimum-variance portfolio would allocate mostly in bonds, except 

during periods when bonds are very volatile. However, the patterns are generally 

quite different from each other. The BEKK and the Factor-GARCH models do not 

estimate extreme positive allocations in stocks as the other multivariate GARCH 

models sometimes do. The time series plot under the Factor-GARCH is noticeably 
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subdued. Perhaps, this could be attributed to the variation in the common factor 

which consists mainly (93%) of  bonds.27 The scale of  the y-axis of the plot under 

the Constant Covariance benchmark is different from those of the other models 

because of the extremely large allocation in stocks at the beginning of the sample. 

The large values are due to the erroneous estimation of a correlation coefficient 

larger than +1 (as mentioned above). The straight line of  a constant negative 

allocation in stocks during all periods under the Constant Variance-Covariance 

Matrix model follows from the assumption of constancy and the relative sample 

values of the unconditional variances and covariance. To achieve minimum variance, 

stocks are sold short on average, except during periods of high bond volatility and a 

high covariance, such as the periods from February 1979 to April 1983 and March to 

July 1994. 

 

5.3.2 The Global Minimum-Variance Portfolio 

 The reward-to-variability ratios are also highly variable over time. Figure 7 

plots the ratio estimated by the various models for the global minimum-variance 

portfolio. The time series are quite abrupt in crossing the zero line and seem to have 

a similar pattern. There is no particularly outstanding spike on the week of the 

October 1987 Crash. This is expected, however, since the minimum-variance 

portfolio would allocate mostly in bonds during that period. There is, however, a 

                                                 
27  The variance of Bonds is considerably smaller than that of stocks during most of the sample 

period. 
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large positive spike on the first week of January 1988 attributed to unusually high  

returns in the bond market.  

 To compare the performance of the models for the global-minimum-variance 

portfolio, it may be useful to look at some descriptive statistics on the time series of 

the ratios estimated by the various models. These are listed in the first panel of Table 

. The values that the ratio take range from -7.0379 to 7.2553 among all models. The 

time series of the ratio estimated by the ADC has the highest mean over time across 

all models, and the largest variation over time among the multivariate-GARCH 

models. The difference between the ratios estimated by the various models and those 

estimated by the ADC can be seen more clearly in the plots of Figure 8. Descriptive 

statistics of these differences,  together with a t-test on their means, are listed in the 

first panel of Table . From the table, the BEKK seems to imply a set of ratios that 

are more different from those of the ADC than any of the other models. The 

difference has a mean of 0.01363, and represents around 59 percent of the scale of 

the corresponding reward-to-variability ratios. The next largest difference with a 

mean of 0.01275 is between the ADC and the Constant Variance-Covariance Matrix 

model. It represents around 53 percent of the scale of the corresponding reward-to-

variability ratio. The rest of the differences have means ranging from 0.00106 to 

0.00790 representing some 3 to 27 percent of the scale of their corresponding 

reward-to-variability ratios. However, the variation over time of these differences are 

quite large compared to their means, resulting in statistically insignificant t-statistics. 

Nevertheless, the scale of these differences relative to the scale of their 

corresponding average reward-to-variability ratios is quite large. At any particular 
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week there could be more than 59 percent difference in the estimates of the reward-

to-variability ratio between one model and the ADC.28 Overall, the ADC produces 

larger estimates than any of the other models judging by the positive sign of all the 

mean differences. 

 

5.3.3 The Target Return Portfolios 

 Similar analysis is carried out on the target return portfolios. Apart from 

variations in the scale of the plots, the results for the three target-return portfolios 

follow similar patterns and conclusions. To avoid repetition, therefore, the time 

series plots of only the 5 percent target-return portfolio are presented. However, the 

descriptive statistics for all portfolios are listed in Table  and Table . 

 Figure 9 exhibits the time-series plots of the reward-to-variability ratio for the 

5-percent target-return portfolio. The differences from the ADC are plotted in Figure 

10, and descriptive statistics for the ratios and their differences are reported in the 

second panel of  Table  and Table . The time series plots of the ratios show 

different patterns from those of the minimum-variance portfolio. Although the plots 

show extreme variation, the scale of these graphs is about 50 times less than the scale 

of the plots for the global minimum-variance portfolio.29 The plots also contain less 

individual large values (spikes). The five multivariate-GARCH models show similar 

patterns and the ratio ranges from 0.00011 to 0.15985. Quite noticeable are the low 

                                                 
28  Since 59 percent is an average figure, then during any particular period there could be more (or 

less) than 59 percent difference. 

 
29  For the Constant Covariance Benchmark, the scale is 25 times less. This is due to a few large 

values. 
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values during the period from February 1979 to May 1983. This is probably due to 

prevailing high volatility of both bonds and stocks relative to the rest of the sample. 

The large values at the beginning of the sample for the Constant Covariance 

benchmark are, again, apparent and are responsible for altering the scale of the 

graph.  

 The variation of the ratio under the Constant Variance-Covariance Matrix 

model is entirely due to the variation over time in expected excess-returns. 

Therefore, subsequent comparison between the ratios produced by this model and 

those produced by the other multivariate-GARCH models would reflect the 

difference in estimating the variance-covariance matrix. From the second panel in 

Table , the ADC produces the highest mean reward-to-variability ratio, of 0.06708, 

among the multivariate-GARCH models and the Constant Variance-Covariance 

Matrix model. This is also reflected in the differences. From the descriptive statistics 

in the second panel of Table  the only mean difference with a negative sign is that 

between the ADC and the Constant Covariance benchmark. All other mean 

differences are positive. On average, the ADC produces higher reward-to-variability 

ratios than any other model except the Constant Covariance benchmark. The values 

of the mean differences, however, represent between 1 to 9 percent of the scale of the 

average reward-to-variability ratios. That is still high when converted to annual 

excess-returns per unit of risk. The values of the t-test show that all differences have 

significant means at any reasonable statistical level. The results for the other two 

target-return portfolios are similar. All values of the t-test are statistically significant, 

and the mean differences have the same ranking as those of the 5-percent portfolio. 
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5.3.4 An Implication on Performance Measurement 

 At first glance the above results may indicate that the Constant Covariance 

benchmark outperforms all the other models including the ADC. However, this is not 

true. First, as mentioned above, the benchmark is wrongly constructed. In a 

multivariate context, the assumptions of separate univariate GARCH processes 

governing the variances while the covariance is kept constant (except zero) are not 

valid in theory and, as seen above, may lead to inadmissible values for the 

correlation coefficient in empirical applications. Second, the estimation results of the 

ADC, and indeed of the other multivariate-GARCH models, indicate that the 

covariance between stocks and bonds is not constant, but rather exhibits a high 

degree of variation over time. Therefore, the estimates of the variance-covariance 

matrix by the Constant Covariance benchmark may identify portfolios that, in reality, 

do not achieve their target returns. The implication is that multivariate modelling 

may well make a difference for performance measurement. 

 Performance measurement in a conditional time-varying framework is an 

issue better addressed by a multivariate formulation of a conditional version of a 

pricing model like Merton’s ICAPM. Such a formulation would consider the trade-

off between risk and return that characterises asset pricing models. The particular 

procedure presented above does not take such a trade-off into account. It is not an 

equilibrium setting where investors utility (or that of a representative investor) is 

maximised. The optimisation procedure presented above traces the whole set of 

minimum-variance-efficient portfolios. It deals with the entire opportunity set 
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available to investors, hence it does not investigate the performance of separating 

portfolios like the tangency portfolio of risky assets. Estimating the returns and the 

covariances are kept separate in order to isolate the effect of different ways of 

modelling the covariance matrix on asset allocation. Moreover, the performance 

measure used above (Sharpe’s reward-to-variability ratio) is chosen because it is not 

linked to a particular pricing model. Other measures of portfolio performance like 

those of Jensen (1968), Treynor (1965), Treynor and Mazuy (1966), Cornell (1979), 

Dybvig and Ross (1985), Connor and Korajzcyk (1986), Grinblatt and Titman (1989) 

among others, are all developed by assuming a particular pricing relationship. To 

include these measures in the above analysis would require the adoption of a pricing 

model. It would then be extremely difficult, if not impossible, to isolate the effect on 

asset allocation of different models of heteroskedasticity since portfolio performance 

would then be model specific. The ARCH in Mean (ARCH-M) model of Engle, 

Lilien and Robins (1987) is better suited to investigating the pricing relationship 

between the conditional mean and the conditional variance (c.f. Bollerslev, Chou and 

Kroner (1992)). For example, Bollerslev, Engle and Wooldridge (1988) use a 

multivariate formulation of a GARCH-M model to implement the CAPM for a 

market portfolio consisting of three assets (stocks, bonds and bills). They present 

evidence showing that the trivariate model used seems superior to the corresponding 

three univariate GARCH(1,1)-M. However, this just emphasises the notion presented 

above that multivariate modelling may well make a difference. 
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5.3.5 The Magnitude of The Effect on Asset Allocation 

 On discounting the Constant Covariance benchmark, the ADC outperforms 

all the other models. In estimation it attains a statistically higher log-likelihood 

function value than any of the models it nests. Furthermore, the robust conditional 

moment test results indicate that the ADC exhibits minimal or no misspecification 

regarding asymmetries. In portfolio formation, the ADC helps to identify portfolios 

that, on average, have a higher reward-to-variability ratio or have a lower variance 

for a given level of target return. Note that the ADC is expected, by construction, to 

outperform the other models because of its nesting property. This is true for all 

models except the Constant Covariance benchmark. However, the importance of the 

ADC is in providing a well specified benchmark against which the performance of 

the other models are compared. This allows the measurement of the effect, on asset 

allocation, of assuming a particular misspecified model than another. Comparing the 

scale of the differences in the performance ratios implied by the various models with 

the ADC, shows the extent of ‘damage’ on asset allocation that may result from 

assuming a model with a particular misspecification or a restrictive functional form. 

 Still discounting the Constant Covariance benchmark, the difference between 

the performance of the ADC and that of the other multivariate-GARCH models 

varies in scale. For the target-return portfolios the scale of the differences represents 

1 to 9 percent of the scale of their corresponding reward-to-variability ratios. For the 

global minimum-variance portfolio the scale of the differences represents 5 to 59 

percent of the scale of their corresponding reward-to-variability ratios. These are 

sizeable differences indicating the magnitude of the effect on asset allocation, 
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portfolio management and performance measurement. These results strongly suggest 

that great care should be taken in choosing an adequate model to describe the time 

varying dynamics, and predictabilities therein, of the conditional variance-covariance 

matrix of asset-class returns. 

 

5.3.6 A Note on The Impact of Time Variation versus Functional Form 

 It is worth noting that for the target return portfolios the largest difference 

from the ADC is that of the Constant Variance Covariance Matrix model. For the 

global minimum variance portfolio the difference between the ADC and the Constant 

Variance Covariance Matrix model is the second largest. These results may indicate 

that the impact of modelling time variability rather than not modelling it is larger 

than the impact of assuming a particular functional form than another among 

multivariate-GARCH models.  

The main reason for including the Constant Variance-Covariance matrix 

model as a benchmark is that it may represent traditional allocation models that 

assume constant variances and covariances. The large difference between the 

performance of this benchmark and the ADC reflect the magnitude of ‘damage’ on 

asset allocation that may result from the constancy assumption underlying traditional 

models. This emphasises the point made above that time variation in the variances as 

well as in the covariance is important to asset allocation. The ‘efficiency’ in 

allocation gained by taking time variation into account seems to be more than that 

gained from assuming different functional forms or taking other, albeit important, 

asymmetric predictabilities into consideration. 
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The importance of this finding can not be overstated. If investors ignore 

asymmetries or spill-over effects in the variances and covariances, then they will 

loose out. If they ignore time variation all together, then their loss is even more 

significant. These predictabilities are analysed above in a portfolio setting where 

investors seek to hold well diversified portfolios that are efficient over time. It is 

found that the economic impact on portfolio investments is significant. However, 

these predictabilities are also statistically significant. Therefore the above facts 

should also be of interest to investors or traders of derivative securities. The pricing 

of derivative securities depend directly on estimates of the volatility of their 

underlying assets. The evidence presented above shows that the volatility of stocks 

and bonds are interrelated, with significant predictabilities that can be identified. 

Therefore, prices of derivative securities with stocks or bonds as their underlying 

assets maybe related to each other. This provide means by which investors can assess 

whether arbitrage opportunities across derivative instruments exist. For example, the 

Black-Scholes option pricing formula assumes constant volatility. Duan (1995a) 

generalises the risk-neutral valuation principle underlying the Black-Scholes model 

to incorporate time-varying volatility as modelled by GARCH processes. He 

formulates a GARCH option pricing model and presents empirical evidence that it 

“may be able to explain well-documented systematic biases in the Black-Scholes 

model.” The significant differences reported above between models with different 

functional forms may also be an important property to be taken into consideration 

when using the GARCH option pricing model. How significant the effect is on 

option prices is an empirical issue. Indeed, there is evidence giving credence to the 
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claim that different functional forms may have a significant impact on option pricing. 

Duan (1995b) used a non-linear asymmetric GARCH (NGARCH) model for 

volatility in conjunction with the GARCH option pricing model. He presents 

evidence that this combination has an “excellent” explanatory power for the well 

documented ‘smile effect’ observed in the difference between actual option prices 

and those implied by the Black-Scholes model. 

 

5.4 Subsample Robustness Check 

 

In this section a simple analysis is conducted to check whether the 

predictabilities in the variance-covariance matrix discussed above are robust to the 

choice of sample period. The observations for 1994 are dropped and the returns are 

adjusted by a vector autoregression as above. The results of the adjustment, as well 

as some diagnostics on the residuals, are reported in Table XII. The Ljung-Box(12) 

statistic for the squared residuals suggests the existence of autocorrelation in the 

squared residuals of stocks and bonds. The negative size bias test, as well as the 

negative sign bias, the positive sign bias and the negative extreme size bias tests are 

significant for stock residuals. The negative sign bias test and the positive sign bias 

tests are significant for bond residuals. The joint tests for both residuals are 

significant. These results indicate a size effect of news, especially in stocks, where 

the effect is stronger for bad news than for good news. Given the superiority of the 

ADC over the other models, its estimation is repeated for the subsample period. The 

results are reported in Table XIII. Several of these results are worth special notice. 
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First, the significance of the ARCH and GARCH parameters on both stocks and 

bonds confirms the presence of time variation in the variances and in the covariance. 

This time variation is persistent for both stocks and bonds - b a11

2

11

2 0 724  .  and 

b a22

2

22

2 0 932  .  - more so for bonds than stocks. This is consistent with the results 

for the whole sample period. Second, the asymmetric-extension coefficients, 11 and 

12, are significant, suggesting that the ADC captures certain asymmetries that would 

not be captured by the models it nests. This is true because the other models lack 

these asymmetric extensions. Third the estimated value of the correlation coefficient 

is equal to 0.5, and is significant, while the estimated value for the coefficient 12 is 

small and not significant. These results are consistent with the notion discussed 

earlier, that the correlation coefficient between UK stocks and bonds seems to be 

stable over time, while the covariance exhibits significant time-variation due to the 

time variability in the variances. Fourth, the misspecification indicators are all 

insignificant, confirming that the ADC is well specified. All of the above results are 

fully consistent with the conclusions drawn for the whole sample period. 
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CHAPTER SIX 

SUMMARY AND CONCLUSION  

ON EMPIRICAL ANALYSIS 

 

 

The previous chapters investigate the time variability, asymmetry and spill-over 

properties of the conditional variance-covariance matrix of UK asset-class returns. 

The analysis also attempts to answer and important question: what are the economic 

differences between alternative models of multivariate heteroskedasticity? In 

previous chapters, the issue, the methodology adopted, the data used and the analysis 

carried out are presented. In this chapter, the findings are summarised, discussed and 

related to the literature. Possible explanations for the statistical findings are offered 

and conclusions are drawn. 

 

6.1 Economic Motivation 

 

The underlying motivation is the economic impact on investments of 

different ways of modelling heteroskedasticity. The academic literature offers the 

investor a number of competing models of multivariate heteroskedasticity. Most of 

the focus has been on their statistical properties using symmetric ‘loss functions’ 

(e.g., using t-statistics to measure statistical significance of individual coefficients 
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and root-mean-squared error for measuring forecast accuracy). However, the loss 

function in any particular economic decision may not be symmetric. In particular, the 

analyses presented above uses a portfolio decision setting where the loss function 

will not be symmetric. This problem may give a much different ranking for the 

models than simple statistical investigations. For example, when the models are 

compared according to the Sharpe ratio, the Constant Correlation model fared better 

than the more elaborate BEKK model, while on a purely statistical basis the BEKK 

attained a higher maximum likelihood value. 

 

6.2 Summary of Findings 

 

 Initially, four primary multivariate-GARCH models are considered. The 

Constant Correlation model of Bollerslev (1990), the Diagonal-VECH representation 

of Bollerslev, Engle and Wooldridge (1988), The BEKK model of Baba, Engle, 

Kraft and Kroner (1991) and the Factor-ARCH model of Engle (1987) are estimated 

using weekly adjusted excess-returns on two major UK asset-class indices from 

January 1976 to February 1995. The estimation results of the four models indicate 

that there is a high degree of time variability not only in the conditional variances of 

stock and bond excess-returns but also in their conditional covariance. The results 

also indicate that there is some degree of asymmetry present in the conditional 

variance-covariance  matrix of the excess-returns of the two asset classes.  
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6.2.1 Summary of Statistical Findings - News Impact Surfaces 

 News impact surfaces are a good method of summarising the statistical 

properties of the data. Plotting the surfaces implied by the various models also helps 

in comparing the statistical findings of these models. Inspection of the surfaces 

implied by the primary four models reveal that past shocks in the excess-returns of 

stocks (news in the stock market) have minimal effect on the current volatility of 

bonds. However, for the converse the models differ substantially. The news impact 

surfaces of two models imply that the current volatility of stocks is not affected by 

past shocks in the excess-return of bonds, while the surfaces of the other two models 

imply that it does. The implied news impact surfaces for the conditional covariance 

also vary considerably between the four models. Beside these apparent differences 

all four models exhibit some degree of misspecification. Robust conditional moment 

tests for asymmetries developed by Kroner and Ng (1993) and Lagrange multiplier 

type tests developed by Engle and Ng (1993) reveal that the four models are 

misspecified with regard to asymmetries especially in the conditional variance of 

stocks. 

 Kroner and Ng (1993) suggest a generalised Asymmetric Dynamic 

Covariance (ADC) Matrix model that nests the four models discussed above together 

with an extension that take asymmetric effects into account. Estimation of the ADC 

using the same data reveals a well specified model. The robust conditional moment 

tests are all insignificant, indicating no asymmetry left uncaptured by the model. 

Results of likelihood ratio tests further confirm that the ADC fits the data better than 

any of the four models it nests. These results are reflected in the implied news impact 
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surfaces. The surfaces exhibit a distinct spill-over of news from bonds to stocks but 

very little of the other way round. News in the stock market affects the future 

volatility of stocks but has minimal effect on the future volatility of bonds. 

Furthermore, when news spill-over from bonds to stocks it usually increases the 

volatility of stocks regardless of whether it is bad news or good news. Moreover, 

when bad news in the bond market spill-over at times when news in the stock market 

is also bad the increase in the future volatility of stocks is dramatic. The conditional 

covariance is also affected by past shocks. However it is mainly bad news in the 

bond market that has the largest impact. 

 These findings are summarised in the following points. 

1.  Bond volatility increases following news, of either type, from the bond market. 

2.  Bond volatility is insensitive to news from the stock market. 

3.  Stock volatility is sensitive to news from both markets. 

4.  Stock volatility generally increase following news of a large magnitude. 

5.  Stock volatility increases dramatically if news is bad in both markets. 

6.  Stock volatility increases if news is good in both markets. 

7.  Stock volatility increases if there is bad news in the stock market, except when 

there is good news of a large magnitude in the bond market. 

8.  Stock volatility decreases following good news in the stock market but only 

when there is bad news in the bond market. 

9.  Any news from the bond market increases the covariance between stocks and 

bonds. 
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10. The covariance is especially sensitive to news from the stock market, but 

generally increases when news from both markets are of the same type. 

  

6.2.2 Rationalisation of Statistical Findings - Value, Leverage, and Interest Rate 

Effects 

 There is a large number of articles discussing variance changes in terms of 

information arrival and the level of the stock price (c.f., Fama (1965), Beaver (1968), 

Press (1967), Cox (1975), Cox and Ross (1976), Merton (1976), Geske (1979), 

Christie (1982), French and Roll (1986), Ross (1989), Schwert (1989), Conrad, 

Gultekin and Kaul (1991), Campbell and Hentschel (1992) and Copeland and 

Stapleton (1993) -  to name but a few). Both of these potential explanations of 

changes in volatility, changes in the level of the stock price and information arrival, 

have been followed up but mainly in studies of the variance and not as much in the 

covariance. In general the literature concludes that information arrival accounts for a 

portion of observed fluctuations in variance, and that there is an association between 

variance and the price. For example, Black (1976) and Christie (1982) note the 

negative correlation between current returns and future volatility that is now referred 

to as the leverage effect. An alternative explanation to the leverage effect is the 

volatility feedback effect, studied in French, Schwert, and Stambaugh (1987) and 

Campbel and Hentschel (1992). Another line of research attempts to relate changes 

in volatility to unexpected changes in economic variables such as long and short-

term interest rates and inflation (e.g., Copeland and Stapleton (1993), and Carcano 

and Foresi (1997)). In this section, the above empirical findings, as summarised by 
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the news impact surfaces, are related to the literature in terms of changes in value, 

leverage, interest rates and inflation. 

 

6.2.2.1 Leverage and Interest Rate Effects 

 First, consider the news impact surface implied by the ADC for bond 

variance. It is straight forward to explain the symmetric valley-shape of the surface. 

However, before the explanation progresses it may be helpful to note that the 

analysis presented above considers the returns of long-term government bonds in 

excess of returns in short-term interest rates.30 Basically, the excess return is a 

premium on long-term bonds and acts as an approximation to changes in long-term 

nominal interest rates (inflation). Unexpected changes in this premium (defined 

above as news in the bond market) reflect unexpected changes in long-term interest 

rates (unexpected inflation). Thus, the explanation presented next is related to 

interest rates as well as inflation. 

It can easily be shown that the volatility of the bond premium is positively 

related to the duration of the index. In other words variance is positively related to 

the sensitivity of bond values to movements in interest rates (see, for example, 

Copeland and Stapleton (1993)). Thus, it is not surprising to observe that bond 

volatility increases with unexpected changes in bond excess returns (i.e., news in the 

bond market of either type). This is consistent with the description of the news 

impact surface implied by the ADC for bond variance. However, the added insight 

                                                 
30 The FTA All-Government-Bond index is a portfolio of bonds with an average life of about 

seven years. The short-term interest rate (the risk-free asset) is approximated by returns on 7-day 

deposits in the money market. 
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from the above analysis is that bond volatility is not affected by news in the stock 

market. It seems that bond volatility is only affected by unexpected changes in 

interest rates (unexpected inflation). This seems to suggest that either there are no 

common factors between stock and bond returns that affect bond volatility, or that 

such common factors, if they exist, have cancelling effects on volatility. Empirical 

evidence reported in the literature support this conclusion. For example, Kaufman, 

Bierwag and Toevs (1983) provide empirical evidence that common factors that 

explain most of the variation in bond returns are usually not the same as those that 

explain most of the variation in stock returns. This would also explain the relative 

poor performance of the Factor-GARCH model, since the other models do not 

impose a factor structure. 

Explanations of the statistical findings for stock variance are somewhat more 

involved. However, it is not difficult to construct simple models that go a long way 

in explaining the statistical findings. An example is provided in Christie (1982). 

Assume that we have a Modigliani/Miller world with a constant interest rate, no 

dividends and that there is a single class of risk-less debt. Further assume that the 

volatility of the firm is a constant. Then it is easy to show that for a given firm  

 E t V

t

t

D

E
, ( ) 1 , 

where  denotes the standard deviation of returns, D/E is the ratio of the market 

value of debt to that of equity (leverage ratio), t denotes time, and V is the total 

market value of the firm. With this scenario, the volatility of equity is a positive 

increasing function of financial leverage. Hence a sudden drop in stock prices (i.e., 

negative unexpected returns, or bad news) would increase the leverage ratio, and 
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consequently the volatility of equity. The theoretical prediction of this statement is 

supported by the evidence from the news impact surface implied by the ADC, except 

in the extreme case when there is good news of a large magnitude in the bond 

market. Similarly, the Modigliani/Miller model predicts that a sudden increase in 

stock prices (good news) would decrease the leverage ratio, and consequently the 

volatility of equity. The theoretical prediction of this last statement is supported by 

the evidence from the news impact surface, but only when there is bad news in the 

bond market. When there is good news in the bond market the surface describes an 

increase in volatility following good news in stocks. Thus, the findings are not fully 

consistent with the predictions of the particular version of the Modigliani/Miller 

model presented above. This is not surprising, however, since the model assumes 

risk-less debt and constant interest rates. When interest rates are changing and debt is 

risky, as in the analysis of the previous chapters, both the market value of debt and 

equity change, and equity volatility will depend on the volatility of debt as well as on 

the debt-to-equity ratio. For example, an increase in interest rates will decrease the 

market value of debt (whether government debt, as in the analysis of previous 

chapters, or corporate debt, as assumed in the Modigliani/Miller model above). 

Higher interest rates should also decrease the market value of equity. However, if 

higher interest rates are coupled with good news in the stock market, then the market 

value of equity may not decrease, or may even increase depending on the magnitude 

of good news. If the market value of equity change in the same direction and by the 

same amount as the market value of debt, then the debt-to-equity ratio will remain 

the same, and the arrived news will not affect the volatility of equity by changes in 
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the debt-to-equity ratio. In this case equity volatility may change but only in response 

to changes in bond volatility. Hence, because of the interactions of different terms 

over time, it is easy to envisage situations when news in both markets may not alter 

the debt-to-equity ratio, and equity volatility may change in response to an increase 

in the volatility of debt but not in response to an increase in leverage. In summary, 

there are two effects at work: news may increase or decrease the market value of debt 

or equity and consequently the debt-to-equity ratio, but news may also increase the 

volatility of debt and consequently the volatility of equity. Thus, volatility of equity 

may increase or decrease following news from both markets. The added insight from 

the news impact surface is that the latter effect is unidirectional. Volatility of debt 

will increase following any news from the bond market. No particular type of news 

will decrease bond volatility. This is probably due to the particular nature of bond 

cash flows. The nominal fixed cash flows that government bonds promise to pay, 

make their values especially susceptible to changes in interest rates, and make their 

riskiness (their volatility) particularly sensitive to unexpected changes in interest 

rates. 

 Another contribution that the above analysis makes is related to the 

sensitivity of volatility to news, as mentioned in the previous statement. Consider the 

news impact surfaces implied by the ADC for stock and bond variances. The scale of 

the volatility axis for stocks is generally larger than that for bonds. This is especially 

apparent in the quadrant where there is bad news in both markets. In this quadrant, 

the variance of stocks reaches a maximum value of around 15, while the variance of 

bonds reaches a maximum value of around 4. The difference in the scale and the 
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curved shape of the surface for stock variance, suggests that the sensitivity of equity 

volatility to unexpected changes in interest rates (shocks in the excess returns of 

bonds) varies according to the direction and the magnitude of these changes. In other 

words, the slope of the surface varies according to the type and the magnitude of 

news (the slope is not constant in any direction). Thus the elasticity of variance to 

unexpected changes in value, of either stocks or bonds, is not constant but depends 

on the type and magnitude of news arriving in both markets. Earlier studies have 

formulated models in which the elasticity of equity variance to changes in value and 

interest rates depends on value, leverage and interest rates (see, for example, Black 

and Cox (1976), and Christie (1982), equations 2, 6 and 7). The above analysis 

contributes to these studies by showing how these interactions are described by the 

data in a multiperiod time-varying framework, and in a setting where value, leverage, 

variances and covariances are affected by information arrival in markets, and by the 

type of information that arrives. In particular, the news impact surfaces provide 

graphical representations of these interactions.  

 The analysis also shows similar interactions in the covariance between stocks 

and bonds. The shape of the covariance surface is similar to that of stocks. Thus, 

much of the above discussion for stock variance applies to the covariance, especially 

with regard to sensitivity to interest rates and elasticity with respect to news. 

 

6.2.2.2 Volatility-Feedback Effect  

 The leverage effect attempts to describe the strong negative relationship 

between current unexpected returns and future volatility. In contrast to this causal 
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linkage, the fundamental risk-return relation of asset pricing models predicts a 

positive correlation between future returns and current volatility in stock prices.  

French, Schwert and Stambaugh (1987) examine this relationship. They report 

evidence supporting the fundamental risk-return relationship. However, they also 

report evidence that “unexpected stock market returns are negatively related to the 

unexpected change in the volatility of stock returns. This negative relation provides 

indirect evidence of a positive relation between expected risk premiums [excess 

returns] and volatility.” They further state that “the magnitude of the negative 

relation between contemporaneous returns and changes in volatility is too large to be 

attributed solely to the effects of leverage discussed by Black (1976) and Christie 

(1982),” and they interpret this negative relation as “evidence of a positive relation 

between expected risk premiums and ex-ante volatility.” The basic idea behind their 

evidence seems plausible. An increase in stock market volatility should raise 

required stock returns (future expected returns), and thus lowers current stock prices. 

This has come to be known as the volatility feedback effect. Campbell and Hentschel 

(1992) develop a formal model for this effect using a simple model of changing 

variance.  

The models used in the analyses of the previous chapters describe the 

relationship between current unexpected returns and future expected volatility. 

Volatility is not allowed to ‘feedback’ onto contemporaneous returns as in pricing 

models. Thus, the volatility feedback effect is not captured directly. If such an effect 

is strong, then obviously at least some of the responses to news reported above could 

be a manifestation of this effect. To directly capture this effect, the models above 
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would have to be adjusted in the direction of the GARCH-in-Mean methodology of 

Engle, Lilien and Robins (1987). However, in previous chapters it was mentioned 

that the estimation of the mean and the variance are intentionally kept separate in 

order to measure the effect on asset allocation of different ways of modelling the 

variance. Therefore, the volatility feedback effect is not be captured in a direct 

manner. The possible presence of this effect, however, provides an additional 

explanation over and above that of the leverage effect. This would be the case only 

when attempts are made to explain the relation between returns and volatility of 

stocks. The positive relation of the volatility feedback effect has been reported in the 

literature only for stocks using univariate methodology. It would be interesting to 

investigate the presence of this effect in bonds. Unfortunately, the methodology used 

in the analyses of the previous chapters does not allow the investigation of this effect. 

Despite this, Campbell and Hentschel (1992) report that “volatility feedback 

normally has little effect on returns, but it can be important during periods of high 

volatility.” 

 

6.2.3 Summary of Economic Findings - The Effect on Asset Allocation 

 To assess the economic significance of different models of heteroskedasticity, 

the analysis presented above computes Sharpe’s reward-to-variability ratio as a 

metric for measuring the economic impact on asset allocation decisions. This is 

carried out for the whole frontier of mean-variance efficient portfolios (the 

opportunity set) and not from the point of view of a single investor with a particular 

utility function nor from the point of view of a representative investor in an 
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equilibrium setting. The ratios implied by the various models were analysed for four 

portfolios on the efficient frontier. The four portfolios are the global minimum-

variance portfolio and three with target annual excess-returns of 5, 10 and 12 percent. 

The models compared are the four multivariate-GARCH models, the ADC and two 

benchmarks the first of which assumes a constant covariance but time-varying 

variances while the second assumes a constant variance-covariance matrix. The 

ratios implied by the various models vary considerably over time. Comparison 

results, and estimation results, reveal that the possible practice of modelling volatility 

by separate univariate GARCH processes while assuming constant covariances (i.e. 

the assumptions underlying the Constant Covariance benchmark) is not valid in 

theory, and in practice may lead to the identification of portfolios that do not achieve 

their target returns. The implication is that multivariate modelling may well make a 

difference for performance measurement. 

 Among the remaining models the ADC produces, on average, the highest 

reward-to-variability ratios. This is expected by construction, but allows the 

measurement of the effect of misspecifications, or the restrictions that other models 

impose, on asset allocation. The ratios implied by the  models show average 

differences ranging from 1 to 59 percent. The scale of these differences is quite large. 

On average there could be as much as 59 percent difference in the performance of 

portfolios. Furthermore, among the target-return portfolios the largest difference was 

between the ADC and the Constant Variance-Covariance Matrix model. This 

indicates that although misspecification regarding asymmetries and spill-over effects 

affects the formation of optimal portfolios, the largest impact is due to the time 
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variability present in the variance-covariance matrix. Modelling time variability, 

rather than not, seems to have a larger economic impact on asset allocation than 

different statistical ways of modelling this time variability. Overall, the results 

suggest that time variability in the conditional variance-covariance matrix of asset-

class returns is not to be ignored. Great care should be taken in choosing a particular 

multivariate model to characterise this time variability together with any 

asymmetries and spill-over effects that may be present in the data. Modelling these 

effects may well make a difference for portfolio management, asset allocation and 

performance measurement. 

 

6.3 Limitations, Extensions, and Alternative Methodologies31 

 

 This section presents discussions of some of the limitations of the above 

methodology, extensions that can be considered and alternative methodologies. Some 

of these are a result of constraints that are necessary for the purposes of investigating 

the particular issue mentioned above, while others may constitute extensions and 

alternative methodologies that can be considered for future research of a more 

specific nature. 

 

                                                 
31 Some of the points mentioned in this section have benefited from comments of one of the 

anonymous referees of the Journal of Financial Economics. 
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6.3.1 Portfolio Optimisation Procedure 

 The portfolio allocation problem considered above is specific to two risky 

asset classes. In cases of more assets, the above methodology will need some 

adjustments. For example, in the case of allocating funds between only two risky 

assets, the portfolio weights for target return portfolios are identifiable by using only 

expected returns. This misses an important aspect in comparing the models. The 

models will produce different estimates of the conditional second moments and these 

estimates will be contaminated by measurement error. Investors will make different 

allocations based on these estimates and thus measurement error will play a key role 

in the asset allocation decision. This point does not apply to the global minimum 

variance portfolio because the weights for this particular portfolio are obtained by 

minimising the variance and not by using only expected returns as is the case for 

target return portfolios. As such, measurement error is taken into consideration in the 

allocations to the global minimum variance portfolio.  

One way to check if measurement error has a large effect on asset allocation 

is to look at the ranking of the performance of the models. If the ranking in the global 

minimum variance portfolio is different than the rankings in the target return 

portfolios then measurement error can be significant. Indeed, this turns out to be the 

case. From Table XI the model ranking according to decreasing performance is as 

follows. Ignoring the wrongly constructed Constant Covariance model the best 

performance is exhibited by the ADC followed by the Constant Correlation, the 

Factor-GARCH, the Diagonal VECH, the Constant Variance-Covariance and the 

BEKK models. For the three target return portfolios the ranking of the models are 



113 

 

identical. The best performance is again exhibited by the ADC, but followed by the 

Diagonal-VECH, the Constant Correlation, the BEKK, the Factor-GARCH and the 

Constant Variance-Covariance models. Therefore, the rankings are indeed different. 

If a particular model is better than another, then it should produce a more efficient 

frontier of portfolios. Its better performance should not be specific to a particular 

portfolio or set of portfolios. Hence, the different rankings of the models should 

reflect the shortcoming of the above procedure in that it ignores measurement error 

in constructing the target return portfolios. Thus, the use of only two risky assets is a 

limitation of the above methodology. However, this does not affect the conclusions 

drawn about the significance of the effects of time variation, asymmetries and spill-

overs on asset allocation. 

An alternative methodology that incorporates the effects of measurement 

error can be constructed. Both the conditional expected returns and second moments 

can be used to make a series of one-step ahead portfolio decisions (i.e., an ex-ante 

version of the above methodology). The tangency portfolio can then be estimated 

using actual risk free return each period. The results from the decisions for different 

levels of risk aversion can then be compared. It would probably be best to also use 

another economic measure in addition to the Sharpe ratio (e.g., certainty equivalent 

return).32  

                                                 
32 This procedure, however, requires the estimation of all the models mentioned above many times 

in order to produce a series of out-of-sample one-period ahead predictions over a number of weeks. A 

reasonable number would be 156 weeks (three years). This will be a very time consuming exercise, as 

every model will need to be estimated 156 times. For example, estimating the ADC with a 

convergence criteria of 0.000001 takes around two-and-half hours of computing time on a 100MHz 

Pentium machine with 16MB RAM. This amounts to 390 hours of computing time for just the ADC 

model. Furthermore, convergence is not guaranteed and the estimation routine for any particular 

sample period may need to be run more than once to produce meaningful results. The small-sample 

properties of the resulting economic measures may then have undesirable degrees of accuracy since 
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6.3.2 Changing Opportunity Sets 

 In the above analysis returns are not independent and identically distributed 

(i.i.d.). Conditional on past information, expected returns and second moments 

change over time in an autoregressive manner (i.e., both the expected returns and 

variances are dependent on previous information). Thus the opportunity set available 

to investors is not constant but changes from one period to the next. In this set-up the 

optimal multiperiod investor will want to hedge potential future changes in the 

opportunity set. These are often called Merton’s hedge demands (c.f., Merton (1990), 

Ingersoll (1987), or the ‘Stochastic Opportunity Sets’ section of chapter 7 of this 

thesis). In a multiperiod set-up investors’ demands consist of allocations to the 

tangency portfolio of risky assets and allocations in portfolios that hedge against 

changes in the opportunity set. These hedge portfolios are also minimum-variance 

portfolios, but at any point in time investors’ demands of these portfolios depend on 

future changes in the opportunity sets. In contrast, the portfolio problem mentioned 

above is solved for each period in time using only the opportunity set available 

during that period and not of future periods. Investors whose optimal portfolios 

depend only upon current wealth and the distribution of returns currently available 

are said to by myopic. Investors who do not exhibit myopic behaviour will, in 

addition, require knowledge of the distribution of returns in the future in order to 

calculate their demands for hedge portfolios. Thus the portfolio problem solved 

above is of a particular interest to myopic investors, because the efficient frontier is 

traced for every period using only the opportunity set available during that period. 

                                                                                                                                           
there will only be 156 observations. A more realistic estimate of time for this exercise may run into a 

period of several months. 
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An example of the type of investors who behave myopically are those who have 

logarithmic utility functions. Such investors display complete myopia regardless of 

the type of distribution security returns may have (c.f., Ingersoll (1987), p. 257). 

Investors who have the more general power utility function may also display myopic 

behaviour but only if security returns are independent of changes in the investment 

opportunities available (c.f., Ingersoll (1987), pp. 240-242, 257-258). However, this 

is not the case here. 

 

6.3.3 Robustness Check 

 The robustness procedure used above checks whether the economic 

differences between the models, as measured by the Sharpe ratio, are particular to the 

sampling period. Other interesting ways to check the robustness of the results can 

also be used. The first is to check the sampling variation of these economic 

measures. Given their non-linear nature the only feasible way to do this is by 

simulation. This involves obtaining the standardised residuals from a benchmark 

model and then bootstrapping the results of the estimation and portfolio procedures a 

number of times to get the small-sample distribution of the economic measures. This 

can be useful in checking the sampling errors from the models. For example, the 

ADC model nests all the other models. Under the metric used here it also has an 

average higher Sharpe ratio. But if this model were used in a sequence of out-of-

sample portfolio decisions where the weights were based on estimated second 

moments, does it ever lead to portfolio weights that would cause large losses as it 
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“overfits” in sample? Another interesting question is how does an investor evaluate 

these losses using a utility metric? 

 These issues are left for future research. 
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CHAPTER SEVEN 

ASSET ALLOCATION - THE SURPLUS CONTEXT 

 

 

7.1 Introduction 

 

In previous chapters, the effect of time-varying covariances on portfolio formation 

was investigated empirically. It was shown that investors interested in allocating 

among assets, or classes of assets, should not ignore such dynamics. However, an 

implicit assumption was made regarding the financing of the investments in assets. 

Considering excess returns in the formation of optimal portfolios implicitly assumes 

that borrowing (and lending) is available to the investor at unlimited amounts. 

Moreover, it was also assumed that short sales are allowed. Therefore, in the 

portfolio problem in equation (5.1) of chapter five, an investor’s allocation in stocks 

and bonds is financed by one or more of the following: a positive amount of initial 

wealth, proceeds from short sales, and borrowing. These are the assumptions made in 

standard portfolio theory regarding the financing of the investment decision. The 

theory also assumes that all available financial securities may either be purchased as 

assets or sold short as liabilities. No distinction is made between the nature of the 

securities bought long as assets or sold short as liabilities.  
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This distinction is important to institutional investors. These investors issue 

claims against themselves as liabilities to finance their investments in assets. It is 

usually the case that the types of claims which can be issued are restricted by legal 

and institutional prohibitions.33 It is also the case that the nature of these claims is 

different from the assets they finance. For example, pension funds are financed by 

liability obligations composed of pension agreements issued as contracts between 

employers and employees. In general, these contracts are undertakings of deferred 

future payments that vary in size and frequency and depend on various variables like 

age, salary growth, length of service, inflation and interest rates. These obligations 

are not as marketable as traded securities like stocks and bonds, can not be sold short, 

and are not priced by a trading mechanism in an organised exchange. However, they 

possess an ‘economic value’ that fluctuates with various variables in a similar 

manner as the prices of traded securities (c.f., Pyle (1971), Parkin (1970), Cummins 

and Nye (1981) and Sharpe and Tint (1990)). Furthermore, the substantial number of 

financial alternatives present in the market and the competitiveness of the 

institutional issuers of such obligations together with legal requirements may well 

force ‘fair prices’ on these contracts. The value of such liabilities is likely to fluctuate 

in a stochastic manner. 

The presence of such liabilities introduces a financing constraint on the 

institutional investor. This constraint may well dictate a different investment 

behaviour than that of an investor who has no such constraint. Standard portfolio 

theory assumes that investors are ‘endowed’ with an initial amount of positive 

                                                 
33  For example, a pension fund can not issue shares or motor insurance. 
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wealth. Investors allocate this positive wealth among assets for the sole purpose of 

achieving the highest returns for a given level of risk. However, if the institutional 

investor allocates his funds for the same purpose without considering the uncertain 

fluctuations in the value of his liabilities, he may face a funding deficit. At the end of 

an investment period the liabilities may have increased in value beyond that of the 

assets. This results in a negative surplus - defined as the value of assets less 

liabilities. Consequently, the institutional investor may be willing to forgo a certain 

amount of return on assets, or accept a higher level of risk (asset volatility), for the 

sake of ‘hedging’ against adverse movements in the liability. Equivalently, the 

institutional investor may be more concerned with the expected return and volatility 

of the surplus rather than the assets alone. This chapter presents a model that 

describes this investment behaviour. The model represents a unified framework that 

integrates liability hedging and immunisation techniques with portfolio theory. 

 Modelling institutional investor’s asset-demands while taking their liabilities 

into consideration is not novel. For example, Cummins and Nye (1981) present a 

model to assist property-liability insurance companies in making product and 

investment mix decisions. A quadratic programming approach is used to generate 

mean-variance efficient frontiers that reflect the covariability of returns on insurance 

lines and assets. Furthermore, they discuss the linkages between ruin theory (safety 

first) - the traditional model for insurance company operating strategies - and utility 

theory, and indicate how these decision rules can be used by institutional investors to 

select operating points along the efficient frontier.  
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 Hart and Jaffee (1974) study the application of portfolio theory to depository 

financial intermediaries. With some degree of abstraction, they assume a utility 

function for the intermediary and derive equilibrium conditions when networth 

(surplus) is zero. In doing this, they maximise Sharpe’s reward-to-variability ratio, 

and then maximise utility subject to the result. 

 Wilkie (1985) and Wise (1987) are concerned with matching assets to 

liabilities. They consider liabilities as negative assets and trace the efficient frontier 

of minimum-variance portfolios in the case when surplus is zero. 

 Sharpe and Tint (1990) formulate a budget constraint for pension funds that 

allows for cases when the surplus is not zero. They consider a single-period problem 

and show how liabilities could be included in mean-variance portfolio analysis while 

preserving the dimensions in which risk tolerance is measured (by relating future 

surplus to today’s asset value). They further demonstrate how investors may add or 

subtract ‘liability-hedging credits’ - the degree to which a particular asset or asset 

class can provide utility for an investor with a particular set of liabilities - in surplus 

optimisation. 

 These studies however consider only a single period and either assume a 

quadratic utility function or consider only the special case when the surplus is zero. 

In this chapter the above work is extended in various ways. A state-space multiperiod 

model in which the distribution of asset and liability returns may vary with state 

variables like interest rates is developed. The model is formulated for the general 

case when the surplus may be non-zero, allows for utility functions other than those 

of the quadratic class, and considers the case when risk-less borrowing and lending is 
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not available. A suggestion is also given as to how this model maybe extended 

further to allow for stochastic withdrawals for pension funds (i.e., when the number 

of liability contracts fluctuate stochastically with early retirements, deaths, illnesses 

and withdrawals). The model incorporates dynamic liability-hedging strategies like 

duration immunisation into the framework of portfolio theory. Optimal 

diversification and optimal liability hedging are achieved simultaneously. It is shown 

that a minimum variance portfolio that provides the best hedge available against 

adverse movements in the liabilities can be identified. If there exists an asset or a 

portfolio of assets that completely hedges all movements of the liability, then such an 

asset is identified. Thus, complete immunisation maybe achieved simultaneously 

with the highest returns for a given level of risk. Moreover, this ‘hedging’ asset, or 

portfolio of assets, can be formed from any of the risky assets available for 

investment. Thus, bonds, Treasury Bills as well as stocks can be used for hedging the 

liabilities. 

The chapter is organised as follows. Section 7.2 develops the model in a 

single period set-up for ease of comparison with the literature. First, a budget 

constraint similar to that of Sharpe and Tint (1990) is formulated. This allows for 

cases when the surplus is not zero, preserves the dimensions in which preferences are 

measured and allows for various possible liability definitions that need not 

necessarily conform to traditional accounting or actuarial standards. In Sub-Section 

7.2.5, a single-period problem is solved for a quadratic utility investor. In Sub-

Section 7.2.5.1, this is done for the case when a risk-less asset exists. It is seen that 

utility maximisation gives optimal allocations in a minimum-variance portfolio of 
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risky assets and in another that provides the best hedge available to the investor 

against increases in the value of his liabilities. Comparative statics of these portfolios 

are examined in Sub-Sections 7.2.5.2 to 7.2.5.6 as to their implications on 

diversification, hedging and portfolio separation. The case when a risk-less asset 

does not exist is investigated in Sub-Section 7.2.5.7. The single-period model is then 

generalised in Sub-Section 7.2.6 to cases when utility is not quadratic and/or returns 

are not normally distributed. In Section 7.3 an intertemporal version of the model is 

developed in continuous time in which the allocation problem over the life-time of 

the investor is solved by dynamic programming techniques. In Sub-Section 7.3.1, 

this problem is solved for an investor whose utility is state and time-independent. In 

Sub-Section 7.3.2, the model is extended to allow for stochastic opportunity sets 

where the mean and variance of the distribution of returns are not constants (state 

dependent utility). In Sub-Section 7.3.3, a suggestion is made as to how stochastic 

models for pension withdrawals could be included in this utility maximisation 

framework. Finally, Section 7.4 concludes the chapter. Comparisons with the optimal 

allocation of an investor who has no liabilities are made throughout. 

 

7.2 Single-Period Model 

 

7.2.1 The Surplus 

Suppose a pension fund has an asset portfolio (mix) with a current market 

value of At and a liability currently valued at Lt. Also assume no cash flows in or out 
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of the fund during the decision period from t to t+1. At time t and before the decision 

to allocate the assets is made the pension fund surplus is given by 

 S A Lt t t  , (7.1) 

which is a known amount. Let xit denote the number of units of asset i held at the 

beginning of the period, and Pit is its unit price observed at time t. Then, for N+1 

assets, At is expressed as 
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7.2.2 The Budget Constraint 

Substituting At in (7.1) and dividing both sides by the value of the asset 

portfolio At one gets: 
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  is the beginning-of-period ratio of the value of the liability to that of the 

assets. The reciprocal of wL is often called the ‘funding ratio’ - a measure of how 

many pounds of assets cover a pound of liability. 

 Notice that  
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is the budget constraint of the investor. The advantages of dividing (7.1) by At 

instead of St are two-fold. First, the budget constraint is conformable to standard 

portfolio theory where wA are market-value weights that sum to one. This constitutes 

the vector of ‘choice’ of the investor, while wL is not a choice variable (i.e., not 

subject to allocation). The investor is interested in allocating among assets given that 

his fund is financed by the liability and the surplus. Equation (7.1) is simply a 

statement about how the pension fund asset portfolio is financed. Second, dividing 

(7.1) by At allows the budget constraint to be defined even if the surplus at the 

beginning of the period is zero, in which case the portfolio of assets is funded by the 

liability.34 In both cases, financing from short-sale proceeds and borrowing could be 

permitted by allowing some of the weights on risky assets to be negative and one of 

the assets to be risk-free. 

 

7.2.3 Surplus Risk and Return 

 Just after the beginning of the period the investment decision is made and the 

allocation to specific assets is carried out. At the end of the period the uncertain 

value of the surplus is given by 

                                                 
34  Wilkie (1985) and Wise (1987) subtract liability returns from asset returns without pre-

multiplying liability returns by Lt. Although not mentioned in their papers, this implicitly assumes a 

zero surplus. See equations (7.5) and (7.6). 
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where ‘‘ denotes uncertain outcomes. At t+1 the value of the asset portfolio would 

have increased by the amount of the return on assets and the value of the liability 

would have increased by the amount of the growth in liability (defined as the return 

on the liability). Therefore the surplus at t+1 could also be written as 
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Subtracting St from both sides and dividing by At, the return on the surplus is 

expressed as a proportion of the value of the asset portfolio at the beginning of the 

period, 
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Thus, the ‘uncertain’ return on the surplus is a linear combination of the weighted 

‘uncertain’ returns on the assets and the liability. It depends on the relative size of the 

liability at the beginning of the period. The larger the initial value of the liability 

relative to the assets (a lower funding ratio) the greater the impact of uncertain 

liability outcomes on the surplus. Defining the return on the surplus as above 

preserves the dimensions in which the risk-tolerance of the investor is measured - 
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namely the mean-variance space of risky assets. This allows subsequent use of 

preferences to conform to utility definitions used in standard portfolio theory.  

 The expected return and variance of the surplus are given by: 
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Equations (7.7a) and (7.7b) could be written more compactly in matrix notation as  

 S p p w . , (7.8a) 

 V . .S P p w V w , (7.8b) 

where a bold typeset indicates a vector or a matrix, and  S  is the expected return of 

the surplus, 
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, the (N+2)x1 vector of expected returns on the N+1 assets 

and the liability, 
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, the (N+2)x1 vector of weights on the N+1 assets and the 

liability, 
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Vs is the variance of the surplus, and 

V
V V

V











aa a

a



 V
 is the (N+2)x(N+2) partitioned variance-covariance matrix of the 

individual assets and the liability. 

 

7.2.4 Time Preferences and The Objective Function 

 The investor is interested in maximising the expected value of end-of-period 

surplus (networth) and minimising its variance. This problem can be solved without 

assuming a utility function, in which case the whole frontier of minimum-variance 

portfolios is traced by maximising a Lagrangian of the negative of variance plus a 

non-binding constraint on portfolio returns. However, maximising a utility function 

allows the comparison between the allocation behaviour of an investor with liabilities 

and another who has no such obligations.  

To be more specific about the nature of the utility function, this analysis 

considers the utility function of an entity. In the case of institutional investors or 

investment firms that are financed, amongst other things, by liability obligations, this 

entity can be a single ‘notional’ shareholder who represents the owners of the firm. 

The existence of a representative investor is guaranteed by assuming a complete, or 

effectively complete, market in which each history of states is insurable (c.f., 

Ingersoll (1987), pp. 217-224, and Constantinides (1982), Lemma 1). However, one 

need not assume such a market in order to gain intuition by examining the behaviour 

of such an entity.  
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An alternative possibility to the existence of a representative shareholder that 

would also be sufficient for the purposes of this analysis is the aggregation of 

preferences. In other words, the utility function can represent the preferences of a 

decision making group. This group can be different from the owners of the firm that 

assumes the liability. However, in the absence of any conflicts of interest, the 

decision making group should act as a perfect agent to the owners. Considering 

group decision theory and the stumbling block of Arrow’s impossibility theorem, an 

aggregate single utility function that describes the preferences of a group can exist 

only under certain conditions. If preferences of individuals can be compared with 

each other in a meaningful way, then an aggregate utility function can exist. For 

example, if one can say, ‘we went to the movies because my partner likes the movies 

more than I like to have a beer in the pub,’ then group decision is possible. Another 

condition that enables the existence of group utility, is the presence of a single 

influence on the decision making process. An example of such an influence is a 

particularly ‘persuasive’ general director, sponsor, or pension-plan trustee.  

A third, more realistic, set-up that enables group decisions occurs when the 

decision making process results in an agreement between the individual members of 

the group, regardless of whether or not a minority of individual members are 

comfortable with some of the decisions produced by this agreement process. In this 

third possibility, it is necessary to require the resulting ‘agreed upon’ decision to be 

rational (i.e., satisfies the axioms of rationality as identified by Arrow (1951, 1963)) 

(c.f., French, (1993), pp. 294-298). However, the conditions necessary for the 

existence of a representative shareholder are less stringent than those necessary for 
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the aggregation of preferences, yet they are sufficient for the purposes of this 

analysis (c.f., Constantinides (1989), p. 3). In general, if institutional investors, or 

‘the group,’ make rational choices regarding their investment decisions, then they 

may appear to behave as if they have a collective utility function regardless of the 

particular mechanism by which these rational decisions are made. 

 Whichever arrangement prevails, this analysis proceeds by assuming the 

existence of a utility function for any such entity that is financed by liability 

obligations. Henceforth, this entity is referred to as ‘the investor.’ 

In a single-period problem, the surplus remaining at the end of the investment 

period belongs to the owners of the firm that assumed the liability and can be used to 

finance consumption. If there is a single consumption good, then this can act as the 

numeraire for wealth (surplus), and utility is defined in terms of surplus. It is 

convenient to work in terms of a derived (from consumption) utility function of end 

of period surplus.  

In the next section, the above problem is solved by assuming that the 

preferences of the investor are described by a utility function of the quadratic class. 

This is carried out for simplicity and for comparison with some of the literature such 

as Wilkie (1985) and Wise (1987). However, the quadratic assumption is not 

necessary and the analysis is generalised in sub-section 7.2.6 and subsequent sections 

to cases where utility need only be concave. 
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7.2.5 Quadratic Utility 

Assume, for simplicity, that the investors preferences are described by a 

quadratic (derived) utility function of the form 

   S S S S,
1

Tol
V

1

2Tol
V









   , (7.9) 

where Tol is the risk tolerance parameter of the investor. The investor is interested in 

solving the following problem: 
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where the budget constraint in equation (7.3) is imposed and 1 is a vector of ones. In 

the next section, the allocation problem in equation (7.10) is solved assuming that the 

investor is able to borrow or lend, at a known rate, without any constraints. In a 

following section the problem is solved when such a rate is not available. 

 

7.2.5.1 Unconstrained Lending and Borrowing 

Assume that, at the beginning of the period, the investor has a choice to 

borrow or lend any amount at a rate that is certain regardless of ‘the state of the 

world’ at the end of the period. Let this opportunity be represented by an asset whose 

return is certain. The budget constraint in equation (7.3) can be expressed as  

 w w Ai

i

N
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1
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 , (7.11) 
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where the first asset (i=0) is assumed to be risk-free (i.e. its return, Rf , is certain). 

Redefining wA to be the Nx1 vector of weights on only the risky assets, i=1,...,N, one 

can express the expected return on the surplus in excess of the risk-free rate as 
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The variance equation (7.7b) remains the same except now wA is the vector of 

weights on only the risky assets.  

 The utility function can now be maximised without the budget constraint 

since the balance will be allocated to the risk-fee rate, viz.  

   Max = Max R w
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A A f L L A aa A L

2
L A a

A Aw w
w 1 w V w V w V        








    (7.13) 

The first order condition is  
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The second order condition is satisfied since  is concave. Solving for the optimal 

allocation in risky assets as well as in the risk-less asset, one gets 
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 (7.15) 

The terms in (7.15) are discussed in the next five sections. 
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7.2.5.2 The Optimal Risky-Asset Portfolio 

The first term in equation (7.15) represents the investor’s allocation in a 

portfolio of only risky assets. This portfolio is used by the investor to provide 

optimal diversification. To verify this, it is sufficient to show that the mix of assets in 

this portfolio (its composition) is that of the portfolio on the minimum-variance 

frontier of risky assets that is tangent to a line passing through the risk-free rate. Let 

Lt=0 then the investor’s optimal allocation is given by  
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 (7.16) 

The first line in (7.16) represents the investor’s demands in the N risky assets and is 

the optimal solution to an investor who has no liabilities. Summing this and dividing 

(7.16) by the sum eliminates the investor’s risk tolerance from the new equation, 

giving the asset mix that the optimal risky-asset portfolio is composed of, viz. 
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where  B Raa A f  1 V 1. 1   is a scalar constant. Rewriting (7.17) in terms of 

means and variances, one gets 
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The last equation is that of a straight line passing through the risk-free rate. Since the 

optimal risky-asset portfolio is a minimum-variance portfolio then it is the frontier 

portfolio that is tangent to a line passing through the risk-free rate. It is usually called 

the ‘tangency’ portfolio and denoted by wT.  

 Note that V w V waa ORP aa T  is the vector of covariances of the N risky assets 

with the tangency portfolio. Therefore the second line in (7.18) says that expected 

excess-returns on assets are proportional to their covariances with the tangency 

portfolio. This is the standard pricing result of mean-variance portfolio theory. 

 Note also that, as in standard portfolio theory, the two-fund separation 

theorem holds. All investors will hold only two funds: the risk-free asset and the 

tangency portfolio. This follows from the composition of the tangency portfolio in 

(7.17) - since it does not depend on investor’s preferences, all investors will hold that 

portfolio and the risk-less asset. Each investor will hold a proportion, Tol, of his 

investments in the tangency portfolio and the rest in the risk-less asset. The higher 

the investor’s tolerance to risk (where risk here refers to asset volatility) the larger 

his allocation in the optimal risky-asset portfolio and the lower is his allocation in the 

risk-less asset. 

 If investors have the same probability beliefs, {A,Vaa}, and the risk-less 

asset is in zero net supply then, in equilibrium, the tangency portfolio is identified as 

the market portfolio (c.f., Ingersoll (1987), p. 89).35 Thus, the optimal risky-asset 

portfolio in (7.15) is used for optimal diversification among individual assets or 

                                                 
35  Sharpe (1964) showed that if all investors have the same probability beliefs about asset returns, 

{A,Vaa}, then the mix of risky assets in the optimal risky-asset portfolio is the same for all investors. 
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classes of assets and is the same as the tangency portfolio of risky assets found in the 

asset-only context. 

 

7.2.5.3 The Optimal Liability-Hedge Portfolio 

When the value of the liability is positive (the surplus context), the investor’s 

optimal allocation in risky assets, (7.15), contains an additional term. This term 

represents an allocation in a minimum-variance portfolio used by the investor for 

hedging.36 The main contribution of this chapter is the identification of this hedging 

portfolio. The next three sections present the discussion of the properties of this 

portfolio. 

 

7.2.5.4 The Optimal Hedging Property of The Liability-Hedge Portfolio. 

 The portfolio, V Vaa a
1

 , provides a ‘hedge’ against increases in the value of the 

liability relative to that of the assets. It hedges against surplus risk - the risk relevant 

to the investor. This is obvious from its proportionality to the covariances of the 

assets and the liability, Va . Other things equal, the higher the covariance in returns 

of an asset with the liability, the more it contributes to the reduction in surplus risk, 

and the more (appropriately) the weight it deserves in optimal allocation. Such an 

asset would provide a better hedge against adverse movements in the liability. The 

higher the covariance the better the hedge. Indeed, if there is an asset, or a portfolio 

of assets, that is perfectly correlated with the liability then a perfect hedge would be 

                                                 
36  It is a minimum-variance portfolio because it is part of the solution to (7.10). 
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possible. In this case the manager can select a particular mix of assets that would 

‘immunise’ the investor’s funds from adverse movements in the value of the 

liabilities. Moreover, it would not matter whether this movement is a result of 

changes in interest rates or any other observable or unobservable factors. 

 The most important result in (7.15) is that such an asset is identified if it 

exists. This is true because the hedging ability of the portfolio in the second term of 

equation (7.15) is optimal. The reason for this is that it provides the best hedge 

available from the set of risky assets considered - there is no better hedge. To prove 

this proposition, a portfolio of assets (an asset mix) that offers the best hedge will 

have the highest correlation in returns with the liability. Such a portfolio will also 

have the highest covariance in returns with the liability for a given fixed portfolio 

variance. Calling this portfolio wH, its fixed variance (2) and covariance with the 

liability are given by: 

  w V wH aa H 2 ,  

and   w VH a . 

This portfolio satisfies: 
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Thus, wH and the optimal liability-hedge portfolio in (7.15) are both proportional to 

V Vaa a
1

 , and since the scalar, , does not matter they both represent the same 
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portfolio.37 Thus, the optimal liability-hedge portfolio offers the maximum 

correlation possible for any portfolio formed from this set of risky assets. In that 

sense, it provides the best hedge available against movements in the liability. 

 

7.2.5.5 Fund-Separation Property 

 It is evident from equation (7.15) that the investor who has a liability 

obligation will allocate among three funds: the tangency portfolio, the liability-hedge 

portfolio and the risk-free asset. However, three-fund separation does not hold. The 

reason for this is that the composition of the liability-hedge portfolio depends on the 

covariances of the assets with the particular liability obligation of the investor. 

Investors may have different liability obligations that have different covariances with 

the same set of risky assets. For a different set of covariances the maximisation 

procedure will identify a different liability-hedge portfolio that is optimal only for 

that particular liability. Therefore, not all investors will hold the same liability-hedge 

portfolio. However, if some investors have liability obligations that exhibit identical 

covariances with the assets, then those investors will hold the same mix of risky 

assets that constitute their common optimal-liability hedge portfolio. Each of these 

investors will then hold a proportion in that portfolio that depends on the relative size 

of his liability to that of his assets. However, this does not apply to all investors since 

some may not even have such obligations. Therefore, three-fund separation does not 

hold but two-fund (the tangency portfolio and the risk-less asset) separation does. 

                                                 
37  All portfolios that are scalar multiples are perfectly correlated and have the same correlations 

with all other variables. 
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7.2.5.6 Other Properties of The Liability-Hedge Portfolio 

 The allocation in this portfolio, wL, depends on the relative size of the 

liability at the beginning of the investment period. All else equal, the larger the value 

of the liability relative to the assets the greater is the allocation in the optimal hedge 

portfolio. More importantly, the higher the funding ratio, 1/wL, the less the investor 

would want to hold in the hedge portfolio. This makes sense; if the value of the 

funds’ assets exceeds that of the liability obligation, the investor is in a relatively 

‘safer’ position regarding surplus risk. Such an investor would want to participate in 

the return enhancing optimal risky-asset portfolio more than in hedging. 

 It is interesting to note that the investor’s allocation, wL, in the optimal 

liability-hedge portfolio does not depend on his preferences. Therefore, from a 

practical point of view of (say) a pension fund, the decision to hedge is independent 

of the risk-tolerance of the entity that assumes the liability. It does not matter 

whether the entity’s tolerance to risk is high or low, the investment manager must 

hold Lt/At in this portfolio in order to allocate optimally. Moreover, this value is 

known at the beginning of the investment period. Thus, the amount of funds to be 

invested in the hedge portfolio is predetermined, and is common knowledge to the 

manager, the owner(s), the sponsors, and the pension fund officer.  

 The investor also has the choice whether to hedge or not. If he decides not to 

hedge he may simply ignore the second term in (7.15) and allocate all available funds 

between the tangency portfolio and the risk-less asset. His behaviour is then identical 

to that of an investor who has no liabilities. In this case, the investor’s concern is to 
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obtain the highest return possible for a given asset-variance. If the investor decides to 

hedge, however, he would allocate a proportion of his funds equal to the reciprocal 

of his funding ratio to the optimal liability-hedge portfolio. This is what is often 

described as ‘full surplus optimisation.’  

 The investor also has a third choice; that is, to hedge only a fraction, f, of his 

liabilities. In this case, he would allocate a proportion equal to fL/A in the optimal 

liability-hedge portfolio and adjust the allocation in the tangency portfolio and the 

risk-less asset accordingly.38 Obviously, the composition of the hedge portfolio may 

change depending on the covariances of assets with the fraction of liabilities chosen 

for hedging consideration.39 

 

7.2.5.7 Constrained Borrowing and Lending 

When there is no risk-less borrowing and lending, then there will be a 

‘shadow’ risk-less rate (c.f., Ingersoll (1987), p. 48). In fact, this rate is the return on 

a risky asset, or a portfolio of risky assets, that mimics the behaviour of the risk-less 

asset in that it is uncorrelated with the returns of the optimal allocation of the 

investor. An example of a shadow risk-less return in the case when there are no 

liabilities, is the zero-beta return in the Black (1972) version of the CAPM (c.f., 

                                                 
38  The idea to consider only a fraction of liabilities was proposed by Sharpe and Tint (1990). 
39  If there are more than one liability, then the fraction f could be a particular number or group of 

liabilities. In this case the composition of the optimal hedge portfolio will depend on the particular 

type of liability chosen for hedging consideration. However, if there is only one liability, or identical 

liabilities, then the fraction f is just a monetary proportion, and the composition of the optimal hedge 

portfolio will not change. 
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Ingersoll (1987), p. 93-94). It is interesting to see how this rate is affected by the 

introduction of liabilities. 

Consider the constrained maximisation problem in equation (7.10). 

Expanding the utility function, the Lagrangian is written as  

    L = w
1

2Tol
w V 2w 1A A L L A aa A L

2
L A a A         w w V w w V w 1    . 

Differentiating once with respect to wA and , gives the first order conditions   
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Solving (7.19a) for wA , gives the optimal allocation in risky assets  
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Comparing (7.20) with (7.15) it is clear that  in (7.20) replaces Rf in (7.15) thus 

acting as a shadow risk-less rate. In order to understand what variables affect its 

value, one solves for . Equation (7.20) is pre-multiplied by 1

 and the condition 

(7.19b) is used to get 
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It is clear from (7.21) that the value of the shadow risk-less rate depends on the 

variances and covariances of the assets, their expected returns, their covariances with 

the liability, the risk-tolerance of the investor and the initial value of the investor’s 

liability relative to that of his assets. Therefore, in the presence of liabilities, this rate 

will depend on various aspects of the economy as well as on the particular 

characteristics of the investor’s liability. As such the value of the shadow risk-less 

rate is particular to the investor. Another investor with a different set of liabilities 

will face a different shadow risk-less rate, even if both investor’s have the same risk-

tolerance and beliefs about expected returns and variances of assets. In contrast, the 

shadow risk-less rate, in the asset-only context, will contain only the first and the 

second term in (7.21). Therefore, even when there are no liabilities the shadow risk-

less rate will depend on the preferences of the investor as described by his risk-

tolerance. Note also that the shadow risk-less rate is in fact the return on a 

combination of minimum-variance portfolios. For example, the first term in (7.21) is 

the expected return on the global minimum variance portfolio (c.f., Ingersoll (1987), 

p. 86, eq. (8)). The second term is a constant that depends on the variances and 

covariances of assets and the risk-tolerance of the investor. The newly identified 

portfolio in the last term has an asset mix that depends on how the global minimum-

variance portfolio covaries with the liability. 

 

7.2.6 Non-quadratic Utility 

In the previous sections the utility of the investor was assumed to be 

quadratic. This simplified the exposition somewhat, since quadratic utility is fully 
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consistent with mean-variance analysis by virtue of its functional form. It also has 

other desirable properties for portfolio analysis and asset pricing.40 However 

assuming quadratic utility has two drawbacks. First, it is a concave quadratic 

function and all such functions are decreasing after a certain point, so some care must 

be employed to assure that the outcomes remain in the lower relevant range of utility. 

Second, quadratic utility functions display increasing absolute risk aversion 

(decreasing absolute risk-tolerance) (c.f., Ingersoll (1987), p. 96). In other words, 

investors with larger amounts of surplus are less ‘tolerant’ to risk. In the case of 

pension funds, this is inconsistent with the common intuition that a starting pension 

plan with a high funding ratio (assets/liabilities) can ‘afford’ to be more tolerant to 

risk than a more mature plan with a lower funding ratio. 

 Mean-variance analysis can also be consistent with utility maximisation if 

certain assumptions about the distribution of returns are made. The more common 

justification for mean-variance analysis, than quadratic utility, is multivariate 

normally distributed returns. Since all linear combinations of multivariate normal 

random variables are normally distributed, and since a normal distribution is 

completely characterised by its mean and variance, all portfolios formed from such 

assets are completely described by their means and variances. In fact, all the 

members of the general class of elliptical distributions permit mean-variance 

analysis. The multivariate normal is the most well-known elliptical distribution. 

However, many other types of distributions are also possible, such as the multivariate 

                                                 
40  For example, it rules out the possibility of potential arbitrage opportunities - a necessary 

condition for equilibrium. Investors with quadratic utility will not take unlimited arbitrage positions, 

for this would increase their wealth past the point where marginal utility becomes negative (cf. 

Ingersoll (1987), pp. 99). 
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student t-distribution or the Cauchy distribution (in which neither the mean nor the 

variance is defined only the median and the dispersion). 

 Thus, the above optimal allocation problem can be solved while relaxing the 

assumption of quadratic utility. If the distribution of returns are elliptical then utility 

is a function of means and variances (if not defined, then medians and dispersions). 

Then the allocation problem in (7.10) can be written, without imposing the quadratic 

form, as 

  Max
A{ }

,
w

  VS S  , (7.22) 

where  is a concave utility function. Denoting by subscripts the partial derivatives 

of the utility function, and using the definition of the surplus mean and variance in 

(7.12) and (7.8b), the first order condition is 
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The second-order condition is satisfied since  is assumed concave. Solving for the 

optimal allocation wA gives 
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1 1. .     w L  , (7.24) 

which is identical in form to equation (7.15) with the risk tolerance, T, being defined 

as the investor’s compensating variation in variance for a unit change in mean, 

holding utility constant (c.f., Breeden (1984)) - or the trade-off between mean and 

variance that defines the curvature of the utility function in mean-variance space. 

When the investor has no liabilities, the partial differentials of the utility function are 
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taken with respect to the mean and variance of the assets rather than the surplus. 

Thus, the risk-tolerance parameters of the two investors are different and so are the 

proportions of funds invested in the tangency portfolio of risky assets. 

 

 

7.3 Multiperiod Model 

 

In a multiperiod allocation problem the investor chooses an allocation stream 

so as to maximise his expected utility of consumption over a life time. In this 

multiperiod framework, it is assumed that part, or all, of the surplus, which belongs 

to the shareholders, can be withdrawn at the end of each period of time to finance 

consumption. It is further assumed that at a future time, T, the investor (e.g. a 

pension plan) has extinguished all the liability obligations due and the remaining 

surplus at time T is a bequest left as a legacy. Let U denote the single-period direct 

utility of consumption, and B the direct utility of bequest. As discusses earlier, the 

utility function, U, describes the consumption preferences of a notional entity. It is 

assumed that this entity is a decision making group or a representative shareholder, 

henceforth called ‘the investor.’  

 

7.3.1 State and Time Independent Utility 

In this section it is assumed that the investors utility is independent of ‘the 

state of the world.’ In other words, the investors preferences and taste are not 
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affected by whichever set of prices may exist in the future. This assumption is 

relaxed in a subsequent section. The investor, therefore, wishes to  

  Max E C ,
~

,
~ ~

U  C  ....,  C ,  S1 T-1 T0 .  

This problem is identical in form to a single period problem with T 

consumption goods in the first period. In this case, however, the different 

consumption goods are consumption in the different periods. It is further assumed 

that this utility function is concave and additively time separable (i.e., temporally 

independent),41 hence it can be written as 
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 This problem is solved using dynamic programming techniques where one 

starts by solving the problem for the final period and works backwards to the present 

on a rolling basis. By doing so the investor optimises a stream of allocation over a 

life time, t=0 to t=T. The following analysis follows closely to that in Ingersoll 

(1987).  

 Define the derived utility of surplus function 
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41 Constantinides (1982) shows that if the heterogeneous consumers have time additive, Von 

Neumann-Morgenstern utility functions, then the representative consumer’s utility function inherits 

these properties. 
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In writing J as a function of time, one is recognising its explicit effect through age 

and time preference and its implicit effect through changes in the opportunities and 

the information available to the investor.  

 With one year to go in the life of (say) the pension plan, the investor solves 

the problem 

        J S T T Max U C T T B S T),T
C A

     1 1 1 1, ( ),
~

(
{ , }w

 ET-1 , (7.27) 

subject to the evolution of surplus equation (7.5) adjusted to allow for consumption, 

viz., 
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where
~
R A  is the vector of returns on risky assets.42 Notice that in the case of pension 

funds, consumption in this context can also be looked upon as a reduction in the 

contributions paid by firms into their pension funds. The last term in (7.27) is solved 

using the relationship in (7.28). Let subscripts on utility functions denote partial 

derivatives, then the first order conditions are 
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42 With consumption withdrawal, the surplus equation (7.4), 
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In the following exposition, the time subscript on portfolio weights is suppressed for notational 

convenience, but time dependence should be clear from the context. 
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The second order conditions are met since B is concave, by assumption. The first 

order conditions can therefore be expressed as 

     U E B R R E BC T S A A T f f T S         
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The condition (7.30b) stands for every asset i, thus 
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1 1( )
~

( ) .Z  (7.30c) 

Therefore, the marginal utility of consumption is equal to accumulated (not 

discounted) expected future marginal utility of surplus. This seeming paradox is 

cleared when we realise that the utility function includes an implicit discounting 

term. If we separate the personal discounting factor from utility, 
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then (7.30c) becomes 

 u R E bC
T t

f T S 
 1( ),  

and expected future marginal utility is discounted, but only to the extent that the 

personal rate of time preference exceeds the risk-free rate.  

 These conditions can be expressed in another way as follows. Let the solution 

to (7.30) be wA
  and assume that this policy is differentiable with respect to S. 

“Substituting” the optimal policy in (7.27) and differentiating, one gets 
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Rearranging terms gives 
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The first and the last terms in (7.31) are zero from (7.29). Therefore 

  J E BS T S 1 ( ) . 

Using equation (7.30c), this is also expressed as 
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Z . (7.32) 

This is known as the “envelope condition.” The envelope condition states that 

marginal utility of surplus is equal to the marginal utility of consumption at the 

beginning of the investment period.  

 Moving back one period, knowing that S(T-1) is known at T-1 but not at T-2, 

the investor solves 
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Note that equation (7.33) is of the same form as (7.27) with J replacing B. Moving 

back in a similar manner to time t one gets 
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 (7.34) 

Again the problem is identical to (7.27) in form. Solutions are given by equations 

similar to (7.30) and (7.32). The characterisation of the optimal decisions is thus 
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(7.35) 

 Notice that the allocation problem in (7.35) is not identical to a single-period 

problem, since, in general, next period’s derived utility function depends implicitly 

on future optimal portfolios which depend on future investment opportunities. 

However, by introducing the derived utility function it is seen that the intertemporal 

problem could be simplified, in form, to look like a single-period problem with the 

difference that J replaces the direct utility function U or B in the single-period 

problem. The introduction of J simplifies the analysis for many other different types 

of utility functions including non-additive types.43 

 One major difficulty with the programming problems above is that they are, 

in general, hard to solve. In the single-period framework the problem is solved by 

resorting to mean-variance analysis where the solution is simplified to that of a set of 

simultaneous linear equations. However, mean-variance analysis is always consistent 

                                                 
43 See Ingersoll (1987) chapter 11, or Merton (1971). 
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with expected utility maximisation only if utility functions are of the quadratic class, 

or the probability distributions of returns are elliptical. Although these combinations 

represent a large number of possibilities, they may not be what characterises returns 

or the investor’s preferences. There is a certain other type of distributions where 

mean-variance analysis may be approximately correct for most utility functions. The 

types of distributions for which this is true are known as compact distributions. 

These are often connected with the distributions used in analysing continuous-time 

finance problems. Hence, in the following analysis, the above intertemporal problem 

is formalised as the discrete-time approximate form of the continuous-time 

equivalent. 

 Assume that the time period between decisions is small enough to consider 

the surplus as a flow variable or a rate-of-change per unit time in the value of assets 

less liabilities. Assume further that the realised rates of return on all securities and 

the liability are infinitely divisible and compact with means and variances of equal 

importance.44 Let 
~

( )R t  denote such returns with dynamics given by the discrete-time 

analogue of a continuous-time geometric Brownian motion, viz. 

 
~ ~ ( )R t P P t t o t       , where P is the change in price (or value), ~  

is a standard normal random variable and o t( )  is an asymptotic order symbol 

denoting a function of a smaller order than its argument.45 The moments of 
~

( )R t  are 

given by 

                                                 
44  Compact random variables are characterised by the relative importance of their variances 

compared to their higher central moments. Their higher moments are negligible relative to the 

variance (c.f. Ingersoll (1987) chapters 12 and 13). 
45  The assumption of a geometric Brownian motion governing the dynamics of security prices is 

not restrictive but simplifies the exposition. Other dynamics could also be considered but the solution 
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and higher moments are o(t). Note that to o(t) variance and the second raw 

moments,  E R
~ 2

, are equal. Assume, for now, that i and ij, including the risk-free 

rate 0 = Rf, are constant. The continuous time version of the intertemporal 

allocation problem (7.25) can then be stated as  

    Max E U C t t B S T T
T

0 ( ), ( ),
0 





, (7.37) 

where again it is assumed that utility is additively separable and state independent. 

This could be approximated by a discrete-time analogue where at time t the lump 

sum C(t)t is taken from surplus and used to finance consumption at a constant rate 

from t to t+t. The remaining wealth A(t)-C(t) is invested in a portfolio of securities 

characterised by the weights w(t). Returns on the asset portfolio and the liability are 

accumulated and then subtracted to give the value of the surplus at t+t. The 

portfolio of assets is not rebalanced till time t+t. The approximate problem becomes 

    Max E U C d B S T T
t

t t

t

T t

0 ( ), ( ),  






 












0

, (7.38a) 

                                                                                                                                           
may differ. For example, Merton (1971) solves an allocation problem in which stock prices follow a 

geometric Brownian motion and bond prices follow a Poisson process.  
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subject to the evolution of the surplus equation 

    S t t S t C t t A t C t t t t R R

L t R t
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 (7.38b) 

Solving (7.38) for the optimal allocation in risky assets one gets 
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1 1 . (7.39) 

The derivation of (7.39) is in Appendix A.  

From (7.39) it is clear that the optimal intertemporal allocation, with 

continuously compounded rates of return, is identical in form to the solution of the 

single-period problem in (7.15). The main differences are in the definition of returns 

and in the measure of risk tolerance. The relative risk-tolerance parameter in (7.39) - 

the term in squared brackets - is identical in form to the Arrow-Pratt relative risk-

tolerance parameter with J replacing direct utility. However, here the “relativeness” 

of the parameter is measured with respect to the value of the asset portfolio at the 

beginning of the allocation period, rather than the surplus. Note also that J depends 

on future opportunity sets. Therefore, for the multiperiod investor current allocation 

in the tangency portfolio depends on the opportunity sets that are going to exist in the 

future. 

 The previous discussions about the optimal risky-asset portfolio and the 

optimal liability-hedge portfolio still stand in an intertemporal framework. This is 

also true with regard to the optimal hedging property of the liability-hedge portfolio 

and the independence, from investor’s preferences, of the allocation in that portfolio. 
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It is interesting to note that, even in an intertemporal framework, the optimal 

allocation in the liability-hedge portfolio depends only on the initial value (in each 

time period) of the assets and the liability. This is an artefact of the assumption made 

earlier that disallowed cash inflow or outflow from the fund (except for 

consumption) and all ‘income’ is generated by ‘capital gains’. This assumption is 

relaxed in sub-section 7.3.3. 

 

7.3.2 Stochastic Opportunity Sets 

In the above intertemporal model it was assumed that the investor’s well 

being depends only on his surplus; that is, in equations (7.26) and (A.4) it was 

assumed that J() is independent of ‘the state of the world’. Utility is state-

independent if it is not affected by changes in relative security prices. Notice that 

although J() was assumed to depend only on the value of the surplus, it will have 

induced dependencies if i, ij or Rf vary randomly over time. 

 Suppose that opportunity sets vary stochastically over time; that is, one or 

more of i, ij or Rf vary in a random fashion. Assume further that there is a single 

state variable, x, that describes the changes in these variables.46 Thus, one or more of 

i, ij or Rf are functions of x. Let x have a compact distribution 

  x t s t o tx   ~ ( )  with properties 

                                                 
46  There can be more than one variable representing the ‘states of the world’ in which case a state 

vector could be considered instead. The analysis remains the same. 
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The intertemporal problem is then solved with J() being a function of surplus, the 

state-variable x, and time. The resulting optimal allocation in risky assets is, 
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(7.41) 

The derivation of (7.41) is in Appendix B. 

 The first two terms are the same as in (7.39), except now J is a function of 

surplus, the state-variable and time. Thus, the investor’s preferences (taste) may 

change with the size of the surplus (networth), time (age), or the state of the world 

(investment opportunities). The additional term in (7.41) represents the investor’s 

optimal demand for a portfolio that hedges against movements in the state variable. It 

is clear from (7.41) that this demand depends on the preferences of the investor, the 

value of the asset portfolio, the variances and covariances of asset-returns and their 

covariances with the state variable. All else equal, the higher the covariance of an 

asset with the state variable the more it contributes to hedging against changes in the 

state and, therefore, the more allocation it deserves. In fact, the portfolio identified in 

the last term in (7.41) provides the best hedge available against changes in the state, 

in the same manner as the optimal liability-hedge portfolio provides against adverse 

movements in the liability. This can be verified, as before, by showing that it has the 
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highest covariance with the state variable for a given portfolio variance. In that sense, 

it is the best portfolio available to the investor for hedging opportunity-set changes. 

 When there are no liabilities (L(t)=0) the second term in (7.41) is dropped 

and J is defined as a function of the value of the asset portfolio, the state variable and 

time. In this, asset-only, set-up the investor’s demands for risky assets, wA, are 

identical in form to Merton’s (1969) intertemporal portfolio rules derived for an 

individual in an exchange economy and to the same rules derived by Cox, Ingersoll 

and Ross (1985) in a general equilibrium economy with production. The state-hedge 

portfolio, in an asset-only context, is studied by Merton (1971) and Breeden (1979, 

1984) among others. Of interest are the investor’s holdings in this portfolio. For 

example, Breeden (1984) shows that the investor’s holdings in the state hedge 

portfolio is related to the Arrow-Pratt measure of relative risk tolerance by 

 H
J

J A t
T)x

Ax

AA

x 








  

( )
(1  , 

where x (= -Jx / A.JA) is the percentage compensating variation in assets (wealth) for 

state variable changes (assumed to be not a function of wealth), and T is the Arrow-

Pratt measure of relative risk tolerance. Since Hx gives the holdings in the hedge 

portfolio, the investor will attempt to hedge “if and only if his or her relative risk 

tolerance is less than unity. Since unity represents the logarithmic utility case, those 

more risk averse than the log will tend to hedge, whereas those more tolerant than the 

log will tend to ‘reverse hedge’.” Therefore, it can be optimal to reverse hedge (i.e., 

to sell the hedge-portfolio short). However, neither strategy dominates the other since 

one provides higher returns but also carries more risk. The investor chooses among 
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them according to his personal marginal rate of substitution between mean and 

variance (c.f., Breeden (1984)). 

 Unlike the holdings in the state-hedge portfolio, the investor’s holdings in the 

liability-hedge portfolio is independent of his preferences and depend only on the 

initial funding ratio. The discussion of the composition and holdings in the optimal 

liability-hedge portfolio and in the optimal risky-asset portfolio stands as before.  

 Note that since the composition of the optimal state-hedge portfolio is 

common to all investors ( V Vaa ax
1  does not depend on investor’s preferences) then all 

investors will hold two risky “mutual funds”: the tangency portfolio and the state-

hedge portfolio. The risk-less asset is held separately by each investor for adjusting 

the volatility of their asset portfolio. As before, investors will also hold a liability-

hedge portfolio. However, the composition and the holding in that portfolio depend 

on the particular liability of the investor and his preferences (respectively). 

 If there is no risk-less asset then a demand equation similar in form to (7.41) 

could be derived with a ‘shadow’ risk-less rate instead, as was done in (7.21). 

However, when utility is state-dependent the shadow risk-less rate will depend on the 

covariances of the assets with the state variable as well as on the other elements 

mentioned previously - namely, the variances and covariances of the assets their 

expected returns, their covariances with the liability, the initial funding ratio and the 

investor’s preferences. 
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7.3.2.1 Optimal Hedging Property and Duration Immunisation 

 It is interesting to note that if there is only one variable responsible for 

changes in opportunity sets and this variable is the interest rate, then Vax  is the 

covariance of asset returns with changes in the interest rate - a linear measure of 

duration. Moreover, the allocation in the state-hedge portfolio will provide the best 

hedge available against movements in the interest rate. Note also that (7.41) does not 

contain a covariance term between liability returns and the state variable, even 

though the mean and the variance of the liability return and its covariances with the 

assets may change with the interest rate. The reason for this is that the ‘choice 

variable’ is the weight vector in assets, wA, and it is the allocation in assets that is 

hedged against movements in the liability and in the state variable. The covariation 

between the liability and the state is taken care of in the allocation to the liability-

hedge portfolio. All adverse movements in the liability are hedged against, to the best 

degree possible, regardless of the source of these movements.  

 This is a strong result, because it relates to other approaches of portfolio 

management. Bond portfolio managers often attempt to ‘immunise’ their portfolios 

against shifts in the interest rate (duration immunisation). Pension-fund managers 

and actuaries often engage in matching the incidence of cashflows of assets and 

liabilities, or matching the duration of assets to that of the liabilities. Duration 

analysis, however, deals with the sensitivity of value to movements in one factor - 

namely the interest rate. As Sharpe (1983) mentions: “It attempts to find one point on 

an efficient frontier in risk-return space (the point appropriate for someone with zero 

risk tolerance (infinite risk-aversion)) and ignores the task of finding other points.” 
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This might be the approach the investor wishes to follow. However, as Sharpe (1983) 

mentions, this approach makes “very strong, and very limiting assumptions.” He 

suggests a multifactor immunisation approach, where the stochastic behaviour of the 

changes in the components of the whole term structure of interest rates (the 

‘discount’ or ‘valuation function’) is represented completely by a linear combination 

of M factors. “Then a sufficient condition for meeting the objective (liability 

immunisation) is that the market value of the assets be greater than or equal to the 

market value of the liabilities. Then the goal is to select a set of assets such that for 

all possible states of the world the market value of assets one period hence will be 

greater than or equal to the market value of the liabilities. This can be accomplished 

by selecting a set of assets with a vector of sensitivities equal to that of the 

liabilities.” However, “if changes in the discount function cannot be completely 

expressed as a linear function of M factors, complete immunisation may be 

impossible, and one might then choose to minimise the residual variance.” In fact, 

there could be other variables affecting the value of the liability than the possible M-

factors of the term structure of interest rates. What matters is the variance-covariance 

matrix of asset and liability returns. This could, in principal, be factorised, and then a 

maximisation procedure employed to select mixes of assets that have identical 

sensitivities to these factors as the liabilities. The advantage of this technique is that 

it reduces the dimensions of the problem. If all the variance-covariance matrix of 

assets and liabilities could be explained by only a few factors then one need only 

estimate the variances of these factors to obtain an estimate of the whole variance-

covariance matrix. However, the problem with this technique is that the factors that 
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explain most of the variation in some securities or classes of securities (e.g. stock 

returns) are usually not those that explain most of the variation in other securities 

(say bond returns).47 The approach followed here does not attempt to factorise the 

variance-covariance matrix of assets and liabilities and then consider their 

sensitivities to these factors. It minimises the variance of surplus without assuming a 

particular structure on the variance-covariance matrix of assets and liabilities. Thus, 

it provides a simple and an intuitive approach for optimal allocation which is 

consistent with utility maximisation and portfolio theory but also takes into account 

dynamic asset allocation strategies such as immunisation and liability hedging. In 

applying the above model, however, investors may find it necessary to factorise the 

variance-covariance matrix, and impose a cross-sectional structure, in order to reduce 

the dimensions of the problem to manageable levels.48 

 

7.3.3 Stochastic Withdrawals 

In the above model it was assumed that all future changes in the value of the 

liability (and the fund’s asset portfolio) are a result of ‘capital gains’ or changes in 

price. The investor chooses the number of securities to buy or sell according to the 

prescription provided by the solution to the allocation problem. This is true for assets 

                                                 
47  See, for example, empirical studies in Kaufman, Bierwag and Toevs (1983) supporting this 

claim. 
48  Investors face the same problem when applying standard portfolio theory. Even with the large 

storage capacities and high processing speed of current computers, quadratic programming for a large 

number of securities may still not be feasible. The above model differs from standard portfolio theory 

in its introduction of liabilities. Unfortunately this only exacerbates the problem and re-emphasises the 

need for even more computing power. However, as argued in the introduction to the thesis, asset 

allocators may be interested in only a few well diversified portfolios. This mitigates the problem for 

assets, but for liabilities the problem remains and matrix factorisation and cross-sectional restrictions 

are then necessary for practical applications. An example, of how factorisation helps reduce the 

dimensions of the problem, is the factor-GARCH model considered in the previous chapters. 
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since only assets are subject to allocation. It was assumed that the investor has no 

choice in buying or selling liability contracts and liability returns were defined as the 

change in value or the growth rate. This change in value can be a consequence of a 

change in price, a change in the number of contract agreements held (allowing more 

than one liability), or both. It is of interest to consider prices and number of contracts 

separately. Pension plan liabilities are a collection of agreements of deferred 

payment obligations. It is usually the case that the number of agreements fluctuate 

due to new membership, death, illness, early retirement or withdrawal. In evaluating 

pension-fund liabilities actuaries often model withdrawals on stochastic basis.49 This 

could be incorporated into the above model by refining the definition of return for 

the liability. Previously, the return on the liability was defined as the proportional 

change in value, 
~
R

L

L
L 


. Let the value of the liability, L, be the sum of the number 

held in particular types of agreements multiplied by their ‘prices’ (viz. L x PLi Li

); just as the value of the assets, A, was defined earlier. Although pension liabilities 

are not traded securities, in principal, a ‘price’ can be calculated by considering the 

payment obligations they promise to deliver and a discount function ‘implied’ by the 

observed market prices of traded securities. In the above intertemporal model it was 

assumed that prices follow a geometric Brownian motion. Stochastic models can be 

imposed on the evolution of the number of liabilities, xLi, while prices may still 

follow a geometric Brownian motion, as long as the distributions are compact. Then, 

in general, the liability returns will follow compound stochastic processes. Investors’ 

                                                 
49  The term ‘withdrawals’ is used here to mean new membership, deaths, illnesses, early 

retirements and withdrawals. 
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optimal demands are then found in a similar manner to that above by replacing 

equation (7.36) with the properties of the newly defined return dynamics. 

 

7.4 Summary and Conclusion 

 

This chapter presents a single-period and a multiperiod asset-liability model 

that incorporates dynamic liability hedging and duration immunisation in the set up 

of portfolio theory. Institutional investments are financed mainly by liability 

obligations with value that fluctuates in a stochastic manner. If such an investor does 

not take this fact into account when allocating his assets he may face a funding 

deficit. Therefore, stochastic liabilities present the institutional investor with a 

financing constraint that affects his investment behaviour as reflected in his demands 

on risky assets. In this chapter, a single-period and a multiperiod asset allocation 

model that allows for this financing constraint is developed. First, a budget constraint 

similar to that of Sharpe and Tint (1990) is formulated. This allows for cases when 

the surplus is not zero, preserves the dimensions in which preferences are measured 

and allows for various possible liability definitions that need not necessarily conform 

to traditional accounting or actuarial standards. The derivation assumes a utility 

function for the institutional investor. Sufficient conditions for the existence of such 

a utility function are presented. A single-period problem is then solved for an 

investor with quadratic utility when a risk-less asset exists and when such an asset 

does not exist. The single-period model is then generalised to cases when utility is 

not quadratic or returns are not normally distributed, as well as in the case when a 



161 

 

risk-less asset does not exist. An intertemporal model is also developed in 

continuous-time in which the allocation problem over the life-time of the investor is 

solved by dynamic programming techniques. This is first carried out for an investor 

with state and time-independent utility, then extended to allow for stochastic 

opportunity sets (state-dependent utility) where the distribution of asset and liability 

returns may vary with state variables like interest rates. Utility maximisation reveals 

a newly identified demand for a minimum-variance portfolio that provides the best 

hedge available against adverse movements in the liabilities, regardless of the source 

of these movements. If an asset or a portfolio of assets exist that constitute a perfect 

hedge against adverse movements in the liability, then this asset is identified. Thus, 

complete immunisation maybe achieved simultaneously with highest returns for a 

given level of risk. This allows dynamic liability-hedging strategies like duration 

immunisation to be incorporated in the framework of portfolio theory. Optimal 

diversification and optimal liability hedging are achieved simultaneously. Moreover, 

the types of assets that can be used to form this ‘liability-hedging portfolio’ are not 

restricted to the class of fixed-income securities, as is usually the case in practising 

immunisation strategies. Thus stocks and property as well as bonds and Treasury 

bills can be used for hedging institutional liabilities. The identification and the 

properties of this optimal liability-hedge portfolio constitute the main contributions 

of this chapter. 

A rather unappealing property of the liability-hedge portfolio is that it does 

not constitute a separating fund. This implies that no single ‘liability-hedge’ fund can 

be created to satisfy the demands of all institutional investors. This is not because the 
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composition of the portfolio depends on investor’s preferences but because it is 

particular to the liability held by the investor - not all investors who have liability 

obligations will hold the same liability-hedge portfolio. However, if some 

institutional investors have liabilities that are similar in nature, then they would have 

a demand for the same liability-hedge portfolio. For this group of investors a 

liability-hedge fund can be created. In contrast, an investor who has no liabilities 

would have demands for risky assets that do not include a liability-hedge portfolio.  

 Further research into many aspects of this framework is needed. First and 

foremost, the possibility of developing the above optimisation approach to a pricing 

model for institutional investors can be investigated. Such an equilibrium model will 

include the demand for a liability-hedge portfolio in addition to the traditional market 

portfolio. However, introducing equilibrium conditions calls for the resolution of 

some fundamental issues. One of these is the non-separation property of the optimal 

liability-hedge portfolio. Another, is the source of supply needed to clear the demand 

for liability-hedge portfolios created by institutional investors. 

Second, it has long been recognised that the means, variances and 

covariances of security returns exhibit intertemporal dependencies. The empirical 

analyses in the previous chapters demonstrate the existence of such dependencies and 

to what extent they may affect the allocation decision of an investor who has no 

liabilities. This needs to be incorporated into the above model. New insights into the 

investment decision, asset pricing and performance measurement may be made.50 

                                                 
50  For example, Merton (1971) presents examples with closed-form solutions of how four different 

price mechanisms may affect the allocation decision. The first example, assumes that prices follow a 

stationary geometric Brownian motion with constant means and variances, the second is a process that 

assumes an exponentially regressive price adjustment toward a “normal” price, adjusted for trend, the 
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However, a number of challenges are envisaged in such an endeavour. First, 

temporal aggregation of GARCH processes need to be considered. In order to clarify, 

consider for example the analysis carried out in chapters 1 to 6 with multivariate-

GARCH processes. The returns of the two indexes considered were sampled in 

weekly intervals. These were found to follow independent univariate GARCH(1,1) 

processes. Such modelling implicitly assumes that the frequency of the actual 

process that generates the data is weekly. This may not be the case. The data may be 

generated more frequently but was sampled weekly. In order to incorporate GARCH 

dependencies in the theoretical derivation of the continuous-time multiperiod model 

in this chapter, properties of higher frequency variables may need to be considered. 

The process for higher frequencies is usually not the same as that for lower 

frequencies. For example, hourly or daily stock and bond returns may not follow the 

same GARCH(1,1) processes found above for weekly returns. There is considerable 

evidence that the GARCH effects in financial data seem to disappear the longer the 

sampling interval, and become more intense for very short intervals (c.f., Pagan 

(1996), p. 62). In the continuous time limit, some GARCH models can be 

approximated by continuous time diffusion processes. However, not all types of 

GARCH models can be temporally aggregated into diffusion limits of the same type. 

Drost and Nijman (1993) distinguish between three types of GARCH processes: 

weak, semi-strong and strong. The distinction is made according to the nature of the 

                                                                                                                                           
third assumes prices follow a geometric Brownian motion with means exhibiting a long-run regressive 

adjustment toward a “normal” rate of return and the last type assumes a geometric Brownian motion 

for prices but the investor does not know the true value of the mean and must estimate it from past 

data. The allocation behaviour in each case is different. In all cases, however, the instantaneous 

conditional variance is assumed constant. 
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innovations, t. They show that only weak GARCH aggregates to a process of the 

same type. In particular, if one tries to aggregate strong GARCH, the equivalent 

innovations to t in the aggregated form will not be i.i.d.  

Another form of aggregation that need to be considered is cross-sectional, or 

contemporaneous, aggregation. Different assets may follow different GARCH 

processes. For example, the returns of one asset may follow a GARCH(1,1) process, 

but the returns of another may follow a non-linear-GARCH(1,2) (NGARCH(1,2)) 

process. This is particularly relevant when forming linear combinations (portfolios) 

of these assets. The specific relationship between the models for the individual assets 

and the one for the portfolio should be explicitly considered. Any portfolio created 

from a set of assets whose returns follow particular GARCH processes may itself 

follow a different GARCH process. Aggregating GARCH processes cross-

sectionally (i.e., across assets) may produce different GARCH processes. Nijman and 

Sentana (1996) show that contemporaneous aggregation of independent univariate 

GARCH processes yields a weak GARCH process as introduced by Drost and 

Nijman (1993). They also show that a linear combination of variables generated by a 

multivariate GARCH process (e.g., the global minimum-variance portfolio and the 

target return portfolios) will also be weak GARCH. This last result is encouraging 

since weak GARCH processes have temporally aggregated forms of the same type. 

 A third aspect of future research would probably look into how the 

introduction of taxes and transaction costs would affect the allocation decision in the 

presence of liabilities and intertemporal dependencies. There is a considerable body 

of literature analysing the effect of taxes and transaction costs, but mostly in the set-
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up of standard portfolio theory or corporate finance theory.51 These may be extended 

to allow for liabilities and intertemporal dependencies.  

                                                 
51  See, for example, Levy and Livingston (1995), Brennan (1975), Tepper (1981) and Black 

(1980). 
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APPENDIX A 

 

The evolution of surplus equation (7.38b) can be expressed in difference form as 
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where Vaa is the variance-covariance matrix of asset returns with elements ij, V  is 

the variance of liability returns,  L

2
, Va  is the vector of covariances in returns of 

risky assets and the liability with elements Ai, L, and the time dependence of the 

weights, wA(t), is suppressed. 

 The integral in (7.38a) can be approximated as a two-term Taylor-series 

expansion with Lagrange remainder 
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where t  is in the interval [t, t+t]. It is assumed that C t C t( ) ( )  , and consumption 

is a constant rate in the interval [t, t+t] so that taking the partial derivatives with 

respect to C in the expansion is not required. 

 As in equation (7.26) define the derived utility of surplus function as 

       J S t t U C B S T T
T

( ), , ( ),  Max E  dt
t

  . (A.4) 

Using conditional expectations and maximisation, the equivalent of equation (7.34) 

is derived 

       J S t t U C J S t t t t
t t

( ), , ( ),   


 Max E  dt
t

 


  . (A.5) 

Expanding J() in the right-hand-side of equation (A.5) by Taylor’s Theorem one gets 

 J S t t t t J t J t J S J S J t J S tt S SS tt St( ), (S, )               
1

2

1

2
2 2  , (A.6) 

where the subscripts denote partial derivatives and  includes higher order terms. 

Taking expectations of (A.6) gives 

      E J S t t t t J S t J t J E S J Var S o tt t S t SS t( ), ( , ) ( ).           
1

2  (A.7) 

Substituting (A.6) and (A.3) into (A.5) gives 

        J S t t U C t t t J S t J t J E S J Var S o tt S t SS t( ), ( ), ( , ) ( )      Max     
1

2 . 

Subtracting J(S(t),t) from both sides, the equation becomes 

       0
1
2     Max U C t t t J t J E S J Var S o tt S t SS t( ), ( )     . 

Substituting in the expected value and the variance of S from (A.2) and dividing by 

t, one gets 
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Differentiating (A.8) once with respect to wA and with respect to C gives the first 

order conditions: 

  0 2   J A t R J A t J A t L(tS A f SS aa A SS a( ) ( ) ( ) ) 1 V w V  , (A.9) 

and  

 
0  



U J

U J

C S

C S .
 (A.10) 

Notice that (A.10) is the envelope condition and (A.9) is the standard set of linear 

equations derived earlier, in equation (7.14), under quadratic utility which is fully 

consistent with mean-variance analysis. Solving (A.9) for the optimal allocation in 

risky assets gives equation (7.39). 
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APPENDIX B 

 

The Taylor expansion of J() in equation (A.6) is now taken around the variables S, x 

and t, viz., 
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where, again, higher order terms are collected in . Proceeding as before and taking 

expectations of (B.1) one gets 
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Substituting (A.3), (7.40) and (B.2) into (A.5), subtracting J from both sides and 

dividing by t gives the equivalent of  (A.8), viz., 
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where variances and covariances are expressed in the more compact matrix form. 

Maximising using ordinary calculus gives the first-order conditions, 

  0 2    J A t R J A t J A t L(t J A tS A f SS aa A SS a Sx ax( ) ( ) ( ) ) ( ) 1 V w V V , (B.4) 

and  0  U JC S .  (B.5) 
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Equation (B.5) is the envelope condition. Solving (B.4) for wA gives the optimal 

allocation in risky-assets, (7.41). 
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