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Abstract

A residual a-posteriori error estimate is used in conjunction with a q−adaptive procedure for

selecting enrichment functions in the modelling of transient heat diffusion problems with the

Generalized Finite Element Method (GFEM). The error estimate allows to assess local as well as

global errors of the GFEM solutions and provides a tool to adaptively enrich the approximation

space. With the proposed adaptive algorithm, the total number of degrees of freedom (DOFs) is

significantly reduced in comparison to uniform enrichment. For a comparable accuracy, a reduc-

tion of up to 80% in DOFs is achieved. Moreover, the error estimate captures the deterioration

of the conditioning of the system matrix typically encountered in enrichment based methods and

enables the possibility of keeping the condition number within an acceptable limit.

Keywords: GFEM, enrichment functions, transient diffusion problems, error estimate,

adaptive algorithm

1. Introduction

In the last two decades, enrichment based methods like partition of unity finite element methods

(PUFEM) [1, 2], generalized finite element methods (GFEM) [3, 4] and eXtended finite element

methods (XFEM) [5, 6] have been developed to facilitate efficient simulations of complex engi-

neering problems. These methods rely on the fusion of known information in the approximation

space and substantially reduce the meshing requirements for problems with steep gradients and

singularities. The successful applications of these methods include problems in fracture mechan-

ics [5–7], high frequency wave problems [8–11], fluid structure interaction [12, 13], multiphase

flows [14, 15] and thermal problems with sharp gradients [16–19], among the others. The for-

mulation of enriched finite elements is based on the incorporation of specially designed functions

into the approximate finite element space. In the literature, these special functions are named as
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enrichment functions which incorporate a-priori information about the solution of the problem

under consideration. The accuracy of enriched finite elements depends on the selection of suit-

able type and number of enrichment functions. As mentioned by Babuška et al. [20], the success

of the enriched FEM is inherited in the proper selection and implantation of the enrichment

functions. This fact is also highlighted in [21–23].

Recently, there has been an increased interest in the reliability of the results of enrichment

based methods with the main focus on the proper selection and implementation of the enrich-

ment functions. In order to investigate the reliability of the results of approximate numerical

methods, a-posteriori error estimation has become a common tool. Various researchers have de-

veloped a-posteriori error estimates to assess the accuracy of finite elements [24–28]. For many

practical problems in engineering and science, the deterioration of the overall solution accuracy

is dominated by the local singularities in the solution domain. The a-posteriori error estimates

not only estimate the accuracy of the whole approximate solution, but also can help in steering

an adaptive procedure to appraise the errors around such singularities [29–31]. The main em-

phasis of the adaptive procedures is the estimation of local discretization errors and subsequent

refinement of the finite element models. While for standard finite elements the focus of such

adaptive procedures is to refine the mesh around such singularities in order to reduce the overall

error, in enriched finite elements particular interest is in coarse finite element meshes, and the

adaptive procedure can help to refine the enrichment functions locally.

Adaptivity in general is an iterative process, where in each iteration the errors of the numerical

solution are computed and appraised until the calculated errors fall below a specified tolerance.

To begin with, the approximate solution is typically calculated with a coarse mesh and low-order

basis functions. The accuracy of the obtained solution is estimated using an error indicator. If

the accuracy of the solution is below the specified tolerance, adjustments to mesh density or basis

functions are made in order to enhance the solution accuracy. The accuracy is again estimated,

and the process is continued until the required accuracy of the solution is achieved.

For standard finite elements, the refinement schemes can be classified into; (i) h-refinement

(ii) p-refinement (iii) r-refinement, and/or their combinations. In h-refinement procedure, the

degree p of polynomial basis function is kept fixed and the discretization size h is refined while in

p-refinement the number of elements in a mesh are kept constant and the degree of polynomial

basis function p is refined to increase the accuracy of the solution. In case of r-refinement, both

the number of elements and polynomial degree p are constant and the spacing between elements

is biased or the elements are relocated. For many practical problems, any combination of these

strategies may be used. While for standard finite elements the h-refinement is most popular [32]

and can provide enhanced convergence rates particularly for problems with singularities [33, 34],

in the case of GFEM we are interested in fixed coarse finite element meshes and the adaptive
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procedure can help to decide about the addition of more enrichment functions only in areas where

the local errors are comparatively higher in magnitude. This adaptive addition of enrichment

functions is termed as q−adaptivity throughout this text.

The current work explores the relevance of a rigorous computable a-posteriori error estimate

for the adaptive selection of enrichment functions for GFEM solutions of transient heat diffusion

problems. The development of error estimates for enriched finite element methods date back

to the very beginning of these methods [2], with later works by Babuška, Strouboulis and co-

authors [28, 35]. For more recent contributions, readers are referred to [36–42] and references cited

therein. In this current work, we explore the relevance of a simple residual a-posteriori estimate

for time–dependent simulations of heat transfer problems, originally proposed in [43]. While in

[43] the error estimate is shown to provide reliable and practically useful upper bounds for the

numerical errors in approximate GFEM solutions, here we use it to steer an adaptive algorithm

with a view towards the adaptive selection and refinements of the enrichment functions, termed

as adaptive q−enrichments. Numerical experiments consider the enrichment of the approximate

solution space with both uniform global enrichments and adaptive local enrichments. The error

estimate is shown to efficiently capture the global errors in the whole solution domain as well as

local errors in individual elements and time steps. The implementation of the adaptive algorithm

greatly improves the overall solution accuracy by refining the elements with bigger local errors.

With the adaptive q−enrichments, the overall degrees of freedom are substantially reduced for

a specified accuracy. A reduction of more than 80% as compared to uniform enrichments is

reported in the numerical results.

After the introduction, the rest of the paper is organized as follows: Section 2 details the weak

formulation and GFEM discretization of the time–dependent transient heat diffusion equation.

In Section 3 we recall the formulation of a residual based a-posteriori error estimate from [43].

The proposed adaptive algorithm is introduced in Section 4. The main numerical study of the

error estimate and the adaptive algorithm in model problems is presented in Section 5. We close

our discussion with some concluding remarks in Section 6.

2. Weak formulation and GFEM discretization of transient heat diffusion equation

We assume that the transient temperature u at a point x = (x, y)T ∈ Ω where Ω is an open

bounded domain with the boundary Γ, can be described in the time span ]0, T ] using the standard

diffusion equation:

∂u

∂t
− λ∆u = f, in ]0, T ]× Ω, (1)

where λ > 0 is the diffusion coefficient and the right hand side f represents the effects of internal

sources/sinks. Here, we shall limit our discussion to two-dimensional problems Ω ⊂ R2. We also
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assume that the initial temperature:

u(t = 0,x) = U0(x), x ∈ Ω, (2)

is known and that the heat gradient can be imposed over the boundary Γ using a Neumann type

boundary condition:

∂u

∂n
= 0, in ]0, T ]× Γ. (3)

where n denotes the outward unit normal on the boundary Γ. Then it is possible to recover the

temperature u over the entire domain Ω at any time point t ∈ [0, T ] using the finite element

method. To achieve this, we need to discretize the boundary value problem defined by equations

(1)-(3) in time as well as in space.

This article will be concerned with the numerical approximation of the weak form

∫
Ω

(
W
∂u

∂t
+ λ∇W∇u

)
dΩ =

∫
Ω

Wf dΩ . (4)

where W denotes the standard Galerkin weight function. As time discretization, we choose an

implicit Euler method: We divide the time interval into Nt + 1 subintervals [tn, tn+1]. The size

of each subinterval is taken as δt = tn+1 − tn for n = 0, 1, ...Nt and the time derivative in (4) is

approximated by a difference quotient:

∫
Ω

(
W
un+1 − un

δt
+ λ∇W∇un+1

)
dΩ =

∫
Ω

Wfn+1dΩ . (5)

Rearranging the terms we conclude the time–discretized variant of the weak formulation (4):

Find a solution un+1 on Ω such that u0 = u0 and for all test functions W on Ω and all n ∈ N:

∫
Ω

(
∇W · ∇un+1 + kWun+1

)
dΩ =

∫
Ω

WFn+1dΩ dΓ , (6)

where u0 is a discretization of U0, and Fn+1 and k are defined as

Fn+1 = k
(
δtf(tn+1,x) + un

)
, k =

1

λδt
.

Our aim is to find an approximate solution un+1 of the weak form (6) using the generalized

finite element method. To do so, we look for un+1 of the form

un+1(x) =

M∑
j=1

Qj∑
q=1

An+1
j,q Nj(x) Gqj(x) . (7)
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Figure 1: Mesh grid with partitioned elements.

Here An+1
j,q ∈ R and Nj is a piecewise polynomial shape function for the j-th element �j . We

choose the local enrichment functions Gq(x) to be of the form

Gqj(x) = 1, e−
(

x−xc
C

)q
, e−

(
y−yc

C

)q
, e−

(
x−xc

C

)q
−
(

y−yc
C

)q
. (8)

Here (xc, yc) is a given point, C is a control parameter controlling the amplitude of Gq, and we

always use all four of these functions in a given mesh element. The Nj are piecewise polynomials

of degree 4 separately in x and y, such that
∑
j Nj(x) = 1 and

∑
j Nj(y) = 1 whenever x | y ∈ �j

and the distance of x | y to the boundary of �j is at least 25% of the width of �j . The new

shape functions Nj are a crucial ingredient in this method; one main advantage of generalized

finite element methods is their use of very coarse meshes. Shape functions like Nj which are

associated to a particular mesh element � allow localised modification of the enrichment in

a small neighbourhood of �. On the other hand, standard hat functions would spread this

enrichment over all elements which contain the associated node. The formulation of Nj defined

above ensures a smooth transition of the enrichment function Gq(x) between adjacent elements.

For a 2D square domain Ω = [0, 2]2 with a 5×5 uniform mesh, the mesh grids with elements

partitioned in the x and y directions are shown in Figure 1. The original elements are shown by

black outline. The red lines in the horizontal and vertical directions divide the elements near the

interfaces at 25%WT in the x−direction and 25%HT in the y−direction, where WT and HT

are the width and height of an element, respectively. For j = 1, N1(x) is defined in the patch

between element-1 and element-2 shown by yellow colour, whereas N1(y) is defined in the patch

between element-1 and element-6 shown by green colour. The patch between elements 1, 2, 6
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and 7 shown by blue colour is influenced by both N1(x) and N1(y).

For GFEM we take the weight function W = Nj G
q
j . The resulting GFEM discretization of

the weak formulation (6) then reads:

Find un+1 of the form (7) such that u0 = u0 and for all q and j

∫
Ω

(∇(Nj G
q
j) · ∇u

n+1 + kNj G
q
j u

n+1)dΩ =

∫
Ω

Nj G
q
j F

n+1dΩ . (9)

The weak formulation (9) will be solved using generalized finite element method. The discretiza-

tion errors in the approximate GFEM solution will be measured with the help of a residual

a-posteriori error estimate from [43], which is recalled in the proceeding section.

3. A residual a-posteriori error estimate

From the numerical solution un+1 at time tn+1 we define, by piecewise constant resp. piecewise

linear interpolation, numerical solutions for all positive t:

u(t,x) =
t− tn

tn+1 − tn
un+1(x) +

tn+1 − t
tn+1 − tn

un(x) ,

û(t,x) = u(tn+1,x), f̂(t,x) = f(tn+1,x) for t ∈]tn, tn+1] .

In this notation, from [43] we obtain the following a-posteriori estimate for the numerical errors

of the GFEM solution. Even though this paper uses a modified GFEM, the proof of the estimate

follows verbatim.

Theorem 1. Let U be the solution of the exact weak formulation (4) and u the solution of the

GFEM discretization (9). Then there exists a constant c > 0, such that∫
Ω

|U(T,x)− u(T,x)|2dΩ + λ

∫ T

0

∫
Ω

|∇(U − û)|2dΩ dt ≤ c{ η2
1 + η2

2 + η2
3 + η2

4 + η2
5 + η2

6 } ,

(10)
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where

η2
1 = ‖U0 − u0‖2L2(Ω) (11)

η2
2 =

∑
j

∫ T

0

∥∥∥f̂ − ∂tu+ λ∆û
∥∥∥2

H−1(�j)
dt (12)

η2
3 =

∫ T

0

∥∥∥f − f̂∥∥∥2

H−1(Ω)
dt (13)

η2
4 = λ

∫ T

0

‖∇(u− û)‖2L2(Ω) dt (14)

η2
5 = λ

∫ T

0

∥∥∥∥∂û∂n
∥∥∥∥2

H−1/2(Γ)

dt (15)

η2
6 = λ

∫ T

0

∥∥∥∥ĝ − ∂û

∂n
− hû

∥∥∥∥2

H−1/2(Γ)

dt . (16)

The left hand side of expression (10) measures the size of the actual error between the GFEM

and exact solutions. In [43], it is shown that the error indicators on the right hand side, η2
1 to

η2
6 , provide a reliable estimate of the unknown error, and we here use them to steer an adaptive

algorithm. For the convenience of the reader, we recall their physical meanings: η1 and η3 describe

the error in the approximation of the initial condition, resp. the source term, and we will usually

neglect it. The violation of the original PDE (1) is measured by η2, the violation of the boundary

condition (3) by η6 and the jump of the solution across element boundaries by η5. Finally, η4

involves the error in the time discretization. This article is concerned with the utilization of the

presented error indicators to steer an adaptive algorithm for q−enrichments.

4. Adaptive algorithm

Error indicators such as from the a-posteriori error estimate of Theorem1 lead to an adaptive

algorithm, based on the four steps:

SOLVE −→ ESTIMATE −→MARK −→ REFINE .

SOLVE The problem is solved at the beginning of the algorithm and at the start of every new

iteration.

ESTIMATE Based on the solution obtained in the first step, the error estimate η and the

condition number κ are estimated in each element and then accumulated for the whole domain.

MARK The elements with bigger values of η are marked for refinement. Elements with highest

values of κ are also marked to desist further refinement in those elements.

REFINE Elements marked in the previous step are refined with further enrichment functions.

No further refinement is done if the condition number κ exceeds a maximum value K.
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Algorithm-1: Adaptive Algorithm for q−enrichments:

Input: Spatial mesh T with K as the total number of elements and L ≤ K as the enriched

elements, enrichments Q = {q = 1 in every � ∈ T }, refinement parameter θ ∈ (0, 1), tolerance

ε > 0, maximum condition number K, data f .

1. Solve the GFEM approximation (7) on T with enrichment Q.

2. Compute the error indicators η(�) and κ(�) for every � ∈ T .

3. Stop if
∑K
i=1 η

2(�i) < ε2 or condition number κ ≥ K.

4. Order �j such that η(�j) ≤ η(�i) if i ≤ j.

5. Mark �1, . . . ,�L ∈ T until
∑L
j=1 η

2(�j) ≥ θ2 ×
∑K
j=1 η

2(�j).

6. Add the enrichment functions Gqj in �1, . . . ,�L to obtain a new, local enrichment Q.

7. Go to 1.

Output: Approximation of u.

The iterative strategy for adaptivity is shown in Algorithm-1. We implement this strategy

here in the context of q–refinements for adaptivity in space. Neglecting the error from the

approximation of initial and boundary conditions and data, we use the error estimate η2(�) =

η2
2(�) + η2

4(�), where

η2
2(�) =

∫ T

0

∥∥∥f̂ − ∂tu+ λ∆û
∥∥∥2

L2(�)
dt ,

η2
4(�) = λ

∫ T

0

‖∇(u− û)‖2L2(�) dt .

As in [43], we implement the error indicators approximately: η2
2(�) =

∑Nt

n=0 η̃
2
2(n,�), where

η̃2
2(n,�) ' δt

∫
�

(
fn+1 − un+1 − un

δt
+ λ

(
∂2un+1

∂x2
+
∂2un+1

∂y2

))2

dΩ .

The values of f and u are calculated at each integration point and then accumulated over the

whole domain. They are updated at every time step. The integrals are evaluated using a 2-

dimensional composite Simpson’s rule with 21× 21 integration points.

Similarly η2
4(�) =

∑
n η̃

2
4(n,�), with

η̃2
4(n,�) ' λδT

3

(∫
�

(
∂un+1

i

∂x
− ∂uni

∂x

)2

dΩ +

∫
�

(
∂un+1

i

∂y
− ∂uni

∂y

)2

dΩ

)
.

The indicator η2
4 calculates the change in the derivative of u in every time step. We calculate the

derivatives of the temperature as above at times tn and tn+1 at every integration point and then
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accumulate over the whole domain. For further explanation of the error indicators and proof of

Theorem 1, readers are referred to [43].

5. Numerical experiments

In this section, the performance of the presented a-posteriori error estimate and its relevance

for the adaptive selection of enrichment functions is investigated for transient heat diffusion

problems. We find a numerical approximation for the transient heat diffusion problem defined

by expressions (1) - (3) by computing the solution of the GFEM discretization (7). To show the

effectiveness of our proposed algorithm, we consider two numerical experiments in 2D domains.

As a first example, we consider a problem with a known analytical solution. In the second

example, we aim to show the usefulness of the proposed error estimate for more general cases,

where analytical solutions are unknown.

For the numerical experiments, we choose a square mesh grid as shown in Figure 1. We neglect

the error estimators η1 and η3, which arise from the approximation of the initial condition and the

source term. The initial condition is taken to be zero and the source term is applied exactly. In

the examples below, the contribution of η6, representing the violation of the boundary condition,

will be negligible. This is because both the numerical and exact solutions themselves are already

very small at the boundary. The quantity η5 representing the jump of the solution across element

boundaries is also negligible.

To compare the results of uniform enrichment and adaptive q−enrichment for different model

problems, we calculate the error estimate η in each element as well as in the whole domain.

The error estimate for an individual element (�) is calculated as

η(�i) =
√

(η2
2(�i) + η2

4(�i) , i = 1, 2, ...K (17)

and for the whole spatial mesh (T ), it is calculated as

η(T ) =
√∑

(η2
2(�i) + η2

4(�i) , i = 1, 2, ...K (18)

To show the performance of the proposed adaptive algorithm, the considered model problems

are first solved with uniform enrichments in the whole domain. The adaptive algorithm is then

used to selectively add enrichment functions in elements with relatively higher values of η(�).

5.1. Example Problem 1

The first experiment investigates the performance of the proposed adaptive algorithm for a

problem with known exact solution. For a square domain Ω = {(x, y) ∈ R2 : 0 ≤ x, y ≤ 2},
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the source term f , boundary function g and initial condition U0 are chosen such that the exact

solution of (1)-(3) is given by

U(t,x) = x20y20(2− x)20(2− y)20(1− e−λt) (19)

where x = (x, y)T represents the spatial coordinates, t is the time variable and λ > 0 is the

heat diffusion coefficient. For numerical computations, the value of λ is taken equal to 0.1. We

compute the error estimate and conditioning number of the GFEM solution using uniform and

adaptive q−enrichments. Results of both cases are then compared to evaluate the savings in

DOFs and show the effectiveness of the proposed adaptive algorithm.

5.1.1. Uniform q–enrichments

The considered problem is first solved with a uniform number of enrichment functions in

every element. For a fixed coarse spatial mesh of 25 elements, we start with zero enrichment in

the whole domain and then increase the number of enrichment functions Q = 1, . . . 5. With zero

enrichment functions we get the standard FEM solution. We then introduce enrichments in the

finite element space and assess how the error estimate and the condition number change with

increasing number Q. With every added enrichment function, we calculate the error estimate in

individual elements and their cumulative value in the whole domain, denoted by η(�) and η(T ),

respectively. Similarly, the condition number in individual elements κ(�) and their commutative

sum for the whole mesh κ(T ) are calculated. With the exact solution given by (19), we also

calculate the L2 norm error defined by (20) below, and show the variation with increasing

numbers of enrichment functions.

ε =
||U − u||L2(Ω)

||U ||L2(Ω)
× 100. (20)

In the above expression, u and U are the numerical and exact solutions, respectively. To

test the performance of our the error estimate, we use three values of the time step size ∆t =

0.01, 0.001 and 0.0001. Table 1 shows the L2 error (ε) and the error estimate η(T ) along with

the condition number κ(T ) for increasing number Q of enrichment functions using ∆t = 0.01.

Table 1 shows that with the introduction of first enrichment function, the value of η(T )

reduces from 1.79×10−1 to 8.76×10−2 and the L2 error decreases from 31.06% to 10.09%. The

additional enrichment functions improve the results further. With 3 enrichment functions (Q =

3), the values of η(T ) and ε reduce to 1.67×10−2 and 0.68%, respectively. With Q = 4, the L2

error further reduces to 0.64%, but η(T ) starts to increase. This is due to the very high condition

number (4.24×1015) of the system matrix. The presence of derivative terms in the error estimate

makes it more prone to high condition number. With Q = 5, the condition number becomes too

10



Table 1: Variation of L2 error and η(T ) along with condition number for uniform numbers of Q with ∆t = 0.01

and at t = 1.0 for Example Problem 1.

Q DOFs ε% η(T ) κ(T )

0 25 31.06 1.79E-01 1.63E+03

1 100 10.09 8.76E-02 1.38E+06

2 175 1.51 3.19E-02 1.82E+09

3 250 0.68 1.67E-02 3.39E+12

4 325 0.64 2.23E-02 4.24E+15

5 400 11.30 4.42E-01 7.40E+15

Table 2: Variation of L2 error and η(T ) along with condition number for uniform numbers of Q with ∆t = 0.001

and at t = 1.0 for Example Problem 1.

Q DoFs ε% η(T ) κ(T )

0 25 30.85 1.79E-01 1.63E+03

1 100 10.00 8.75E-02 1.38E+06

2 175 1.47 3.18E-02 1.82E+09

3 250 0.67 1.65E-02 3.39E+12

4 325 0.58 2.23E-02 4.24E+15

5 400 11.33 4.42E-01 7.40E+15

Table 3: Variation of L2 error and η(T ) along with condition number for uniform number of Q with ∆t = 0.0001

and at t = 1.0 for Example Problem 1.

Q DoFs ε% η(T ) κ(T )

0 25 30.83 1.79E-01 1.63E+03

1 100 9.99 8.75E-02 1.38E+06

2 175 1.47 3.18E-02 1.82E+09

3 250 0.67 1.65E-02 3.39E+12

4 325 0.58 2.23E-02 4.24E+15

5 400 11.40 4.43E-01 7.40E+15

high (7.40×1015), which leads to the deterioration of results. Both ε and η(T ) deteriorate with

the addition of the fifth enrichment function. Conditioning is a general problem for finite element

methods using non-polynomial enrichment functions. Multiple precision arithmetic is the most

straight-forward remedy to improve the approximation also for higher numbers of enrichment
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(a) Q =0 (b) Q =1 (c) Q =2

(d) Q =3 (e) Q =4 (f) Q =5

Figure 2: Distribution of η(�) in each element for uniform enrichments with ∆t = 0.01 and at t = 1.0 for Example

Problem 1.

functions, at the cost of long run times. The effect of the condition number on the results

and strategies for addressing the resulting problems are discussed in the subsequent section and

in Section 6. Tables 2 and 3 present similar sets of results for ∆t = 0.001 and ∆t = 0.0001,

respectively. To portray the variation of error estimate in each element of the mesh in Figure 2, we

show the distribution of η(�) with increasing number Q of enrichment functions. The maximum

value of η(�) is observed in the central element and minimum values on the boundaries. The

aberrant behaviour of results with Q =5 can be clearly seen in Figure 2(f).

5.1.2. Adaptive q–enrichments

The proposed adaptive algorithm is used to add enrichment functions adaptively rather than

using uniform enrichments. As mentioned in the adaptive algorithm, we calculate η(�) and add

more enrichment functions only in elements with larger values of η(�). As a first step, we solve

the problem with standard FEM, i.e. without any enrichment function. We evaluate the error

estimate η(�) in each element and identify the elements that have relatively higher values. Figure

3(a) shows the distribution of η(�) in each element for the first iteration. The maximum η(�)

is seen to be in the centre element (elem-13) followed by four neighbouring elements; elem-8,

elem-12, elem-14 and elem-18. These five elements contribute to more than 60% of the total

value of η(T ). Adding the next four elements; elem-7, elem-9, elem-17 and elem-19, which have
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Table 4: Variation of L2 error and η(T ) along with condition number for adaptive q−enrichments with ∆t = 0.01

and at t = 1.0 for Example Problem 1.

Iteration No DOFs ε% η(T ) κ(T )

0 25 31.06 1.79E-01 1.63E+03

1 52 9.96 8.82E-02 1.35E+06

2 79 2.13 3.55E-02 1.80E+09

3 106 0.70 1.72E-02 3.35E+12

4 133 0.92 3.39E-02 4.47E+15

the next higher values, the cumulative η(�) value for these nine elements sums up to more than

90% of the total value of η(T ) for the whole domain. This corresponds to θ2 = 0.9 in the adaptive

algorithm, i.e.

∑
η(�i) > 0.9× η(T ) , i = 7, 8, 9, 12, 13, 14, 17, 18, 19

Now, rather than adding enrichment functions everywhere, we target these nine elements

only. The selection of θ2 value depends on the required level of accuracy. In our present case,

we selected 9 central elements for refinement with θ2 = 0.9, one can select less or even more

elements for refinement depending on the required level of accuracy. It is worthwhile mentioning

that the cumulative value of η reduces with every iteration depending on the requirements and

the θ2 value may also be reduced for the subsequent iterations. Again the selection of θ2 will

depend on the required accuracy.

For the second iteration, the values of η(�) and ε are calculated again after the addition of

one enrichment function in the selected nine elements. Also, the effect on the condition number is

assessed with every added enrichment function. Again, the elements are organized in descending

order of magnitude of η(�) and elements with higher values are identified for further refinement

as in the previous iteration. This process is repeated until we get the required accuracy. Table 4

shows the results of these iterations. A decreasing trend in the values of ε and η(T ) is observed

up to iteration 3 and then the values deteriorate for iteration 4. Figure 3 shows the variation

of η(�) for each iteration. The numbers in the cells give details of the number of enrichment

functions used in every element for each iteration. The maximum η(�) is seen to be in the centre

element followed by four neighbouring elements. The values being maximum in iteration-0 and

decrease subsequently with the addition of more enrichment functions in the selected elements.

The results decrease up to iteration-3, and with the addition of another enrichment function in

iteration-4, the values η(�) starts to increase. This violates the criteria of ε > 0, so we stop the
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(a) iteration-0 (b) iteration-1 (c) iteration-2

(d) iteration-3 (e) iteration-4

Figure 3: Distribution of η(�) in each element with adaptive q–enrichments for Example Problem 1. The numbers

in the elements show the no. of enrichment functions used in each element.

(a) ε% (b) η(T )

Figure 4: Comparison of L2 error and η(T ) for uniform enrichments (�) and adaptive q–enrichments (N) for

Example Problem 1.

iterations. The best results being obtained for iteration-3.

To compare the results of adaptive q–enrichments with those obtained with uniform enrich-

ments, in Figure 4 is shown the L2 error and η(T ) for both cases against the total number of

degrees of freedom, DOFs. It is clear from these figures that, in the case of adaptive refinement,

14



(a) Q=1 (b) Q=2 (c) Q=3

(d) Q=4 (e) Q=5

Figure 5: Condition number in each element κ(�) with uniform enrichments for Example Problem 1.

we get comparable results with less DOFs. For the present thermal conditions, a reduction of

60% in DOFs is observed which proves the usefulness of the proposed adaptive algorithm.

(a) iteration-1 (b) iteration-2

(c) iteration-3 (d) iteration-4

Figure 6: Condition number in each element with adaptive q–enrichments for Example Problem 1.
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5.1.3. Effect of the Condition Number

The results discussed in the previous sections show the convergence of the numerical method

and, correspondingly, the reduction of the error indicator η as the number of enrichment func-

tions increases. Additional enrichment functions, however, also lead to an ill-conditioned system

matrix, and for larger numbers of enrichment functions the finite element equation is no longer

solved accurately by standard methods. As discussed in Section 6, this is a general problem

for finite element methods based on non-polynomial enrichment functions, and it also limits

the number of iterations of the adaptive algorithm. Previous solution strategies to address this

problem are discussed in Section 6.

For the uniform enrichment case, we see from Tables 1 to 3 that the results improve up to

Q = 3. With the addition of the fourth enrichment function, the L2 error still decreases by a small

amount but η starts increasing due to the very high condition number. With Q = 5 the condition

number becomes too high and results deteriorate, which can be clearly seen in Figure 2(f).

Figure 5 shows the variation of the condition number in each element with increasing number

Q of enrichment functions. The condition number increases with every addition of enrichment

function and the maximum condition number is observed in the centre element followed by the

adjoining four elements.

Figure 6 shows the variation of the condition number for the adaptive refinements. It is clear

that the condition number increases with every refinement and the maximum condition number

is observed in the central element. From Table 4, we observe that from iteration-0 to iteration-3

the results improve noticeably. The total condition number becomes 3.35×1012 for iteration-3.

For iteration-4, the condition number increases to 4.47×1015, and the L2 error and the error

estimate η start to deteriorate.

From the results of uniform enrichments given in Table 1 and results of adaptive q−enrichments

given in Table 4, it is observed that we get better results when the condition number is of the

order of 1012. When the condition number becomes higher, adding more enrichment functions

adds more DOFs to the system without any further improvement in the results, rather the re-

sults start to deteriorate. If we limit the condition number to the order of 1012 and add more

enrichment functions only in the elements where this value is lower, we can further reduce the

total DOFs and still get better accuracy. This corresponds to a maximum condition number

K ≤ 1× 1013 in the adaptive algorithm. In this algorithm, we can limit this value to 1×1013 and

add more enrichment functions only in elements where κ(�) is below K. In the next problem, we

present a detailed discussion on how to limit the condition number in an element by the adaptive

enrichment approach.
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Figure 7: Meshed domain for Example Problem 2 with heat source in the middle.

5.2. Example Problem 2

In this example, we consider a problem in which the exact solution is not known. This

allows us to prescribe a heat source such as done in engineering applications, in this case with

a localized source in the centre of the domain. For this model problem, we consider a square

domain Ω = {(x, y) ∈ R2 : 0 ≤ x, y ≤ 4.4} with the same mesh grid of the previous example.

In this problem, we consider a heat source in the centre of the domain with a constant value

f = 200 in the central part i.e., x, y ∈ [2.0, 2.4]. The source value decreases linearly to f = 0

when either x or y is equal to 1.6 or 2.8. The heat diffusion coefficient in the domain is taken

equal to λ = 0.01.

We take the initial temperature u0 to be zero, as well as the heat source g at the boundaries.

With ∆t = 0.001, the total solution time is taken to be t = 0.1. The heat source f is kept on

from t = 0 to t = 0.05, then turned off for the rest of the computation time. The error estimate

in each element η(�) is calculated as defined by (17) and the cumulative value η(T ) for the whole

domain as given by (18). The problem is solved on a fixed coarse mesh grid of 121 elements,

shown in Figure 7.

5.2.1. Uniform q–enrichments

Starting with the standard FEM solution, the error estimate and the condition number are

calculated with zero enrichment function. We then introduce enrichments in the FEM solution

space and evaluate the results by varying the number of enrichment functions Q = 1, 2, ..4. The

values of η(�) and κ(�) and their corresponding cumulative values for the whole computational

domain, η(T ) and κ(T ), are calculated for every enrichment case. Figure 8(a) shows the variation

of η(T ) with the number Q of enrichment functions. The figure shows clearly that η(T ) decreases
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as Q is increased, with rapid decrease is observed for the first 2 enrichment functions. A small

improvement in the results is observed with the addition of the third enrichment function. With

further enrichments, Q = 4, η(T ) deteriorates which is shown to be efficiently captured by the

presented error estimate. As shown by Figure 8(b), the condition number remains within the

order of 1016 up to three enrichment functions and grows higher with Q = 4, which leads the

results to deteriorate. In Figure 9, the distribution of η(�) is shown in the domain with every

refinement. The maximum value is observed in the central element and the minimum value at

the boundaries. The values blow up with Q = 4 as depicted in Figure 9(e).

5.2.2. Adaptive q–enrichments

For adaptive q–enrichments, we start with the standard FEM solution. Following the adaptive

algorithm, enrichment functions are added only in elements with high values of the error estimate.

For each iteration, η(�) and η(T ) as well as κ(�) and κ(T ) are evaluated. For the present case,

13 central elements are selected for refinement. Figure 10 shows the variation of η(T ) and κ(T )

with each iteration. The error estimate η(T ) decreases with each refinement. A rapid decrease

is observed with the second and third refinements. The fourth and fifth iterations also decrease

the error estimate but only by a small amount.

As observed in the previous example, adding enrichment functions improve the results up to

a certain limit and then, with further addition of enrichment functions, the condition number

becomes too high and the results start to deteriorate. The proposed adaptive algorithm gives us

the option to impose a limit on the values of κ(�) ≤ K in any element as well as on the cumulative

value κ(T ) ≤ K. It can be seen from Figure 10(b) that for iteration-4, the condition number is

of the order of 1015 with the maximum condition number being in the central element, as shown

in Figure 11. The numbers inside the elements show the enrichment functions used in each

(a) η(T ) (b) κ(T )

Figure 8: Variation of η(T ) and κ(T ) with uniform enrichments for Example Problem 2.
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(a) Q =0 (b) Q =1 (c) Q =2

(d) Q =3 (e) Q =4

Figure 9: Distribution of η(�) in each element with uniform enrichments for Example Problem 2.

iteration for the adaptive refinement. The condition number in the central element in iteration-

4 is 2.8×1015. In iteration-4, four enrichment functions are used in each of the nine central

elements and one enrichment function in each of the next four adjoining elements, as shown in

Figure 11(d). To reduce the condition number in the central element, we remove one enrichment

function from the central element. Iteration-5 is performed with 3 enrichment functions in the

(a) η(T ) (b) κ(T )

Figure 10: Variation of η(T ) and κ(T ) for each iteration with adaptive q−enrichments for Example Problem 2.
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(a) iteration-1 (b) iteration-2 (c) iteration-3

(d) iteration-4 (e) iteration-5

Figure 11: Distribution of κ(�) in each element with adaptive q−enrichment for Example Problem 2. The numbers

in the elements show the no. of enrichment functions used in each element.

central element and 4 in each of the surrounding eight elements as shown in Figure 11(e). This

leads the condition number to decrease for the whole domain from 4.5×1015 to 6.1×1012 as shown

in Figure 10(b). This not only reduces the total DOFs but also improves the results. Figure

12 shows the distribution of η(�) in each element. The error decreases significantly for the first

two refinements and then, for further refinements, the results still improve by only by a small

amount.

To compare the results of uniform enrichments and adaptive q–enrichments, in Figure 13

is shown a comparison of η(T ) against the total DOFs for both cases. It is clear from the

figure that with the proposed adaptive algorithm, we get almost similar results with less DOFs.

For a comparable accuracy, a reduction of more than 80% in DOFs is noted with the adaptive

q−refinements as compared to the uniform enrichments. In the case of uniform refinements, we

get minimum value of η(T ) = 6.38 with a of total 1210 DOFs using Q = 3. In comparison, with

the adaptive algorithm we get a comparable value of η(T ) = 6.39 with only 238 DOFs, giving

a total reduction of 972 DOFs. In the case of standard FEM solution, it is clear from Figure

9(a) and Figure 12(a) that the values of η(�) are maximum in the central 13 elements. For the

adaptive refinements, one enrichment is added in each of these 13 central elements for iteration-1.

The cumulative value of η(�) for these 13 elements is approximately 80% of the total value for

the whole domain. This corresponds to θ2 = 0.8 in the adaptive algorithm. All the subsequent
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(a) iteration-0 (b) iteration-1 (c) iteration-2

(d) iteration-3 (e) iteration-4 (f) iteration-5

Figure 12: Distribution of η(�) in each element with adaptive q−enrichments for Example Problem 2.

iterations are carried out with this value of θ.

6. Conclusions

In this study, a residual a-posteriori error estimate is used in conjunction with a q−adaptive

procedure for GFEM solutions of transient heat diffusion problems. We used the the error

estimate as a tool to employ an adaptive algorithm to selectively add enrichment functions in

elements with relatively large values of the error indicator. The algorithm is tested on two

different example problems, with known and unknown analytical solutions. Results are obtained

for both cases of uniform enrichments and adaptive q−enrichments. It is concluded that the

proposed adaptive algorithm leads to a remarkable reduction in the total number of degrees of

freedom, DoFs, for a comparable level of results accuracy. A reduction of up to 80% in DOFs

is achieved in the numerical results with the adaptive enrichments as compared the the uniform

approach.

The effect of the condition number on the quality of the results is also investigated. It is

known that ill-conditioning is an inherent feature of field enrichment methods. It is concluded

that the addition of enrichment functions improves the results only up to a certain limit. Adding

further enrichment functions leads to ill-conditioning, which in turn affects the quality of the

results. With the proposed algorithm, the condition number may be capped by a given limit.
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Figure 13: Comparison of η(T ) for uniform enrichments (�) and adaptive q–enrichments (N) for Example Problem

2.

Elements with higher condition numbers are identified and the number of enrichment functions

can be reduced in these elements. This is shown to decrease the overall condition number of the

system matrix while improving the quality of the obtained results.

Conditioning is a general problem for finite element methods based on non-polynomial en-

richment functions, and the strategies to address it can be combined with the adaptive algorithm

discussed here. Strategies to improve the conditioning beyond simple, but expensive multiple

precision computations have been of much recent interest. Depending on the nature of the enrich-

ment functions, promising approaches include the use of domain decomposition preconditioners

[44] or condensation of DOFs [45], the use of modified finite element hat functions [46], locally

or globally modified enrichments, e.g. by local orthogonalization [47], Gram–Schmidt orthogo-

nalization [48], or suitable interpolants of the enrichment functions [49]. Their combination with

the adaptive procedures in this article would be of high interest.
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