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H I G H L I G H T S    

• Local effects of climate change on buildings across the United States are estimated.  

• A statistical and physics-based model was developed and uncertainty was quantified.  

• The framework outperforms other competitive machine learning approaches.  

• The energy use intensity of buildings for most cities and climate zones could grow.  

• Results suggest more efficiency for commercial buildings in hot and humid climates.  

A R T I C L E  I N F O   
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A B S T R A C T   

Climate change could have both positive and negative effects on the energy consumption of buildings. Today, it 
is not clear what the extent of these effects could be at multiple spatial scales including building sectors, cities, 
and climate zones. More importantly, the uncertainty of mathematical models used to estimate these effects is 
not well understood. This knowledge gap makes it difficult to evaluate decisions about what buildings, cities, 
and even technologies should be prioritized in the race to mitigate climate change. Moreover, this lack of 
knowledge makes it difficult for researchers to build on the limitations of past models effectively. To address this 
knowledge gap, we develop a novel framework for quantifying model uncertainty in the context of climate 
change and building energy consumption. The framework blends for the first time large sources of weather and 
building energy consumption data with Bayesian statistics and first-principle building energy models. The fra-
mework is used to forecast the potential effects of climate change in buildings across 96 cities in the United 
States for the 21st century. Based on our estimates and credible intervals, we found reasons to support the idea 
that commercial buildings in hot/warm and humid climates should be at the top of the agenda of climate action 
in the building sector of the United States. We believe that future research on uncertainty quantification should 
take a closer look at the local effects of extreme events rather than yearly effects of climate change on buildings.   

1. Introduction 

Climate Change may be one of the biggest challenges of the century. 
Exactly how challenging it will be is uncertain. We know, with a fair 
precision, the amount of CO2 emissions released every year and their 
concentration in the atmosphere [1]. On the other hand, we know very 
little about climate sensitivity [2], a measure of how much CO2 con-
centration affects the global temperature. On top of that, we do not 
have a clear picture about the damage function [1] or the impact of a 

higher global temperature on the economy. Since we know little about 
this damage function, we know less about what actions may be afforded 
to mitigate CO2 emissions, which then translates into less knowledge 
about future CO2 concentrations, and global temperatures. Despite this, 
the Intergovernmental Panel on Climate Change (IPCC) has promoted a 
series of modelling endeavours to incorporate these sources of un-
certainty into plausible forecasts of global temperature for the 21st 
century. Yet, the results remain highly uncertain to date. According to  
[1,2], the range of potential outcomes is today too wide to make 
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informed investment decisions. 
Another source of uncertainty related to climate change is what we 

define as local effects. In the building sector, these local effects can be 
divided into effects on the consumption of energy services (e.g., 
heating, cooling, and electricity) and effects on the consumption of 
groups of buildings. These groups can be classified by sector (com-
mercial or residential), or location (city, state, and climate zone). These 
local effects could vary extensively in countries with a high climate 
diversity and territory such as the United States [3]. Knowledge about 
these effects is highly important, since it helps governments, institu-
tions, and individuals to best coordinate their efforts to mitigate or 
adapt to climate change. 

In 2015, buildings in the United States were responsible for 29% of 
the emissions of the country [4], and 20% of the emissions of the 

world’s building sector (9.7 Gt) [5]. These figures put US buildings at 
the top of the list of climate action, and as such, a perfect candidate for 
the study of local effects. Today, there is no consensus on how to 
quantify these effects. We looked at 30 years of studies in the field, 
including the material reviewed in [3,6,7], and found high hetero-
geneity. There are studies which use physics-based models [3,8–14], 
and others that use statistical models [15]. There are studies focused on 
one energy service [11,12], and others focused on multiple  
[3,8–10,13–16]. Similarly, there are studies focused on one city  
[11,13], and others on comparing multiple [3,8–10,12,14,16]. There 
are studies focused on building sectors (i.e., commercial and re-
sidential)[3,9,10,13,15] and other focused on building types (e.g., of-
fices and schools)[8,10,12,14,16]. On top of that, all studies relied on 
different qualities and sources of data. All studies used observations 

Nomenclature  

Variable Description [Unit] 
1st Regression coefficient [-] 
2nd Regression coefficient [-] 

CI95% 95% Credible Interval [-, -] 
Z Activation [-] 
T Air Temperature [°C] 
Patm Atmospheric pressure [Pa] 
m Average mass flow rate [m3/s] 
t0 Baseline year [year] 
GFA Building gross floor area [ m2 ] 
COP Coefficient of Performance [-] 

Covariance Matrix [-] 
x Covariate [-] 
DEG Daily Enthalpy Gradient [kJ.day/kg] 
D Dataset [-] 

Density [kg/m3] 
h Enthalpy [kJ/kg] 
HalfCauchy (.) HalfCauchy distribution [-] 
X Humidity ratio [kg/kgdry-air] 

x( ) Indicator function equal to 1 if x is true, 0 otherwise [-] 
Intercept [-] 

f Matrix of covariates for the WDNN model [-] 
W Matrix of weights for the WDNN model [-] 
MAPE Mean Absolute Percentage Error [%] 
H Mean floor-to-floor height [m] 
r Membership probability of Gaussian Mixture Model [-] 

Model parameter [-] 
Noise in the HBLM [-] 

N x( , )2 . Normal distribution 
ACH Number of air exchanges per hour [h−1] 
N Number of data points in a dataset [-] 
M Number of decades [-] 
P Number of scenarios of climate change [-] 
PE Percentage Error of the typical building [%] 
Pr Probability 
p Probability Density Function (PDF) 
Relu x( ) Rectified Linear Unit activation function 
RH Relative Humidity [%] 
y Response variable [kWh/yr] 
EUI Site Energy Use intensity [kWh/m2.yr] 
Cp Specific heat [kJ/kg°C] 

Standard deviation [-] 
t Timestep [-] 
K Total number of building sectors [-] 
J Total number of cities [-] 
L Total number of climate zones [-] 
X Vector of covariates [-] 

b Vector of intercepts for the WDNN model [-] 
Vector of noise in the HBLM [-] 

Y Vector of response variables [-] 
w Vector of weights for the WDNN model [-] 

Weight of Gaussian Mixture Model [-] 
t1 Year of survey [year] 
Subscripts Description 
1 1st covariate or set of covariates 
2 2nd covariate or set of covariates 
a Air 
b Base temperature 
k Building Sector 
j City 
c Class / cluster 
p Climate change scenario 
c Cluster-ID 
C Cooling 
n Counter 
m Decade 
deep Deep parameter of the WDNN 
DEHUM Dehumidification 
o Every other cluster ID 
H Heating 
HUM Humidification 
new New parameters after iteration 
t Time 
wv Water vapour 
wide Wide (linear) parameter of the WDNN 
Superscripts Description 
i Building 
c City - level 
p Climate change scenario 
z Climate zone - level 
m Decade 
L Latent 
l Layer 

Mean value 
^ MMSE estimator 
~ Normalized value 
out Outdoor 

Point estimate 
n Sample index 
s Sector - level 
S Sensible 
' Standardized value 
r Typical or representative building 
i Building 
c City - level 
p Climate change scenario   
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from weather stations, and none of them used measurements of 
building energy consumption. 

It is not a surprise that the high diversity in approaches to date 
result in a lack of consensus and in uncertainty about the magnitude of 
local effects. Until this year, it was believed that the local effect on US 
buildings was just negative and translated into more cooling demand 
and less heating. A recent study [3] found evidence that local effects 
could be positive too and lead to a faster growth in the demand for 
dehumidification of air rather than cooling. 

The lack of scientific consensus on how to model local effects is the 
basis of what we refer as model uncertainty. Knowledge about model 
uncertainty is important since it provides an understanding about the 
accuracy and precision of the local effects that modelers estimate. This 
information helps governments and individuals to better take decisions, 
and researchers to effectively identify limitations and build better 
models. 

Lack of knowledge about model uncertainty jeopardizes the relia-
bility of any estimate about local effects. As presented before, reliable 
knowledge about local effects translates into better knowledge about 
the damage function of climate change, which translates into better 
knowledge about potential investment in mitigation efforts, better 
knowledge about CO2 concentrations and better understanding about 
global temperature rise. To the best of our knowledge, there is no other 
work where model uncertainty has been explicitly introduced in the 
context of climate change and local effects in buildings. This motivate 
us to present a framework for quantifying model uncertainty in this 
context. 

First, we build upon the most comprehensive work to date [3], 
where local effects are studied at multiple levels in terms of energy 
services and diverse groups of buildings, cities and climate zones. 
Second, we determine single sources of data about weather and 
building energy consumption across these levels. The aim is to homo-
genize and guarantee the use of observed (measured) data in future 
research as much as possible. Third we selected a hierarchical Bayesian 
modeling framework [17–21] which facilitates the study of aleatory 
and epistemic sources of uncertainty across levels, integrates observed 
data from sensors, as well as synthetic data from physics-based models. 
The aim is to maintain a flexible, yet unified modeling approach that 
incorporates the precision of physics-based models, the reliability of 
using real observations, and the simplicity of Bayesian linear statistical 
frameworks. We excluded more sophisticated machine learning models 

in the building domain [22–24] due to their lack of interpretability. Yet, 
we benchmark our approach against a Deep Learning approach for the 
sake of completeness. 

This paper is organized as follows: in Section 1.1 we give an over-
view of the expected contributions of this publication. Later on, in  
Section 2, we thoroughly introduce the data and methods used to es-
timate local effects and model uncertainty. To facilitate readability, we 
present the main equations of our method as Propositions, which are 
fully described in the Appendix. In Section 3 we generate and analyze 
forecasts of energy use intensity for buildings in the residential and 
commercial sectors, across 96 cities and 14 climate zones of the United 
States. Finally, in Section 4 we conclude. 

1.1. Contributions 

This paper develops a framework for quantifying model uncertainty 
of the local effects of climate change on the building energy con-
sumption of the United States. The main contributions of this paper to 
the body of knowledge are:  

1. Modelling of local effects on buildings: we present a novel hierarchical 
Bayesian linear model of building energy consumption in the United 
States consistent with first principles of thermodynamics and a un-
ique sample of observations in more than one million buildings and 
hundred weather stations. The model outperforms other competitive 
machine learning approaches such as Wide and Deep Neural 
Networks. We expect this model to furthermore inspire analysts and 
researchers on how to integrate big-sources of data, Bayesian sta-
tistics, and first-principle building energy models. We have made the 
model available in [25]. 

2. Uncertainty quantification: we develop a rigorous statistical frame-
work for quantification of epistemic and aleatory sources of model 
uncertainty in the context of climate change and buildings. While 
we do not consider this framework to be exhaustive in detail, we 
believe that future researchers could benefit from the simple, yet 
structured modelling practices found in this paper. For policy-ma-
kers, the new credible intervals of energy consumption provide a 
new look at potential ranges of energy consumption across the en-
tire building stock of the United States.  

3. Local effects in the United States: we present a comprehensive analysis 
about the effects of climate change on the energy consumption of 

Fig. 1. The methodological framework. The methodological framework of this paper consists of four main methodological steps. These are data collection, feature 
engineering, data transformation, and modeling and forecasting. 
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the building stock of the United States. This includes information 
about the specific behavior and confidence intervals expected for 
diverse building sectors, cities and climate zones. This analysis could 
help policymakers to better target energy efficiency policies across 
the country, and hence contribute to a better management of public 
funding in low-carbon technology. 

2. Methodology 

The methodology (Fig. 1) consists of four main steps:. These are 
data collection, feature engineering, data transformation and modeling 
and forecasting. 

2.1. Data collection 

In this step, we gathered more than one million records of in-
formation regarding the weather conditions and the energy consump-
tion of the building stock of the United States. The information was 
distributed across 14 climate zones and 96 cities (Fig. 2), including all 
capitals of state and main metropolitan areas. 

The data was obtained from two main databases. These are the 

Building Performance Database [27] and the Meteonorm Database [28]. In  
Sections 2.1.1 and 2.1.2, we describe the general attributes of each 
database and the methods we used for data extraction. 

2.1.1. Building performance database 
The Building Performance Database [27] stores close to one-million of 

building records across the United States. Each building record includes 
three attributes. These are the Energy Use intensity, gross floor area, 
building sector, and year of survey. 

We sampled randomly without replacement a sub-set of the one- 
million records following ten equal intervals of gross floor area in the 
range of 0.0–1 × 10^6 m2. The aim of this sampling strategy was to get a 
balanced distribution of records representative for different building 
sizes. During sampling we kept only records that were entirely com-
plete. With this method, we were able to obtain 363,298 complete re-
cords (30% of the database) representative for 96 cities, including all 
capitals of state and major metropolitan cities of the United States. In  
Fig. 2 we present mean values of energy use intensity for the area of 
survey. We refer the reader to Table S1 in the supplementary material 
for summary statistics. 

Fig. 2. Average energy use intensity and climate zone classification in the United States. This map presents the average building energy consumption in 96 cities. The 
average is calculated based on the sub-set of one-million records. The data is normalized to the standard year 2010 following the method of Section 2.3. The cities are 
represented by bubbles of relative size according to the average building energy consumption of each city. The climate zone classification is based on [26]. This 
classification divides the territory in a total of eight temperature conditions (1-very hot, 2-hot, 3-warm, 4-mixed, 5-cool, 6-cold, 7-very cold, and 8-arctic), and three 
humidity conditions (A-moist, B-dry, and C-Marine). A combination of possible humidity and temperature conditions translates into 14 climate zones (excluding 8A). 
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2.1.2. Meteonorm database 
The Meteonorm Database [28] stores historical records (1990–2010) 

of temperature, humidity, solar radiation and precipitation for 8,325 
weather stations worldwide. Based on the approach of [29], the data-
base includes hourly weather forecasts for each station under multiple 
scenarios of climate change. We sampled two sub-sets of data from the 
Meteonorm Database. One subset for historical records, and another one 
for future climate change scenarios. 

2.1.2.1. Historical records. The first sub-set of the Meteonorm Database 
consisted of historical records of temperature and humidity for weather 
stations in close proximity to each one of the cities of Section 2.1.1. We 
assume these weather stations to represent the climatic conditions of 
every climate zone of the United States. Following the approach of [3], 
this publication groups the climate zones of [26] (Fig. 2) into nine 
climate zones as follows:  

1. Zone 1: Hot-humid areas (climate zones 1A, 2A, 3A),  
2. Zone 2: Hot-dry areas (climate zones 2B, 3B),  
3. Zone 3: Hot-marine areas (climate zone 3C),  
4. Zone 4: Mixed-humid areas (climate zone 4A),  
5. Zone 5: Mixed-dry areas (climate zone 4B),  
6. Zone 6: Mixed-marine areas (climate zone 4C),  
7. Zone 7: Cold-humid areas (climate zones 5A, 6A),  
8. Zone 8: Cold-dry areas (climate zones 5B, 6B), and  
9. Zone 9: Very cold areas (climate zone 7) 

2.1.2.2. Future climate change scenarios. The second sub-set of the 
Meteonorm Database consisted of hourly forecasts of temperature and 
humidity for the weather stations of Section 2.1.2.1 . Each forecast is 
based on the historical records of each station, the global energy 
balance archive GEBA, and the spatial interpolation and stochastic 
weather generator model of [29]. In the past, the approach was found 
to be simpler than downscaling regional climate models [29], and fairly 
accurate at generating typical meteorological years [30]. 

The hourly forecasts include information for every decade until the 
end of the century, and values for three main climate change scenarios. 
A2 (high-impact), A1B (medium-impact) and B1(low-impact). Each 
scenario represents a combination of economic, social, demographic, 
and technological change possible in the future. These scenarios are 
extracted from the family of narratives or storylines of climate change 
of the IPCC [31]. The A2 scenario describes a future where the world 
population grows continuously, while economic growth and technolo-
gical change are slow, leading to a high increase in energy demand. The 
global average temperature increases in 3.4 °C by the end of the cen-
tury. The A1B scenario describes a future of moderate population 
growth, rapid economic growth, more energy-efficient technologies and 
balanced use of renewable energy and fossil fuels. Energy demand in-
creases proportionately to the population growth, peaking by mid- 
century and remaining stable after that. Under this scenario, the global 
average temperature increases in 2.8 °C by the end of the century. Si-
milar to the A1B scenario, the B1 scenario describes a future where the 
world population peaks by mid-century and declines thereafter. How-
ever, the B1 scenario describes rapid changes in economic structures 
with foster a rapid introduction of energy-efficient technologies. The 
energy demand increases at a lower rate than the other scenarios. The 
global average temperature in this scenario increases in 1.8 °C by the 
end of the century. 

2.2. Feature engineering 

In this step, we use domain knowledge in building-physics to extract 
suitable predictors or covariates for estimating the impact of climate 
change on building energy consumption. This process resulted in two 
main covariates. In Section 2.2.1 we describe the first covariate, which 
is the result of a physics-based model of building energy consumption. 

Later on, in Section 2.2.2 we describe the second covariate, which is the 
result of applying a clustering technique on bins of energy consumption 
in the dataset of Section 2.1.1. 

2.2.1. Covariate 1: Thermal energy consumption 
We used the collected data, as described in Section 2.1, to run a 

physics-based model of thermal energy consumption. This model out-
puts the first independent variable or covariate of the statistical model 
denoted as x k j

i
1 ,

( ). The physics-based model is divided into two steps. The 
first is the transformation of the weather data of Section 2.1.2 into Daily 
Enthalpy Gradients [3]. The second step applies these Daily Enthalpy 
Gradients into the equations of heat transfer of buildings. The output of 
this approach is an estimation of the yearly thermal energy demand for 
every building in the dataset, presented in the following proposition 1. 

Proposition 1. The thermal energy consumption of a building is given by 
Eq. (1): 

=x
m

COP
DEG 24k j

i ak j
i

a

j
j1 ,

( ) ,
( )

(1) 

where mak j
i
,

( ) is the average air mass flow rates supplied to the i-th building in 
the k-th building sector and the j-th city, a is the density of air, COPj is the 
coefficient of performance of the thermal process in the j-th city, and DEGj is 
the daily enthalpy gradient. 

Proof. See Appendix A. 

2.2.2. Covariate 2: Energy efficiency ratings 
Energy efficiency ratings are usually used to categorize buildings ac-

cording to ranges and mean values of Energy Use intensity (EUI). These 
ratings are usually specific for cities and building sectors. In the absence 
of this data, we proceed to identify this categorical feature with a 
standard Gaussian Mixture model (GMM). This allows for classifying 
each of the 182 potential combinations (2 building sectors and 96 ci-
ties) across five levels or clusters of efficiency. These are low efficiency 
(high EUI), low-medium efficiency (medium–high EUI), medium 
(medium EUI), medium–high efficiency (medium–low EUI), and high 
efficiency (low EUI). 

The mean value of each level or cluster of efficiency becomes a new 
covariate of our model x k j

i
2 ,

( ). This covariate should be interpreted as the 
typical efficiency expected for a building in relation to the mean value 
of its group. The second covariate is presented in the following pro-
position 2. 

Proposition 2. The second covariate x k j
i

2 ,
( ) is extracted from the GMM, given 

by Eq. (2): 

= =
=

x EUI c r¯ ( argmax )k j
i

c

C

c
c

k j c
i

2 ,
( )

1
, ,

( )

(2) 

where EUIk j
i
,

( ) is the Energy Use intensity in the log-scale of the i-th building, 
in the j-th city and the k-th building sector and rk j c

i
, ,

( ) is the membership 
probability of the building EUI to every cluster. 

Proof. See Appendix B. 

The energy efficiency rating of each city and building sector is 
presented in Table S3 in the Supplementary material. 

2.3. Data transformation 

This step aims to transform the data in a dimensional representation 
useful to accelerate the training and facilitate the convergence of the 
regression models of Section 2.4. 

2.3.1. Normalization 
We transformed the EUI data of Section 2.1.1 into values of yearly 

energy consumption (yk j
i
,

( ) ). Next, we used Eq. (3) [32] to normalize yk j
i
,

( )
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to the weather conditions of the baseline year of =t 20100 . For this, we 
gathered information about the heating and cooling degree days [33] 
for each one of the 96 cities between t {2009 2012}.1 Heating and 
cooling degree days are equivalent to the daily enthalpy gradients for 
heating and cooling described in Section 2.2.1. while gathering thos 
information we made sure that the data belonged to the same weather 
station per city described in Table S2 in the supplementary material. 

=
+

+
y

y t DEG t DEG t
DEG t DEG t

~ ( )[ ( ) ( )]
( ) ( )k j

i k j
i

H j C j

H j C j
,

( ) ,
( )

0 0 0

1 1 (3)  

2.3.2. Re-scaling 
Fig. 3 presents ten subplots in the logarithmic scale. Each subplot 

presents data for the commercial and residential sectors of a city in the 
United States. The vertical axis of each subplot corresponds to the re-
sponse variable yk j

i
,

( ) . The horizontal axis presents the covariate x k j
i

1 ,
( )

described in Section 2.2.1. From this figure, we can observe a linear 
correlation between x k j

i
1 ,

( ) and yk j
i
,

( ) in the logarithmic scales. Since a linear 
relationship highly simplifies the computation of errors and variance, 
we proceeded to transform all data entries to the logarithmic scale in-
cluding yk j

i
,

( ) , x k j
i

1 ,
( ), and x k j

i
2 ,

( ). 

2.3.3. Standardization 
After transforming the data into the logarithmic scale, we approxi-

mated the empirical density functions of the data of every city to 
Gaussian densities. This allowed us to transform each dimension of the 
data to have zero-mean and unit-variance. We found this orthogonali-
zation projection technique appropriate to maintain the stability of 
both the statistical models and machine learning models discussed in 

this paper. Gelman et al. [17] has also found standardization useful to 
avoid autocorrelation between the intercept and the slope of a linear 
model. The standardization process is described in Eqs. (4)–(6). 

=
X

x
xlog( ) ¯

X
k j
i k j

i

1 ,
( ) 1 ,

( )
1

1 (4)  

=
X

x
xlog( ) ¯

X
k j
i k j

i

2 ,
( ) 2 ,

( )
2

2 (5)  

=
Y

y
ylog(~ ) ¯

Y
k j
i k j

i

,
( ) ,

( )

(6)  

In Eqs. (4)–(6), X1 is the standard deviation of the vector X1, which 
stores all values of thermal energy consumption in the log-scale, X2 is 
the standard deviation of the vector X2, which stores all values of en-
ergy efficiency categories in the log-scale. Y is the standard deviation 
of the of the vector Y , which stores all values of normalized and mea-
sured energy consumption in the log-scale. X̄1, X̄2 and Ȳ respectively are 
the mean of the vectors X1, X2, and Y . 

2.4. Modelling and forecasting 

The energy consumption of buildings is closely related to building 
technology, occupancy, appliance use, and environmental conditions  
[34]. In principle, we expect environmental conditions to be specific for 
every climate zone and city. The same applies for occupancy and ap-
pliance energy use, which is specific to the building sector. On the other 
hand, we hypothesize that building technology is fairly standard across 
the United States. 

Fig. 3. Measured energy consumption vs. estimated thermal energy consumption per building sector in the logarithmic scale.  
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Based on these assumptions we present the building blocks of a 
demand forecasting model in the following sections. In Section 2.4.1 we 
specify the model, in Section 2.4.2 we train the model with the data 
collected and transformed in the last sections. Later on, in Sections 
2.4.3 and 2.4.4 we present how to generate predictions and quantify 
their uncertainty. Finally, in Section 2.4.5 we validate the model and 
compare it against another competitive Deep Learning approach. 

2.4.1. Specification 
We developed a 3-level Hierarchical Bayesian Linear model of energy 

consumption across the scales of the individual building, building 
sector, city and climate zone. Fig. 4 presents a conceptual diagram of 
the hierarchical levels and regression lines that are expected from the 
hierarchical model. Given the data, the model will find posterior dis-
tributions of linear regression coefficients that best accommodate to the 
sub-set of data in each group. This has the advantage to identify a 
potential Eecological fallacy in the data wherein individual and group 
associations of an outcome differ, and potentially reverse direction. 
While the hierarchical linear model cannot account for the loss of in-
formation that leads to an Eecological Ffallacy, the formulation of re-
gression coefficients at multiple levels do facilitates the analysis of in-
formation at multiple aggregations. This ability ultimately serves to 
identify and address any potential ecological fallacies in the data. 

The Hierarchical Bayesian Linear Model (HBLM) is described in the 
following proposition 3. 

Proposition 3. The building level energy consumption of the i-th building, 
in the k-th sector and the j-th city as a function of the covariates presented in 
Propositions 1–2, is given by Eq. (7): 

= + + +y x xk j
i

k j k j k j
i

k j k j
i

k j,
( )

, , 1 ,
( )

, 2 ,
( )

,

N~ (0, )k j k j, ,

HalfCauchy d~ ( ¯)k j, (7) 

where k j, is the intercept, k j, , and k j, are the regression coefficients, k j, is 
the error coefficient, and k j, and d̄ are hyperparameters. 

Proof. See Appendix C. 

Based on this model, we now present the posterior density of the 
hierarchical model in the following proposition 4. 

Proposition 4. Given the observation y k j
i
,

( ) , and covariates x x,k j
i
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i
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2 ,
( ) , the 

full posterior for the parameters of the HBLM is given by Eq. (8): 
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where l
z, j

c and k
s are sets of coefficients at the zone, city and building 

sector scales. are hyperparameters of the coefficients and =D X Y{ , } is 
the data. 

Proof. See Appendix D. 

2.4.2. Training 
The posterior distribution is known only up to proportionality. Since 

we wish to evaluate integrals with respect to this distribution for esti-
mation and prediction purposes, it is standard practice to adopt some 
version of Markov chain Monte Carlo (MCMS). We follow this practice 
using an efficient MCMC algorithm known as the No U-Turn (NUTS) 
sampler [35]. The results of NUTS sampler are Monte Carlo samples that 
can be used to construct an empirical estimate of the posterior distribu-
tion of the regression coefficients for each one of the three hierarchical 
levels of the model (i.e., Climate Zone, City, and Building Sector). 

We implemented the Hierarchical Bayesian Linear Model in PyMC3  
[36] and run the inference for two chains of 5,000 samples each. Fol-
lowing the recommendations of [36], we used a burn-in rate of 1,000 
samples for each chain and an acceptance rate of 0.98 for the NUTS 
sampler. We found this acceptance rate to give a good compromise 
between accuracy and inference time. The resulting regression coeffi-
cients and performance metrics of the HBLM are summarized in Table 
S4 in the supplementary material. 

2.4.3. Prediction 
Now that we have obtained samples from the full posterior of the 

coefficients , ,k j k j k j, , , , we can predict the energy consumption, 
yk j

i p m
,

( )( )( ) , for a new set of covariates x x,k j
i p m

k j
i p m

1 ,
( )( )( )

2 ,
( )( )( ) via the MMSE 

estimator, presented in proposition 5. 

Proposition 5. The Minimum Mean Square Error (MMSE) estimator of a 
new estimate n of the i-th building, inside the k-th building sector, the j-th 
city, the p-th climate change scenario, and the m-th decade, is given by Eq.  
(9): 

=
y

N
y1

k j
i p m

n

N

k j
i p m n

,
( )( )( )

1
,

( )( )( )[ ]

(9) 

where yk j
i p m n
,

( )( )( )[ ] are predictions for n-th samples taken from the posteriors 
of , , .k j

n
k j

n
k j

n
,

[ ]
,

[ ]
,

[ ] n = 150,000 

Fig. 4. Conceptual representation of groups and re-
gression lines of the multiscale Bayesian model. The 
diagram on the left side of the figure, maps the ob-
served energy consumption of every building in the 
dataset against the covariate 1 in the log-scale. The 
diagram on the right side of the figure is a con-
ceptual representation of the potential linear re-
gression lines across multiple groups in the dataset. 
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Proof. See Appendix E. 

Finally, the results of the model are transformed back to the original 
scale of the observation (see Section 2.3). 

2.4.4. Uncertainty quantification 
This publication accounts for two main sources of model un-

certainty [37]. The first is aleatory uncertainty, which is attributed to 
stochastic behaviour and the inherent future variation in patterns of 
energy consumption from those registered in historical data. The 
second is epistemological uncertainty, which is attributed to lack of 
knowledge and incomplete information in our forecasts. 

We address aleatory uncertainty by making predictions for different 
scenarios about the future global climate of Section 2.1.2.2. While we 
consider this list of scenarios to not be exhaustive, yet it provides a 
practical idea about the minimum, maximum and median changes in 
temperature and humidity expected for the future. The limitation of our 
study on aleatory uncertainty lies in the tight connection to these sce-
narios and their plausibility in the future. This discussion is yet outside 
of the scope of this paper. We refer the reader to [38] for a more de-
tailed analysis of the environmental models, assumptions, and com-
munity involved in the assembly of these scenarios. 

On the other hand, we address epistemic uncertainty in terms of the 
maximum possible deviations of our model estimates in comparison to 
the observed values. In particular, we are interested in bias and para-
meter uncertainty, or the intrinsic uncertainty found in the intercept 
and coefficients of our linear model. Other sources of uncertainty re-
lated to measurement error are just difficult to quantify in practice and 
as such these are assumed to be part of the bias error of our model. The 
Bayesian framework presented in the last sections provides enough 
information to estimate the variance of our model parameters in detail. 
We refer the reader to Table S4 in the supplemental material for more 
details about the uncertainty of model parameters. 

For practical purposes, we combine the aleatory and epistemic 
sources of uncertainty within the Posterior Credible Interval (CI) of the 
Hierarchical Bayesian Linear Model. A credible interval in Bayesian 
statistics, denoted by lower upper[ , ], is an interval where there are 
100(1 )% chances that a new point estimate lies in. For the effects of 
this research, the value of is set to 0.05. This is equivalent to a sub-
jective probability of 95%. 

We chose to characterize the credible interval lower upper[ , ] via the 
2.5th and 97.5th quartile of the sorted values of the posterior of 
yk j

i p m n
,

( )( )( )[ ]. For the sake of simple notation, we will treat these realiza-
tions as yk j

n
,

[ ]. The posterior credible interval of these realizations is 

presented in proposition 6. 

Proposition 6. The posterior credible intervals are calculated by the finite 
mixture of normal distribution of Eq. 
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where lower is the lower limit of the CI, upper is the upper limit of the 
interval, and is the subjective probability that lies inside lower upper( , ). 
For effects of this research the value of is set to 0.05. This is equivalent to a 
subjective probability of 95%. 

Proof. See Appendix F. 

2.4.5. Validation 
The validation step aims to determine the forecasting error of the 

HBLM. For this, we split the dataset of the observed variables and 
covariates into a training (80% of the data) and testing dataset (20% of 
the data). Should the HLBM trained on the training dataset have a good 
accuracy once evaluated on the testing dataset, we have reasons to 
believe that the model could perform with similar levels of accuracy 
during forecasting. Hence the importance of this validation step. 

We go one step further in regard to model validation practices and 
make a joint comparison of the HBLM against a competitive alternative 
in the machine learning domain. The following section describes the 
alternative model and the validation process itself. 

2.4.5.1. Wide and Deep Neural Network (WDNN). As a comparative 
reference model to the Hierarchical Bayesian Linear Model (HBLM), we 
also propose a less interpretable but highly flexible class of model known 
as Neural Network. In particular, we focus on modern versions of such a 
model that fall into the category of architecture called Wide and Deep 
Neural Networks (WDNN) [39]. The basic idea of such a model is to 
combine two neural network architectures wide network models which 
are comprised of a linear combination of covariates, and deep network 
models which nest non-linear transformations of the covariates. The 

Fig. 5. Histograms of errors per building sector and dataset for the HBLM and WDNN models. In this graph, the number of counts is the frequency of 96 cities inside 
bins separated every 5%. 
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advantage of such a model is that it combines the generalization 
capabilities of linear models and the memorization capabilities of non- 
linear models. The WDNN is presented in proposition 7. 

Proposition 7. The wide and deep neural network model is given by Eq.  
(11). 

= + += =W f WY Sig Z( )wide
T

deep
T

deep
l l4 4 (11) 

where Wwide is the matrix of weights of the wide network. Wdeep is the 
matrix of weights of the deep network. f is the set of dense and sparse 
features of the network (covariates). =Zdeep

l 4 is the activation of the 
deepest layer of the network =l 4. =l 4 is the intercept of the deepest 
layer of the network. Sig is the Sigmoid activation function used to 
combined both wide and deep components of the network. 

Proof. See Appendix G. 

The results of the wide and deep neural network are transformed 
back to the original scale of the observation (see Section 2.3). 

2.4.5.2. Cross-validation. We evaluated the accuracy of both the HBLM 
and WDNN models with the mean absolute percentage error (MAPEk j, ) in 
Eq. (12), and the percentage error (PEk j, ) in Eq. (13). MAPEk j, can be 
interpreted as the mean error of the model for the k-th sector and the 
j-th city for every yk j

i
,

( ) given the data D. PEk j, is the error of the model 
for the k-th sector and the j-th city for a specific point estimate yk j

r
,

( )

given the data D. For the purposes of this research yk j
r
,

( ) is the expected 
value for the representative building r for a pair (k j, ). This 
representative building is selected based on the median EUI of today 
of all the pairs (k j, ). We estimate MAPEk j, and PEk j, separately for every 
combination of pairs (k j, ) and for the number of samples Nk j, in both 
the training (80% of data) and test (20% of data) datasets. 
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Fig. 5 presents a series of histograms describing the MAPE and PE of 
the HBLM and WDNN for training and test datasets. Each histogram 
studies a subset of 96 cities and one building sector. The histograms at 
the top of the figure represent the histograms of errors for buildings in 
the residential sector. The histograms at the bottom present the histo-
grams of errors for buildings in the commercial sector. The count in 
every histogram is the number of cities per sector. In addition, we have 
plotted in Table 1 the mean MAPE and PE of each model together with 
their 95% confidence intervals (95% CI). We refer the reader to Table 
S5 in the supplementary material for a complete description of the 
modelling errors in each one of the 96 cities and building sectors. 

Five main conclusions can be drawn from these figures and tables. 
The first is that both HBLM and WDNN have similar accuracy. At the 
building sector and city level, MAPE and PE can vary substantially. 
These indicators could reach values as low as 1% per city and building 
sector. We could not find a direct relation of this to the sample size. 

On average (accounting for all potential combinations of cities and 

building sectors), both models have similar average accuracy. This is 
more evident for predictions in the commercial sector, where both al-
gorithms reach a mean MAPE within +/−1% apart. It is to note that 
the results of HBLM have on average a smaller credibility interval (our 
proxy to uncertainty) than those obtained with the WDNN model. In 
other words, the HBLM is more precise than the WDNN for most of the 
cases. 

The second conclusion is that both models have a good fit to the 
data. Therefore, they suffer neither from underfitting (i.e., they have an 
acceptable MAPE for the training dataset) nor overfitting (i.e., they have 
a similar MAPE in both training and test dataset). The third conclusion 
is that both models have similar generalization. In other words, they can 
predict with similar accuracy when used for predictions in unseen data 
(i.e., test dataset). If any, the HBLM has a slightly lower mean MAPE 
and PE for both commercial and residential sectors. The fourth con-
clusion is that both algorithms perform better for predictions in the 
residential sector. This result is to be expected since commercial 
buildings have a more heterogenous energy demand. Finally, we ob-
served that both models can predict with three times more accuracy the 
energy consumption of the representative building (PEk j, ~ 5%) in 
comparison to that of any other building (MAPE ~15%k j, ). This is of 
special interest for this paper, where forecasts of energy consumption 
under climate change are reported for the representative building (see 
results in Section 3). 

In terms of complexity, the WDNN is 261.4 times faster than the 
HBML during training (see benchmarks in Table 2). The slower per-
formance of the HBLM can be attributed to the number of Markov-chain 
steps needed (> 1,000) during every iteration to reach convergence 
with the NUTS sampler. Another alternative to using samplers for the 
HBLM is Automatic Differentiation Variational Inference (ADVI) [40]. 
ADVI approximates the posterior by solving an optimization problem 
for which the decision variables are the mean and variance of the 
posterior. This objective simplifies the probabilistic model at the cost of 
usually poor estimates of the variance. Since we are particularly con-
cerned with uncertainty quantification which is often performed by 
considering variance and covariance quantities, we were particularly 
concerned with issues that may arise with the use of an approximation 
method such as ADVI. As a result, we did not adopt ADVI in this pub-
lication. For the sake of completeness, we tested HBLM with ADVI until 
ELBO convergence. We obtained better results even for the fast WDNN 

Table 2 
Benchmarks for Hierarchical Bayesian Linear Model (HBLM) for NUTS and 
ADVI, and the Wide and Deep Neural Network (WDNN) on Training Dataset 
(80% of all the data). Computer specifications: Windows 10 x64, Intel Core i7- 
7000 CPU @ 3.6 GHz, 4 cores, 8 logical processors.      

Model Iterations Inference time (time per 
iteration per core) 

Remarks  

HBLM - NUTS 12,000 22.4 h 
(14.64 s/it/core) 

Parallel 
processing 

HBLM - ADVI 50,000 10.7 min 
(0.013 s/it/core) 

Single processing 

WDNN 23,500 21.8 min 
(0.056 s/it/core) 

Single processing 

Table 1 
Errors and confidence intervals for Hierarchical Bayesian Linear Model (HBLM) and Wide and Deep Neural Network (WDNN). This table presents the Mean MAPE 
and PE for training and test datasets of both models together with the 95% confidence interval (95% CI).       

Model Mean MAPE (%) 
Commercial 

Mean MAPE (%) 
Residential 

Mean PE (%) 
Commercial 

Mean PE (%) 
Residential  

HBLM 15.6% 
95% CI [14.5, 16.6] 

12.4% 
95% CI [11.5, 13.4] 

5.4% 
95% CI [4.3, 6.4] 

3.7% 
95% CI [2.9 4.4] 

WDNN 16.3% 
95% CI [15.4, 17.3] 

16.1% 
95% CI [15.8, 17.9] 

10.8% 
95% CI [8.7, 12.2] 

4.6% 
95% CI [4.1, 5.6] 
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(see Table 2). We encourage future research to look at the benefits of 
ADVI for this type of HBLM. 

3. Results 

We used the HBLM to forecast the evolution of the energy con-
sumption of the representative building per sector, city and climate 
zone under different scenarios of climate change. For this, we used the 
second sub-set of data gathered in Section 2.1.2.2. We transformed 
these data into daily enthalpy gradients and used the output to compute 
the thermal energy consumption of buildings (Section 2.2.1). For this 

last step, we used as input values the building sector and the gross floor 
area of the presentative building (Section 2.1.1) and the set of constant 
parameters of Table 3. 

After obtaining results from the thermal energy model, we re-scaled 
and standardized the data following the methods described in Section 
2.3. We finally kept the Eenergy efficiency rating of each building 
constant as calculated in Section 2.2.2. We used this data together with 
5,000 samples of the regression coefficients of Section 2.4.2 to generate 
predictions according to the Section 2.4.3. We then aggregated the 
results per building sector, city and climate zone as necessary. Finally, 
we computed the credible intervals of the outputs according to Section 
2.4.4. The results represent the predicted value of energy consumption 
for a representative building and its credible interval. 

In the following paragraphs, we present the results of the predictive 
model in terms of Energy Use Intensity (EUI) or y GFAk j

r
k j

r
,

( )
,

( ) for the 
representative building of every building sector, city and climate zone. 
We suggest that EUI is useful to understand the potential effects of 
climate change on the energy consumption of a city’s building stock. 
The results exemplify this effect in isolation and do not intend to 
manifest a precise estimate of the future EUI of cities. Such an estimate 
would require greater insights on cofounding effects of energy demand 
such as urbanization, population growth, economy, and technology. 
Such attributes can readily be incorporated into the modelling ap-
proaches developed in this manuscript should data for this become 
available in the future. 

3.1. Climate and building sector 

Fig. 6 presents the distribution of EUI aggregated per climate zone. 
The forecasts include the results of all the three scenarios of the IPCC 

Table 3 
Constant parameters. This table presents the values assumed for the Thermal 
Energy Consumption model. In this table, we assume constant values for the 
physical quantities a, Cpwv, Cpa, hwv, and Patm, since their variability from lo-
cation to location is negligible (e.g., 0.3% for Cpa, and 2% for Patm).     

Parameter Description Value  

a Density of air 1.202 kg/m3 

H Storey height 3 m 

ACHk com j
i
{ },

( ) Air infiltration rate commercial buildings 4 h−1 

ACHk res j
i
{ },

( ) Air infiltration rate residential buildings 6 h−1 

Cpa Specific heat capacity of the air 1.006 KJ/kg°C 
Cpwv Specific heat capacity of water vapour 1.84 KJ/kg°C 
hwv Specific enthalpy of water vapour 2501 KJ/kg 
Patm Atmospheric pressure 101325 Pa 
RHb

in Base relative humidity 50% 

Tb
in Base dry-bulb temperature 18.1 °C 

Fig. 6. Predictions and credible interval of one representative building per climate zone and building sector. GPD is the growth per decade.  
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for the years of 2010–2100. Each subplot contains the results for one 
climate zone and the two building sectors followed by their growth per 
decade (GPD). 

According Fig. 6, at the current state of urbanization, and tech-
nology development, climate change could increase the EUI of build-
ings for most climate zones of the United States. The growth rate could 
be between the ranges of −0.8% and 7.1% per decade. In general, 
warm climate zones could experience a higher growth rate than any 
other climate zone. A residential building in a Hot-humid climate, for 
instance, could grow its demand several times faster (5.5% per decade) 
in comparison to the representative building of the Mixed-dry (0.01% 
per decade) or Cold-dry (−0.8% per decade) climate zone. A re-
presentative residential building in the Hot-humid climate zone can 
reach a EUI of 130.2kWh/m2.yr 95%CI [126.1,132.4] by mid-century. 
Which equals to a + 25.3% growth. Similarly, a commercial building in 
a Hot-humid climate could grow its demand faster (3.9% per decade) 
than the representative commercial building of the Mixed-dry (0.5% 
per decade) or Cold-dry (0.1% per decade) climate zones. A re-
presentative commercial building in the Hot-humid climate zone can 
reach a EUI of 240.7 kWh/m2.yr 95% CI [231.0,253.3] by mid-century, 
which equals to a + 15.0% % growth in four decades. As a result, a 
building in the Hot-humid climate could increase its energy consump-
tion several times more than a building in a Mixed-dry or cold-dry 
climate. For decision-makers, these results call for re-evaluating prio-
rities for investment in building energy efficiency in the United States. 
In this order of ideas, national energy conservation programs could re- 
prioritize investments to hot and humid areas instead of temperate 
climates. This could also lead to a shift of priorities in architecture and 
building technology, fieldswhere the industry is highly inclined to 
produce solutions for temperate climates. 

In contrast to warm climates, the EUI of buildings in cold climates 
could decline. A representative building in a Cold-dry climate, either 
commercial or residential, could marginally decline its demand from 
−0.8 to 0.1% per decade. A residential building in this climate could 
reach a EUI of 123.2 kWh/m2.yr 95% CI [109.9,138.4] by mid-century, 
which equals to a −5.1% decline in 40 years. Similarly, a re-
presentative residential building in the Cold-Humid zone could reach a 
EUI of 177.5 kWh/m2.yr 95% CI [170.5,184.6] by mid-century, which 
is equivalent to a −2.9% decline in four decades. In consequence, the 
EUI of a building in a Cold-Dry climate could decrease two times more 
than a building in a Cold-Humid climate. The implications of these 
outcomes for decision-makers would most likely consist in new 
boundary conditions of analysis. We expect consultants looking at 
predicting the outcome of building interventions (e.g., retrofits, re-
newable energy) to account for the expected benefit that climate 
change can bring to buildings in these areas. We hope that this aspect 
helps consultants and their clients to align expectations of technological 
solutions in these climates and reduce the performance-gap (i.e., the 
overoptimistic estimation of energy conservation interventions in 
buildings). The last is considered one of the key problems the building 
industry faces today [41]. 

In contrast to both warm and cold climates, the EUI of buildings in 
mixed climates could either grow or decline. A representative com-
mercial building in a Mixed-Humid area could reach a EUI of 
248.2 kWh/m2.yr 95% CI [237.2,267.1] by mid-century, which equals 
to a + 11.4% growth. In contrast, a similar building in a Mixed-dry area 
could reach a EUI of 213.4 kWh/m2.yr 95% CI [201.8,224.0] by mid- 
century, which is equivalent to a marginal −1.7% decline in 40 years. 
As a result, the EUI of a building in the Mixed-humid climate could 
increase several times more than a building in a Mixed-Dry climate. 
Similar to Hot-humid climates, decision-makers would need to keep an 
eye on technological interventions and energy conservation programs 
looking at improving energy efficiency in Mixed-Humid areas over 
Mixed-Dry ones. 

The reader may have noticed a difference in the demand growth 
rate of humid and dry climates. In general, representative buildings in 

humid climates could have higher energy demand by 2050. These re-
sults indicate a potential increase in dehumidification requirements in 
buildings. The ramifications of this finding could be significant in the 
field of building technology. Technology manufactures could find an 
opportunity on dehumidification technology for cold climates too. This 
asserts in principle the findings of [3], where climate change was found 
to potentially increase the needs for dehumidification in buildings. 
While recent advances in building certification programs such as LEED 
may already compensate for increasing needs in the thermal energy 
demand of buildings, they may not compensate for a general lack of 
research and development in technologies for dehumidification. 

3.2. City and building sector 

Fig. 7 presents the forecasts for the EUI of the representative 
building in eight major cities of the United States. Each subplot de-
scribes trends of EUI for every building sector and every scenario of 
climate change followed by their growth per decade (GPD). 

According to Fig. 7 and Table 5, at the current state of urbanization 
and technology development, climate change could increase the EUI of 
buildings for of the main cities of the United States. The trend could 
vary according to the city and the climate. What is clear is that the EUI 
of the representative building grows faster for cities located in hot cli-
mates such as Los Angeles, CA (5.2–7.2% per decade) and Miami, FL 
(2.8–3.5% per decade). The exception to the rule is San Francisco, CA, a 
city located in a Hot-Marine climate, where EUI could decline between 
−9.3% and −11.9% by mid-century. 

On the other hand, typical buildings in cities with a cold climate 
such as Boston, MA and Denver, CO could marginally decrease their EUI 
between −0.1% and –0.7% per decade. For instance, Denver, CO could 
reduce its EUI to 63.9 kWh/m2yr 95% CI [57.6,70.1] by mid-century, 
which represents −5.2% less than today. In contrast, a similar re-
presentative residential building in Los Angeles, CA, could reach a EUI 
of 78.5 kWh/m2yr 95% CI [71.6,85.8] by mid-century, which re-
presents close to 18.5% more than today. 

Our results at the city scale assert those of Section 3.1. Should the 
demand of energy in buildings be strongly related with their thermal 
energy demand, we could foresee a future where the energy demand for 
heating decreases in cold cities (e.g., Boston, MA, and Denver, CO) and 
the energy demand for cooling and dehumidificationincreases in hot 
cities (e.g., Los Angeles, CA and Miami, FL). In terms of energy con-
sumption per sector, in most of the cases, commercial buildings could 
keep consuming more than their residential counterparts. With the 
exception of Boston, MA, the total energy demand in all commercial 
buildings could increase during the 21st century. In contrast, the total 
energy demand of residential buildings could decline in all cities with 
the exception of those located in hot and humid climates such as Los 
Angeles, CA, Miami, FL and New York, NY. 

3.3. Uncertainty 

We now turn to one of the initial motivations of this paper, i.e., to 
better understand the uncertainty of our forecasts. In Tables 4 and 5 we 
describe the bandwidth of our predictions or the difference between the 
lower and upper limit of our confidence interval . The bandwidth de-
scribes the range of potential future outcomes given the data, and the 
assumptions underpinning the model at hand. As explained in Section 
2.4.4, this bandwidth reflects the uncertainty given by both aleatory 
and epistemic sources of uncertainty. Other sources of uncertainty, 
including misspecification of the input variables, and other cofounding 
effects are not accounted for but could be accommodated in our fra-
mework in the future. An example of these cofounding effects was 
noticed in our predictions at the regional scale. On average, commercial 
buildings tend to demand more energy than their residential counter-
parts for most climate zones. There was an exception to the rule in the 
Mixed-Humid climate zone. This behaviour could be explained by a 
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potential misclassification problem typical of cities in this climate zone 
like New York, NY. In these cities, high-density buildings hold a typical 
mix of commercial and residential uses. They tend to be classified ac-
cording to the building sector that occupies most of the gross floor area. 
This could be one potential reason for this behaviour and one source of 

uncertainty worth exploring in the future. 
At the regional scale, we observed potential changes in EUI as small 

as 1.9 kWh/m2.yr for residential buildings in Mixed-Marine areas and 
as big as 77.9 kWh/m2.yr for Commercial buildings in Hot-Dry cli-
mates. To evaluate the robustness of our forecasts, we consider 

Table 4 
Predictions and credible interval of the point estimate (average building) per climate zone and building sector. This table includes the bandwidth or difference 
between the lower and upper interval of the predictions. The bandwidth serves to understand the range of uncertainty in the predictions. Please refer to Table S6 in 
the supplementary material for the complete list until the year 2100. *marks cities with robust predictions according to our definition of the maximum bandwidth of 
15 kWh/m2yr.       

Sector Zone EUI [kWh/m2.yr] (% growth) Bandwidth [kWh/m2.yr] 

2010 2050 2050  

Commercial Cold-dry* 183.0 95% CI [180.0,186.1] 182.8 (−0.1%)95% CI [176.4,188.1] 11.7  
Cold-humid 247.6 95% CI [244.4,251.0] 237.1 (−4.4%)95% CI [227.3,249.9] 22.6  
Hot-dry 126.2 95% CI [100.8,154.7] 175.3 (+28.0%)95% CI [138.8,216.2] 77.4  
Hot-humid 204.5 95% CI [202.1,207.1] 240.7 (+15.0%)95% CI [231.0,253.3] 22.3  
Hot-marine 429.1 95% CI [425.4,432.9] 392.5 (−9.3%)95% CI [380.0,402.4] 22.4  
Mixed-dry 217.1 95% CI [208.6,225.6] 213.4 (−1.7%)95% CI [201.8,224.0] 22.2  
Mixed-humid 220.0 95% CI [217.7,222.4] 248.2 (11.4%)95% CI [237.2,267.1] 29.9  
Mixed-marine* 123.8 95% CI [122.5,125.2] 134.3 (+7.8%)95% CI [126.4,139.6] 13.2 

Residential Cold-dry 129.5 95% CI [115.5,145.5] 123.2 (−5.1%)95% CI [109.9,138.4] 28.5  
Cold-humid* 182.6 95% CI [175.4,189.7] 177.5 (−2.9%)95% CI [170.5,184.6] 14.1  
Hot-dry* 109.5 95% CI [109.1,109.9] 111.9 (+2.1%)95% CI [108.1,114.3] 6.2  
Hot-humid* 97.2 95% CI [96.8,97.6] 130.2 (+25.3%)95% CI [126.1,132.4] 6.3  
Hot-marine 166.6 95% CI [154.6,179.0] 173.1 (+3.8%)95% CI [160.5,186.1] 25.6  
Mixed-dry 170.0 95% CI [157.6,182.8] 170.4 (+0.2%)95% CI [157.7,183.5] 25.8  
Mixed-humid* 267.7 95% CI [265.4,269.9] 277.7 (+3.6%)95% CI [275.0,280.4] 5.4  
Mixed-marine* 77.1 95% CI [76.2,78.0] 71.9 (−7.2%)95% CI [70.9,72.8] 1.9 

Fig. 7. Predictions and credible interval of representative building per city and building sector. GPD is the growth per decade.  
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estimates with a bandwidth between +/−15 kWh/m2.yr (10–15% of 
the EUI of the average building) to be particularly robust under the 
specific experimental context, sources of uncertainty, and assumptions 
taken in this research. Under these assumptions, it is particularly in-
teresting to note that predictions for commercial buildings are less ro-
bust than predictions in residential buildings. This behaviour can be 
expected, since commercial buildings trend to be much more hetero-
geneous than residential buildings in terms of usage (e.g., restaurants, 
hotels, and convention centers), and hence their potential EUI. 

Our forecasts for both Hot-dry and Hot-Humid climates have a 
bandwidth of just 6.0 kWh/m2.yr. Under our definition of robustness, 
these forecasts are particularly robust. These forecasts state that Hot- 
humid areas could have a higher energy demand than Hot-dry areas. 
This conclusion was already stated in [3], and as such our results help 
to support that past conclusion. Nonetheless, the uncertainty of the 
predictions for other climates remains outside of our definition of a 
robust estimate. As such, it does not give us enough confidence to va-
lidate/reject other trends presented in [3]. In contrast to the work of  
[3]. We encourage future research to scout furthermore on ways to 
validate or reject assertions alike. 

At the City Scale we observed potential changes in EUI as small as 
1.9 kWh/m2.yr for residential buildings in Seattle, WA and as big as 
44.9 kWh/m2.yr for residential buildings in San Francisco, CA. In 
contrast to our results at the regional scale, both the minimum and 
maximum bandwidth of our predictions took place in the residential 
sector. Despite the much more heterogenous behaviour of commercial 
buildings in general, we have reasons to believe that residential housing 
in San Francisco CA, categorized according to their EUI, is a potential 
outlier of our sample. The uncertainty of the predictions for the re-
sidential sector of this city remains several times higher than that of any 
other city. The value of this uncertainty does not give us enough con-
fidence to validate/reject the trend presented for this city in [3]. The 
same conclusion applies to other cities included in [3] where we did not 
find a robust estimate. 

The reader may have noticed a mismatch between the trends ob-
served for different levels of data aggregation (i.e., building sector, city, 
and climate zone). We clarify that this mismatch is not particularly 
caused by uncertainty in our estimates, but rather by a typical problem 
known as ecological fallacy (concept introduced in Section 2.4.1). 
Ecological fallacy is a phenomenon whereby individual and group as-
sociations of an outcome (e.g., the mean EUI forecast of a group) differ, 
and potentially reverse direction (see Fig. 4). The problem was evident 

in our results of the EUI of a typical (mean) building seen across mul-
tiple scales (group associations). This was observed in every other of the 
96 cities analyzed. While the Hierarchical Bayesian model at hand 
cannot account explicitly account for this fallacy across scales, our 
general approach of multi-scale modelling and analysis can identify it. 
We stress the importance of using a multi-level approach to data 
modelling and analysis to overcome such potential data fallacies in the 
future. 

4. Conclusions 

This paper studied the effects of climate change on the energy 
consumption of buildings in the United States under uncertainty. The 
effects are studied for buildings across 96 cities and 14 climate zones. 
Data about 363,298 random building measurements and 96 weather 
stations was collected to this end. In addition, the paper presented a 
novel model for energy forecasting at the scales of buildings, building 
sectors, cities, and climate zones. The model followed a Bayesian ap-
proach able to facilitate the quantification of aleatory and epistemic 
sources of uncertainty. 

Under specific scenarios of technological, economical, and demo-
graphic change, we found that climate change could increase the 
Energy Use Intensity (EUI) of buildings for most cities and climate zones 
of the United States. In general, cities in warm and humid climate zones 
could experience the highest growth rates in building energy con-
sumption. In contrast, cities in cold climates could experience negative 
growth in the energy consumption of buildings. Similar to the findings 
of the most recent research, the effects can be marginally low for some 
locations. In addition, our results showed how commercial buildings 
could increase their EUI at a faster pace than residential buildings. This 
is expected since the overall demand for commercial buildings depends 
to a great extent on thermal loads, which are easily influenced by the 
effects of climate change on temperature and relative humidity. 

In terms of uncertainty quantification, we found robust estimates for 
several cities and building sectors. This helped us to ratify previous 
findings about the potential drivers of energy consumption growth such 
as air dehumidification. In contrast to past research, our work helped to 
confirm potential trends in energy consumption with the use of mea-
sured energy consumption data. Yet, it is to note, that the high un-
certainty we obtained for several climate zones does not give us enough 
confidence to validate/reject other trends presented in past research. 

Based on our estimates and intervals of confidence, we conclude 

Table 5 
Predictions and credible interval of point estimate (typical building) per city and building sector. This table includes the bandwidth or difference between the lower 
and upper interval of the predictions. The bandwidth serves to understand the range of uncertainty in the predictions. We refer the reader to Table S7 in the 
supplementary material for the complete list of results of the 96 cities until the year 2100. *marks cities with robust predictions according to our definition of the 
maximum bandwidth of 15 kWh/m2yr.       

Sector  EUI [kWh/m2.yr] (% growth) Bandwidth [kWh/m2.yr] 

City 2010 2050 2050  

Commercial Albuquerque, NM 217.1 95% CI [208.6,225.6] 213.4 (−1.7%)95% CI [201.8,224.0] 22.2  
Boston, MA 218.8 95% CI [214.3,223.3] 212.5 (−3.0%)95% CI [192.6,226.0] 33.4  
Denver, CO* 173.8 95% CI [168.0,179.8] 173.6 (−0.1%)95% CI [165.3,181.2] 15.9  
Los Angeles, CA 140.9 95% CI [137.9,143.9] 198.0 (28.8%)95% CI [177.3,212.9] 35.6  
Miami, FL 200.2 95% CI [193.6,207.0] 226.2 (11.5%)95% CI [216.2,237.4] 21.2  
New York, NY 230.7 95% CI [226.9,234.6] 265.9 (13.2%)95% CI [243.5,280.4] 36.9  
San Francisco, CA 423.9 95% CI [419.0,428.9] 387.8 (−9.3%)95% CI [374.5,398.6] 24.1  
Seattle, WA* 124.3 95% CI [123.2,125.4] 134.8 (7.8%)95% CI [127.1,140.0] 12.9 

Residential Albuquerque, NM 170.0 95% CI [157.6,182.8] 170.4 (0.2%)95% CI [157.7,183.5] 25.8  
Boston, MA* 187.8 95% CI [183.6,192.1] 182.6 (−2.8%)95% CI [178.2,187.1] 8.9  
Denver, CO* 67.2 95% CI [60.7,73.4] 63.9 (−5.2%)95% CI [57.6,70.1] 12.5  
Los Angeles, CA* 64.0 95% CI [59.3,69.2] 78.5 (18.5%)95% CI [71.6,85.8] 14.2  
Miami, FL 92.1 95% CI [83.3,99.6] 107.6 (14.4%)95% CI [97.9,116.6] 18.7  
New York, NY* 267.6 95% CI [265.5,269.6] 277.6 (3.6%)95% CI [275.1,280.2] 5.1  
San Francisco, CA 449.5 95% CI [425.7,474.8] 402.8 (−11.6%)95% CI [381.0,425.9] 44.9  
Seattle, WA* 77.0 95% CI [76.1,77.9] 71.8 (−7.2%)95% CI [70.8,72.7] 1.9 
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that commercial buildings in cities with a hot/warm and humid climate 
should be at the top of the agenda of energy conservation and efficiency 
strategies for the building sector of the United States. 

Finally, in terms of energy modeling, we compared our approach to 
a competitive machine learning model, obtaining more accurate results 
at the expense of computational complexity. While we provided a 
method on how to overcome this problem in the future, we believe that 
more research is needed to provide more robust estimates on climate 
change affectation in the building sector. This knowledge gap could still 
make it difficult to fully understand the implications of climate change 
with enough reliability to enable informed policy and technology de-
velopment in the building sector. 

A natural next step for research in the field could be to study the 
local effects of building energy consumption under many more sce-
narios of climate change. This point directly connects to the main 
limitation of the Meteonorm Database we used. Currently, the database 
contains projections solely for the mean value of three family of sce-
narios of the IPCC (see Section 2.1.2.2). These projections exclude the 
variance inside each scenario family, which can be as much as 1 °C by 
the end of the Century. While we support the study of more scenarios of 
climate change and their variances, we foresee little gain on this unless 
the scenarios prove to be more likely and significantly different to those 
we studied. As discussed in Section 1, the high uncertainty present in 
the IPCC scenarios is a general problem of the Climate Change dis-
course. We do not feel that our approach, or similar, could thoroughly 
address this. Our focus, and main contribution, remains the develop-
ment of a new way on how to quantify the uncertainty of models of 
local effects of climate change in buildings. 

In the context of modeling local effects in buildings, our re-
commendation would be to focus on extreme climatic events rather 
than yearly effects. These extremes may provide more insights about 
the bandwidth of future energy consumption and the readiness of 
building stocks to face change. The focus of this research could be 
narrowed down to hot/warm and humid cities, where the effects of 
climate change on buildings may be more pronounced. We believe that 

a combination of big-data sources, Bayesian statistics, and first-prin-
ciple building energy models should form part of any future related 
study. 
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Appendix A. Proof of proposition 1 

A.1. Daily Enthalpy gradients 

A Daily Enthalpy Gradient (DEG) [1] describes the daily average difference in enthalpy between a base condition of temperature and humidity 
and the outdoor conditions of a building. It is a measure representative of the thermal energy per unit of dry air needed for the processes of heating, 
cooling, humidifying, and dehumidifying air in buildings. The DEG measure depends on a base temperature (Tb) and a base humidity (RHb). These are 
the thresholds below (or above) which the processes of heating, cooling, humidifying or dehumidifying do not need to operate to satisfy a state of 
indoor thermal comfort. 

According to [1], the total DEG (Eq. (A.1)) is the aggregation of the daily enthalpy gradients for heating (DEG )H , cooling (DEG )C humidification 
(DEG )HUM , and dehumidification (DEG )DEHUM . Each gradient describes the daily average of the enthalpy deviations between a base air temperature 
and base humidity, and the outdoor temperature and humidity of a building. 

= + + +DEG DEG DEG DEG DEGH C HUM DEHUM (A.1)  

The DEG for heating DEGH is calculated in Eq. (A.2) Similarly, the DEG for cooling DEGC is calculated in Eq. (A.3). 
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In Eq. (A.2), (.) denotes the indicator function, N is the number of hours in the year or 8760, 24 are the number of hours during the day, ht
s out is 

the sensible enthalpy of air at the outdoor state of temperature Tt
out for the t-th time step (equal to 1 h). hb

s is the sensible enthalpy at the base 
temperature Tb. ht

s out and hb
s are respectively calculated in Eqs. (A.4) and (A.5), where Cpa is the specific heat of air. 
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=h Cp Tb
S

a b (A.5)  

On the other hand, the enthalpy gradient for humidification DEGHUM is calculated in Eq. (A.6). Similarly, DEGDEHUM is calculated in Eq. (A.7). 
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In Eq. (A.6), ht
L out is the latent enthalpy of air at a state of outdoor temperature and humidity T RH,t

out
n
out for the t-th time step, hb

L is the latent 
enthalpy at the base temperature Tb and the base relative humidity RHb. ht

L out and hb
L are respectively calculated in Eqs. (A.8) and (A.9), where Cpwv

is the specific heat capacity of water vapor, hwv is the specific enthalpy of water vapor, Xt
out is the humidity ratio for RHt

out, and Xb is the humidity 
ratio for RHb. Xt

out and Xb are respectively calculated in Eqs. (A.10) and (A.11). 
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A.2. Heat transfer model 

We assume that the state of indoor comfort remains constant for every building in a city. Under this assumption we obtain the thermal energy 
consumption of buildings according to Eq. (A.12). See [1] for details of this calculation. In this equation, the thermal energy consumption of a 
building equals to the total enthalpy needed to air-condition a building at a specific state of comfort and efficiency. 
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(A.12)  

In Eq. (A.12), mak j
i
,

( ) is the average air mass flow rates supplied to the building, a is the density of air, COPj is the coefficient of performance of the 
thermal process in the j-th city, and D are the hours of the day. The value of mak j

i
,

( ) is estimated in Eq. (A.13). 

=m
ACH GFA H

3600ak j
i k j

i
k j

i

,
( ) ,

( )
,

( )

(A.13)  

In Eq. (A.13), ACHk j
i
,

( ) is the number of air exchanges per hour of a building. GFAk j
i
,

( ) is the gross floor area of the building, and H is the mean floor 
height. mak j

i
,

( ) and x k j
i

1 ,
( ) are separately calculated for each building sector (i.e., commercial and residential). 

Appendix B. Proof of proposition 2 

A GMM can be used to assign a set of data points into subsets or clusters. In contrast to k-means, a GMM assigns data points to the multivariate 
clusters that yield the highest probability. The advantage is that GMM can accommodate clusters that have different sizes and correlation structures, 
such as those implicit across the multiple-hierarchies of data in our data set (i.e., country, climate zone, city and building sector). We chose a GMM 
with a tied covariance matrix, that is, the same covariance matrix is shared by all the gaussians or clusters in the model. 

The basic representation of GMM is presented in Eq. (B.1). 
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In Eq. (B.1), EUIk j
i
,

( ) is the Energy Use intensity in the log-scale of the i-th building, in the j-th city and the k-th building sector. c C{1, } are the 
gaussians in the model or clusters. c, EUI¯ cand c are the weight, mean vector and covariance matrix of the cluster c. The weights are non-nengative 
and sum to 1. = { 1, EUI¯ 1, 1, …, c, EUI¯ c, c} is the parameter vector, which denotes all model parameters. 

We derive the Maximum Likelihood estimator for the model’s parameters via the Expectation-Maximization algorithm. In this algorithm, we 
begin by initializing the means and standard deviations of every cluster to random values. Using these initial random values, we calculate the 
membership probability of a point to every cluster (r )k j c

i
, ,

( ) with Eq. (B.2) We respectively update the mean, standard deviations and weights with Eqs. 
(B.3) to (B.5) and iterate until convergence. A full mathematical demonstration of the GMM and the Expectation-Maximization algorithm is outside 
of the scope of this paper. We refer the reader respectively to [31] and [32] for more details about the algorithm and the implementation. 
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In (B.2), o C o c{1, 2 } and rk j c
i
, ,

( ) is the membership probability of the data point EUIk j
i
,

( ) with respect to the cluster c C{1, 2 }. In Eq.  
(B.3), Nk j, is the number of datapoints in the j-th city and the k-th building sector. 

The final covariate x k j
i

2 ,
( ) is extracted from the GMM as presented in (B.6). 
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Like many other clustering techniques, GMM requires a prior specification of the number of cluster components. We took an approach to treat the 
number of clusters as a model selection index, we then identified the number of clusters which minimized the Akaike Information criterion (AIC) 
based on each distinct fit for cluster counts from C between 1 and 20. We repeated this experiment for every combination of a city and a building 
sector. This led to a total of 182 combinations (96 cities and 2 building sectors). This experiment translated into 3,640 evaluations of the AIC 
(20 × 182). Fig. B.1(a) summarizes the number of clusters that minimized the AIC for each one of the 182 combinations. While an optimal number of 
clusters exists for each one of the 182 combinations, we chose the average number of clusters for the entire dataset (i.e., five clusters). This allows for 
classifying each of the 182 combinations across five levels of efficiency. These are low efficiency (high EUI), low-medium efficiency (medium–high 
EUI), medium (medium EUI), medium–high efficiency (medium–low EUI), and high efficiency (low EUI). 

The mean value of each level of efficiency becomes a new covariate of our model x k j
i

2 ,
( ). This covariate should be interpreted as the typical 

efficiency expected for a building in relation to the mean value of their group. The group is represented by a unique pair of city and building sector.  
Fig. B.1(b) presents an example of the cluster classification for the Commercial sector in the city of New York, NY. Table 3 in the supplementary 
material presents the results for the 96 cities. 

Appendix C. Proof of proposition 3 

This model is represented in the next system of Eqs. (C.1)–(C.5). 

N
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N HalfCauchy b¨ ~ ( , ); ~ ( ¯)l

N HalfCauchy c¨ ~ ( , ); ~ (¯)l
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City 

N~ ( ¨ , ¨ )j l l l,

Fig. B1. (a) Distribution of optimal number of clusters for 182 pairs of cities (96) and building sectors (2) according to the Akaike Information criterion (AIC). (b) 
Example of optimal clusters for the data points of the commercial sector of the city of New York, NY. 
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In Eqs. (C.1)–(C.5), all the prior parameters µ̄ , ¯ and ¯ are initialized to 0.0. , , are initialized to 10,000. a b c a¯ , ¯ , ¯ , ¯c c c z,b c a¯ , ¯ , ¯z z ,b̄,c̄ and d̄ are 
initialized to 5.0. This initialization accounts for the absence of more information about the priors of the model. In Eq. (C.5), k j, , k j, , and k j, are the 
regression coefficients belonging to the k K{1, , }j building sector in the j-th city where j J{1, , }l city. x k j

i
1 ,

( ) is the thermal needs of any building 
i I{1, , }j in the j-th city. x k j

i
2 ,

( ) is the energy efficiency category of any building i I{1, , }j in the j-th city, and k j, is the model error. 

Appendix D. Proof of proposition 4 

The regression model we develop is hierarchical to reflect the building, building sector, city scale, climate zone and country, as presented 
in Fig. D.1. 

Fig. D1. Directed acyclic graph (DAG) of the model. Shaded rectangles represent constants and observed covariates. White circles represent unobserved random 
variables. The shaded circle represents the observation that is modelled as a random variable and is observed. Arrows represent conditional dependence between two 
quantities. 
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Given the set of observations = = = =Y y: { }k j
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i k j
I K J
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, ,j j l , the set of covariates = = = =X x x: { , }k j

i
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2 ,
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, ,j j l , the full posterior for the model parameters given 

the data =D X Y{ , } is: 
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Where we define: 

=: [ , , , , , ]T

= l L: [ ¨ , ¨ , ¨ , ¨ , ¨, ¨ ] ; {1, , }l
z

l l l l l l
T
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j l j l j l j l j l j l
T

l, , , , , ,

= k K: [ , , , ] ; {1, , }k
s

k j k j k j k j
T

j, , , ,

In Eq. (D.1), the posterior distribution is known only up to proportionality. Since we wish to evaluate integrals with respect to this distribution for 
estimation and prediction purposes, it is standard practice to adopt some version of Markov chain Monte Carlo. We follow this practice using an 
efficient MCMC algorithm that draws samples from the posterior model by using the No U-Turn (NUTS) sampler algorithm of [24]. The results of 
NUTS sampler are Monte Carlo samples that can be used to construct an empirical estimate of the posterior distribution of the regression coefficients 
for each one of the three hierarchical levels of the model (i.e., Climate Zone, City, and Building Sector). 

We implemented the Hierarchical Bayesian Linear Model in PyMC3 [25] and run the inference for two chains of 5,000 samples each. Following 
the recommendations of [25], we used a burn-in rate of 1,000 samples for each chain and an acceptance rate of 0.98 for the NUTS sampler. We found 
this acceptance rate to give a good compromise between accuracy and inference time. The resulting regression coefficients of the HBLM are 
summarized in Table S4 in the supplementary material. 

Appendix E. Proof of proposition 5 

In our case, this respective outcome is the expected value for the i-th building, inside the k-th building sector, j-th city, p-th climate change 
scenario, m-th decade. The predictive posterior distribution is then given by the next marginalization in Eq. (E.1). 

=D Dp y x x p y x x p d( | , , ) ( | , , ) ( | )k j
i p m
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( )( )( )

(E.1)  

This marginalization basically integrates out the uncertainty of the posterior model parameters =: [ , , , ]k
s

k j k j k j k j
T

, , , , given the joint probability 
distribution of x x,k j

i p m
k j
i p m

1 ,
( )( )( )

2 ,
( )( )( ) . Since the marginalization of Eq. (E.1) cannot be calculated in a closed form, we generated 

=n N N{1, , }; 5, 000 samples from the posteriors of , , ,k j
n

k j
n

k j
n

k j,
[ ]

,
[ ]

,
[ ]

, . We used these samples to calculate the n-th expected outcome 
yk j

i p m n
,

( )( )( )[ ] with the next equation. 

= + +y x xk̂ j
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(E.2)  

Eq. (E.2) is a direct representation of Eq. (C.5) set for every sample n. We used this equation to predict yk j
i p m n
,

( )( )( )[ ] for every set of covariates 
x x,k j

i p m
k j
i p m

1 ,
( )( )( )

2 ,
( )( )( ) representing one climate change scenario =p P P{1, , }; 3 and one decade =m M M{1, , }; 10 For every set of covariates, 

Eq. (E.2) is evaluated a total of 150,000 times (N × P × M). 
Finally, we used these samples to calculate the Minimum Mean Square Error (MMSE) estimator for the i-th building energy consumption, inside 

the k-th building sector, the j-th city, the p-th climate change scenario, and the m-th decade, with Eq. (E.3). 

=
y

N
y1

k j
i p m
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,
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1
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(E.3)  

Appendix F. Proof of proposition 6 

According to Eq. (E.1), for each draw of the posterior parameters, for a new set of n-th inputs x x,k j
i p m

k j
i p m

1 ,
( )( )( )

2 ,
( )( )( ) , the model posterior predictive 

distribution will result in a single marginalized Gaussian distribution. Due to the many draws of the MCMC sampler, the resulting approximate 
marginalized posterior predictive distribution will be represented as a N-sample mixture of such local Gaussian components. The resulting variance 
of this predictive distribution can then be obtained based on this Gaussian mixture representation. For this, we could either account for the 
autocorrelation in the MCMC parameter samples used in the marginalization or assume that the samples are independent. 

Since the MCMC samples used in Eq. (E.1) were sub-sampled to be approximately independent, we use the posterior predictive credible interval 
to capture the uncertainty of our model. In order to account for the uncertainty of multiple scenarios of climate change, many more draws of the 
posterior will need to be generated for multiple sets of inputs of the form x x,k j

i p m n
k j
i p m n

1 ,
( )( )( )[ ]

2 ,
( )( )( )[ ] . 

The evaluation of multiple sets of inputs (one set per scenario of climate change and decade) would then result in a mixture of Gaussians. Since a 
mixture of Gaussians makes difficult the interpretation of a credible interval (CI) [35], we chose to approximate the CI via the 2.5th and 97.5th of the 
sorted sub-set of n-th predictions yk j

i p m n
,

( )( )( )[ ], for every m-th decade and p-th scenario. For the sake of simple notation, we will treat these realizations 
as yk j

n
,

[ ]. 
The Credible Interval or CI is given by: 

YPr lower y upper x x( | , , )k j
n

k j
i

k j
i

,
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2 ,
( )
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= Yp y x x dy( | , , )
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,
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= 1 (F.1)  

In Eq. (F.1), is the subjective probability that lies inside lower upper( , ). For effects of this research the value of is set to 0.05. This is equivalent 
to a subject probability of 95%. 

We choose to characterize the credible interval lower upper[ , ] via the equal-tailed interval. In contrast to other methods such as the highest 
density interval, the equal-tailed interval remains constant for transformed or untransformed posteriors. This property of equal-tailed intervals is 
suitable for the problem at hand where re-scaling and standardization processed were carried out over the data (see Section 2.2). The equal-tailed 
interval is given by: 

=lower F
2

1

=upper F 1
2

1
(F.2)  

In Eq. (F.2), F ( )1 is the quantile function of the posterior or inverse cumulative distribution function of the posterior. Since the predictive 
posterior density of Eq. (F.3) forms a S-mixture of normal distributions. The Cumulative Density Function (CDF) estimator can be expressed as: 
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Appendix G. Proof of proposition 7 

There are several variants of the Wide and Deep Neural Network (WDNN) model architecture and we adopted the framework developed in [28] 
for our reference comparison model (see Fig. G1). 

The wide or linear part of the model is based around a set of input covariates we will generically denote by a feature vector f . This is typically 
comprised of a combination of observable experimental variables that are measured at different resolutions and can be transformed for sparsity. The 
output of the wide single layer neural network component is then just a standard linear model given in Eq. (G.1). 

= +W f bZwide wide
T (G.1)  

In Eq. (G. 1), = = = =Z y: { }wide k j
i

i k j
I K J

,
( )

1, 1, 1
, ,j j l is the vector of standardized observations of energy demand in the log-scale. =f X X X X X X[ , , , , , ]1 2 3 4 5 6 is the 

matrix of features or independent variables, where = = = =X x: { }k j
i

i k j
I K J

1 1 ,
( )

1, 1, 1
, ,j j l and = = = =X x: { }k j

i
i k j
I K J

2 2 ,
( )

1, 1, 1
, ,j j l are the vectors of standardized covariates described 

in Appendix A and B. =W w w w w[ , , , ]wide 1 2 3 4 is a matrix of model weights or regression coefficients, and b is the intercept. The two categorical 
features X ,3 and X4, consist respectively of a one-hot vector representation of the city and climate zones. The two categorical features X ,5 and X6, 
consists of a encoder respectively pairing cities with building sectors, and climate zones with cities. 

The deep part of the model consists of a Feed-Forward Neural Network of =l 4 hidden layers with 100, 75, 50, and 25 hidden neurons each. Each 
hidden layer performs the next activation: 

= +=Z W f bdeep
l

deep
T0

Fig. G1. Conceptual representation of the architecture of the Wide and Deep Neural Network (WDNN).  
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= ++Z W bRelu Z( )deep
l

deep
l

deep
l l1 (G.2)  

In Eq. (G.2), Relu is the Rectified Linear Unit activation function, Zdeep
l, Wdeep

l, and l respectively are the matrix of activations, the matrix of 
weights and the vector of bias of every hidden layer. The combined model is assembled by applying a sigmoid function to the sum of Eqs. (G.1) and 
(G.2) in Eq. (G.3). 

= + += =Y W f WSig Z( )wide
T

deep
T

deep
l l4 4 (G.3)  

We implemented the Wide and Deep Neural Network (WDNN) in Tensorflow 1.14 and ran the inference for 100 epochs of 512 mini-batches. 
Following the model of [28], we used FTRL as the optimizer for the wide part of the model, and AdaGrad as optimizer for the deep part. The results of 
the algorithm are the “calibrated” matrices of weights Wwide, Wdeep, the matrix of activations of the 4rd layer =Zdeep

l 4 and the biases of the third layer 
=bl 4. In order to compute predictions, we use these weights, activations and biases with new values of f in Eq. (G.3). 

Appendix H. Supplementary material 

Supplementary data to this article can be found online at https://doi.org/10.1016/j.apenergy.2020.115556.  
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