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We present, for the first time the S0 → S1 (S01) and S0 → S2 (S02) natural transition orbital (NTO) densities for fulvene, 

using the 3-D next generation QTAIM. There is a symmetrization of the position of the bond critical point (BCP) of 

the torsional C2-C6 BCP along the bond-path associated with the presence of a conical intersection (CI) between the 

ground and first excited state (S1). The corresponding NTO density S0 → S1 (S01) displays hindered BCP motion is 

associated with a large rearrangement of the total electronic charge density, made apparent by the form of a 3-D 

bond-path.  
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Introduction 
 

The visualization of the natural transition orbital (NTO) density indicates how the electron density will 

oscillate once it interacts with the oscillating electric field of an incoming photon[1]. Previously, in an 

investigation of the double bond isomerization of fulvene, two of the current authors found that the charge 

density ρ(r) did not rotate in accordance with the nuclei [2]. Earlier contributions of note firstly identified 

fulvene as a potential benchmark [3] and secondly demonstrated that the interpolation along the crossing 

seam linked the critical points of the projected S1/S0 gradient [4]. 

Previously, in an investigation of the double bond isomerization of fulvene, two of the current authors found 

that the charge density ρ(r) did not rotate in accordance with the nuclei[2], resistance to the applied torsion 

about the C2-C6 bond was found to be provided by the charge density and was found to depend on the 

electronic state. The current investigation on the differing reaction pathways in the first two excited states is 

undertaken using the next generation QTAIM 3-D vector-based interpretation of the chemical bond, within 

the QTAIM[5] framework, referred to as the bond-path framework set B.  

 

 

 

 

 

 
 
Scheme 1.The molecular graph and atomic numbering schemes of Fulvene corresponding to the Franck-Condon (FC) 
point (left), the S0-S1 conical intersection (CI) (middle) and the relative energy ∆E against torsion angle θ plots (right). 
The first (S1) and second (S2) excited electronic states are both calculated using the ground state (S0) molecular 
geometry. The S0-S1 CItorsion occurs for the torsional C2-C6 BCP at a value of the torsion θ = 64.3°. The undecorated 
green and red spheres denote the bond critical points (BCPs) and ring critical points (RCPs) respectively 
 
 

The QTAIM bond-path framework sets B and the stress tensor Bσ were also found previously to provide a 

quantitative 3-D rendering of the bonding consistent with the chemical bonding insights provided by using 

Lewis structures of fulvene with double/single bond and resonance representations of S0 and S1 states for the 

values of torsion θ = 0.0° (FC) and 64.3° (CItorsion) along the excited state deactivation minimum energy path 

(MEP)[6]. The 64.3° CItorsion geometry represents the minimum energy conical intersection along a seam 

connecting all torsion angles[7] The new QTAIM B was used to demonstrate for fulvene that the ground 

state S0 and excited state S1 bonding existed on a continuous spectrum rather than as polar extremes, as 
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presented on the Lewis structures. In addition, the B was found to be better able to differentiate between the 

S0 and S1 electronic states than the conventional QTAIM bond-path[8].  

For QTAIM the easy direction of most readily accumulated total charge density ρ(rb) i.e. the e2 eigenvector. 

Recently, next generation QTAIM was applied to analyze the photo-isomerization dynamics of a light-driven 

rotary molecular motor[9] using the symmetry breaking Uσ-space representation. The symmetry breaking 

properties inherent in the construction of the Uσ-space and also the QTAIM U-space mean that derived 

properties of the S0 and S1 electronic states may be different from each other at the CI. We found that the 

separations in Uσ-space representation at a particular CI corresponding to the S1 and S0 states, were four 

times closer for a fast dynamics trajectory compared with a slow dynamics trajectory.  

The NTO density will be used to provide insights into the rearrangement of the most preferred directions of 

charge density accumulation ρ(r) associated with the S0 → S1 (S01) and S0 → S2 (S02) transitions. Therefore, 

in this investigation we will revisit the excited state deactivation MEP of fulvene, see the Supplementary 

Materials S1, but now we include consideration of the S0 → S1 (S01) and S0 → S2 (S02) transition densities 

to demonstrate the utility of QTAIM to distinguish between reaction paths with and without (non-adiabatic) 

deactivation through accessible conical intersections.  

 

2. Theory and Methods 

2.1 QTAIM BCP properties; ellipticity ε, total local energy density H(rb)  

 

QTAIM is used to identify critical points in the total electronic charge density distribution ρ(r) by analyzing 

the gradient vector field ∇ρ(r). These critical points can further be divided into four types of topologically 

stable critical points according to the set of ordered eigenvalues λ1 < λ2 < λ3, with corresponding 

eigenvectors e1, e2, e3 of the Hessian matrix. The eigenvector e3 indicates the direction of the bond-path at 

the BCP. The most and least preferred directions of electron accumulation are e2 and e1, respectively[10–12]. 

The ellipticity ε quantifies the relative accumulation of ρ(rb) in the two directions perpendicular to the 

bond-path at a BCP, defined as ε = |λ1|/|λ2| – 1 where λ1 and λ2 are negative eigenvalues of the corresponding 

eigenvectors e1 and e2 respectively. The set of critical points together with the bond-paths of a molecule or 

cluster is referred to as the molecular graph[13]. 

The term ‘path-packet’ is used to refer to the orbital-like packet shapes that the {q0,q0’}paths form along the 

bond-path. For example, a long planar path-packet that envelopes the BCP indicates the greater ease of 

sliding motion of the BCP along with its associated bond-path and NCPs than for a path packet that is 

twisted or localized to the BCP. Extremely long path-packets therefore predict imminent BCP rupture due to 

the coalescence and annihilation of a BCP and a neighboring RCP. We can therefore gain new insights into 

the chemical character of the (S0 → S1) and (S0 → S2) transitions using all the fulvene bond-paths in 3-D. 
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2.2 QTAIM bond-path properties; BPL and the bond-path framework sets B0, B1, B2, (ground and excited 

states) and B01 and B02 (transition densities). 

 

The bond-path length (BPL) is defined as the length of the path traced out by the e3 eigenvector of the 

Hessian of the total charge density ρ(r), passing through the BCP, along which ρ(r) is locally maximal with 

respect to any neighboring paths. The deviation from linearity of a bond-path separating two bonded nuclei 

is defined as the dimensionless ratio: 

 

(BPL - GBL)/GBL                                      (1) 

 

Where BPL is as the associated bond-path length and the geometric bond length GBL is the inter-nuclear 

separation[14]. We start by choosing the length traced out in 3-D by the path swept by the tips of the scaled 

e2 eigenvectors of the λ2 eigenvalue, the scaling factor being chosen as the ellipticity ε. 

Using n scaled eigenvector e2 tip path points qi on the path q where εi = ellipticity at the ith bond-path point ri 

on the bond-path r, the form of pi and qi defined as follows: 

 

pi = ri + εie1,i , qi = ri + εie2,i                                                   (2)               

 

The lengths of the p- and q-paths are defined as the eigenvector-following paths H* and H respectively, see 

the Supplementary Materials S2. 

It should be noted that the bond-path is associated with the λ3 eigenvalues and e3 eigenvector and does not 

take into account differences in the λ1 and λ2 eigenvalues of the e1 and e2 eigenvectors. 

In this investigation we present the complete QTAIM bond-path framework sets B0, B1, B2, B01 and B02 at the 

S0 geometry (r0i): 

 

p0i = r0i + ε0ie10,i,  p1i = r0i + ε1ie11,i,  p2i = r0i + ε2ie12,i,  p01i = r0i + ε01ie101,i,  p02i = r0i + ε02ie102,i          (3) 
q0i = r0i + ε0ie20,i,  q1i = r0i + ε1ie21,i,  q2i = r0i + ε2ie22,i ,  q01i = r0i + ε01ie201,i,  q02i = r0i + ε02ie202,i     

 

The purpose of doing so in this investigation is to demonstrate the double/single bond and resonance 

representations for the values of C2-C6 BCP torsion θ = 0.0° (FC) and 64.3° (CItorsion) for the S01 and S02 

transition using QTAIM. A pure double bond is characterized by a solitary large symmetrical {q0,q0’} or 

{p0,p0’} path-packet located centrally around a BCP, e.g. the torsional C2-C6 BCP. A diradical is 

characterized by multiple ‘peaks’ in the path-packet along the extent of the bond-path (r). 

In this investigation we present for the first time the transition densities associated with the ground state (S0) 

to the first excited state (S1) transition (S0 → S1) and the second excited state (S2) transition (S0 → S2) that 
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we will refer to as the S01 and the S02 transitions respectively. We will use the recently introduced 3-D 

interpretation of bonding, the bond-path framework set B, as defined earlier. We will undertake this by 

calculating and plotting the bond-path framework sets B0 = ({q0,q0’},{p0,p0’},r0), B1 = ({q1,q1’},{p1,p1’},r0), 

B01 = ({q01,q01’},{p01,p01’},r0), B2 = ({q2,q2’},{p2,p2’},r0) and B02 = ({q02,q02’},{p02,p02’},r0) path-packets 

corresponding to the S0, S1, S01, S2 and S02 electronic states and transitions.  

 

3. Computational Details 

 

The potential energy surfaces (PESs) of the S0 and S1 states of fulvene along the bond stretching and double 

bond torsion coordinates were investigated using the state-interaction state-averaged REKS (SI-SA-REKS 

or SSR) method[15]. The computations were carried out using the beta-testing version of the TeraChem® 

program (v1.92P, release 7f19a3bb8334)[16–21].The REKS equations and further details of the method used 

to construct the S0 and the S1 densities corresponding to the minimum energy path are provided in the 

Supplementary Materials S5. In all cases, we compute the natural orbital densities ρ(r) for the S0, S1, S2 

electronic states and the S0→S1 (S01) and S0→S2 (S02) natural transition (NTO) densities, at geometries 

computed using the nudged elastic band method (NEB) along the minimum-energy path on S1 between the 

FC point and the CI, using analytical energy derivatives as described in Ref 23 (see the Supplementary 

Materials S5), to enable direct comparison of the obtained densities and natural transition orbitals (NTOs) 

of the different states at a specific set of nuclear geometries. Note, the REKS energies provide the same 

energetics profiles as the CASSCF/CASPT2[22]. To obtain the S01 and S02 transition densities the individual 

states S0, S1 and S2 were first computed[23] using TDDFT single points at the ωB97X/cc-pVDz level of 

theory for the pre-computed REKS geometries corresponding to the range of values of the torsion θ, θ = 0.0° 

(FC) to θ = 64.3° (CItorsion), between the S0 and S1 states. The S01 and S02 transition densities were then 

evaluated with Gaussian[23] using the Pop(Transition) and Density (NTO and SaveNTO) keywords.  

At all the points along the MEPs, the S0 and the S1 states[24] and subsequently the S2 state and NTOs, were 

analyzed using the AIMALL software suite[25]. Subsequently, the resulting molecular graphs were analyzed 

using two in-house codes linked to the visualization toolkit Mayavi[26], to plot the p- and q-paths that 

comprise the QTAIM bond-path framework sets B0, B1, B2, B01 and B02.  

 

4. Results and discussions 

 

The QTAIM bond-path analysis of the deactivation reaction of fulvene 

 

For the interested reader a side analysis of relating to the trajectory T(s) and surrounding discussions and 

explanations are provided in the Supplementary Materials S3-S4. 
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The bond-path length (BPL) values corresponding to the S0, S1 electronic states and the S01 transition are 

indistinguishable: this is also the case for the S0, S2 electronic states and the S02 transition, see the 

Supplementary Materials S6. The lengths of the corresponding {q,q’} path-packets, denoted by H and the 

associated curvatures Hf, however, are clearly distinguishable, see Figure 1(a) and Figure 1(b) respectively. 

The conjugated effect of the π-bonds of fulvene, known to be apparent for the S0 state, is evident for the 

QTAIM bond-path framework set B, as is the diradical state formed by the excitation to the S1 state, see 

Figure 2(a) and Figure 2(b) respectively. The C2-C6 BCP for the S2 state possesses more diradical 

character at the S0-S1CItorsion than is the case for the S0 and S1 states, see Figure 2(c). The QTAIM 

path-packets show significant differences for the S0, S1, S2, S01 and S02 electronic states and transitions for 

the FC-to-S0-S1CItorsion MEP of the S01 and also the FC-to- S0-S1CItorsion MEP of the S02.  

The QTAIM bond-path framework set B0 = ({p0,p0’},{q0,q0’},r0), B1 = ({p2,p2’},{q2,q2’},r0) and B2 = 

({p2,p2’},{q2,q2’},r0) path-packets for the FC point (left panel) and S0-S1 CItorsion (right panel) corresponding 

to the S0, S1 and S2 electronic states are presented in Figures 2(a-c) respectively. The QTAIM bond-path 

framework set B01 = ({p01,p1’},{q01,q01’},r0) and B02 = ({p02,p02’},{q02,q02’},r0) path-packets for the value of 

the torsion θ = 0.0° FC point (left panel) and θ = 64.3° that corresponds to the location of the S0-S1 CItorsion 

(right panel) corresponding to the S0→S1 (S01) and S0→S2 (S02) transition densities are provided in Figures 

3(a-b) respectively. We seek to explain why there are significant variations in the length H with the torsion θ 

for the S0→S1 (S01) and S0→S2 (S02) transition densities despite the values being rather similar for torsion θ 

= 0° and using the S0 molecular geometries in all cases, see Figure 1. The {q01,q01’} path-packet 

corresponding to the large peak in the bond-path ellipticity ε profile, see Figure 4, that envelopes the S01 

C2-C6 BCP, is longer compared with that of the {q02,q02’} for the S02, see Figure 5. 

The ellipticity ε profiles of the torsional C2-C6 BCP are shown for the S0→S1 (S01) and the S0→S2 (S02) 

transitions in the left (FC point) and right (torsion CI) panels, with the positions of the C2-C6 BCP indicated, 

see Figure 4 and Figure 5 respectively. For the FC-to-S0-S1CItorsion MEP the ellipticity ε profiles of the 

torsional C2-C6 BCP flatten out for the S0 and S1 states. The corresponding ellipticity ε profile for S01, 

however, displays a large increase particularly in the proximity of the C6 NCP.  

The longer {q01,q01’} path-packet for the S01 can be explained by the smaller C2-C6 BCP shift, i.e. hindered 

C2-C6 BCP motion, for the S01 as compared with the less hindered C2-C6 BCP for the S02 state. Therefore 

the total electronic charge density ρ(r) is forced to ‘reorganize’ more for S01 than for S02 and consequently 

leads to greater H values (Figure 1) and the large peak in the ellipticity ε profile for the S01. 

The position of the interatomic surface shared by the C2 NCP and C6 NCP is determined by the position of 

the C2-C6 BCP. The consequence of the C2-C6 BCP moving closer to the C6 NCP is that the basin 

associated with the C2 NCP becomes larger at the expense of the basin of the C6 NCP. Conversely, for the 

ellipticity ε profile of S02 the C2-C6 BCP moves closer to the C2 NCP with a significant C2-C6 BCP shift, 

see Figure 6. 



7 
 

The S1 state ‘swaps’ from possessing a C6-BCP separation ratio < 0.5 to having a C6-BCP separation ratio > 

0.5 at a value of torsion θ = 53.74° : correspondingly, the C2-BCP separation ratio goes from a value > 0.5 

to a value > 0.5, see the inset of Figure 6(a). This effect does not occur for the states S0, S2 or the transitions 

S01 or S02.  

The existence of an NCP-BCP separation ratio of 0.5 implies that the C6 NCP and C2 NCP atomic basin 

radii are equal in extent. Symmetrization of the C2-C6 BCP position occurs because the C2-C6 BCP moves 

until NCP-BCP separation ratio = 0.5, for the S1 state for a value of torsion θ = 53.74°, see the Figure 6(a) 

and the insert. We note, however, that the symmetrization of the C2-C6 BCP position does not occur for 

either the S0 or S2 states, which lack a CI, or the associated (S02) transition, see Figure 6. 

The C2-C6 BCP ellipticity ε profiles indicate that for both the S01 and the S02 transitions, the movement of 

the total electronic charge density is towards the smaller NCP, i.e. the C6 NCP for S01 and C2 NCP for S02 

electronic states. The evidence for this is that the S01 C2-C6 BCP is always located to the left of the S0 

C2-C6 BCP and conversely the S02 C2-C6 BCP is always located to the right of the S0 C2-C6 BCP. In each 

case the associated peak in the C2-C6 BCP ellipticity profiles of S01 and S02 is located towards the smaller 

NCP, i.e. the C6 NCP and C2 NCP respectively. At torsion θ = 64.3° the very long {q01,q01’} path-packet 

that envelopes the S01 C2-C6 BCP, as compared with the {q02,q02’} path-packet, can be explained by the 

shorter C2-C6 NCP-BCP separation ratio for S01 compared with S02, see Figure 6 and the right panels of 

Figure 3(a) and Figure 3(b) respectively. The C2-C6 BCP for S01 remains located close to the bond-path 

mid-point (0.5), see Figure 4(a). There is, however, a high degree of redistribution of the total electronic 

charge density ρ(r) away from the BCP, seen by the increasingly large peak in the S01 C2-C6 BCP ellipticity 

ε profile located at approximately +0.7 a.u. along the bond-path. Conversely, the C2-C6 BCP for S02 moves 

significantly from the location of the bond-path mid-point, where there is significantly less redistribution of 

the total electronic charge density ρ(r) away from the BCP, see Figure 5(b) and Figure 6(b).  
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      (b) 

Figure 1. The variation of the length of the q-path (H) and the corresponding fractional length Hf for the S0→S1 (S01) 
and S0→S2 (S02) transitions are shown in sub-figures (a) and (b) respectively. 
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(c) 
 
Figure 2. The QTAIM {q(dark-magenta), qʹ(light-magenta)} (left panels of sub-figures (a)-(c)) and {p(dark-blue), 
pʹ(light-blue)} (right panels of sub-figures (a)-(c)) path-packets of the fulvene molecular graph corresponding to the S0, S1 
and S2 electronic states for the values of the torsion θ = 0.0° (left panels) and θ = 64.3° (right panels) are presented in each 
of sub-figures (a), (b) and (c) respectively. 
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 (a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(b) 
Figure 3. The QTAIM path-packets of the fulvene molecular graph corresponding to the S01 and S02 transition 
densities are presented in each of sub-figures (a) and (b) respectively, see the caption of Figure 2 for further details. 
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                         (e)                                                            (f)      
Figure 4. The variations of the bond-path ellipticity ε profiles of the bond-path (r) of the torsional C2-C6 BCP 
corresponding to the (S0, S1, S01) electronic states for a selection of values of the torsion θ, are presented in sub-figures 
(a)-(f) respectively. The vertical dashed lines indicate the position of the BCP for each electronic state. 
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                       (e)                                                  (f)                     
 
Figure 5. The variations of the bond-path ellipticity ε profiles of the bond-path (r) of the torsional C2-C6 BCP 
corresponding to the (S0, S2, S02) electronic states for a selection of values of the torsion θ, are presented in sub-figures 
(a)-(f), see the caption of Figure 4 for further details and also see Figure 6. 
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                      (a)                                              (b) 
Figure 6. The variation of the NCP-BCP separation ratio with torsion θ for the S0→S1 (S01) and S0→S2 (S02) 
transitions are presented in sub-figures (a) and (b) respectively, see also Figure 5. 
 
Conclusions 
 

We present for the first time a consideration of the NTO density S0→S1 (S01) and S0→S2 (S02) for the excited 

state deactivation MEP of fulvene using next generation QTAIM. The next generation QTAIM presentation 

of the NTO density S0→S1 (S01) and S0→S2 (S02) is found to be a measure that can visualize and quantify 

the rearrangement of the charge density. This rearrangement occurs as a response to the applied torsion of 

the C2-C6 BCP and the associated bond-path and as a consequence of the preferred direction of electron 

density accumulation. There is a symmetrization of the position of the torsional S1 C2-C6 BCP along the 

associated bond-path that is quantified by the exchange in the magnitude of the radii of the C6 NCP and C2 

NCP basins for the S1 electronic state that is measured by the NCP-BCP separation ratio. This 

symmetrization effect does not occur for the torsional S2 C2-C6 BCP and therefore may be associated with 

the presence of a CI along a reaction pathway. 

We use conventional QTAIM to investigate the NTO densities S0→S1 (S01) and S0→S2 (S02) and find that 

the ellipticity ε of the S0→S1 (S01) transition along the FC-to-S0-S1CItorsion MEP for the torsion of the C2-C6 

BCP is much lower than that of the S0→S2 (S02) transition that does not have an associated CI. The 

ellipticity ε of the S1 excited state, however, is much higher than that corresponding to the S2 excited state. 

Furthermore, the conventional QTAIM bond-path length and associated bond-path curvature were unable to 

distinguish the S0, S1, S2 electronic states or the S01, S02 transitions and therefore were not useful in this 

investigation. These conflicting and indistinct results therefore demonstrate that a more in-depth analysis is 

required than that which can be provided by conventional QTAIM analysis. 

The real space length l and U-space length L of the trajectory T(s) in U-space, of the torsional C2-C6 BCP 
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provides the next generation QTAIM interpretation of the ‘difficulty’ of the deactivation reaction of fulvene 

associated with the ground state (S0), first excited state (S1), second excited state (S2) and the S0→S1 (S01) 

and S0→S2 (S02) transitions, see Supplementary Materials S4 for analysis. We find that the smaller values 

of the l and U-space length L for the S0→S1 (S01) compared with the S0→S2 (S02) transition indicate that the 

S0→S1 (S01) transition is more accessible than the S0→S2 (S02) transition. The trajectory T(s), however was 

not included in this contribution because it was unable to provide reasons why the shorter l and U-space 

length L indicated a greater ease of accessibility of the S0→S1 (S01) transition compared with the S0→S2 (S02) 

transition, due to the inability to describe the rearrangement of the total electronic charge density ρ(r) along 

the bond-path.  

There are, unlike the bond-path lengths, significant variations in the length H and the curvature Hf, of the 

q-paths corresponding to the S0, S1, S2 electronic states as well as the S01 and S02 transition densities, despite 

using the S0 molecular geometries in all cases. There is a very large increase in the H and the curvature Hf for 

the S0→S1 (S01) transition, contrasted with a significant decrease for the corresponding values for the S0→S2 

(S02) transition, despite both transition densities starting off with very similar H values. The evolving 

differences in H along the reaction profiles are explained in terms of the reasons behind the greater 

rearrangement of the {q,q},{p,p} path-packets for the S0→S1 (S01). The greater rearrangement of the ρ(r) for 

the S0→S1 (S01) transition along the torsional bond-path of the C2-C6 BCP for the FC-to-S0-S1CItorsion MEP 

is also demonstrated by the bond-path ellipticity ε profiles at the CI. An examination of the S0→S1 (S01) and 

S0→S2 (S02) transition densities is used to explain how the presence of the CI facilitates the 

FC-to-S0-S1CItorsion MEP reaction in terms of enabling the rearrangement of ρ(r) along the torsional 

bond-path of the C2-C6 BCP. This explanation is provided in terms of how the ease of motion of the 

torsional C2-C6 BCP for both transition densities affects the rearrangement of ρ(r) associated with S0→S1 

(S01) and S0→S2 (S02). The position of the torsional C2-C6 BCP indicates the location of the interatomic 

surfaces of the C6 NCP and C2 NCP and moves during the progress of the S0→S1 (S01) and S0→S2 (S02) 

transition. The extent of the motion of the C2-C6 BCP is considerably lower for the S0→S1 (S01) transition 

compared with the S0→S2 (S02) transition. The hindering effect on the C2-C6 BCP for the S01 transition 

results in a greater extent of the {q,q’} path-packet that determines the most preferred direction of charge 

accumulation. This indicates that for the S0→S1 (S01) transition the C2-C6 BCP is hindered from moving as 

freely along the bond-path as in the case of the S0→S2 (S02) transition. The symmetrization of the position of 

the torsional S1 C2-C6 BCP can explain the hindering of the torsional S01 C2-C6 BCP and subsequent large 

rearrangements of ρ(r), determined by the extent of the {q,q’} path-packets and bond-path ellipticity ε 

profile. 

Therefore, this investigation demonstrates the utility of the next generation QTAIM analysis of transition 

densities in quantifying and visualizing the rearrangements undertaken during the process of excited state 

reactions. On the basis of this investigation we form the hypothesis that the symmetrization of the position 
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of the S1 C2-C6 BCP leads to the motion of the S0→S1 (S01) C2-C6 BCP transition being hindered along the 

bond-path is an indicator/predictor of the approaching CI. Future work therefore, will include testing this 

hypothesis using next generation QTAIM and explore further the nature of the NTO density to deepen the 

understanding of excited state reaction paths involving conical intersections as principle non-adiabatic 

deactivation channels. 
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