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Abstract: Mechanisms with multiple operation and multiple locomotion modes are applied to 

implementing the different tasks and adapting to the changes in terrains as well. Based on this application, 

this paper presents a refined virtual chain approach which is applied to the type synthesis of a class of 

multi-mode mobile parallel mechanisms (PMs). This approach is based on screw theory to synthesize 

the branches with coaxial rotating components under different constraint conditions. The geometric 

orientations of the different constraint conditions in a plane can be changed by using coaxial rotating 

components. Meanwhile, the inactive joints in branches are determined. By means of this approach, a 

number of symmetrical and asymmetrical reconfigurable PMs with four branches are obtained. The four 

of the multi-mode PMs are sketched as examples and the operation and locomotion modes for the 

mechanisms are discussed.  

Keywords: multi-mode mobile parallel mechanism, type synthesis, refined virtual chain, screw theory, 

inactive joint  

1.  Introduction  

Reconfigurable parallel mechanisms (RPMs), different from traditional PMs, can change their degrees 

of freedom (DOF). They have attracted more and more attention since 1990s. RPMs have found their 

extraordinary ability for the moving platforms to realize multiple modes with fewer actuators and 

reconfigure themselves within less time [1]. Normally, RPMs are designed with more than two operation 

modes so that they can meet requirements of various task. In the past decades, RPMs have made great 

progress and have been applied in many fields [2-4]. At present, RPMs mainly include metamorphic PMs 

[5-8], PMs with bifurcation of motion [9, 10], PMs with multiple operation modes [11-14] and PMs that 

can change their group of motion [15].  

In recent years, a number of RPMs which can realize multiple modes have been proposed. 

Metamorphic PMs, proposed by using reconfigurable joints, can change mobility to meet various 

requirements in product [5, 6]. Gogu [10] proposed a new family of maximally regular T2R1-type PMs 

with bifurcated spatial motion. Ruggiu and Kong [12] put forward a PM with both PPR and planar 

operation modes. Fanghella et al. [15] presented several PMs that can realize cylindrical and planar 

operation modes with the kinematotropic linkages. With the further research of RPMs, computer 

algebraic geometry becomes an important tool to the reconfiguration analysis and utilization [13, 16, 17]. 

Meanwhile, researchers also used some reconfigurable mechanisms to realize the multiple locomotion 

modes. Ding et al. [18] proposed a parallel robot with two reconfigurable platforms that can realize 

omnidirectional rolling and worm-like motions. Tian et al. [19] put forward to change the topology of a 

reconfigurable PM that can realize rolling and walking modes. Luo et al. [20] proposed a novel 

reconfigurable mobile robot which can achieve wheel mode, tracked mode, and climbing and roll-over 

mode by using a Watt II six-bar linkage. Li et al. [21] designed a robot which has tracked locomotion, 

legged and wheeled modes using the branch variation with topological reconfiguration of a PM. 

References [18, 19, 21] proposed PMs with multiple operation and multiple locomotion modes. PM with 

multiple modes to implement the different tasks in different terrains is shown in Fig. 1. 

In order to obtain better adaptive configurations, several systematic approaches to type synthesis of 

the RPMs have been proposed. For instance, Gogu [22] analyzed the branching singularities in 

kinematotropic PMs and the structure parameters change in structure synthesis of PMs. Gan et al. [23] 

synthesized a class of metamorphic PMs with reconfigurable limbs. Tian et al. [24] presented a class of 

RPMs with closed-loop metamorphic linkages. Kong et al. [11] proposed a general approach to type 

synthesis of PMs with both spherical and translational modes. Li and Hervé [25] synthesized PMs with 

bifurcation of Schoenflies motion using displacement group theory. Ye et al. [26] constructed a new class 

of RPMs with diamond kinematotropic chain in branches. Kong [1] proposed an approach for 

synthesizing multi-mode translational/spherical PMs with lockable joints. Several other approaches to 
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type synthesis of reconfigurable mechanisms have also been presented by other scholars [27-29]. 

However, no systematic method has been proposed for the type synthesis of multi-mode mobile PMs. As 

a result, development of a new approach by means of the existing mathematical theory for the type 

synthesis of multi-mode mobile PMs is indispensable to design a family of high performance multi-mode 

mobile PMs.  

This paper focuses on proposing an approach to type synthesis of mobile PMs with multiple operation 

and multiple locomotion modes. The structure of this paper is organized as follows: Section 2 proposes 

steps for the type synthesis of multi-mode mobile PMs; in Section 3, with the determination of the wrench 

systems of multi-mode mobile PMs, single-loop kinematic chains with coaxial rotating components are 

obtained; three types of branches for RPMs are listed by means of refined virtual chain approach in 

Section 4; in Section 5, several symmetric and asymmetric RPMs are obtained, four of which are 

analyzed to illustrate the operation modes of RPMs; Section 6 discusses the locomotion modes of the 

multi-mode mobile PMs; a conclusion is arrived at in the final Section. 

       
          (a) RPM mode            (b) Legged locomotion mode    (c) Mechanical arm operation mode 

Fig. 1.  A multi-mode mobile PM. 

2.  An approach to synthesis of multi-mode mobile PMs 

  In this section, the concept of refined virtual chain approach and the main steps for the type synthesis 

of multi-mode mobile PMs are proposed. 

2.1. The concept of refined virtual chain approach 

The virtual chain is to use a serial kinematic chain or a parallel kinematic chain to express the motion 

pattern of the moving platform of a PM [30-32]. Coaxial rotating components [32], i.e., two rotating 

joints with the same axis, which exhibits a passive DOF rotating around its own axes, is shown in Fig. 2. 

When the branches of PMs is equipped with coaxial rotating components, they can change the geometric 

orientation of the constraint. Therefore, coaxial rotating components are very important for the synthesis 

of multi-mode mobile PMs in this paper. To complete the type synthesis of the multi-mode mobile PMs, 

we refined the virtual chain approach so that the branches of PMs are equipped with coaxial rotating 

components. The refined virtual chain approach differs from the traditional virtual chain approach in that: 

(i) The virtual chain and one of the branches of the PM form a single-loop kinematic chain with coaxial 

rotating components; (ii) The branches for RPMs are obtained by removing some joints of virtual chain 

in the single-loop kinematic chain. 

  
Fig. 2.  Coaxial rotating components. 

2.2. Main steps for the type synthesis of multi-mode mobile PMs 

Based on the refined virtual chain approach, the following procedure can be proposed for the type 

synthesis of multi-mode mobile PMs and can be summarized as Fig. 3. 

Step 1: Construct single-loop kinematic chains with coaxial rotating components. 

The number of maximal independent groups of constraint force/couple is related to their geometric 

orientations in a plane, which will further affect the DOF of the mechanisms. PMs with multiple modes 

can synthesize a branch which can change its constraint geometric orientations. The constraint conditions 
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provided by branches is determined and single-loop kinematic chains with coaxial rotating components 

with refined virtual chain approach is constructed (see Section 3). 

Step 2: Perform the type synthesis of branches for RPMs. 

The structures of the branches are obtained by removing some joints of the virtual chain in a single-

loop kinematic chain. The inactive joints are removed from a branch, but the relative motion within the 

kinematic chain is unchanged. When branches with inactive joints are determined and removed, three 

types of branches for RPMs are obtained (see Section 4).  

Step 3: Generate symmetric and asymmetric RPMs.  

The symmetric and asymmetric RPMs can be constructed by selecting the branches which are obtained 

in Step 2. In assembling a RPM, the condition should be satisfied that relative geometric orientations of 

the kinematic joints in the branch is unchanged (see Section 5). 

Step 4: Determine the locomotion modes of multi-mode mobile PMs. 

By using different configurations and different drive configurations of the RPMs, the RPMs can 

reconfigure itself to be mobile mechanisms. The RPMs have the functions of wheeled, tracked 

locomotion mode and legged mode in different configurations by combining the movement 

characteristics of the mobile mechanisms (see Section 6). 

The above procedure will be explained in detail in the following sections. 

 
Fig. 3.  The procedure to synthesize multi-mode mobile PMs. 

3.  Method to construct single-loop kinematic chains with coaxial rotating 

components 

The characteristic of virtual chain approach is that the type synthesis of branches of PMs is reduced to 

the type synthesis of corresponding single-loop kinematic chains [30-32]. Similarly, in this paper, the 

type synthesis of branches of the multi-mode mobile PMs is transformed into the type synthesis of single-

loop kinematic chains with coaxial rotating components. To construct single-loop kinematic chains with 

coaxial rotating components, it can be performed in three sub-steps. 

Step 1a: Identify of wrench systems of branches of the multi-mode mobile PMs. 

Step 1b: Determine the number of joints of single-loop kinematic chains with virtual chains.  

Step 1c: Synthesize single-loop kinematic chains with coaxial rotating components. 

3.1. Determination of the wrench systems of branches 
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Mechanism and Machine Theory, 2020, Available online 4 June 2020. 

https://doi.org/10.1016/j.mechmachtheory.2020.103908  

In Fig. 1, an overlap between the base and moving platform of a PM is realized to satisfy the integration 

of multiple operation and multiple locomotion modes. To meet this condition, the mechanisms ensure a 

translational DOF along the z-axis, i.e., no constraint force along the z-axis direction. The z-axis of 

coaxial rotating components is used to change the geometric orientation of constraints provided by 

branches. This leads to the fact that the DOF of the moving platform can be changed. The principle is 

that the constraint couple is perpendicular to all the axes of the R joints, and coaxial rotating components 

are in the z-axis direction, while no constraint couple exists in the direction. When two or more of the 

same constraints are provided by branches, the DOF of the moving platform will not change. According 

to the above analysis, the branches of multi-mode mobile PMs can provide a constraint force, a constraint 

couple, and a constraint force with a constraint couple; besides, they can, attach a reference coordinate 

system to the branches as shown in Fig. 4, where F and C represent constraint force and constraint couple, 

respectively. 

 
Fig. 4.  Wrench systems of three kinds of branches. 

3.2. Type synthesis of single-loop kinematic chains with coaxial rotating components 

As wrench system corresponds to many kinds of virtual chains at the same time, the general principle 

of virtual chain approach is to use the simplest kinematic chain to express the motion pattern well [30, 

32]. The RRPPP-type, SPP-type and RRPP-type virtual chains are selected to provide a constraint couple, 

a constraint force, and a constraint force with a constraint couple, respectively.  

The principle is that the wrench ζ0 is coplanar with all the axes of the R joints and perpendicular to all 

the axes of the P joints, and the wrench ζ∞ is perpendicular to all the axes of the R joints, where ζ0 and ζ∞ 
are denoted constraint force and constraint couple. The schematic diagram of the RRPPP-type virtual 

chain is shown in Fig. 5. The axes of P1, P2 and P3 joints are parallel to the x-, y-, and z-axis respectively. 

The R1 and R2 joints are parallel to the xOz plane and z-axis, respectively.  

  
Fig. 5.  RRPPP-type virtual chain 

Define {S} and {Sr} as the twist system and the wrench system of a kinematic chain. The sum of the 

orders of {S} and {Sr} is six. Then the {S} and {Sr} of RRPPP-type virtual chain expressed in local 

coordinate system can be obtained by using the screw theory, respectively. 
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Eq. (1) shows that the wrench system of RRPPP virtual chain is a 1-ζ∞-system in which the axis of ζ∞ 

is parallel to the y-axis. One of branches of the PM and a RRPPP-type virtual chain constitute a single-

loop kinematic chain with coaxial rotating components. The DOF formula of single-loop kinematic chain 

is 

6F f c= − +                                 (2) 

where f and c denote, respectively, the sum of the DOF of the joints and the number of redundant 

constraints of the mechanism. Because the instantaneous wrench system of the single-loop kinematic 

chain with coaxial rotating components is the same as the wrench system of the virtual chain, we have 

F=5 and c=1. The number of the joints of single-loop kinematic chains that contain RRPPP-type virtual 
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chains is 

 6 5 6 1 10f F c= + − = + − =                          (3) 

After determining the number of joints of single-loop kinematic chains that contain RRPPP-type 

virtual chains, the next step is to synthesize single-loop kinematic chains with a RRPPP-type virtual 

chain and coaxial rotating components. First of all, an R joint in a branch of the PM is made to form 

coaxial rotating components with R1 joint in Fig. 5. Secondly, in order to make the wrench system of the 

single-loop kinematic chain is a 1-ζ∞-system, the branches of PM can be classified as 5R, 4R1P, 3R2P, 

and 2R3P. And it should satisfy following conditions: (i) Branches of class 5R: The axes of two or three 

successive R joints are parallel to R2 joint, and the axes of other R joints are parallel to R1 joint; (ii) 

Branches of class 4R1P: Two R joints are parallel to R2 joint, one R joint is parallel to R1 joint, or 

alternatively, two R joints are parallel to R1 joint, one R joint is parallel to R2 joint; (iii) Branches of class 

3R2P: The axes of two R joints are parallel to R1 and R2 joint, respectively; (iv) Branches of class 2R3P: 

The axis of R joint is parallel to R2 joint. When the number of P joints in a branch is more than two, all 

the axes of P joints are not perpendicular to the axis of R1 joint. Otherwise, the wrench system of branches 

of RPMs will be changed after some joints of virtual chain are removed. Finally, a class of 5-DOF single-

loop kinematic chains with RRPPP-type virtual chains and coaxial rotating components are constructed, 

as depicted in Fig. 6. In Fig. 6, the RRPPP-type virtual chains are represented in dotted borders.  

 
Fig. 6.  A 5-DOF single-loop kinematic chain with RRPPP virtual chain 

The schematic diagram of SPP-type virtual chain is shown in Fig. 7. The axes of P1 and P2 joints are 

parallel to the y- and z-axis, respectively. The S joint is equivalent to three mutually perpendicular R 

joints, which are parallel to the x-, y- and z-axis, respectively.  

 
Fig. 7.  SPP-type virtual chain 

Then the {S} and {Sr} of the SPP-type virtual chain expressed in local coordinate system can be 
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obtained by using the screw theory, respectively. 
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The result can be obtained from Eq. (4) that the wrench system of the SPP-type virtual chain is a 1-ζ0-

system in which the axis of ζ0 passes through the center of the S joint and is parallel to the x-axis. Hence, 

the instantaneous wrench system of single-loop kinematic chain with SPP virtual chain and coaxial 

rotating components is also a 1-ζ0-system. We have F=5 and c=1. The sum of the joints of the single-

loop kinematic chains that contain SPP-type virtual chains is 

6 5 6 1 10f F c= + − = + − =                          (5) 

Presuming that the S joint is equivalent to three mutually perpendicular R joints. To ensure that the 

wrench system of single-loop kinematic chains with SPP virtual chains in plane is a 1-ζ0-system, it should 

satisfy the following conditions: Firstly, an R joint in the branch of the PM is parallel to the z-axis and 

passes through the center of the S joint in Fig. 7. Secondly, the branches of PM can be classified as 5R, 

4R1P, and 3R2P. And it should satisfy the following conditions: (i) Branches of class 5R: The axes of 

two or three successive R joints are parallel to the x-axis, and the axes of other R joints meet at the center 

of the S joint; (ii) Branches of class 4R1P: The axes of one or two R joints are parallel to the x-axis, and 

the axes of other R joints meet at the center of the S joint; (iii) Branches of class 3R2P: One R joint is 

parallel to the x-axis, one R joint passes through the center of the S joint, or alternatively, two other R 

joints pass through the center of the S joint. When the number of P joints in the branch are more than 

two, all the axes of P joints are perpendicular to the axis of x-axis, or else the wrench system of the single-

loop kinematic chains will be changed. Finally, we obtain 5-DOF single-loop kinematic chains involving 

SPP virtual chains and coaxial rotating components, as shown in Fig. 8.  

 
Fig. 8.  A 5-DOF single-loop kinematic chain with SPP virtual chain 

The schematic diagram of RRPP-type virtual chain is shown in Fig. 9. P1, P2 joints are parallel to the 

y- and z-axis, respectively. R1, R2 joints are parallel to the z- and x-axis, respectively. 
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Fig. 9.  RRPP-type virtual chain 

Then the {S} and {Sr} of the RRPP-type virtual chain expressed in local coordinate system can be 

obtained by using the screw theory, respectively. 
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Eq. (6) shows that the wrench system of the RRPP virtual chain is a 1-ζ∞-1-ζ0-system in which the axis 

of ζ0 is parallel to the x-axis, and the axis of ζ∞ is parallel to the y-axis. Hence, the instantaneous wrench 

system of single-loop kinematic chain with RRPP virtual chain and coaxial rotating components is also 

a 1-ζ∞-1-ζ0-system. We have F=4 and c=2. Therefore, the sum of the joints of the single-loop kinematic 

chains that contain RRPP-type virtual chains is 

6 4 6 2 8f F c= + − = + − =                          (7) 

To make the wrench system of the single-loop kinematic chain with RRPP virtual chain in plane is 1-

ζ∞-1-ζ0-system. Firstly, an R joint in the branch of the PM is made to form coaxial rotating components 

with R1 joint in Fig. 9. Secondly, in order to make the wrench system of the single-loop kinematic is a 1-

ζ∞-1-ζ0-system, the branches of PM can be classes of 5R, 4R1P, and 3R2P. The following conditions 

should be satisfied: (i) When the branches of the PM consist only of the R joints, three R joints are 

parallel to the axis of R2 joint, or alternatively, two R joints are parallel to the axis of R2 joint, and the 

axis of one R joint of the branch intersects the axis of coaxial rotating components at one point in O-xz 

plane; (ii) When the number of P joints in the branch is more than two, make sure that all the axes of P 

joints are perpendicular to the x-axis, or else the wrench system of the single-loop kinematic chains will 

be changed. Finally, a class of 4-DOF single-loop kinematic chains with RRPP-type virtual chains and 

coaxial rotating components is constructed, as depicted in Fig. 10.  

 
Fig. 10.  A 4-DOF single-loop kinematic chain with RRPP virtual chain 

4.  Type synthesis of branches for RPMs 

Based on the results obtained in Step 1, the branches for RPMs can be obtained using the following 

two sub-steps. 

Step 2a: Removal of some joints of virtual chains in the single-loop kinematic chains. 

Step 2b: Removal of the branches of RPMs with inactive joints. 
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4.1. Removal of some joints of virtual chain in single-loop kinematic chains 

Different branches of RPMs can be obtained by removing all the virtual chains except the R joint in 

the z-axis direction. Specifically, the kinematic joints marked in red are kept, while the kinematic joints 

marked in blue are removed. As a result, a serial kinematic chain for RPMs, is obtained. The wrench 

systems of the branches are 1-ζ∞-system and 1-ζ∞-1-ζ0-system, respectively. Similarly, in Fig. 7, the S 

joint can be equivalent to three R joints, whose axes are parallel to the three axes of the local coordinate 

system and intersect at the same point. The R joint in the z-axis direction and the red kinematic chain are 

kept. Furthermore, the branch has a 1-ζ0-system, for a RPM can be obtained by removing the rest parts. 

The process of obtaining the branches of the RPMs described above is shown in Fig. 11.  

 
Fig. 11.  The process of obtaining the branches for the RPMs  

4.2. Determination of the inactive joints in the branches of RPMs 

Due to coaxial rotating components in the branches of RPMs, there could be inactive joints. The 

relative motion within the kinematic chain is not affected after the inactive joints are removed from a 

mechanism. Therefore, we need to determine whether there are inactive joints in the branches and then 

remove the branches with inactive joints. By adopting the virtual chain approach and satisfying the 

necessary and sufficient conditions for the existence of inactive joints in single-loop kinematic chains, 

we can determine the inactive joints in the branches. Since the constraint provided by the branches are 

all in one plane, the translational DOF along the z-axis of the branches will not be affected. Therefore, a 

P virtual chain can be introduced into the coaxial rotating components to form a single-loop kinematic 

chain, as shown in Fig. 12, and the characteristics of single-loop kinematic chain can be used to determine 

whether there are inactive joints in the branches. 

Necessary and sufficient conditions for inactive joints in single-loop kinematic chain are [32] 

1M M= +'                                (8) 

where M’ and M denote, respectively, order of the twist system of series kinematic chain corresponding 

to the single-loop kinematic chain and order of series kinematic chain corresponding to the single-loop 

kinematic chain after locking the kinematic joints. 

When the kinematic joint in a single-loop kinematic chain is locked, the joint in the branches is an 

inactive joint if M’ and M satisfy Eq. (8). Take Fig. 12(a) as an example. When R5 joint is not locked, the 

wrench system of the branch is a 1-ζ∞-system, and the axis of ζ∞ is parallel to the y-axis. After R5 joint is 

locked, the branch will provide a constraint force parallel to x-axis and a constraint couple parallel to the 

y-axis, we can see that the wrench system of the branch will be converted to a 1-ζ∞-1-ζ0-system. Therefore, 

the R5 joint is an inactive joint. Similarly, in Fig. 12(c), if R4 joint is not locked, the wrench system of 

the branch is a 1-ζ0-system, and the axis of ζ0 is parallel to the x-axis. After R4 joint is locked, the wrench 

system of the branch will be converted to a 1-ζ∞-1-ζ0-system. Therefore R4 joint is also an inactive joint. 

After removing all kinematic chains with inactive joints, we can obtain three classes of branches for 
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RPMs, as shown in Tables 1, 2 and 3, respectively. Type BC branches of RPMs can provide a constraint 

couple that rotates around the z-axis, type BF branches of RPMs can provide a constraint force that rotates 

around the z-axis, and type BCF branches of RPMs can provide a constraint force and a constraint couple 

that rotates around the z-axis. 

 
Fig. 12.  The kinematic chains containing inactive joints 

Table 1  BC branch structures 

Class Type Description 

6R // \ \ \ // /

R R R R R Rz z z  
// \ \ / / //

R R R R R Rz z z z   

5R1P 

/ / \ \ / / /

R P R R R Rz z z  
/ / \ \ / / /

R R P R R Rz z z  
/ / \ \ / / /

R R R P R Rz z z  
// \ \ \ //

R R R R R Pz z  
// \ / / //

R P R R R Rz z z z

// \ / / //

R R P R R Rz z z z  
// \ / / //

R R R P R Rz z z z  
// \ / / //

R R R R P Rz z z z  
/ / \ \ / / /

R P R R R Rz z z  
/ / \ \ / / /

R R P R R Rz z z  
/ / \ \ / / /

R R R P R Rz z z  
/ / \ \ / / /

R R R R P Rz z z  

 

4R2P 

// \ // /

R PP R R Rz z z  
// \ // /

R P R P R Rz z z  
// \ \ //

R P R R R Pz z  
// \ // /

R R PP R Rz z z  
// \ \ //

R R P R R Pz z

// \ \ //

R R R P R Pz z  
// \ / //

R P R P R Rz z z  
// \ / //

R P R R P Rz z z  
// \ / //

R R PP R Rz z z  
// \ / //

R R P R P Rz z z  
// \ / //

R R R PP Rz z z  
// \ / //

R PP R R Rz z z  
// \ / //

R R PP R Rz z z  
// \ \ //

R R P R P Rz z  
// \ / //

R P R P R Rz z z  
// \ \ //

R R R PP Rz z    
// \ / //

R P R R P Rz z z   
// \ / //

R R P R P Rz z z  

All the axes of P joints 

are not perpendicular to 

the 

\

R  axes 

3R3P 

// \ //

R PP R R Pz z  
/ / \ / /

R P R P R Pz z    
// \ //

R R PP R Pz z   
// \ //

R P R PP Rz z    
// \ //

R R PPP Rz z    
// \ //

R PP R P Rz z  

All the axes of P joints 

are not perpendicular to 

the axes of 
\

R  joints 

Table 2  BF branch structures 

Class Type Description 

6R // \ \ \ //

R R R R R Rz x x x z



 
// \ \ //

R R R R R Rz x x z

 

 
// \ \ //

R R R R R Rz x x z

 

  

5R1P 
// \ \ //

R P R R R Rz x x z



 
// \ \ //

R R P R R Rz x x z



 
// \ \ //

R R R P R Rz x x z



 
// \ //

R P R R R Rz x z

 

 
// \ //

R R P R R Rz x z

 

 
/ / \ / /

R P R R R Rz x z

 

  
/ / \ / /

R R P R R Rz x z

 

 

All the axes of P joints 

are perpendicular to the 

x-axis 

4R2P // \ //

R PP R R Rz x z



 
/ / \ / /

R P R P R Rz x z



 
// \ //

R R PP R Rz x z



 
/ / / /

R PP R R Rz z

 

 
// //

R PP R R Rz z

 

 

All the axes of P joints 

are perpendicular to the 
x-axis 

Table 3  BCF branch structures 

Class Type Description 

5R // \ \ //

R R R R Rz x x z



 
// \ \ \ //

R R R R Rz x x x z   

4R1P 
// \ //

R P R R Rz x z



 
// \ //

R R P R Rz x z



 
// \ //

R R R R Pz x z



 
// \ \ //

R P R R Rz x x z  
// \ \ //

R R P R Rz x x z  
// \ \ //

R R R P Rz x x z  

All the axes of P joints 

are perpendicular to the 

x-axis 

3R2P // //

R PP R Rz z



 
/ / / /

R P R R Pz z



 
// \ //

R PP R Rz x z  
// \ //

R P R P Rz x z  
// \ //

R R PP Rz x z  

All the axes of P joints 

are perpendicular to the 

x-axis 
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5.  Generation of RPMs 

Three types of branches of RPMs are obtained in Section 4. By using these three kinds of branches to 

connect the moving platforms and bases, we can construct different kinds of RPMs. Generation of RPMs 

can be performed in two sub-steps. 

Step 3a: According to the DOF of the task, select the types of branch. 

Step 3b: Assemble the branches to form RPMs. 

In assembling RPMs, the conditions for generation of RPMs should be met: (1) The joints connected 

to the moving platform and base are distributed 90 degrees around the center. (2) A RPM with four 

branches is to be designed based on the characteristics of quadruped robots. 

From these branches, RPMs can be constructed since the wrench system of moving platform is 

changeable. This determines that the mechanisms constructed with three kinds of branches are capable 

of performing different kinds of motion patterns. Through permutation of the branches, we can get four 

branches RPMs as following: 4-BF RPM, 3BC-BF RPM, 3BC-BCF RPM, 3BF-BC RPM, 4-BF RPM, 3BF-

BCF RPM, 3BCF-BC RPM, 3BCF-BF RPM, 4-BCF RPM, 2BC-2BF RPM, 2BC-BF-BCF RPM, 2BC-2BCF RPM, 

2BF-BC-BCF RPM, 2BF-2BCF RPM, 2BCF-BC-BF RPM. 

5.1. Symmetrical RPMs 

By assembling the branches listed in Table 2 and their variations, a kind of symmetrical RPMs are 

obtained. For example, a RPM constructed with four 
/ / \ \ \ / /

R R R R R Rz x x x z



 branches is demonstrated in Fig. 

13. The moving platform has the ability to perform variable motion patterns such as 1T3R motion (Fig. 

13(c)), 1T2R motion (Fig. 13(a)), and 2T2R motion (Fig. 13(b)). In the motion patterns, T and R denote 

translational and rotational motions, respectively. In configuration 1 (Fig. 13(a)), all the branches are in 

the general position, and two translational and one rotational DOFs of the moving platform are 

constrained. In configuration 2 (Fig. 13(b)), all the branches are parallel to each other, and one 

translational and one rotational DOFs of the moving platform are constrained. In configuration 3 (Fig. 

13(c)), two translational DOFs of the moving platform are constrained when the constraint forces 

provided by the branches intersect at one point. The 4-BF RPM can complete the conversion between the 

three configurations through the rotation of the coaxial rotating components. 

 
(a) 1T2R operation mode 

 
(b) 2T2R operation mode 
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(c) 1T3R operation mode 

Fig. 13.  Three configurations of 4-BF RPM 

 

    
(a) 3T1R operation mode 

 
(b) 3T2R operation mode 

Fig. 14.  Two configurations of 4-BC RPM 

When the RPMs are combined with four BC branches, motion patterns of the moving platforms include: 

3T1R motion (Fig. 14(a)) and 3T2R motion (Fig. 14(b)). Two configurations of 4-BC RPM are given to 

demonstrate it as in Fig. 14. For the 4-BCF RPM, the moving platform has the ability to perform variable 

motion patterns such as 1T motion (Fig. 15(a)), 1T1R motion (Fig. 15(b)), 2T1R motion (Fig. 15(c)) and 

3T2R motion (Fig. 15(d)). The configurations of 4-BCF RPM are shown in Fig. 15. 

 
(a) 1T operation mode 

 
(b) 1T1R operation mode 
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(c) 2T1R operation mode 

 
(d) 3T2R operation mode 

Fig. 15.  Four configurations of 4-BCF RPM 

5.2. Asymmetrical RPMs 

By constructing asymmetric RPMs, more operation modes of the moving platforms can be obtained. 

By using the branches listed in Table 1, Table 2 and Table 3 and their variations, a family of asymmetric 

RPMs can be obtained. Take the 2-
/ / \ \ \ / /

R R R R R Rz x x x z



-
/ / \ \ \ / / /

R R R R R Rz z z -
/ / \ \ \ / /

R R R R Rz x x x z  RPM as shown in 

Fig. 16 as an example. From the previous section, we know that the constraint conditions are provided 

by three types of branches. With the orientation of the constraint changed, the moving platform has the 

ability to perform variable motion patterns such as 1T motion (Fig. 16(a)), 1T1R motion (Fig. 16(b)), 

1T2R motion (Fig. 16(c)), 2T motion (Fig. 16(d)), 2T1R motion (Fig. 16(e)), and 3T2R motion (Fig. 

16(f)). In configuration 1 (Fig. 16(a)), all the branches are in the general position, three rotational and 

two translational DOFs of the moving platform are constrained. When type BCF branch and type BC 

branch are parallel to each other, and type BF branches are in general position, the RPM evolves into 

configuration 2 (Fig. 16(b)), and two rotational and two translational DOFs of the moving platform are 

constrained. With the type BCF branch and type BC branch parallel to each other, and the constraint forces 

intersecting at one point, the RPM evolves into configuration 3 (Fig. 16(c)) a rotational and two 

translational DOFs of the moving platform are constrained. In configuration 4 (Fig. 16(d)), when type 

BF branches and type BCF branch are parallel to each other, and type BC branch is in general position, 

three rotational and a translational DOFs of the moving platform are constrained. In addition, when the 

RPM evolves into configuration 5 (Fig. 16(e)), type BF branches and type BCF branch are parallel to each 

other and type BC branch is perpendicular to type BCF branch. Then two rotational and a translational 

DOFs of the moving platform are constrained. Since configuration 5 has a translational DOF in the plane, 

two R joints with coaxial axis will become two R joints which are parallel to each other, and the constraint 

conditions will be changed, in this configuration (Fig. 16(f)) only one rotational DOF of the moving 

platform is constrained. The configurations of 2-BF-BC-BCF RPM are shown in Fig. 16. 

 
(a) 1T operation mode              (b) 1T1R operation mode 

 
(c) 1T2R operation mode          (d) 2T operation mode 
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(e) 2T1R operation mode           (f) 3T2R operation mode 

Fig. 16.  Six configurations of 2BF-BC-BCF RPM 

6.  Locomotion modes of a 4-
/ / \ \ \ / /

R R R R R Rz x x x z



 RPM 

The coaxial rotating components are used to complete the mutual switching between different modes 

of the RPMs. A variety of locomotion modes including wheeled locomotion mode, tracked locomotion 

mode, and legged locomotion mode can be utilized with different configurations of the RPMs and 

different drive configurations. The following is a 4-
/ / \ \ \ / /

R R R R R Rz x x x z



 RPM as an example to determine 

the locomotion modes. The locomotion modes of 4-
/ / \ \ \ / /

R R R R R Rz x x x z



 RPM are demonstrated in Fig. 17. 

 

Fig. 17.  Locomotion modes of a 4-
// \ \ \ //

R R R R R Rz x x x z



 RPM 

In addition to two adjacent coaxial rotating components, which are designed as driving joints, all other 

joints in the RPM are locked. In this case, the upper and lower platforms of the RPM can be regarded as 

frame. Therefore, the RPM can be equivalent to 2-DOF planar 3-bar open-chain mechanism, where two 

branches are rotated around the joints on the frame and the wheeled mode can be realized by using this 

function.  

The RPM can realize rolling locomotion as a crawler belt with a closed loop of track links, when the 

branches are parallel to each other and lock the coaxial rotating components. In this configuration, the 

RPM is equivalent to a single-loop mechanism. When the working states of motors are satisfied, the 

RPM can realize tracked rolling locomotion.  
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When the upper and lower platforms of the RPM are overlapped, the branches can be folded to 

generate passive DOFs. In this case, the RPM works as a legged mobile mechanism. The number of DOF 

of each leg of a symmetrical legged mobile mechanism is equal to three.  

The RPM use its own singular position to achieve different locomotion modes. When the RPM is in 

the singular position of the limit displacement, the rank of screw system of the branch is changed. By 

locking some joints, the RPM can realize wheeled locomotion mode. In this singular position, the RPM 

also can be equivalent to a single-loop mechanism, thereby realizing tracked locomotion mode. When 

the RPM is switched from tracked locomotion mode to legged locomotion mode, the upper and lower 

platforms are overlapped, and the RPM is in a singular position. The RPM use this singular position to 

achieve legged locomotion mode. 

7.  Conclusion 

 The type synthesis of multi-mode mobile PMs has been proposed by using refined virtual chain 

approach. The refined virtual chain approach is compared with the traditional virtual chain approach. By 

removing some joints of the virtual chain in the single-loop kinematic chains, three types of branches for 

RPMs are obtained. By combining virtual chain approach with necessary and sufficient conditions for 

inactive joints in single-loop kinematic chain, the inactive joints in branches are determined. Then four 

branches without inactive joints RPMs are constructed, and their operation modes are determined by 

using screw theory. Finally, a series of simulations are performed for the different locomotion modes of 

multi-mode PMs, including wheeled locomotion, tracked locomotion, and legged locomotion modes. 

The multi-mode mobile PMs proposed in this paper have the potential to be applied in various task 

requirements and different terrains. 

Nomenclature     

R joint   Revolute joint 

P joint   Prismatic joint 

S joint   Spherical joint 

ζ0 constraint force 
ζ∞ constraint couple 

R
\

x  R joints with same branch are parallel to x-axis 

R
/

z
 R joints with same branch are parallel to z-axis 

R
/ /

z
 R joints with same branch are coaxial axes and are parallel to z-axis  

R
\

 R joints with same branch are parallel  

R


 R joints with same branch meet at one point 

BC Branches provide a constraint couple around z-axis 

BF Branches provide a constraint force around z-axis 

BCF Branches provide a constraint couple and a constraint force around z-axis 
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