
 
 
 
 

Heriot-Watt University 
Research Gateway 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 

 

Kinematics analysis of a novel 2R1T 3-PUU parallel mechanism
with multiple rotation centers

Citation for published version:
Chen, Z, Li, M, Kong, X & Zhao, C 2020, 'Kinematics analysis of a novel 2R1T 3-PUU parallel mechanism
with multiple rotation centers', Mechanism and Machine Theory, vol. 152, 103938.
https://doi.org/10.1016/j.mechmachtheory.2020.103938

Digital Object Identifier (DOI):
10.1016/j.mechmachtheory.2020.103938

Link:
Link to publication record in Heriot-Watt Research Portal

Document Version:
Peer reviewed version

Published In:
Mechanism and Machine Theory

Publisher Rights Statement:
© 2020 Elsevier Ltd.

General rights
Copyright for the publications made accessible via Heriot-Watt Research Portal is retained by the author(s) and /
or other copyright owners and it is a condition of accessing these publications that users recognise and abide by
the legal requirements associated with these rights.

Take down policy
Heriot-Watt University has made every reasonable effort to ensure that the content in Heriot-Watt Research
Portal complies with UK legislation. If you believe that the public display of this file breaches copyright please
contact open.access@hw.ac.uk providing details, and we will remove access to the work immediately and
investigate your claim.

Download date: 23. May. 2023

https://doi.org/10.1016/j.mechmachtheory.2020.103938
https://doi.org/10.1016/j.mechmachtheory.2020.103938
https://researchportal.hw.ac.uk/en/publications/98c55dc0-2caa-4912-b2f6-8d406be968b8


Mechanism and Machine Theory, 2020, Available online 7 June 2020. 

https://doi.org/10.1016/j.mechmachtheory.2020.103938 

___________________________________________________________________________________________ 

© 2020. This manuscript version is made available under the CC-BY-NC-ND 4.0 license 

http://creativecommons.org/licenses/by-nc-nd/4.0/ 

 

Kinematics analysis of a novel 2R1T 3-PUU parallel 

mechanism with multiple rotation centers 

Ziming Chen a, b, Corresponding author 
chenzm@ysu.edu.cn 

Meng Li a, b 

limengysu@foxmail.com 

Xianwen Kong c 

x.kong@hw.ac.uk 

Chen Zhao a, b  

zchen@stumail.ysu.edu.cn 

a School of Mechanical Engineering, Yanshan University, Qinhuangdao, Hebei 066004, 

China 

b Parallel Robot and Mechatronic System Laboratory of Hebei Province, Yanshan 

University, Qinhuangdao, Hebei 066004, China 

c School of Engineering and Physical Sciences, Heriot-Watt University, Edinburgh 

EH14 4AS, UK 

Abstract 

In this paper, we present a novel three-degree-of-freedom (3-DOF) 3-PUU parallel 

mechanism (PM) with multiple rotation centers. Having two rotational DOFs and one 

translational DOF, the 3-PUU parallel robot consists of a fixed platform, a movable 

platform, and three identical PUU branches. Each PUU branch is composed of one 

prismatic (P) joint and two universal (U) joints. The mobility of initial configuration of 

the 3-PUU PM is analyzed using the reciprocal screw theory. Analysis of the 3-PUU 

PM’s mobility of general configuration is performed based on its geometrical 

characteristics. The movable platform of the 3-PUU PM is demonstrated to be capable 

of rotating around multiple points. The singularities of 3-PUU PM are discussed. Using 

the inverse kinematics method, the workspace is obtained. Numerical examples are 

provided to illustrate the motion characteristics of the 3-PUU PM as a mechanism with 

multiple rotation centers. 

 

Keywords: Parallel mechanism, inverse kinematics, singularity, workspace, multiple 

rotation centers 

1. Introduction 

In recent years, parallel mechanisms (PMs) have drawn much attention from 

researchers due to their merits of high accuracy, high stiffness, and high load carrying 

capacity over their serial counterparts[1, 2]. Although PMs with six DOFs are the most 

widely used in industrial applications, it is found that six DOF PMs are not always 

required. PMs with three or four DOFs should suffice for the majority of actual needs. 

This represents an opportunity to develop PMs with lower mobility. Since the first 

lower-mobility PMs were presented by Hunt in 1983[3], researchers have been shifting 

their focus of attention to lower-mobility PMs in industrial applications.  

3-DOF PMs, especially 2R1T PMs, are simple in design and of low costs while 

guaranteeing dynamic performance. Due to their unique properties, 2R1T PMs have 

been used in many practical applications, such as the Z3 spindle head based on 3-PRS 

PM[4] and the A3 spindle head based on 3-RPS PM[5, 6]. However, the practical 
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applicability of these PMs is greatly undermined by the presence of parasitic motion. 

In 2000, Carretero first proposed the concept of parasitic motion[7]. Which makes it 

difficult to improve control precision and dynamic response speed for the mechanism. 

Many researchers have made notable contribution to the study on PMs with parasitic 

motion and development of PMs without parasitic motion[8]. Isaksson Mats studied the 

inverse solution of symmetric parallel mechanisms with parasitic motion[9]. Abhilash 

Nayak et al. [10]compared the parasitic motion of 3-[PP]S-type PMs under certain 

conditions. Li et al. analyzed how the arrangements of branches of the 3-PRS PM affect 

its parasitic motions[11], and also designed a series of PMs without parasitic motion[12, 

13]. It is apparent that several classes of PMs, such as 3-DOF planar PMs [14], spherical 

PMs [15], translational PM[16] and UP equivalent PM[17], have no parasitic motion. 

Current studies on PMs without parasitic motion mostly revolve around asymmetric 

mechanisms (not evenly distributed between branches). Considering that symmetric 

mechanisms have better isotropy than asymmetric mechanisms, Chen proposed a series 

of symmetric 2R1T PMs without parasitic motion[18, 19]. Parasitic motion occurs 

when the PMs are unable to rotate continuously about a fixed point or a fixed axis[18, 

19]. If a mechanism can realize continuous rotation about a fixed axis or fixed point, it 

will have no parasitic motion. In this paper, a 3-DOF 3-PUU parallel mechanism with 

multiple rotation centers is proposed, which is also a PM without parasitic motion. 

Many researchers have conducted studies on the parallel mechanisms with three PUU 

branches[20-22], which have proven to be widely applicable in real-world 

scenarios[23]. The 3-DOF 3-PUU PM studied in this paper is a novel type of 3-PUU 

PM. 

The paper is organized as follows: Section 2 describes the 3-PUU PM and offers 

analysis of the 3-PUU PM’s mobility based on screw theory. In Section 3, a method for 

describing the configuration of the 3-PUU PM is proposed, and then the inverse 

kinematics problem is resolved. In Section 4, the Jacobian matrix is derived. Singularity 

analysis of the 3-PUU PM is performed in Section 5. In Section 6, the reachable 

workspace of the manipulator is generated based on inverse kinematics. In Section 7, 

Motion examples are used to further demonstrate the motion characteristics of the 3-

PUU PM. 

2. Architecture and mobility analysis 

2.1. Architecture 

A general 3-PUU PM is shown in Fig. 1. It consists of a movable platform B1B2B3, 

a fixed platform A1A2A3, and three identical PUU branches.  

Each U joint consists of two perpendicularly intersecting revolute joints. Let the 

axes of the four R joints with the two U joints in the i-th branch are denoted by ri2, ri3, 

ri4, and ri5. The PUU PM satisfy the following geometric constraints. The prismatic joint 

of each branch is collinear to axis ri2. Axes ri2 and axes ri5 intersect at point Di. Axes ri2 

of all the branches intersect at point a and axes ri5 of all the branches intersects at point 

b. The angle θ between axes ri2 and the fixed platform is equal to the angle between 

axes ri5 and the movable platform. Axes ri3 are parallel to axes ri4. The Pi1 represents 

the direction of the prismatic joint. The Ui represents the U joint which is close to the 

prismatic joint. The plane formed by the intersecting point Di of each branch is called 

constraint plane s. Axes ri2 and axes ri5 are symmetrical about constraint plane s. 
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Fig. 1. Structure diagram of 3-PUU PM 

2.2. Mobility analysis of the 3-PUU PM  

2.2.1. The mobility of the initial configuration of 3-PUU PM 

In this section, screw theory will be used to analyze the mobility of the 3-PUU PM. 

In the initial configuration, the movable platform, fixed platform and constraint plane s 

are all parallel. The branch coordinate system of the 3-PUU PM is shown in Fig. 2. The 

origin of the branch coordinate system in the i-th branch is located on point Di. The Zi- 

axis is coaxial with axis ri2 and the Xi- axis is parallel to the axis ri3 in the i-th branch. 
Yi-axis is defined by the right-hand rule.  

  
Fig. 2. Branch coordinate system of the 3-PUU PM 

In the Oi-XiYiZi system, the kinematic screw system of the i-th branch is:  
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where the parameters μi (i=1,2,3) are only related to the positions of the prismatic joint 

and the universal joint.  

The constraint screw of the i-th branch is:  

 ( )
Tr 1 0 0; 0 0 0i =$  (2) 

The constraint screw is a constraint force that passes through the original point Di 

and is parallel to the Xi - axis, as shown in Fig. 3. It is noted that in the initial 

configuration, all the constraint screws exerted by the three branches of the 3-PUU PM 

are located on the constraint plane s and intersect with each other.  

We express the three constraint forces with respect to a coordinate frame OC-

XCYCZC. The point OC can be arbitrarily selected on the plane s. Both the XC-axis and 

YC- axis axes are on the plane s. The ZC- axis is perpendicular to plane s.  

  
Fig. 3. Distribution of constraint screws 

In the OC-XCYCZC system, the three constraint screws are: 
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The ei (i=1,2,3,4,5,6,7,8,9) are representations of the screw’s parameters in OC-XCYCZC 

coordinate system. 

The reciprocal product of Eq. (3). The instantaneous motion screws set of the 

movable platform is: 
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According to Eq. (4), we can see that the 3-PUU PM in the initial configuration 

has three DOFs: two rotations around any axis in the plane s and one translation along 

the normal direction of the plane s. 
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In order to show the constraints of movable platform more clearly. Calculating the 

reciprocal product of Eq. (4) 
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Eq. (5) and Eq. (3) are equivalent. According to Eq. (5), in the initial configuration, 

three intersecting forces can also be represented by a constraint couple perpendicular 

to plane s and two non-parallel constraint forces on the constraint plane s. 

2.2.2. Mobility analysis of the 3-PUU in general configuration 

In this section, we will discuss the distribution of the three constraint forces in the 

general configuration when axes ri2 and axes ri5 intersect at point Di and the distribution 

of the three constraint forces in the general configuration. Let ci denote the plane defined 

by the axes ri2 and ri5 in the i-th branch. As shown in Fig. 4. According to Eqs. (1), and 

(2), no matter what configuration the movable platform is at, the directions of the 

constraint forces 
r

1$ ,
r

2$ , and 
r

3$  are always perpendicular to planes c1,c2, and c3 and 

pass through points D1, D2, and D3 respectively.  

We have the following equations 

 r

1 1c⊥$
 r

2 2c⊥$
 r

3 3c⊥$
 (6) 

    
Fig. 4. Diagram of plane ci 

 ( )12 22 32a r r r  ( )15 25 35b r r r  (7) 

12 1r c  15 1r c    

 22 2r c  25 2r c   (8) 

 32 3r c  35 3r c  

https://doi.org/10.1016/j.mechmachtheory.2020.103938


Mechanism and Machine Theory, 2020, Available online 7 June 2020. 

https://doi.org/10.1016/j.mechmachtheory.2020.103938 

___________________________________________________________________________________________ 

© 2020. This manuscript version is made available under the CC-BY-NC-ND 4.0 license 

http://creativecommons.org/licenses/by-nc-nd/4.0/ 

 

From Eqs. (7), and (8), it can be proven that line ab is the intersection of planes c1, 

c2 and c3. 

From Eqs. (6), (7), and (8), further shows that: line ab is the common perpendicular 

of 
r

1$ ,
r

2$ , and 
r

3$ . 

 r

1⊥ $ab
 r

2⊥ $ab
 r

3⊥ $ab
 (9) 

To better understand the characteristics of the 3-PUU PM, we can simplify 3-PUU 

(Fig. 4) into two isosceles tetrahedrons (isosceles tetrahedrons aA1A2A3 and isosceles 

tetrahedrons bB1B2B3), as shown in Fig. 5. The triangle A1A2A3 represents the fixed 

platform, and the triangle B1B2B3 represents the movable platform. The blue tetrahedron 

consists of triangle B1B2B3 and axis ri5. The blue dotted line indicates axis ri5. The red 

tetrahedron consists of triangle A1A2A3 and axis ri2. The red dotted line indicates axis 

ri2.  

 
Fig. 5. Symmetric relationship between the movable and fixed platforms 

 

As shown in Fig. 5. The point iB is the symmetrical point of point Bi with respect 

to constraint plane s. The triangle B1B2B3 and virtual triangle 1 2 3B B B  are of the same size. 

Point iB is virtual. 

As demonstrated in[19], when the movable and fixed platforms are of exactly the 

same size, they will always be symmetrical with respect to a new symmetrical plane 

after turning by a certain angle. This is also true for the 3-PUU PM. No matter how the 

movable platform moves, the shape and size of the two tetrahedrons will remain 

unchanged. Virtual triangle 1 2 3B B B    is fixed relative to the fixed platform and can be 

regarded as the same rigid body. In other words, the position of virtual triangle 1 2 3B B B  

does not change and virtual triangle 1 2 3B B B    and the movable platform are always 

symmetrical with respect to constraint plane s. Therefore, the isosceles tetrahedrons 

bB1B2B3 and isosceles tetrahedron 1 2 3
  aB B B are symmetrical about constraint plane s.  

In summary, points a and b are always symmetrical about constraint plane s, and 

the geometric relationship between line ab and constraint plane s is: 
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 s⊥ab  (10) 

It has been validated that:  

(1) Line ab is the common perpendicular of
 

r

1$ ,
r

2$ , and 
r

3$ . 

(2) 
r

1$ ,
r

2$ , and 
r

3$ pass through point Di on the constraint plane s, respectively. 

(3) s⊥ab . 

It can be concluded from the above three descriptions that three constraint forces
 

r

1$ ,
r

2$ , and 
r

3$  are all located on constraint plane s. Therefore, the 3-PUU PM’s mobility 

and motion characteristics in general configuration are the same with those of the initial 

configuration. 

2.2.3 Mobility analysis of the 3-PUU when axis ri2 and axis ri5 are parallel 

We have analyzed the DOF when axes ri2 and axes ri5 intersect at point Di. In this 

section, the DOF when axis ri2 and axis ri5 are parallel will be discussed. we assume 

that the axis r12 and the axis r15 of branch 1 are parallel, and the ri2 and the axis ri5 of 

the other two branches still intersect at point Di (i=2,3).  

 
Fig. 6. Axis ri2 and axis ri5 are parallel 

 

As shown in Fig. 6, The branch coordinate system O1-X1Y1Z1 is established. The 

origin O1 of the coordinate system located at the point U1. The Z1- axis is coaxial with 

axis r12 and the X1 - axis is parallel to axis r13.The kinematic screw system of the i-th 

branch is: 
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 (11) 

where the parameters ηi (i=1,2) are only related to the positions of the prismatic joint 

and the universal joint. The constraint screw of the branch 1 is:  

( )
Tr

1 0 0 0; 0 1 0=$  (12) 

Form Eq. (12), the branch 1 imposes a constraint couple on the movable platform.  

When the axis r12 and the axis r15 are parallel, branch 1 imposes a constraint couple 

on the movable platform and the other two branches impose two constraint forces on 
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the movable platform respectively, it is similar to the situation in [24].  

According to section 2.2.1, we have known that when the angle ζ that represents 

the angle between axis r12 and the axis r15 is less than 180 °, axis r12 and the axis r15 

intersect at point D1, the branch 1 imposes a constraint force on the movable platform 

that passes through point D1. In this case, the constraints imposed on the movable 

platform by the three branches are three intersecting and coplanar forces. As shown in 

Fig. 7a).  

When the ζ is infinitely close to 180°, the position of point D1 approaches the 

infinity and the position of constraint force of the branch 1 approaches infinity. At this 

time, the constraints imposed on the movable platform by the three branches are still 

three intersecting and coplanar forces. The effect of the constraint force exerted by 

branch 1 on the movable platform can be considered as a constraint couple which is 

perpendicular to the constraint plane s where the constraint forces of the other two 

branches are located on. As shown in Fig. 7b). 

Form Eq. 12, when the angle ζ equals to 180 °, axis r12 and the axis r15 are parallel, 

the constraint imposed by the branch 1 on the movable platform is a constraint couple 

which is perpendicular to the constraint plane s. At this moment, the constraints 

imposed by the branches on the movable platform are a constraint couple perpendicular 

to plane s and two non-parallel constraint forces on the constraint plane s. It can be seen 

that the DOF of the mechanism is 2R1T. As shown in Fig. 7c). 

After the analysis in section 2.2.3, it can be concluded that whether axis r12 and 

the axis r15 are parallel or not, the DOF of the mechanism is 2R1T. 

    
a) ζ<180° 

   
b) ζ is infinitely close to 180°                    c) ζ=180° 

Fig. 7. The relationship of the constraints 

 

3. Inverse kinematics analysis 

3.1. Method of configuration description 
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Since the proposed 3-PUU PM has two rotational DOFs and one translational DOF. 

The configuration of the movable platform can be described by parameters α, β, and d. 

As shown in Fig. 8. The global coordinate system O-XYZ is attached to the base at point 

O, which is the center of the fixed platform A1A2A3. X-axis is parallel to base side A1A3 

and Z-axis is perpendicular to the fixed platform. Y-axis is determined by the right-hand 

rule. The movable coordinate system P-XPYPZP is attached to the movable platform at 

point P, which is the center of the movable platform B1B2B3. XP-axis is parallel to side 

B1B3 and ZP-axis is perpendicular to the movable platform. YP-axis is determined by the 

right-hand rule.  

The projection of the positive direction of ZP-axis on the XOY plane is a vector 

denoted by n. α is the angle between X-axis and line n, β is the angle between ZP-axis 

and Z-axis, and d is the distance between points P and O. Define vector K as K=n×Z. 

The motion of the PM can be described as follows: rotation of the movable platform 

about K by β followed by a translation from O to P. 

 

 
 

Fig. 8. Representation of motion of the movable platform of the 3-PUU PM 

 

Suppose the unit vector K= (kx, ky, 0), then the rotation matrix is: 

 ( )

2

2

(1- cos ) cos (1- cos ) sin

, (1- cos ) (1- cos ) cos - sin

- sin sin cos

x y x y

x y y x

y x

k k k k

k k k k

k k

   

    

  

 +
 

= + 
 
 

R K  (13) 

where sβ=sinβ, cβ=cosβ, kx=cos(α+π/2), ky=sin(α+π/2).  

3.2. Inverse kinematics analysis 

The prismatic joints are selected as actuated joints. The inverse kinematics is to 

obtain the lengths of the three prismatic joints when the configuration of the movable 

platform, described by α, β, d, are given. 
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Fig. 9. Schematic diagram of inverse kinematics 

As shown in Fig. 9, The symmetrical point of the origin P of the movable 

coordinate system with respect to the constraint plane s is P . Set = hOP , = lPP , and 

= dOP . The radius of the movable platform is r, and the radius of the fixed platform 

is R. The value range of θ: 0 < θ <90. The coordinates of point P in the global coordinate 

system O-XYZ are: 

 

T

sin cos sin sin cos
2 2 2

l l h l
  

 
 

= + 
 

P  (14)

 

The position vectors of point Ai in the global coordinate system O-XYZ are: 

  
T

cos sin 0O

i i iR  =A  (15) 

The position vectors of point Bi in the movable coordinate system P-XPYPZP are: 

  
T

cos -sin 0P

i i ir  =B  (16) 

Therefore, the coordinates of point Bi in the global coordinate system O-XYZ can be 

expressed as: 

 ( )O P

i i= ,β +B R K B P  (17) 
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Fig. 10. Physical meaning of each vector 

From Fig. 10, we have the following vector equation: 

 LiLi=Ni-lili (18) 

where Gi, Hi, li, Li and Ni denote the radius of the fixed platform, the radius of the 

movable platform, the unit vector of linear displacement of slider, the unit vector of 

UiBi and the vector of AiBi. 

Dot-multiplying (18) with itself and rearranging the terms, yields 

 

2 22 0T T

i i i i i il l L− + − =l N N   (19) 

Solving (19) allows the generation of the inverse kinematic solutions: 

 ( )
2

2T T T

i i i i i i i il L=  +l N l N - N N   (20) 

We can see that there exist two solutions for each actuator. Considering interference 

and structure of the organization, only the negative square roots in (20) are selected to 

yield a unique solution. 

4. Velocity analysis 

From Fig. 10, we have the following vector equation: 

 P+Hi=Gi+lili+LiLi (21) 

where Gi, Hi, li, and Li denote the radius of the fixed platform, the radius of the movable 

platform, the unit vector of linear displacement of slider, the unit vector of UiBi.  

Taking the derivative of Eq. (21) with respect to time, the velocity equations of the 

movable platform are described as:  

 ×P P i i i i i il L+ = + &v H l L   (22) 

Taking the dot products of Li with both sides of Eq. (22), we have: 

 ( )×i i i i P P i il = +&Ll Lv H L  (23) 

Let  
T

,P P=X& v   and 
T

1 2 3, , 
 

& & & &l = l l l denote the generalized speed of the movable 

platform and the speed of the prismatic joint, respectively. Rewriting Eq. (23) in a 

matrix form, we have: 

 x l= &&J X J l  (24) 

where 

 

T T

T T

T T

=x

 
 

 
  

1 1 1

2 2 2

3 3 3

L b L

J L b L

L b L

 (25) 

 

T

1 1

T

2 2

T

3 3

0 0

0 0

0 0

l

 
 

=  
 
 

L l

J L l

L l

 (26) 

When the mechanism is away from the position of singularity, 

 = a 
& &l J X  (27) 

where
1

a l x

−=J J J is a 3 6 matrix, and Eq. (27) is the inverse velocity expression of the 3-

PUU PM. 

5. Singularity analysis of the 3-PUU PM 
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The singularity analysis of 3-PUU PMs is generally based on instantaneous 

kinematics, which is described by Eq. (24). Singularity occurs in the 3-PUU PM 

whenever Jx, Jl or both become singular. There are three kinds of singularities of the3-

PUU PM which will be discussed as follow [25-27]. 

(1) The first type of kinematic singularity occurs if: 

 rank(Jl)<3 and rank( Jx)=3 (28) 

Occurrence of this type of singularity causes the movable platform to lose one or 

more degrees of freedom.  

When the first type of singularity occurs: 

 
T =0i iL l  (29) 

Corresponding to this situation, vector Li and vector li are vertical. The 3-PUU PM 

comes in two positions. When it is in the first position, as shown in Fig. 11a), the 

branches and fixed platform interfere with each other,

 

which should be avoided.

 

In 

practice, when the first kinematic singularity occurs, the position is shown in Fig. 11b). 

 

       

a) Branches interfere        b) The actual situation of singularity 

Fig. 11. First type of singularity 

When the first type of singularity occurs, there is another situation: 

 li=0 (30) 

In this case, the length of the prismatic joint is equal to zero. In practice, considering 

the interference problem, the length of the prismatic joint will not be zero. 

(2) The second type of singularity occurs if: 

 rank(Jl)=3 and rank(Jx)<3 (31) 

In such a singular position, the movable platform is locally movable even when all 
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the actuated joints are locked, and the movable platform cannot resist one or more 

forces or moments even when all actuators are locked. As shown in Fig. 12. When the 

second type of singularity occurs, we can obtain the following for matrix Jx.  

 bi×Li=0 (32) 

 

Fig. 12. Second type of singularity 

(3) The third kind of singularity occurs when the following condition is verified: 

rank(Jx )<3 and rank(Jl)<3                 (33) 

This kind of singularity is of a slightly different nature than the first two in that it 

requires conditions on the linkage parameters. This occurs when, for certain positions, 

both Jx and Jl become singular. 

 Li=0                            (34) 

For the 3-PUU PM proposed here, when this singularity occurs, the length of the branch 

between the two U joints is zero. That is, the center points of the two U pairs coincide. 

Besides the three kinds of singularities, there still exists other type of singularity 

for this 3-PUU PM, which cannot be generated using the conventional method of matrix 

analysis mentioned above, it cannot be derived even when Jl and Jx are not full rank, 

such as constraint singularity, which was proposed by Zlatanov[25]. 

Constraint singularity of a PM happens when the order of the constraint screws 

imposed on the movable platform decreases[25,28,29] . For this 3-PUU PM, constraint 

singular configurations happen when the three constraint forces intersect at one point. 

As shown in Fig. 13. Base on Grassmann line geometry, when three coplanar constraint 

forces intersect at one point, they can be equivalent to two vertical constraint forces[30].  

 

Fig. 13. Constraint singularity 

When constraint singularity occurs, the 3-PUU mechanism will have four DOFs: 

three rotation and one translation. The movable platform gains one more DOF which is 
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a rotation about the normal line of the constraint plane s. If the movable platform rotates 

about this normal line, the tetrahedrons aA1A2A3 and bB1B2B3 in Fig. 5 will no longer 

satisfy the symmetry relation. Each branch still provides a constraint force, but the three 

constraint forces are no longer on the same plane. As shown in Fig.14. This means the 

three constraint forces become a general three-system and the mechanism will be in 

another operation mode. The constraint singular configuration is the intersection of two 

operation modes. 

 

Fig. 14. Another mode of this3-PUU parallel mechanism 

A special case occurs when axis ri2 and axis ri5 are collinear. As shown in Fig. 15. 

Establishing a branch coordinate system o-xyz. The origin o of the coordinate system 

located at the point Ui. The zi- axis is coaxial with axis r12 and the xi- axis is parallel to 

axis r13. When this type of singularity occurs, the screws of all five joints in the singular 

branch can be obtained as follows  
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  (35) 

The constraint screws of this branch are: 

 
( )

( )

1 0 0; 0 0 0

0 0 0; 0 1 0

=

=

11

12

$

$

r

r
 (36)  

In this case, when the movable platform stays still, the branch can realize arbitrary 

rotation around the z-axis direction. In other words, the direction of the y-axis is 

uncertain in this case. 
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Fig. 15. The branch singularity 

6. Workspace analysis of the 3-PUU PM 

The workspace size is a key indicator to evaluate the performance of PMs. 

According to the configuration characteristics of the PM, its workspace can be 

represented by position workspace and orientation workspace.  

The workspace of PMs is mainly restricted by the following factors[22, 31]. 

(1) Prismatic joint movement: The structural restriction of PMs keeps the prismatic 

joint limited in its movement range. 

(2) Rotation angle of the Hooke joint: Since the ends of the Hook joint are 

connected to other parts of the mechanism, the rotation angle of the Hooke joint is 

limited to a constant range during actual operation. 

(3) Interference between branches. 

(4) Singular positions: Singular positions of PMs are also a significantly important 

factor to consider. For any spatial mechanism, the singular points or areas must be 

eliminated from its workspace. 

The 3-PUU PM proposed in this paper has 2R1T DOFs. To better express the 

motion of the mechanism, we use a cylindrical coordinate system to represent its 

workspace. It is defined as follows: the height of the cylindrical coordinate system is 

determined by parameter d, and each layer d is composed of a polar coordinate system, 

taking α as the polar angle, β as the polar diameter, and β=0 as the pole of the polar 

coordinate system.  

The structural parameters of the mechanism are selected as follows: R=120mm; 

r=50mm; θ=45°; the rotation angle of the rotation joint in the universal joint is restricted 

to [0 ,90 ]  ; the movement range of the prismatic joint is [20mm,130mm]. Due to the 

characteristics of the mechanism itself, the interferences and other factors, the 

movement range of the prismatic joint cannot start from 0. With attitude parameter d

[24mm,180mm]. The method[19, 32] is to be employed for the workspace analysis of 

the 3-PUU PM. The Fig.16 shows the workspace of the movable platform. 
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Fig. 16. Workspace of the 3-PUU PM 

 

Fig. 17. Maximum cross section of the workspace with d=94 mm 

 

As shown in Figs. 16 and 17, the value of d varies in a range of [31mm,142mm], 

and β gets a maximum value of 78°. From the maximum cross section of the workspace, 

we see that the rotation of β reach up to 60.4° in all directions. Some examples of the 

mechanism in extreme configurations are shown in Fig. 18. 

    

            

a) Maximum deflection angle β=78°               b) d=94mm, β=60.4° 
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c) d=142mm                               d) d=31mm 

Fig. 18. Special configurations of the 3-PUU PM 

7. Motion characteristics 

The advantage of this 3-PUU PM is that it can realize continuous rotation and 

translation. In this section, several numerical examples are given to verify the PM’s 

ability to move continuously. In particular, the 3-PUU PM can be rotated around 

multiple points on the constraint plane, demonstrating that it is a mechanism with 

multiple rotation centers. 

7.1. Continuous translation 

As covered in section 2.2, the movable platform of the 3-PUU PM has a 

translational DOF normal to the constraint plane s. If the movable platform moves along 

a direction normal to the constraint plane s, the orientation of the movable platform α, 

β will remain unchanged, and only the distance d between the base center O and the 

movable platform center P will change. 

Suppose the initial configuration of the movable platform is given as: d=120mm, 

α=0°, and β=0°. The position of the constraint plane s can be obtained from the inverse 

kinematics. The movable platform can move along the normal direction of the 

constraint plane s, by 10 mm each time, as shown in Fig. 19.  

 

 

a) d=120mm     b) d=110mm        c) d=100mm         d) d=90mm 

Fig. 19. Continuous translation of the movable platform 

7.2 Continuous rotation about an axis 

When the initial and final configurations of the movable platform are known 

(except for pure translation), the position of the constraint plane can be obtained using 

the inverse kinematics. As shown in Fig. 20a), the intersecting line of constraint plane 

s1 at the initial position and the constraint plane s2 at the final position is line u1. Line 

u1 is the rotation axis from the initial position to the final position. 
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As shown in Fig. 20b), plane v is composed of points P1, Pn, and O. Point F is the 

intersection of plane v and line u1. When the movable platform rotates around axis u1, 

the trajectory of its center point on plane v is an arc from P1 to Pn. 

 
Fig. 20. The selection of rotation axis 

 

Suppose line u1: (x-15)/0.9487=y-15/0.3162, z=94.1421 is selected as the rotation 

axis. The line u1 passes through point [0mm;15mm;99.1421mm] and the direction of 

line u1 is [0.9487;0.3162;0], The movable platform is to rotate continuously about this 

axis from the initial configuration. The configurations of the mechanism after being 

rotated by 12°, 24° , and 36° are shown in Fig. 21.  

 

a) β=0°             b) β=12°           c) β=24°          d) β=36° 

Fig. 21. Continuous rotation of the movable platform 

7.3 Continuous rotation about multiple centers 

After the movable platform rotates about axis u1 by a certain angle, the selection 

of axis u2 satisfies the condition that axis u2 is located on plane s2 and intersects with 

axis u1 at point F. As suggested in the section 2.2, axis u2 can be selected as the rotation 

axis. As shown in Fig. 22. 
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Fig. 22 Two continuous rotations 

 

The two rotations are around fixed axes u1 and u2, respectively, so 

 |FP1|= |FP2|= |FP3| (37) 

As shown in Fig. 23, points P1, P2, and P3 are on a spherical surface with F as the center 

of the sphere and |FP1| as the radius. The movable platform can rotate around point F. 

Due to the somewhat arbitrary the selection of axes u1 and u2, the selection of point F 

is not unique. This means that the movable platform can rotate around multiples points. 

 
Fig. 23. Three points on the sphere 

 

By repeating the step for selecting axis u2, we can select any number of rotation 

axes. These rotation axes pass through point F. The center points Pn of the movable 

platform corresponding to these rotation axes are on the same spherical surface. 

The initial configuration of the movable platform is represented by α=0°, β=0°, 

and d=110mm. The movable platform can realize the rotation about the point 
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[9.4142mm; 16.3059mm; 94.1421mm] on the constraint plane. The rotation process 

of the movable platform is shown in Fig. 24. Another point 

[23.1780mm;4.0869mm;94.1421mm] on the constraint plane can also be selected as 

the center of rotation. The rotation process of the movable platform is shown in Fig. 

25. 

 
Fig. 24. Movable platform around point [9.4142mm; 16.3059mm; 94.1421mm] 

 
Fig. 25. Movable platform around point [23.1780mm;4.0869mm;94.1421mm] 

 

7.4 The difference between novel 3-puu PM and [PP]S PM 

The sections 7.2 and 7.3 have proved that: It is precisely because the three 

constraint forces are coplanar that 3-PUU PM can realize continuous rotation around a 

fixed axis and can realize continuous rotation around a fixed point. Therefore, the 3-

PUU PM is 2R1T PM without parasitic motion. Unlike the 3-RPS, 3-PRS and other 3-

[PP]S mechanisms[10], the novelty of the design is to keep the constraint forces 
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coplanar in a general configuration so that there is no parasitic motion. 

Conclusions 

Mobility analysis based on screw theory has shown that the novel 3-DOF 3-PUU 

PM proposed in this paper has two rotational and one translational (2R1T) DOFs. By 

establishing an inverse kinematics equation, the Jacobian matrix for the 3-PUU PM is 

obtained, with which the 3-PUU PM’s geometrical conditions when singularity occurs 

are identified. Moreover, the workspace of the 3-PUU PM is analyzed under four 

restrictions based on the inverse kinematics equation. The resulting workspace diagram 

shows that the 3-PUU PM can produce a large deflection angle under the premise of a 

certain movable distance. Motion characteristics examples suggest that the 3-PUU PM 

has multiple rotation centers, while further demonstrating that it works in a 2R1T 

motion pattern and it also showed the unique motion characteristics of 3-PUU PM. 
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