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Abstract 

This paper demonstrates a two-stage optimisation for a single-degree-of-freedom (SDOF) electromagnetic 

vibration energy harvester under a harmonic base excitation vibration. In this paper, a designed cantilever beam 

was used to verify the optimisation methods. The dynamics of the beam was modelled using the Euler-Bernoulli 

beam theory. By deriving the exact expression of the power output under the optimum load resistance condition, 

the correct electromagnetic coupling coefficient was determined. The first optimisation stage involves maximising 

this coefficient by considering several coils and magnet parameters, allowing at this stage to define the electrical 

efficiency of the harvester which is described as the ratio of the harvester’s power output to its power limit. The 

experimentally determined power output for this stage was 3.51 mW. The structural aspects of the harvester were 

then optimised by considering the addition and placement of proof masses and the structural dimensions of the 

harvester. This part represents the second optimisation and determines the power limit of the harvester. An 

experimental power output of 7.95 mW was achieved in this stage. All experimental results displayed a good 

agreement with the derived theoretical model, recording an error of less than 10.0%, hence validating the 

theoretical model. The first optimisation stage presented here can be applied to any linear electromagnetic SDOF 

harvester whereas the second optimisation stage can be easily modified to suit different structural considerations. 

Additionally, both stages can also be slightly modified to account for rotational systems. 

Keywords: Two-stage optimisation; Electromagnetic vibration energy harvesting; Single-degree-of-freedom; 

Electromagnetic coupling; Structural. 

1. Introduction 

The idea of harvesting energy from the ambient surroundings to provide a green and sustainable 

source of energy for low-powered electronics has become increasingly popular in the past two decades. 

Since its introduction in 1996 [1], vibrations have become one of the most promising study in the field 

of energy harvesting. Ambient vibrations can originate from household appliances, civil structures and 

moving vehicles [2–4]. Converting the mechanical vibration energy into useful electrical power can be 

done in several ways, with the two most common methods being piezoelectric transduction and 

electromagnetic induction. While both conversion methods generally result in a similar power output 

despite their differences [5], Kim et al. [6] argued that electromagnetic harvesters performs better than 

piezoelectric harvesters at larger volumes. 

Optimisation of an electromagnetic vibration energy harvester is often focused on one aspect, either 

the electromagnetic aspect or the structural aspect and rarely considers both. Most studies would 

concentrate on the electromagnetic aspect as it is easier to relate the electromagnetic parameters to the 

power output of the harvester. Liu et al. [7] demonstrated the existence of an optimal coil height and 

coil turns for a double Halbach magnet array design, which was determined experimentally. Lei et al. 

[8] attempted to maximise the magnetic flux linkage for an electromagnetic harvester by finding the 

optimum circular radius for the coil. Similarly, Spreeman and Manoli [9] also optimised the same 

variable by considering different coil and magnet architectures for a constrained volume space.  

On the structural aspect, very few studies have actually optimised the structural parameters of an 

electromagnetic vibration energy harvester. Most studies would focus on improving the harvester’s 

performance through different structural designs and considerations instead of an actual optimisation. 

mailto:chungket.thein@nottingham.edu.cn
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Several authors considered different velocity amplification techniques to increases the harvester’s power 

output [10–12]. To account for the low frequency vibrations of human motion, Fan et al. [13] proposed 

a monostable electromagnetic harvester by combining the use of springs and stoppers. All the proposed 

designs in the structural aspect generally explores multi-degree-of-freedom (MDOF) systems or 

rotational systems to overcome the limits of a SDOF design. While other designs have shown to be 

advantages, Beeby et al. [14] have shown that even a conventional electromagnetic cantilevered devices 

can outperformed other devices when properly optimised. Additionally, Foong et al. [15] demonstrated 

that the power output of a conventional SDOF harvester can be significantly increased by applying the 

concept of anti-phase resonance. 

Despite the abundance of research in the field of electromagnetic vibration energy harvesting, the 

following questions are still unclear when optimising a conventional SDOF harvester: 

1) What is the correct coupling coefficient that must be optimised in the electromagnetic side to 

maximise the harvester’s power output? 

2) Is it important to optimise the structural design of the harvester or is it sufficient to maximise 

only the electromagnetic component? 

3) If the structural aspect is yet important, what considerations must be made to maximise the 

harvester’s power output? 

4) What do the electromagnetic and structural aspects represent in a SDOF electromagnetic 

vibration energy harvester? 

This study proposes a two-stage optimisation for a SDOF cantilever-based electromagnetic vibration 

energy harvester to address the above questions. The focus of the optimisation was to maximise the 

harvester’s power output. In the first stage, the electromagnetic coupling coefficient under the optimum 

load resistance condition was determined and optimised by considering different coil and magnet 

parameters. Several key discoveries were emphasised regarding the importance of optimisation in both 

the electromagnetic and the structural aspects. The results from this stage are applied to the second 

optimisation stage where the structural aspect of the harvester was optimised. In this stage, the 

optimisation is conducted using MATLAB optimisation function after several important considerations 

are highlighted. Finally, the optimised results were compared to the derived mathematical model for 

verification and all main findings were outlined in the conclusion. It was then shown that the 

optimisation method proposed here can be applied for any linear SDOF electromagnetic harvesters and 

can be slightly modified to account for rotational harvesters. 

2. Governing equations for SDOF cantilever-based electromagnetic vibration energy harvester 

Consider a typical single-degree-of-freedom (SDOF) cantilever-based electromagnetic vibration 

energy harvester design as seen in Figure 1.  
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Figure 1. Top (left) and side (right) view of a typical SDOF cantilever-based electromagnetic vibration energy 

harvester. 

The design consists of a rectangular cantilever beam clamped at one end with a conducting coil fixed 

onto the other end. A group of permanent magnets are positioned so that the coil interacts with its 

magnetic field. The clamped end of the beam and the magnets are fixed onto a vibrating base. Note that 
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the position of the coil and the magnets are interchangeable. The variables 𝐸, 𝜌, 𝐿, ℎ and 𝑤 defines the 

cantilever beam’s Young’s modulus, density, length, thickness and width correspondingly. The 𝑥 

variable represents the position along the length of the beam and 𝑧 is the vertical response amplitude of 

the harvester due to a base vibration with amplitude 𝑌. The coil has an inertial resistance of 𝑅𝑐 and is 

connected in series to a load resistor, 𝑅𝐿. 

2.1 Equation of motion of a clamp-free cantilever beam with proof mass under harmonic base 

excitation 

The response of the SDOF cantilever-based electromagnetic vibration energy harvester in Figure 1 

can be modelled as a clamp-free cantilever beam with a proof mass on its free-end.  Assuming a constant, 

harmonic base excitation input and applying the Euler-Bernoulli beam theory, the absolute amplitude of 

a vibrating clamp-free cantilever beam at position 𝑥 and time 𝑡 can generally be expressed as 

𝑧𝑎(𝑥, 𝑡) = 𝑧(𝑥, 𝑡) + |𝑌|𝑒𝑖𝜔𝑡 (1) 

where 𝑧𝑎(𝑥, 𝑡) is the absolute perpendicular displacement of the vibrating cantilever beam, 𝑧(𝑥, 𝑡) is the 

displacement of the beam relative to the vibrating base, |𝑌| is the absolute amplitude of the harmonic 

base excitation input and 𝜔  is the driving frequency. Applying the Fourier method, 𝑧(𝑥, 𝑡)  can be 

separated in terms of its spatial and time components [16]. 

𝑧(𝑥, 𝑡) = ∑ 𝜑𝑛(𝑥)𝜂𝑛(𝑡)∞
𝑛=1  (2) 

where 𝜑𝑛  is the mass normalized eigenfunction of the beam and 𝜂𝑛  is the response function. The 

subscript 𝑛 in equation (2) corresponds to the vibration mode of the beam. For SDOF vibration energy 

harvesters, significant power is usually generated within the first vibrational mode.  Although 𝑧(𝑥, 𝑡) is 

defined as a sum of consecutive vibration modes, it is appropriate to ignore the higher vibration modes 

when considering only the first one. For this case, the beam eigenfunction and response function can be 

written as 

𝜑1(𝑥) =  𝐶1 [𝑐𝑜𝑠ℎ
𝜆1

𝐿
𝑥 − 𝑐𝑜𝑠

𝜆1

𝐿
𝑥 − 𝐷1 (𝑠𝑖𝑛ℎ

𝜆1

𝐿
𝑥 − 𝑠𝑖𝑛

𝜆1

𝐿
𝑥)] (3) 

𝜂1(𝑡) =
|𝑌|𝑒𝑖𝜔𝑡𝜔2𝐹1

𝜔1
2−𝜔2+𝑖2𝜁1𝜔1𝜔

 (4) 

where 𝜁1 is the first mode damping ratio of the beam, 𝜔1 is the first mode natural frequency of the beam 

and 𝐶1,𝐷1 and 𝐹1 are constant terms derived from the boundary conditions and inertial terms of the 

cantilever beam and proof mass and 𝜆1  is obtained from the beam’s characteristic equation [17]. 

Substituting equations (3) and (4) into equation (2) results in 

𝑧(𝑥, 𝑡) =
𝜔2

𝜔1
2−𝜔2+𝑖2𝜁1𝜔1𝜔

|𝑌|𝑒𝑖𝜔𝑡𝐹1𝜑1(𝑥) (5) 

The maximum output of a SDOF vibration energy harvester occurs at resonance (𝜔 = 𝜔1) where 

𝑧(𝑥, 𝑡) is maximised. Under this situation, equation (5) reduces too  

𝑧(𝑥) =
1

2𝜁1
|𝑌|𝐹1𝜑1(𝑥) (6) 

Equation (6) is only valid for when 0 ≤ 𝑥 ≤ 𝐿 . To evaluate the amplitude of the attached coil 

component at 𝑥 = 𝐿 + 𝑥𝑎, where 𝑥𝑎 is an arbitrary point beyond 𝑥 = 𝐿, the following equation should 

be considered 

𝑧(𝑥 > 𝐿) =
1

2𝜁1
|𝑌|𝐹1[𝜑1(𝐿) + 𝑥𝑎𝜑1′(𝐿)] (7) 

where 𝜑1′(𝐿) is the derivative of the beam’s eigenfunction with respect to 𝑥 at 𝑥 = 𝐿. This evaluation 

is important to determine the voltage output of the harvester. Equation (7) can easily be solved once the 

damping of the beam is determined. 
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2.2. Damping evaluation  

In electromagnetic vibration energy harvesting applications, it is common practice to define the 

damping ratio in the form of  

𝜁1 = 𝜁𝑖 + 𝜁𝑒 (8) 

where 𝜁𝑖 is the internal damping ratio of the cantilever beam material and 𝜁𝑒 is the damping ratio due to 

the electromagnetic interaction between the coil and the permanent magnets. Referring to Figure 1, 𝜁𝑒 

can be approximated by the following equation if the coil inductance was assumed to be much lower 

than its resistance 

𝜁𝑒 =
(𝑁𝐵𝑙𝐶𝑓)

2

2𝑚𝑒𝜔1(𝑅𝐿+𝑅𝑐)
 (9) 

where 𝑁 is the number of the coil turns, 𝑙 is effective length of the coil, 𝐶𝑓 is the coil fill factor, 𝐵 is the 

average magnetic flux of the magnets interacted by the coil and 𝑚𝑒 is the effective mass of the harvester. 

Equation (9) assumes that magnetic flux density is constant throughout the entire coil.  

Normally, the internal damping of a structure, 𝜁𝑖, is determined once from experiment and assumed 

to be constant or estimated using the Rayleigh damping model [18]. However, in optimisation, these 

assumptions can affect the accuracy of the end results as different parameters would lead to different 

internal damping values, especially for larger volumes. Ideally, a method to evaluate the internal 

damping of cantilever beams would be favourable for optimisation applications. For macro-size 

cantilever beams (volume > 100 mm3), the internal damping ratio of a cantilever beam can be divided 

into its thermoelastic damping, 𝜁ℎ, and its material damping 𝜁𝑚 as shown in equation (10). Other forms 

of damping can be assumed negligible for macro-sized beams [19,20]. 

𝜁𝑖 = 𝜁ℎ + 𝜁𝑚 (10) 

 Zener [21] proposed an analytical solution to determine the thermoelastic damping ratio of cantilever 

beams, which is described by 

𝜁ℎ =
𝐸𝛼2𝑇0

2𝜌𝐶𝑝

𝜔𝜏

1+(𝜔𝜏)2 (11) 

𝜏 =
ℎ2𝜌𝐶𝑝

𝜋2𝑘
 (12) 

where 𝛼, 𝐶𝑝 and 𝑘 corresponds to the thermal expansion coefficient, specific heat capacity and thermal 

conductivity of the beam material and 𝑇0  is the ambient temperature. Foong et al. [22] proposed a 

method to evaluate the material damping of cantilever beams by considering the maximum stress of the 

structure under critically damped condition (𝜁1 = 1), otherwise defined as the critically damped stress, 

𝜎𝑐. Based on the Euler-Bernoulli beam theory, 𝜎𝑐 can be expressed as 

𝜎𝑐 =
1

2
𝐸ℎ|𝑌| (

𝜆1

𝐿
)

2
𝐶1𝐹1 (13) 

By replicating the experimental procedures outlined by Foong et al [22], the following relationship 

is obtained for a stainless steel material. 
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Figure 2. Relation between the material damping ratio and the critically damped stress of a stainless steel 

cantilever beam. 

Assuming a power relation, the data in Figure 2 can be fitted with the following equation 

𝜁𝑚 = 3.788 × 10−8(𝜎𝑐)0.8447 + 1.662 × 10−3 (14) 

Equation (14) can be used to predict the material damping ratio of a stainless steel cantilever-based 

electromagnetic vibration energy harvester with sufficient accuracy (~ 10.0%).  

2.3. Power equation and optimum load resistance  

Considering the simple electromagnetic circuit design in Figure 1, the root-mean-squared (RMS) 

voltage generated at the load resistance during the first vibration mode resonance can be defined as 

𝑉𝑟𝑚𝑠 =
1

√2
𝑁𝐵𝑙𝐶𝑓𝑧(𝑥)𝜔1

𝑅𝐿

𝑅𝐿+𝑅𝑐
 (15) 

Note that since the voltage generated actually depends on the amplitude of the coil component 

passing through the permanent magnets, 𝑧(𝑥) must be evaluated at a certain distance, 𝑥𝑎, beyond the 

length of the beam which corresponds to the average amplitude of the coil. Base on Ohm’s law, the 

average power output at the load resistance is defined as  

𝑃𝑎𝑣𝑒 =
𝑉𝑟𝑚𝑠

2

𝑅𝐿
 (16) 

Many past literatures have reported on the existence of an optimum load resistance that corresponds 

to the maximum power output of a vibration energy harvester [23,24]. By substituting equation (9) into 

equations (8), (5), (15) and (16) and differentiating equation (16) with respect to 𝑅𝐿, one can show that 

the optimum load resistance, 𝑅𝐿
𝑜𝑝𝑡

, for a SDOF electromagnetic harvester can be expressed as 

𝑅𝐿
𝑜𝑝𝑡

=
𝐾2

𝑑𝑖
+ 𝑅𝑐 (17) 

where 𝐾 is the transduction factor which is be expressed as 

𝐾 = 𝑁𝐵𝑙𝐶𝑓 (18) 

and 𝑑𝑖 is the internal damping constant of the harvester defined as 

𝑑𝑖 = 2𝜁𝑖𝑚𝑒𝜔1 (19) 

Substituting equations (7), (17) and (19) into equation (16) describes another form for 𝑃𝑎𝑣𝑒  under 

first vibration mode resonance, which is only valid when 𝑅𝐿 = 𝑅𝐿
𝑜𝑝𝑡

. 

𝑃𝑎𝑣𝑒 = {
1

16𝜁𝑖
𝑚𝑒|𝑌|2𝜔1

3𝐹1
2[𝜑1(𝐿) + 𝑥𝑎𝜑1′(𝐿)]2}

𝐾2/𝑅𝑐

𝐾2/𝑅𝑐+𝑑𝑖
 (20) 
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The term 𝑅𝐿 has now been eliminated in the power equation through substitution. In addition, the 

equation has separated the structural (bracketed terms) and the electromagnetic (non-bracketed terms) 

parameters of the harvester, making it easier to understand. 

3. Staged optimisation of a SDOF cantilever-based electromagnetic vibration energy harvester 

The concept of staged optimisation is to solve a single optimisation problem by dividing it into 

several sequential problems, where each problem is individually optimised using the solution from the 

previous stage. This concept is commonly applied to simplify complex optimisation problems and most 

of the time, several assumptions are made. From equation (20), the non-bracketed terms represent the 

contribution of the coil and the magnet components towards the power output of a SDOF 

electromagnetic harvester with 𝐾2/𝑅𝑐  being the main parameter. This parameter is defined as the 

electromagnetic coupling coefficient. The bracketed terms represent the harvester’s structural 

contributions to its power output. Assuming that the structural parameters are fixed, Figure 3 illustrates 

the relationship between 𝑃𝑁 and 𝐾2/𝑅𝑐 for different internal damping constant values (𝑑𝑖) where 𝑃𝑁 is 

𝑃𝑎𝑣𝑒 normalized by the structural parameters. 

 

Figure 3. Variation in the normalised power output against the electromagnetic coupling coefficient for different 

internal damping constants. Direction of the arrow indicates an increase in 𝑑𝑖. 

Figure 3 describes a rise in 𝑃𝑁 as 𝐾2/𝑅𝑐 increases for all 𝑑𝑖 values. It is shown that the damping 

constant plays an important role at lower values, where 𝑃𝑁 converges faster to unity. This means that 

the difference in 𝑃𝑁 at higher 𝐾2/𝑅𝑐 values becomes almost insignificant when 𝑑𝑖 is small. Overall, 

since 𝑃𝑁 generally increases with 𝐾2/𝑅𝑐 under the above assumption, it suggests that the optimisation 

problem for a SDOF electromagnetic vibration energy harvester can be conducted in two stages. The 

first stage involves maximising 𝐾2/𝑅𝑐, which represents the electromagnetic optimisation phase. The 

second stage would then be to optimise the other contributing parameters using the solution from the 

first stage to further maximise the power output. This stage represents the structural optimisation phase. 

The first and the second stages are not interchangeable since 𝑑𝑖 appears as a summing parameter in the 

denominator of equation (20). Although increasing 𝐾2/𝑅𝑐 may affect the structural parameters of the 

harvester due to the increase in coil mass or magnet mass, if some arbitrary masses were included in the 

optimisation of the second stage, the effect of increase in the mass from the first stage can be minimized. 

Previously, some authors have defined the electromagnetic coupling factor as 𝐾 or 𝐾2. Therefore, the 

parameter 𝐾 was instead optimised to increase the power output of an electromagnetic vibration device. 

However, the said coupling factor would be true if only the magnetic flux of the magnets, 𝐵, was 

optimised or a constant load resistance value was considered instead of the optimum load resistance. 

However, if one wishes to optimise the number of the coil turns, 𝑁, then the coupling factor of 𝐾2/𝑅𝑐 

should be used instead. Beeby et al. [14] indirectly demonstrated this fact when selecting between three 

different coils of 𝑁 = 600, 𝑁 = 1200 and 𝑁 = 2300 with internal coil resistance of 𝑅𝑐 = 100.0 Ω, 𝑅𝑐 = 
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400.0 Ω and 𝑅𝑐 = 1500.0 Ω respectively. Since the coil was wounded within the same volume space 

between the same magnets, it can be assumed that parameters 𝐵, 𝑙 and 𝐶𝑓 were constant. This means 

that their 𝐾2/𝑅𝑐 values are very similar. It was shown that under the optimum load resistance, all three 

coils resulted in approximately the same power output (with less than 2.5% difference). If the evaluation 

was based on parameter 𝐾 instead, the coil with 𝑁 = 2300 should have resulted in a significantly higher 

power output than the other coils. 

3.1 First stage – Electromagnetic optimisation 

 The first optimisation stage investigates the effect of different coil and magnet parameters on the 

magnitude of the electromagnetic coupling coefficient, 𝐾2/𝑅𝑐. The results from this stage are used in 

the second optimisation stage. 

3.1.1 Parametric estimation for different types of coil winding 

Considering a fixed magnet arrangement and a circular cross-section copper coil, the only parameters 

that can be varied to increase 𝐾2/𝑅𝑐  would be the diameter of the copper coil and the type of coil 

winding. Generally, there are three types of coil winding as illustrated by Figure 4. 

Layer Winding Orthocyclic Winding Random Winding
 

Figure 4. Types of common coil winding arrangements. 

where layer and orthocyclic windings are organised windings and random winding is a disorganised 

winding. Current technologies have allowed for wire diameters as small as 0.20 mm to achieve a layer 

or orthocyclic winding [25]. Orthocyclic coiling usually results in the highest efficiency as the winding 

of the upper layers are positioned in the grooves of the lower layers. To investigate the effect of coil 

diameter and coil winding on 𝐾2/𝑅𝑐, first assume the following coil and magnet architecture described 

in Figure 5,with the dimensions tabulated in Table 1. 

Coil

Magnets

Magnets

mh

ms

Steel 

plate

Steel 

plate

sw

cl

ch

ml

mw

Coil

mv

cw

 

Figure 5. Front (left) and cross-sectional side (right) view of the coil and magnet component architecture. 

Table 1: Dimensions and properties of the coil and magnet components. 

Parameters Value 
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𝐵 (T) 0.335 

𝜇 (Ωm) 1.724 × 10-8 

𝑐𝑙 (mm) 3.0 

𝑐ℎ (mm) 2.0 

𝑐𝑤 (mm) 9.0 

𝑚𝑙 (mm) 25.0 

𝑚ℎ (mm) 10.0 

𝑚𝑤 (mm) 5.0 

𝑚𝑠 (mm) 13.0 

𝑚𝑣 (mm) 2.0 

𝑠𝑤 (mm) 5.0 

𝐿𝑜 (m) 2.0 

where 𝐿𝑜 is the overhang length of the coil that connects to the load resistance, 𝜇 is the resistivity of the 

copper coil and 𝐵 is the average magnetic flux covered by the coil, obtained by simulating the magnets 

arrangement in Figure 5 using the CST Studio Suite 2017 software as shown in Figure 6. The poles of 

the magnets are inscribed on the magnets in Figure 6 and the red outline indicates the area covered by 

the coil. A long overhang length was used to make it easy to tune the coil resistance in the experiment 

later. Based on Table 1, the clearance between the coil and the magnets is 2.0 mm on each side. 

 

Figure 6. Front view of the finite element simulation of the magnet arrangement. 

Under these parametric considerations, the diameter of the coil, 𝑐𝑑, was varied between 0.01 mm to 

2.0 mm. Here, 𝑐𝑑 represents the diameter of the bare copper wire without insulation. The total diameter 

of the coil including the insulation layer, 𝑐𝑡, was estimated based on the manufacturing standards from 

pro-Power [26] and Ashkay [27] and can be expressed as a polynomial function. 

𝑐𝑡 = 17734.41𝑐𝑑
3 − 70.09𝑐𝑑

2 + 1.11𝑐𝑑 + 7.89 × 10−6 (21) 

All three types of coil winding were considered, namely the layer winding, orthocyclic winding and 

random winding. The coil was wounded until the space within the red outline in Figure 6 was filled up, 

occupying approximately the same amount of volume. The number coil turns under layer winding, 𝑁𝑙𝑎𝑦, 

and orthocyclic winding, 𝑁𝑜𝑟𝑡, can be estimated by equations (22) and (23) whereas the number of coil 

turns for random winding, 𝑁𝑟𝑎𝑛 , can lie anywhere between 𝑄 = 80.0% to 𝑄 = 90.0% of 𝑁𝑙𝑎𝑦  [28], 

depending on how the coil was wounded. 

𝑁𝑙𝑎𝑦 = (
𝑐𝑤

𝑐𝑡
)

 ⃖       
(

𝑚ℎ

𝑐𝑡
)

 ⃖        
 (22) 
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𝑁𝑜𝑟𝑡 = (
𝑐𝑤

𝑐𝑡
)

 ⃖       
[(

𝑚ℎ−𝑐𝑡

0.5√3𝑐𝑡
)

 ⃖                
+ 1] −

1

2
[(

𝑚ℎ−𝑐𝑡

0.5√3𝑐𝑡
)

 ⃖                
+ 1]

 ⃖                               
 (23) 

𝑁𝑟𝑎𝑛 ≈ 𝑄𝑁𝑙𝑎𝑦
 ⃖            (24) 

In the equations above, the left-pointing arrow accent indicates a floor function, which means that 

the variable is rounded off to the nearest integer that is less than or equal to the actual variable value 

since the parameter cannot be a decimal number. Assuming the shape of a rounded rectangular, the total 

length of the wounded coil for the corresponding windings can be determined by 

𝐿𝑙𝑎𝑦 = 2(𝑐𝑙 + 𝑐ℎ)𝑁𝑙𝑎𝑦 + 𝜋𝑐𝑡 [(
𝑚ℎ

𝑐𝑡
)

 ⃖        
− 1] 𝑁𝑙𝑎𝑦 (25) 

𝐿𝑜𝑟𝑡 = 2(𝑐𝑙 + 𝑐ℎ)𝑁𝑜𝑟𝑡 +
1

2
𝜋√3𝑐𝑡 [(

𝑚ℎ−𝑐𝑡

0.5√3𝑐𝑡
)

 ⃖                
] 𝑁𝑜𝑟𝑡 (26) 

𝐿𝑟𝑎𝑛 ≈ 𝑄𝐿𝑙𝑎𝑦 (27) 

The coil internal resistance, 𝑅𝑐, can then be calculated by 

𝑅𝑐 = 4
𝜇

𝜋𝑐𝑑
2 (𝐿𝑙𝑎𝑦/𝑜𝑟𝑡/𝑟𝑎𝑛 + 𝐿𝑜) (28) 

The coil fill factor, 𝐶𝑓, was assumed to be constant at 0.65. When the number of coil turns is high, 

the coil would resume a more circular shape since 𝑐ℎ/2 and 𝑐𝑙/2 is much smaller than 𝑚ℎ. 

3.1.2 Estimation of the coil’s effective length 

To estimate the effective length of the coil, 𝑙, an experiment was conducted using an existing coil 

that has the same architecture as in Figure 5. The coil was wounded by hand and has 𝑁𝑟𝑎𝑛 = 600 turns 

and a measured internal resistance of 𝑅𝑐 = 9.2 Ω. The coil was clamped onto a retort stand and positioned 

between magnets with the same architecture as in Figure 5. Using the same approach as in Figure 6, the 

average magnetic flux in the coil was determined to be 𝐵 = 0.28 T. The magnets were clamped onto an 

analogue shaker to induce a base excitation motion. The retort stand holding the coil was not placed on 

the shaker. Figure 7 illustrates the experimental setup. 

Coil

Magnets

U

Clamp

Keyence IL-065 

Laser displacement 

sensor

NI USB-6003 

DAQ device
Computer

Retort 

stand

Shaker

Load resistor
 

Figure 7. Experimental setup to estimate the effective length of the coil. 

A laser displacement sensor (Keyence IL-065) was used to capture the output response of the 

vibrating magnets at location U as labelled in Figure 7. The laser sensor was connected to a data 

acquisition (DAQ) device (NI USB-6003) to transfer the measured data to a computer. The coil was 
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connected in series to a variable load resistor, which was linked to the DAQ device to record the induced 

voltage. The DAQ device can be controlled from the computer using the NI LabVIEW software. Since 

the magnets were directly clamped onto the shaker, they have the same vibration magnitude as the 

shaker’s input. The magnet component was excited under three different base acceleration inputs of 𝐺 

= 2.9 ms-2, 𝐺 = 3.9 ms-2, and 𝐺 = 4.9 ms-2 with a constant driving frequency of 𝜔 = 10 Hz, 𝜔 = 20 Hz 

and 𝜔 = 30 Hz respectively. The load resistor value was fixed at 𝑅𝐿 = 500.0 Ω. The effective length of 

the coil was determined using the experimental results in Table 2 and equation (15). 

Table 2: Experimental results for the determination of the coil effective length. 

𝐺 (ms-2) 𝜔 (Hz) 𝑧𝑎
𝑚𝑎𝑥 (mm) 𝑉𝑟𝑚𝑠

𝑚𝑎𝑥 (V) 𝑙 (mm) 

2.9 10 0.79 1.21 32.1 

3.9 20 0.27 0.08 29.7 

4.9 30 0.14 0.06 31.3 

In Table 2, 𝑧𝑎
𝑚𝑎𝑥  and 𝑉𝑟𝑚𝑠

𝑚𝑎𝑥  refers to the peak absolute amplitude of the magnet component at 

position U and the peak RMS voltage output of the coil recorded from experiment. Based on the results 

in Table 2, an average value of 𝑙 = 31.0 mm was obtained. This value was assumed to be constant for 

all coil sizes. 

3.1.3 Determination of the optimum coil diameter 

Figure 8 describes the variation in 𝐾2/𝑅𝑐 for different 𝑐𝑑 values and different type of coil winding 

methods. Here a 𝑄 value of 85.0% was assumed for the random winding. Fluctuations are observed in 

Figure 8 due to the implementation of the floor function. 

 

Figure 8. Variation in the electromagnetic coupling coefficient against coil diameter for different types of coil 

windings. 

It is observed that for the selected magnet architecture, 𝐾2/𝑅𝑐 increases with decreasing 𝑐𝑑 until a 

certain 𝑐𝑑 value is reached, and then decreases with decreasing 𝑐𝑑. The same trend was observed for all 

types of coil winding, with the orthocyclic winding achieving the highest 𝐾2/𝑅𝑐 ratio due to a higher 

number of turns. Nevertheless, the trend in Figure 8 suggests that there is an optimum coil diameter that 

would result in the maximum coupling coefficient value. This optimum diameter is seen to be almost 

independent on the type of winding. This also means that it is independent of the 𝑄 value for random 

winding. In Figure 8, the optimum coil diameter is determined to lie between 0.20 ≤ 𝑐𝑑 ≤ 0.30 mm. 

Although one can argue that a linear or orthocyclic winding may be achievable by hand when using a 

larger diameter coil (say 𝑐𝑑 ≥ 1.0 mm), it is actually difficult to wound these larger coils around a small 

centre core as they are stiffer and more difficult to deform. Hence, the assumption of random winding 

would still be valid for larger coils. 
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Normally, one would think that a smaller coil diameter results in a better power output. This 

assumption would actually hold true if the bare conductor diameter (without insulation layer) was 

considered or if the thickness of the insulation layer can be manufactured to any desired value. However, 

in this study, the insulation thickness was determined from the given references ([26,27]), resulting in 

the evaluation of the total coil diameter from equation (21). Nevertheless, this shows that the thickness 

of the insulation layer has a major impact on the optimum coil diameter. 

3.1.4 Determination of the optimum horizontal magnet distance 

Optimisation of the magnets in an electromagnetic vibration energy harvester is often conducted 

experimentally due to the lack of analytical equations. While the governing equations for rectangular 

permanent magnets have been well established by Gou et al. [29], equations describing the non-linear 

effects of back iron have yet to be defined. For this case, finite element methods are usually adopted. 

The use of back iron is commonly practiced in electromagnetic applications as it concentrates the 

magnetic flux of the magnets [30,31].  

In this study, the horizontal distance, 𝑚𝑠, between the two pairs of rectangular permanent magnets 

shown in Figure 5 was optimised by determining the distance that would result in the highest 

electromagnetic coupling coefficient. Basically, as 𝑚𝑠  increases, 𝐵  decreases since the magnets are 

further away. However, the number of coil turns increases since there is more space between the magnets, 

allowing for 𝑐𝑤 to increase. Other parameters in Table 1 except for 𝑚𝑠, 𝐵 and 𝑐𝑤 were fixed including 

a clearance of 2.0 mm between the coil and the magnets on each side. Here, a coil diameter of 𝑐𝑑 = 0.25 

mm was used as it lies between the optimum coil diameter range determined earlier. Including the 

insulation layer, the total diameter of the coil is 𝑐𝑡 = 0.28 mm. The random winding was considered to 

account for non-machine winding in the experiment later. Again, a 𝑄 value of 85.0% was used for the 

analysis. The average magnetic field strength covered by the coil, 𝐵, for each different 𝑚𝑠 value was 

determined using the same method as in Figure 6. Figure 9 shows the variation of 𝐵 with 𝑚𝑠 for a range 

of 5.0 mm ≤ 𝑚𝑠 ≤ 20.0 mm.  

 

Figure 9. Simulated average magnetic flux for different horizontal distance between the magnets. 

A power curve was fitted to the simulated data points in Figure 9 to predict the 𝐵 value at non-tested 

distances. The curve can be expressed as 

𝐵 = 0.1305𝑚𝑠
−0.3708 − 0.3169 (29) 

Using equation (29), the results of the analysis are shown below in Figure 10 (a). Similar to Figure 

8, fluctuations are observed due to the floor function. 
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Figure 10. (a) Variation in the electromagnetic coupling coefficient with horizontal distance between the magnets 

and (b) comparison between the optimum coil diameter for a horizontal magnet distance of 13.0 mm and 14.0 mm. 

Based on the analysis presented in Figure 10 (a), the optimum 𝑚𝑠 value was determined to be 14.0 

mm. Previously in the coil diameter optimisation, a 𝑚𝑠 value of 13.0 mm was considered. However, if  

𝑚𝑠 = 14 mm was applied instead, the results for the optimised coil diameter range would be very 

similar to the former as seen in Figure 10 (b) for random winding. Overall, considering a random coil 

winding, the maximum 𝐾2/𝑅𝑐 ratio obtained from an optimised 𝑐𝑑 = 0.25 mm and 𝑚𝑠 = 14.0 mm is 

approximately 2.9 kgs-1. It is worth to mention that the optimum 𝑚𝑠 value is independent of the 𝑄 value 

if the same 𝑄 value was assumed for all 𝑚𝑠 variations. If a different 𝑄 value was used in the analysis, 

only the magnitude of 𝐾2/𝑅𝑐 would change.  

3.1.5 Experimental verification of optimised coil and magnets and further analysis 

An experiment was conducted to verify the optimised coil and magnet arrangement as well as the 

derived governing equations from the previous section. The optimised coil and magnet arrangement 

were manufactured and tested as seen in Figure 11. Both components can be secured to another body 

using two M3 screws and nuts. 

                

Figure 11. Manufactured optimised coil and magnet components. 

The dimensions of the magnets, steel plates and the centre of the wounded coil were made to be the 

same as in Table 1. A copper wire with a core diameter of 𝑐𝑑 = 0.25 mm and an overall diameter of 𝑐𝑡 

= 0.28 mm was used for the coil. The copper wire was wounded by hand until it reaches a height of 𝑚ℎ. 

A total of 𝑁𝑟𝑎𝑛 = 1000 turns was recorded, which corresponds to a 𝑄 value of 81.7%. Using this 𝑄 value 

results in a theoretical resistance of 14.8 Ω and an optimum electromagnetic coupling coefficient of 

𝐾2/𝑅𝑐 = 2.8 kgs-1.  In the experiment, the resistance of the coil was tuned to be similar to this value by 

adjusting the overhang length, 𝐿𝑜, measuring a resistance of 14.9 Ω. The mass of the coil and the magnet 

components (including two M3 screws nuts) weighted 31.7 grams and 102.1 grams respectively. The 

coil was then attached to the free-end of a clamp-free cantilever beam as seen in the experimental setup 

in Figure 12. In this setup, no additional proof mass was included onto the beam. The properties and 

dimensions of the cantilever beam are tabulated below.  

(a) (b) 
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Table 3: Dimensions and mechanical properties of a stainless steel cantilever beam. 

Cantilever beam 

Material Stainless Steel 

𝐸 (GPa) 175.0 

𝜌 (kgm-3) 8125 

𝐿 (mm) 52.0 

𝑤 (mm) 11.9 

ℎ (mm) 1.0 

The clamped-end of the cantilever beam was fixed onto the shaker to induce a harmonic base 

excitation. Similarly, the magnets component was also clamped onto the shaker. This time, two laser 

displacement sensors were used to capture the output response of the cantilever beam clamped-end and 

location R as labelled in Figure 12. The laser sensors and the coil were connected in the same manner 

as in the previous experiment to a variable load resistor and the DAQ device. A constant base 

acceleration input of 𝐺 = 1.0 ms-2 was assigned to the shaker. 

Coil

Magnets

Clamp

R
Clamp

Keyence IL-065 

Laser displacement 

sensor

Keyence IL-065 

Laser displacement 

sensor

NI USB-6003 

DAQ device
Computer

Cantilever 

beam

Shaker

Load resistor
 

Figure 12. Experimental setup to verify the optimised results of the first stage. 

The experiment was conducted under two different scenarios. The first scenario (Scenario 1) 

considers the optimum load resistance condition. Based on equation (17), the optimum load resistance 

for the specified experimental setup was determined to be 𝑅𝐿
𝑜𝑝𝑡

 = 710.1 Ω. This value was directly 

applied in the experiment for the first scenario. The second scenario (Scenario 2) involves the zero 

electromagnetic damping case. This was achieved setting the load resistance value to be very high (𝑅𝐿 

= 60.0 kΩ) so that the electromagnetic damping is negligible. Figure 13 describes the comparison 

between the experimental results and the theoretical analysis for the RMS voltage output, 𝑉𝑟𝑚𝑠,  and the 

absolute displacement amplitude, 𝑧𝑎, at location R under the two mentioned scenarios.  
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Figure 13. Comparison between experimental and theoretical results under the optimum load resistance condition 

(Scenario 1) and a load resistance of 60.0 kΩ (Scenario 2). 

Table 4 tabulates the experimental and theoretical results from Figure 13 for the two scenarios in 

terms of the fundamental natural frequency (𝜔1) peak absolute amplitude (𝑧𝑎
𝑚𝑎𝑥), the peak RMS voltage 

(𝑉𝑟𝑚𝑠
𝑚𝑎𝑥) and the peak average power output (𝑃𝑎𝑣𝑒

𝑚𝑎𝑥).  

Table 4: Tabulated numerical results from Figure 13. 

 𝜔1 (Hz) 𝑧𝑎
𝑚𝑎𝑥 (mm) 𝑉𝑟𝑚𝑠

𝑚𝑎𝑥 (V) 𝑃𝑎𝑣𝑒
𝑚𝑎𝑥 (mW) 𝐾2/𝑅𝑐 (kgs-1) 

Scenario 1      

Experimental 29.5 0.99 1.58 3.51 2.8 

Theoretical 29.5 0.94 1.48 3.06 2.8 

Scenario 2      

Experimental 29.4 1.90 3.08 0.16 2.8 

Theoretical 29.5 1.82 2.91 0.14 2.8 

A slight skewness is observed in the experimental results for the second scenario which may be due 

to inherent nonlinearities from the larger amplitude vibration and inertial effects. Overall, a good 

agreement can be observed between the experimental results and the theoretical analysis in terms of 

natural frequency, absolute amplitude and voltage output with a maximum difference of 6.3%. This 

difference can be attributed to the small error in the material damping prediction when using equation 

(14). Nevertheless, the results suggest that not only is the evaluation of the electromagnetic coupling 

coefficient correct, but the applied damping prediction methods are also valid.  
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In this section, only certain parameters of the coil and the magnets was considered in the optimisation. 

However, the same electromagnetic coupling parameter can be used to optimise other parameters that 

were not considered here. For example, if one was interested to optimise the shape of the coil by 

considering the same magnets (𝐵 is fixed) and a fixed coil type and length (𝐶𝑓 and 𝑅𝑐 are fixed), then 

the best coil geometry should result in the highest 𝑁𝑙𝑐 value. The same concept could also be applied to 

determine the optimum size of the magnets within a constrained volume space. Regardless, the main 

parameter to optimise here is still 𝐾2/𝑅𝑐. 

Assuming that the structural parameters are unchanged, Figure 14 describes the theoretical peak 

power outputs for the case of other 𝑚𝑠 values. 

 

Figure 14. Variation in peak power output results for different magnet. 

Figure 14 shows that the power output for other 𝑚𝑠 values are actually quite similar to 𝑚𝑠 = 14.0 

mm, with an error of less than 1.0% for 𝑚𝑠 values larger than 9.0 mm. The reason for this is due to the 

low internal damping coefficient of the harvester. Equation (20) demonstrates that the power output of 

an electromagnetic harvester is proportional to its non-bracketed terms, which denotes the 

electromagnetic parameters. These parameters converge to unity if  𝐾2/𝑅𝑐  approaches infinity, and 

therefore reaching the absolute power limit of the harvester, which is defined as the maximum 

achievable power output of a harvester that cannot be exceeded regardless of how high the 

electromagnetic coupling is. In Figure 14, the theoretical power output when 𝑚𝑠 is more than 6.0 mm 

has already achieved more than 96.0% of the harvester’s power limit of 3.12 mW, peaking at 98.0% 

when 𝑚𝑠 = 14.0 mm. In other words, it can be said that the harvester has achieved an efficiency of 98.0% 

since the power limit defines the theoretical maximum output of the harvester for the given damping. 

However, this efficiency does not reflect the ratio of the harvester’s output power to the supplied input 

power as is commonly understood for the term ‘efficiency’. Instead, it defines the ratio of the harvester’s 

output power to the harvester’s power limit. Since it also evaluates the performance of the 

electromagnetic coupling, it is defined as the electrical efficiency. Overall, the electromagnetic 

parameters in equation (20) characterises the electrical efficiency of the harvester, 𝑒𝑒, which can be 

expressed in mathematical form as 

𝑒𝑒 =
𝐾2

𝑅𝑐
⁄

𝐾2
𝑅𝑐

⁄ +𝑑𝑖

× 100% (30) 

If 𝐾2/𝑅𝑐 is much larger than 𝑑𝑖, the power output of the harvester would be approximately similar 

and would not display any significant increase when 𝐾2/𝑅𝑐 increases as observed in Figure 14. In this 

case, it might be more practical to select a coil and magnet configuration that have a lesser number of 
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turns to save space and cost. Generally, a 95.0% electrical efficiency can be achieved if 𝐾2/𝑅𝑐 is 19 

times higher than 𝑑𝑖. However, achieving this may become more difficult when 𝑑𝑖 is high.  

This analysis also highlights another important finding that while the electromagnetic parameters 

define the electrical efficiency of the harvester, the structural parameters define its power limit. If the 

structural aspect of the harvester was not to be optimised, the power output of the harvester cannot go 

beyond the current power limit regardless of how high its electrical efficiency is. The power limit of an 

electromagnetic harvester is expressed as the bracketed terms in equation (20). These terms would be 

optimised in the second optimisation stage. The manufactured coil and magnets from the previous 

experiment would be used in the second optimisation stage. 

3.2 Second stage – Structural optimisation 

In this optimisation stage, the input from the first stage is used to optimise the structure of the 

cantilever-based harvester. A proof mass was included in this stage to maximise the structural aspect of 

the harvester and the optimisation was conducted by varying the geometry of the cantilever beam and 

the added proof mass under a certain set of constraints. A cuboid shape was assumed for both the 

geometry of the cantilever and the proof mass. 

3.2.1 Proof mass placement 

The position at where the proof mass is placed on the cantilever-beam harvester has rarely been 

discussed in past literatures. Normally, one would place a proof mass on top of the free-end cantilever 

beam. In this study, three different proof mass positions were considered as shown in Figure 15 below. 

Placement of proof mass on top of the coil component was not considered as for the current coil 

architecture, it may interfere with the vibration of the coil between the magnets. 

 

Figure 15. Three proof mass placement considerations. 

An analysis was conducted to determine which proof mass position would result in the highest power 

output under optimum load resistance condition. The proof mass was assumed to be made of aluminium 

with its length (𝑝𝑙), height (𝑝ℎ) and width (𝑝𝑤) measuring 10.0 mm, 10.0 mm and 29.1 mm respectively 

for position (a) and (c). For position (b), the height of each mass is 5.0 mm instead. To achieve the same 

natural frequency of 29.5 Hz, only the length of the cantilever beam, 𝐿, was adjusted to the length seen 

in Figure 15. Overall, all of the harvester’s in Figure 15 occupy approximately the same volume space 

after tuning the natural frequency. Table 5 describes the 𝑉𝑟𝑚𝑠
𝑚𝑎𝑥and 𝑃𝑎𝑣𝑒

𝑚𝑎𝑥 for all three positions. 

Table 5: Comparison between the three proof mass placements illustrated in Figure 15. 

Position 𝐿 (mm) 𝜔1 (Hz) 𝑅𝐿
𝑜𝑝𝑡

 (Ω) 𝑉𝑟𝑚𝑠
𝑚𝑎𝑥 (V) 𝑃𝑎𝑣𝑒

𝑚𝑎𝑥 (mW) 

(a) 43.5 29.5 557.4 1.44 3.74 

(b) 43.6 29.5 556.5 1.45 3.76 

(c) 42.7 29.5 562.0 1.22 2.67 
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Table 5 shows that the length of the cantilever beam is almost similar despite the change in proof 

mass location. This is due to the mass of the proof mass being approximately four times lighter than the 

coil component. The best position to place the proof mass is observed to be at position (b) whereas the 

worst position to place the mass is position (c), having a 28.6% lower peak power output than position 

(b). Although there is a very small difference in peak power output between positions (a) and (b), 

position (b) occupies a slightly smaller amount of volume space, making it more practical. The reason 

why position (c) results in the lowest power output despite having a similar beam length and load 

resistance with positions (a) and (b) is due to the fact that the coil in position (c) is closer to the free-end 

of the beam where 𝑥 = 𝐿, resulting in a decrease in the coil’s average amplitude. Referring to equation 

(7), the coil’s average amplitude in (c) was evaluated at 𝑥𝑎 = 𝑥𝑐 whereas for (a) and (b) it was evaluated 

at 𝑥𝑎 = 𝑝𝑙 + 𝑥𝑐. Therefore, position (b) will be considered in further analysis. 

3.2.2 Optimisation of the cantilever beam and proof mass dimensions 

The proof mass was placed on the cantilever beam in the same manner as position (b) in Figure 15. 

The dimensions on the cantilever beam and the proof mass was then optimised using MATLAB 

constrained optimisation function, which applies the interior-point method. Table 6 lists down the 

objective function and the constraints of the optimisation problem. A stainless steel beam with a 

thickness of ℎ = 1.0 mm and an aluminium proof mass was considered. In Table 6, 𝑀, 𝜎𝑚𝑎𝑥, 𝜎𝑓 and 

𝑣𝑜𝑙𝑝 refers to the maximum bending moment, maximum bending stress, fatigue limit stress and practical 

volume (which includes the swept volume) of the harvester. 

Table 6: Objective function and constraints applied to the optimisation problem. 

Objective function 

Maximise: 

𝑃𝑎𝑣𝑒 = 𝑓(𝐿, 𝑤, 𝑝𝑙, 𝑝ℎ, 𝑝𝑤) 

Constraints 

8.0 mm < 𝑤 ≤ 27.0 mm 

ℎ = 1.0 mm 

𝐿 ≥ 10ℎ 

𝑝𝑙, 𝑝ℎ, 𝑝𝑤 ≥ 0 

𝑤2𝑀 ≤ 𝐸𝐼ℎ 

𝐺 = 1.0 ms-2  

𝜔1 = 29.5 Hz 

|𝜎𝑚𝑎𝑥| ≤ 0.8𝜎𝑓 

𝑣𝑜𝑙𝑝 ≤ 125.0 cm3 

The constraints designated by 𝐿 ≥ 10ℎ and 𝑤2𝑀 ≤ 𝐸𝐼ℎ were to ensure that the optimised harvester 

conforms to the Euler-Bernoulli beam theory, since the theoretical equations were derived from this 

theory [32,33]. The width of the cantilever beam was constrained between 8.0 mm and 27.0 mm so that 

it is clamped by the manufactured coil and magnet component. The same base acceleration input and 

fundamental natural frequency as in the previous experiment was applied to the optimisation constraints. 

In addition, the maximum bending stress of the harvester cannot exceed 80.0% of its fatigue limit stress 

(𝜎𝑓 = 183.0 MPa) for practical purposes. The practical volume of the harvester, 𝑣𝑜𝑙𝑝, was constrained 

to the same approximate volume as the conducted experiment. Table 7 describes the optimised 

parameters of the harvester. 

Table 7: Optimised dimensions of cantilever beam and proof mass. 

Optimised parameter Dimensions 

𝐿 (mm) 21.4 
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𝑤 (mm) 11.8 

𝑝𝑙 (mm) 33.7 

𝑝ℎ (mm) 21.8 

𝑝𝑤 (mm) 42.0 

𝜔1 (Hz) 29.5 

𝑣𝑜𝑙𝑝 (cm3) 125.0 

𝜎𝑚𝑎𝑥 (MPa) 96.5 

𝑅𝐿
𝑜𝑝𝑡

 (Ω) 168.2 

𝑉𝑟𝑚𝑠
𝑚𝑎𝑥 (V) 1.25 

𝑃𝑎𝑣𝑒
𝑚𝑎𝑥 (mW) 9.21 

One may ask as to why the magnet component was not instead considered to be placed on the 

cantilever beam since the placement of the coil and the magnet components are interchangeable and the 

magnet component has a larger mass. However, with the consideration of the proof mass, the output 

would be relatively same regardless of which component is placed on the beam. 

3.2.3 Verification of optimised results 

The optimised cantilever beam and the proof mass were manufactured and tested to verify the 

presented analytical analysis. The manufactured product has an accuracy of ± 0.2 mm from the listed 

dimensions in Table 7. Figure 16 illustrates the setup of the manufactured optimised harvester. 

Proof masses

Cantilever beam

Coil

Magnets

 

Figure 16. Actual picture of the manufactured optimised harvester for the case of coil component on beam. 

The aluminium proof mass was bonded onto the stainless steel beam using an epoxy resin adhesive. 

The optimised harvester in Figure 16 was fixed onto the shaker and tested. Figure 17 describes the 

comparison between the theoretical and experimental results of the optimised harvester. The optimised 

harvester was tested under the same two scenarios as the previous experiment, which are the case of 𝑅𝐿 

= 𝑅𝐿
𝑜𝑝𝑡

 (Scenario 1) and 𝑅𝐿 = 60.0 kΩ (Scenario 2). 
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Figure 17. Comparison between the experimental and the theoretical results for the same two scenarios as in 

Figure 13. 

The experiment recorded a slight lower natural frequency of 𝜔1 = 29.3 Hz, which is likely because 

of small manufacturing defects and additional weight from the adhesive. The experimental amplitude 

and voltage output for Scenario 1 was smaller than the theoretical results whereas in Scenario 2, it was 

higher. This suggest that the electromagnetic damping in the experiment was larger than the predicted 

value from the theory, which may be due to the assumption made in equation (9) and the presence of a 

larger electromagnetic damping force. Nevertheless, all recorded experimental results are within a 10.0% 

agreement with the theoretical predictions. The experimental power output was determined to be 7.95 

mW. Although this value is lower than the theoretical calculations, it is nonetheless more than twice 

higher than the power output recorded from the previous experiment. The theoretical electrical 

efficiency of the harvester was calculated using equation (30) and determined to be 𝑒𝑒 = 91.1%, which 

is lower than the results from the first optimisation stage due to an approximate 4.5 times increase in the 

internal damping constant. 

The optimisation methods presented so far is applicable to any linear SDOF electromagnetic 

harvesters since the optimum load resistance expression in equation (17) is valid to almost all SDOF 

systems. However, if a rotational SDOF harvester was to be considered instead, then a slight 

modification needs to be made in the optimisation. Based on the concept of rotational harvesters 

demonstrated by Hendijanizadeh et al. [12], it can be shown that the electromagnetic coupling factor for 

a rotational SDOF electromagnetic harvester is 𝑇𝑖
2/𝑅𝑐 instead of  𝐾2/𝑅𝑐, where 𝑇𝑖 is defined as the 

rotary generator emf-constant. Note that this parameter is independent of the structural aspects. This 

means that for rotational harvesters, the correct parameter to optimise for the electromagnetic aspect 
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would be 𝑇𝑖
2/𝑅𝑐. In terms of the structural aspect, the structural parameters of the rotational harvester 

would have an additional inertial term from the rotary effect as compared to a linear harvester. 

4. Conclusion 

This study has proposed a two-stage optimisation of a SDOF electromagnetic vibration energy 

harvester, validated experimentally on a cantilever beam. The first stage involved maximising the 

electromagnetic coupling factor and the second stage was to optimize the structural parameters. The 

mathematical model for the harvester was derived based on the Euler-Bernoulli beam theory and 

presumed a linear behaviour. Additionally, the magnetic flux in the air space between the permanent 

magnets was assumed to be a constant. Based on the conducted analysis, the following conclusions were 

reached: 

1) Under the optimum load resistance condition, the correct electromagnetic coupling coefficient 

to maximise the power output is 𝐾2/𝑅𝑐. 

2) Optimising the structural aspect is important as disregarding this aspect in optimisation would 

result in a power output that stagnates at a certain limit regardless of how high the 

electromagnetic coupling coefficient is. 

3) The electromagnetic aspect defines the harvester’s electrical efficiency, which reflects the ratio 

of the harvester’s power output to its power limit whereas the structural aspect represents the 

harvester’s power limit. 

4) Considering a cuboid proof mass, the best location to place the mass to maximise the power 

output as well as minimise the volume space is position (b) as illustrated in Figure 15. 

5) For a fixed volume space and magnetic field strength, the optimum coil diameter is almost 

independent of the type of coil winding but is strongly dependent on the thickness of its 

insulation layer. Regardless, an orthocyclic coil winding would result in the highest 

electromagnetic coupling coefficient. 

6) When the internal damping constant of the harvester is low, the increase in power output with 

the electromagnetic coupling coefficient becomes insignificant at high electromagnetic coupling 

values. A 95.0% electrical efficiency can be achieved if the electromagnetic coupling coefficient 

is 19 times higher than the internal damping constant. 

where conclusions 1) to 4) answers the questions reflected in the introduction section. In the first 

optimisation stage, an experimental power output of 3.51 mW was achieved for a stainless steel 

cantilever beam harvester. This value increased to 7.95 mW after the second stage optimisation. A good 

agreement was observed when the experimental results were compared with the theoretical model. 

Generally speaking, conclusions 1), 5) and 6) can be applied to any linear electromagnetic SDOF 

electromagnetic systems. Similarly, conclusions 2) and 3) would also be true for this case. For rotary 

SDOF systems, the optimisation methods can easily be modified to account for the rotary effects in the 

electromagnetic and the structural aspects. The optimisation method presented here provides an easier 

and more convenient optimisation approach as the results from the first stage becomes independent of 

the second stage. Additionally, the second optimisation stage can easily be modified to consider other 

structural concerns in future works. 
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