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Abstract—The performance of covariance-based DoA estima-
tion methods is limited in practice, particularly in the low
signal-to-noise ratio (SNR) regime, due to the finite number of
observations. In this work, we approach the direction-of-arrival
(DoA) estimation in the presence of extreme noise from the
Machine Learning (ML) perspective using Deep Learning (DL).
First, we derive a relation between the covariance matrix and its
sample estimate formulating the problem as a manifold learning
task. Next, we train a denoising autoencoder (DAE) that predicts
a Hermitian matrix, which is subsequently used for the DoA
estimation. Experimental results demonstrate significant perfor-
mance gains in terms of the root-mean-squared error (RMSE)
in the low-SNR regime by using popular covariance-based DoA
estimators. Nevertheless, the proposed method runs independent
of the DoA estimator, opening up new possibilities for the testing
of other methods as well. We believe that the proposed approach
has several applications, ranging from wireless array sensors to
microphones and transducers used in ultrasound imaging, where
the operating environments are characterized by extreme noise.

Index Terms—Direction-of-arrival DoA estimation, deep learn-
ing, denoising autoencoder DAE, DoA estimation at low-SNR,
array processing with uniform linear arrays ULAs

I. INTRODUCTION

The wide range of DoA estimation applications from radar
and wireless communications to sonar and acoustics has
positioned the topic at the forefront of research activity for
almost half a century [1]. One of the first methods that was
introduced for DoA estimation is Multiple signal classification
(MUSIC) [2] and is considered one of the most popular ones
to this day. Root Multiple signal classification (R-MUSIC)
is another popular variant that is based on polynomial root
finding [3]. Estimation of signal parameters via rotational
invariance techniques (ESPRIT) [4] is another successful
example of DoA estimation techniques. All these methods
are covariance-based and require a sufficient number of data
samples (snapshots) to accurately estimate the true covariance
matrix, which is unknown. Furthermore, they can be sensitive
to source correlations leading to rank deficiency in the sample
covariance matrix. More recently, several other directions
have been adopted for the DoA estimation, e.g., based on
compressive sensing [5], [6], [7]. However, they do not rely
on covariance matrix estimates, hence, they fall out of this
study’s scope.

Regardless of the adopted DoA method, the number of
resolvable sources depends on: a) the number of the array’s
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sensors and b) the number of the received signal’s snapshots,
as proved in [8] for the noiseless case. Apparently, to the best
of our knowledge, similar universal results do not exist in the
presence of noise. More importantly, in practice, noise and
insufficient number of snapshots often leads to great deviations
from the expected results. Can we improve the DoA estimation
in such cases? This is one of the main research questions that
we address in this work.

During the last few years, a number of attempts was made
on the DoA estimation via Machine Learning and in particular,
using Deep Learning (DL) [9]. A deep neural network (DNN)
was employed for the DoA classification of two targets in
[10]. A multitask autoencoder with a series of parallel mul-
tilayer classifiers was employed in [11], which was used for
enhancing the robustness to array imperfections. However, we
strongly believe that we have only scratched the surface and
the full potential of DL in the array signal processing has yet
to be realized.

The majority of the covariance-based DoA estimation tech-
niques are sensitive to perturbations of the sample covariance
matrix estimate, which occur mainly due to two reasons: a)
the availability of only a small number of snapshots and b)
the low-SNR regime of the operating environment. In [12],
we proposed a DAE for fast angle estimation of multiple
sources/targets from a small number of snapshots with sparse
arrays. In this paper we focus on the second extreme, i.e., the
DoA estimation in the low-SNR regime with a conventional
uniform linear array (ULA). DoA estimation with the sample
covariance estimate performs poorly, due to the presence
of extreme noise for a finite number of snapshots. To this
end, we employ a denoising autoencoder (DAE) [9], [13]
that “learns” the mapping from the sample covariance to the
true (theoretical) covariance matrix. The predicted Hermitian
matrix can then be used for DoA estimation by any subspace-
based method. The proposed approach is justified by the fact
that the sample data lie on a noisy manifold, which we model
explicitly. Therefore, the adoption of the DAE for the manifold
learning is perfectly aligned with the existing literature, as
it is also highlighted in [13]. The DAE is able to “correct”
the sample covanriance matrix by prediciting an estimate that
lies closer to the true unknown manifold. Numerical results
demonstrate the performance gains of the proposed approach
over the conventional one in the DoA estimation with MUSIC
and R-MUSIC in the low-SNR regime.



II. PRELIMINARIES ON DOA ESTIMATION

A. Signal Model

The standard model for a N -element half-wavelength
spaced ULA in the narrow-band mode, with K far-field
sources present, is:

x(t) =

K∑
k=1

a(θk)sk(t) + e(t) =

=A(f)s(t) + e(t), t = 1, . . . , T, (1)

where A(f) = [a(f1),a(f2), . . . ,a(fK)] is an N × K Van-
dermonde matrix with columns

a(fk) = [1, fk, f
2
k , . . . , f

N−1
k ]T (2)

and
fk = ej2πθ̄k , θ̄k =

1

2
sin θk, k = 1, . . . ,K. (3)

θk and θ̄k are the DoA and the normalized DoA, respectively;
s(t) = [s1(t), . . . , sK(t)]T and e(t) denote the transmitted sig-
nal and additive noise, respectively, at time instant t, whereas
T is the total number of snapshots. Finally, f = [f1, . . . , fK ]T

denotes the signal DoA vector.
Assumptions:
A1. The source DoAs are distinct.
A2. The sources are uncorrelated. Thus, the source covariance

matrix is Rs = E[s(t)sH(t)] = diag(p1, . . . , pK).
A3. The additive noise values are independent and identically

distributed (i.i.d.) zero-mean white circularly-symmetric
Gaussian, i.e., e(t) ∼ CN (0, σ2

eIN ) and uncorrelated
from the sources.

A4. There is no temporal correlation between each snapshot.
Note that if some of the sources where correlated or coherent,
the corresponding off-diagonal terms in Rs would become
nonzero. Under the assumptions A1–A4, the received signal’s
covariance matrix is expressed as:

Rx = E[x(t)xH(t)] = A(f)RsA
H(f) + σ2

eIN . (4)

The statistical richness of Rx in (4) allows for the estimation
of up to K ≤ N − 1 distinct DoAs. However, in practice, the
matrix in (4) is unknown. To this end, estimation is performed
via its sample covariance estimate

R̃x =
1

T

T∑
t=1

x(t)xH(t), (5)

which is an unbiased estimator of Rx. Subspace-based meth-
ods, e.g., MUSIC, use R̃x for the DoA estimation.

B. Resolution Capacity: Theory and Practice

Collecting all the observations in (1) leads to

X = A(f)S + E, (6)

where X = [x(1), . . . ,x(T )] and S and E are similarly
defined. The authors in [14] have proved a condition on the
number of sources that can be identified in the noiseless case

(E = O), which was later improved in [15]. For a ULA with
N sensors, this can be expressed as

K <
N + rank(X)

2
. (7)

Typically, (7) gives us an indication on the maximum num-
ber of sources that can be resolved by a ULA. However,
its practical usefulness is quite limited. In the presence of
measurement noise, X is approximated by estimates f̂ and
Ŝ of the DoAs and signals, respectively, often resulting to
false DoA identification due to noise realizations. Universal
uniqueness results have not been derived for this particular
case, and, as stated in [16], it is very unlikely to see them
in the future. Thus, in practice, even though rank(X) = N
(in the presence of noise), the number of resolvable sources
ranges from 0 to N − 1. Of course, their number depends on
the number of snapshots T that we obtain, the noise realiza-
tion and the adopted DoA estimator. Congested environments
commonly arise in various applications, ranging from medical
to military ones, and they typically experience very low-SNR.
Can we improve the DoA estimation in such environments?
The answer is to the affirmative and is the focus of this work.

III. RELATION OF THE SAMPLE COVARIANCE MATRIX TO
MANIFOLD LEARNING

Further analysis of (5) leads to:

R̃x = A(f)

(
1

T

T∑
t=1

s(t)sH(t)

)
AH(f)+

+ A(f)

(
1

T

T∑
t=1

s(t)eH(t)

)
+

+

(
1

T

T∑
t=1

e(t)sH(t)

)
AH(f)+

+
1

T

T∑
t=1

e(t)eH(t) =

= A(f)R̃sA
H(f) + A(f)R̃se + R̃H

seA
H(f) + R̃e, (8)

where R̃s, R̃e are the signal and noise sample covariance ma-
trices, respectively, and R̃se is the signal-noise sample cross-
covariance matrix. Adding and subtracting the true covariance
Rx at the right hand-side of (8) yields:

R̃x = Rx + ∆R, (9)

where

∆R = A(f)∆RsA
H(f) + A(f)R̃se + R̃H

seA
H(f) + ∆Re

(10)
and ∆Rs = R̃s −Rs, ∆Re = R̃e − σ2

eIN . Eq. (9) models
the error in the approximation for a finite number of samples
T , which obviously provides a trade-off between accuracy
and fast DoA estimation. Since we are dealing with complex
signals, it is necessary to define the following mapping for the
complex-valued Hermitian (N × N ) matrix X: vtr(·) maps
the real of the upper triangular part of X to a vector (zeros in



Fig. 1. The proposed DL-based prediction scheme. The Denoising Autoencoder (DAE) learns to predict r̂, which is then mapped to a Hermitian matrix R̂x.
The latter matrix can then be used by one/any of the covariance-based methods for DoA estimation available in the literarure.

lower triangular part are excluded), i.e., xr = vtr(X); vti(·)
maps the imaginary of the strictly upper triangular part of
X to a vector (zeros in main diagonal and lower triangular
part are excluded), i.e., xi = vti(X). The former operator
maps X, which has N2 entries, to a N(N + 1)/2 real-
valued vector, while the latter one maps X to a real-valued
vector with N(N − 1)/2 entries. Finally, the operator vt(·) =
[vtr(·)T , vti(·)T ]T maps any Hermitian matrix to a composite
real-valued vector, i.e., x = vt(X) = [xTr ,x

T
i ]T . Its reverse

operator, uvt(·), maps the N2 × 1 real-valued vector back to
the original Hermitian matrix, i.e., X = uvt(x) ∈ CN×N .

Thus, by defining r̃ = vt(R̃x) and r = vt(Rx), as well as
∆r = vt(∆R), Eq. (9) can be written in terms of real-valued
vectors

r̃ = r + ∆r. (11)

The left-hand term and the first term on the right-hand side
of (11) correspond to the noisy/corrupted and noiseless/ideal
data, respectively. From Eq. (11), we realize that the values of
the sample covariance matrix lie close to the actual manifold
only under certain conditions. The values of r define an
unknown manifold, which is determined by a) the DoAs, b)
the array design and c) the transmitted signal’s wavelength.
Moreover, it is clear that the sample covariance matrix can be
far from the true array manifold due to: 1) a small number
of collected snapshots T , which even in the absence of noise,
may lead to arbitrarily large values in ∆r and 2) the presence
of extreme noise, which may lead to large values of ∆r even
for a sufficiently large (but finite) number of snapshots T .
Therefore, the use of R̃x will always be associated with great
uncertainty in the DoA estimation, particularly in the these
two extreme cases.

IV. LEARNING THE MANIFOLD OF HERMITIAN MATRICES
WITH DENOISING AUTOENCODERS

There are several approaches to the manifold learning in
Eq. (11). Employing a DAE is one of them, which has been
well studied in the image processing and computer vision
communities [13], [17]. However, it has not been sufficiently
investigated in the context of array signal processing. To
this end, we adopt a deep artificial neural network (ANN)
architecture that is able to learn mappings from the sampled to

the true covariance matrices. The predicted Hermitian matrices
enjoy more statistical richness and hence can improve the DoA
estimation significantly, as we will demonstrate in Section V.

The DAE is trained from the input data pairs {r̃(d), r(d)}
for a sufficiently large number of training data D. After
the training is carried out, it predicts R̂x from the sampled
noisy estimates R̃x (notation ·̃ and ·̂ is adopted throughout
the paper for noisy/corrupted and predicted/estimated values,
respectively). Finally, from the predicted matrix DoA esti-
mation can be performed using one of the covariance-based
estimators available in the literature. Due to space limitations,
we only tested MUSIC and R-MUSIC, but intend to carry out
an in depth investigation with other estimators in the future.
A diagram of the proposed prediciton scheme is presented in
Fig. 1.

A. The Proposed DAE

The DAE’s parameters are optimized by minimization of
the following loss function:

{ϑ∗, ϑ′∗} = arg min
ϑ,ϑ′

{
1

D

D∑
d=1

L
(
r(d), gϑ′

(
fϑ
(
r̃(d)
)))

+
λ

2D

(
M∑
m=1

‖Wm‖2F +

L∑
`=1

‖W′
`‖2F

)}
, (12)

where L(·) is the mean-squared-error (MSE) loss, i.e.,
L(r, r̃) =

∑N2

i=1 |r(i)− r̃(i)|2/N2; ϑ = {ϑm}Mm=1 with ϑm =
{Wm,bm} and ϑ′ = {ϑ′`}L`=1 with ϑ′` = {W′

`,b
′
`} are the

sets of weights and biases for the encoder and decoder, respec-
tively; fϑ = fϑM

◦ fϑM−1
· · · fϑ1

with fϑm
(x) = φfm(bm +

Wmx) is the encoder function with nonlinear activation
function φfm at the m-th layer and gϑ′ = gϑ′L ◦ gϑ′L−1

· · · gϑ′1
with gϑ′`(x) = φg`(b

′
` + W′

`x) is the decoder function with
nonlinear activation function φg` at the `-th layer. The input
layer of the proposed DAE is N2 × 1. Each layer updates
its learning parameters according to back propagation with
Adam [18]. The encoder comprises of three fully connected
(FC) layers, followed by the non-linear activation function
ReLU [19], [20]. The (output) dimension of each layer is 300,
200 and 100 (latent space), respectively. The decoder has three
fully connected layers of dimension 200, 300 and N2 with



Fig. 2. The proposed DAE architecture follows the standard bottleneck structure. The encoded dimension (of the latent space) is 100, whereas the input and
output dimensions are N2. In total, the DAE comprises six fully connected (FC) layers.

activation function ReLU, except for the (last) output layer
which has no activation (linear). The proposed neural network
architecture is summarized in Fig. 2. The training of the DAE
is carried out once using noisy covariance estimates from T
samples and for random SNR values, where

SNR = 10 log10

(
min{p1, . . . , pK}/σ2

e

)
. (13)

B. Training Strategies

There are several options to choose from when it comes
to the training of a neural network and it typically depends
on the application. In our case, the neural network was
initially trained for each number of snapshots T and SNR
level. Many would argue that this can be a limiting factor
in terms of memory and system demands. Indeed, extensive
experimentation led us to the conclusion that the training
can be significantly simplified. As a first simplification step,
we trained the DAE for each T by letting the SNR vary
(uniformly) at random. Next, we realized that there is no
significant gain by training different neural networks for each
value of T (snapshots). Therefore, we instead trained the DAE
only once from the least amount of sufficient snapshots Tmin

(weakest case) and used its weights for the prediction of R̂x

from all T ≥ Tmin values.

V. NUMERICAL RESULTS

For the numerical evaluation of the proposed approach we
consider a ULA with N = 20 sensors attempting to identify
K = 2 sources transmitting with equal unit power. The SNR
ranges from -20 dB to -5 dB. It should be noted that in the
presence of extreme noise a larger array aperture is necessary
in order to be able to resolve even a small number of sources,
as opposed to the higher SNR case.

We assume that the two angles are well separated: the first
one lies in the interval [−80◦,−5◦] and the second one lies in
[5◦, 80◦]. They are chosen randomly in both the training and
testing sets. For the training phase we generated two million
data (D = 2M) from Tmin = 1000 snapshots, which are

split into training (0.8) and validation (0.2) sets. The training
is carried out for 50 epochs and a batch size of 128 using
an NVIDIA TITAN RTX graphics processing unit (GPU)
operating on Windows 10. A learning rate drop factor of
0.9 was used every 2 epochs and the weight regularization
parameter was set to 10−4. The code was implemented in
MATLAB using the Deep Learning Toolbox. For the testing
we generated Dt = 100K data per SNR level and number of
snapshots T . For the DoA estimation two popular covariance-
based methods are employed, the MUSIC (with 0.1◦ reso-
lution) and the R-MUSIC estimators. We compare the DoA
estimation using the predicted, R̂x, vs the sample covariance
matrix, R̃x. Performance gains are measured in terms of the
root-mean-squared-error (RMSE) (in degrees):

RMSE =

√√√√ 1

DtK

K∑
k=1

Dt∑
d=1

(θ
(d)
k − θ̂

(d)
k )2. (14)

In Fig. 3, we have plotted the RMSE versus the SNR
values in the DoA estimation of two sources using MUSIC
and R-MUSIC. We observe that the DoA estimation with the
predicted matrix leads to a significant increase in both estima-
tors’ performance. In the lower-SNR regime we calculated up
to 95% relative improvement, compared to the conventional
approaches that use the sample estimate. On the other hand,
as the SNR increases the performance becomes similar for
both matrix estimates (except for MUSIC with T = 1000
snapshots). Additionally, in Fig. 4, we have plotted the RMSE
versus the number of snapshots T at −20 dB. Notice that even
though the DAE is trained with Tmin = 1000 snapshots, it can
still make sufficient predictions and significantly improve the
DoA estimation for all T > Tmin, despite the fact that the
statistics of the these sample estimates (with T > 1000) vary
from those that were used for the training of the DAE. Thus,
the matrices predicted by the DAE demonstrate robust charac-
teristics in the low-SNR regime. More importantly, notice that
with the conventional approach (sample estimate) the DoA
estimation cannot improve even for a very large number of
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Fig. 3. The RMSE (logarithmic scale) vs the SNR in the DoA estimation of
two sources. The dashed lines correspond to DoA estimation with the sample
estimate, while the solid ones to estimation with the matrix predicted by the
proposed DAE.

snapshots, e.g., T = 16K. Nevertheless, the improvement rate
is higher (the curve is steeper) for the estimation performed
with the predicted matrix.

VI. CONCLUSIONS

In this paper, we introduced a novel approach for DoA
estimation in the low-SNR regime. In particular, we trained
a DAE to predict Hermitian matrices from which the angle
estimation can be subsequently performed by any covariance-
based method. Its performance is evaluated in terms of the
RMSE and results indicate significant performance gains.
However, we need to be aware that they come at the expense
of substantial effort to: a) identify the neural network’s archi-
tecture and its set of parameters and b) train the neural network
using high-performance GPUs (optimizing hyper-parameters,
etc.). Furthermore, it is likely that the performance of the DAE
will be affected by changes in the array manifold (e.g., if we
wish to modify the size or the inter-element spacing of the
array’s sensors), which can be challenging to optimize once
again. Nevertheless, with the reported gains, we believe that
this novel approach will initiate a new era in array signal
processing with the use of Machine Learning.
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