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1 Introduction

The AdS/CFT correspondence [1] has proven to be an excellent tool with which to study

the properties of certain strongly interacting, relativistic quantum field theories. It has

taught us that these field theories have a robust hydrodynamic limit with a large window

of applicability [2–5], and has enabled the calculation of various hydrodynamic properties

of these theories, most prominently the ratio of shear viscosity to entropy density [2, 6–20].

For this reason, holography has provided a fertile testing ground for ideas about hydrody-

namic descriptions of the quark-gluon plasma and of metals (see e.g. [21, 22]).

It is of both fundamental and practical interest to determine whether there are classi-

cal gravitational descriptions of strongly interacting field theories which are not relativistic

at zero temperature. See [23] for a recent review of this topic. One proposed class of

gravitational duals are non-relativistic solutions of relativistic theories of gravity (general

relativity (GR) coupled to appropriate matter content) [24–26]. A second approach [27, 28],

which we pursue here, is to work with an intrinsically non-relativistic theory of gravity, like

that proposed by Hořava in [29]. This theory is not invariant under all spacetime diffeo-

morphisms, and arises as the dynamical theory of Newton-Cartan geometry [30] (to which

non-relativistic field theories naturally couple [31–34]).

– 1 –
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In this work, we study the linear response of a neutral black brane solution [35] of

(3+1)-dimensional Hořava gravity. A manifestation of the non-relativistic nature of this

state is that the low energy, linearized excitations of different fields propagate at differ-

ent speeds, and each field has its own ‘sound horizon’ (trapped surface) [36]. The causal

‘universal’ horizon of the solution traps modes of arbitrarily high speed, and is the thermo-

dynamic horizon of the solution [35–40]. The solution we study has an asymptotic Lifshitz

symmetry with dynamical exponent z = 1, i.e. a scaling symmetry under which both time

and space transform identically. It is invariant under spatial rotations and translations in

space and time. However, this solution does not have a Lorentz boost symmetry, as this

relativistic transformation is not a symmetry of Hořava gravity. Moreover, the solution we

study has no Galilean boost symmetry.

Using the proposed holographic dictionary of [27, 28], with further refinement follow-

ing [30, 32, 41], we show that there is a simple hydrodynamic description of the linearized

transport of both charge density and transverse momentum density over long times and

distances in the conjectured dual field theory. In particular, both of these quantities diffuse,

and have conductivities related to their diffusion constants by Einstein relations. This is

an important consistency check of the existence of a holographically dual state of this black

brane. In terms of bulk quantities, we find that the charge diffusion constant Dρ and the

transverse momentum diffusion constant Dπ can be neatly expressed as

Dρ = (speed)× (sound horizon radius),

Dπ =
1

3
(speed)× (sound horizon radius),

(1.1)

where the relevant speed and sound horizon radius in each case is that of the corresponding

dual excitation in the gravitational theory. We note that these constants have the same form

as the analogous relativistic formulae, in which case different bulk excitations have the same

speed and sound horizon radius due to Lorentz invariance. In terms of the temperature of

the universal horizon, the diffusion constants are given by (3.40) and (4.18).

Our results for momentum transport are complementary to those of [42] (which worked

with a related, covariant theory1), in which a non-linear hydrodynamic description of trans-

port was derived to leading order in perturbation theory in β, one of the coupling constants

of Hořava gravity. β parameterizes the difference between the speed of one of the gravitons

and the null speed of the boundary metric. While we study only linear (in amplitude)

perturbations, we work non-perturbatively in β. Our non-perturbative result for the shear

viscosity η agrees with that conjectured in [42]: η/s = 22/3/4π, where s is the entropy

density. This does not match smoothly onto the GR result 1/4π when β → 0, as the

universal horizon of the Hořava solution does not coincide with the Killing horizon of the

GR solution in the limit β → 0.

To obtain our results, we must modify the standard prescription for computing two-

point retarded Green’s functions in the relativistic case [43–46], due to the existence of

multiple horizons. We propose that the linear excitation of a field should obey ingoing

boundary conditions at its sound horizon. In some cases, we are able to check that this

1See section 5 for further comparison between these theories.
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is a sensible prescription by firstly rewriting Hořava gravity in a covariant form (Einstein-

Aether theory), and then using a field redefinition invariance of this theory, as well as

diffeomorphisms, to map the perturbation equations onto those of the Schwarzschild-AdS4

black brane solution of GR. This procedure maps the sound horizon radius of the original

Hořava solution to the Killing horizon radius of the Schwarzschild-AdS4 black brane. It

also provides a natural explanation for the appearance of the speeds of the bulk excitations,

rather than the null speed of the boundary metric, in the diffusion constants (1.1). We

expect that this general principle — that ingoing boundary conditions should be applied

at different values of r for bulk excitations which travel at different speeds — should be

valid in Hořava gravity beyond these simple cases.

To obtain finite answers for the transverse momentum density correlators, we per-

formed holographic renormalization by including two counterterms which are invariant

under the symmetries of Hořava gravity. Upon the mapping to a covariant Einstein-Aether

theory, these counterterms coincide with those of the GR calculation.

Finally, we exploit the field redefinition invariance of the covariant form of Hořava

gravity to identify a special point in the parameter space of the Hořava theory (when the

coupling λ = 0), in which the full linear response dynamics of the black brane is equivalent

to that of the Schwarzschild-AdS4 solution of GR. Therefore, at this special point, the

excitation spectrum of the dual field theory contains a sound mode (5.21) with speed

proportional to the spin-2 graviton speed.

In the following section we provide a brief overview of linear response in hydrodynamics,

and a derivation of the expected forms of the retarded Green’s functions for charge density

and transverse momentum density. In sections 3 and 4 we study linear perturbations

of the Hořava black brane solution and derive from this the hydrodynamic forms of the

dual Green’s functions. The relation between our Hořava gravity calculations and those of

Einstein-Aether theory are described in section 5, before we conclude in section 6 with a

summary of our results and some open questions.

2 Hydrodynamics and linear response

In general, a system which is in local thermal equilibrium should have a coarse-grained,

hydrodynamic description over long lengths and times, with respect to the scales over

which the system is locally equilibrated (in our case, this is the inverse temperature). The

hydrodynamic variables are those which vary slowly over these long length and time scales.

These are typically the densities of the conserved charges of the system.

We are interested in the linear response properties of a U(1) charge density, and the

transverse momentum density, in a (2+1)-dimensional, rotationally and translationally

invariant field theory state with a z = 1 scaling symmetry. We assume that the conserved

charges of the state are its energy, U(1) charge and momentum. The densities of these

conserved charges qa obey the following conservation equations

∂tqa + ~∇ ·~ja = 0, (2.1)

– 3 –
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where ~ja is the current density associated with the conserved charge density qa. We will

consider the response of states in which both the U(1) charge density and the momentum

density have vanishing expectation values.

The information about the linear response properties of the state are contained in its

two-point retarded Green’s functions, which tell us how the expectation values of operators

respond to small external sources. The retarded Green’s functions of the charge densities

and associated current densities can be computed within hydrodynamics using the canon-

ical method of Kadanoff & Martin [47] (see [48] for a review). Heuristically, this method

proceeds in two steps. When a small external source for a conserved charge density is

applied at an initial time, the response in the expectation value of the charge density at

that time is controlled by the susceptibility χ.2 This initial change in the expectation value

will then evolve in time via the equations of motion (2.1), and the variation of this response

at time t, with respect to the initial source, gives the retarded Green’s function.

To determine the evolution in time of the charge densities, we must supplement the

equations (2.1) with constitutive relations for the current densities ~ja in terms of the

charges qb. Hydrodynamics is a universal effective theory, and we therefore construct these

relations by writing down all terms containing the conserved charges and their derivatives

that are allowed by the symmetries of the system. The relations are written as a derivative

expansion, and are a good approximation at long distance and time scales. The microscopic

details of the system enter in the values of the coefficients of each term in these derivative

expansions. After a Fourier transform in the spatial directions, and using the constitutive

relations to replace~ja with qb, the equations of motion for linear perturbations take the form

∂tqa(t, k) +Mab(k)qb(t, k) = 0. (2.2)

The two-point retarded Green’s functions of the charges are then given by [48]

G(ω, k) = −
(

1 + iω (−iω +M(k))−1
)
χ. (2.3)

There has recently been a lot of progress in systematically constructing the full, non-

linear constitutive relations of non-relativistic hydrodynamics [32, 41, 50, 51], and also for

Lifshitz hydrodynamics [52–56]. For our purposes this is overkill: by restricting to the

linear reponse of parity-invariant theories, simple Kadanoff-Martin arguments are valid. It

can be checked, for example, that imposing parity symmetry on the constitutive relations

of [32, 51] reduces the constitutive relations written in terms of Newton-Cartan data to the

usual Navier-Stokes equations.

Without loss of generality, we will align the y-axis with the direction along which linear

perturbations vary in space. The conserved charge densities of our system are the energy

density ε, the U(1) charge density ρ, and the momentum densities πx and πy. We also

assume that parity is unbroken, and that charge conjugation, under which only the U(1)

charge density and current flip sign, is a symmetry of the state. This last condition implies

we are studying a state which is not charged under this U(1).

2Such susceptibilities are also sometimes referred to as ‘thermodynamic transport coefficients’, e.g. [49].
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We begin with the constitutive relation for the longitudinal U(1) charge current density

jyρ . The goal is to write down, to linear order in perturbations, the most general derivative

expansion of the charges that is consistent with the symmetries above. To leading order in

the derivative expansion, only one term is allowed

jyρ = −Dρ∇yρ+ . . . . (2.4)

The ellipsis denotes higher order terms in the derivative expansion. The constant Dρ is a

transport coefficient that is not fixed by this analysis but depends upon microscopic details

of the theory.

The linearized constitutive relation for the longitudinal current jyπx of the transverse

momentum density πx is equally simple

jyπx = −Dπ∇yπx + . . . . (2.5)

In this case, it is parity symmetry (under which πx → −πx) that restricts the form of the

right hand side. Dπ is a transport coefficient which, in general, is unrelated to Dρ.

Combining the linearized constitutive relations with the conservation equations (2.1),

we find that linearized perturbations of both the charge density and the transverse mo-

mentum density obey a diffusion equation

∂tρ−Dρ∇2ρ = 0, ∂tπx −Dπ∇2πx = 0, (2.6)

and that the transport coefficients Dρ and Dπ are the diffusion constants of charge density

and transverse momentum density, respectively. Diffusion constants have dimensions of

speed× distance.

From the diffusion equations (2.6), we can use (2.3) to compute the hydrodynamic

Green’s functions of the conserved charges

Gρρ(ω, k) =
χρDρk

2

iω −Dρk2
, Gπxπx(ω, k) =

χπDπk
2

iω −Dπk2
. (2.7)

Here, χ denote the static susceptibilities of the conserved charge densities

χρ =
∂ρ

∂µ

∣∣∣∣
µ=0

, χπ =
∂πx
∂vx

∣∣∣∣
vx=0

, (2.8)

where the chemical potential µ is the source for the charge density, and the velocity vx
is the source for the transverse momentum density. χπ has units of mass density. The

two-point retarded Green’s functions of the associated current densities are fixed by Ward

identities to be

Gjyρ jyρ (ω, k) =
ω2

k2
Gρρ(ω, k), Gρjyρ (ω, k) = Gjyρρ(ω, k) =

ω

k
Gρρ(ω, k),

Gjyπxj
y
πx

(ω, k) =
ω2

k2
Gπxπx(ω, k), Gπxjyπx (ω, k) = Gjyπxπx(ω, k) =

ω

k
Gπxπx(ω, k),

(2.9)

up to contact terms.
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In the long time (dc) limit, we define the linear response conductivities of U(1) charge,

and of transverse momentum as

σ ≡ − lim
ω→0

1

ω
Im

[
lim
k→0

Gjyρ jyρ (ω, k)

]
= χρDρ,

η ≡ − lim
ω→0

1

ω
Im

[
lim
k→0

Gjyπxj
y
πx

(ω, k)

]
= χπDπ,

(2.10)

respectively. The first of these corresponds to the usual definition of the conductivity via

Ohm’s law, and the second corresponds to the usual definition of the shear viscosity (see

e.g. [57]). The conductivities are fixed in terms of the diffusion constants by the Einstein

relations (2.10), which follow simply from the form of the Green’s functions (2.7). From

now on we will refer to these conductivities by their conventional names of the electrical

conductivity and the shear viscosity, respectively.

We have refrained from a full discussion of non-relativistic [51] or Lifshitz [52–55] hy-

drodynamics and have presented only the elements which are relevant for our holographic

computation. We have shown that transverse momentum and charge both diffuse, regard-

less of whether the system is relativistic or not. We note that the presence of an additional

conserved particle number charge will not alter our conclusions, as it cannot enter the

linearized constitutive relations (2.4) and (2.5) due to symmetry reasons. In the following

sections, we will show that the Green’s functions of the strongly interacting state pur-

portedly dual to a Hořava gravity black brane are of the hydrodynamic form (2.7), and

will derive explicit expressions for the transport coefficients Dπ and Dρ (or equivalently σ

and η) of this state.

3 Momentum transport from a Hořava black brane

Hořava gravity [29] is a non-relativistic quantum theory of gravity that breaks the local

Lorentz covariance between space and time enjoyed by GR. We are interested in the low

energy, classical regime of Hořava gravity, whose degrees of freedom, GIJ , N I and N , are

the components of the ADM decomposition of a spacetime metric gXY

gXY dx
XdxY = −N2dt2 +GIJ

(
dxI +N Idt

) (
dxJ +NJdt

)
. (3.1)

GIJ is the spatial metric on slices of constant global time t; N is the lapse function, which

encodes the normal distance between the leaves of the foliation by t; and N I is the shift

vector, which identifies events with the same spatial coordinates on different time slices.3

In (3+1)-dimensions, the two derivative bulk action of Hořava gravity is

SH =
1

16πGH

∫
d4xN

√
G

(
KIJK

IJ − (1 + λ)K2 + (1 + β)(R− 2Λ) + α
∇IN∇IN

N2

)
,

(3.2)

3Our notation is that indices X,Y . . . are bulk spacetime indices with x0 ≡ t, while I, J . . . are bulk

spatial indices covering both the bulk radial direction x1 ≡ r and the transverse directions shared with the

field theory xi ∈ (x, y).

– 6 –
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where

KIJ ≡
1

2N
(∂tGIJ −∇INJ −∇JNI) , (3.3)

is the extrinsic curvature of slices of constant t, K is its trace, and R and G are the Ricci

scalar and the determinant of the spatial metric, respectively. Indices are raised and lowered

with GIJ and GIJ , and ∇I is the covariant derivative with respect to the spatial metric.

In addition to the cosmological constant Λ and the gravitational constant GH (which

has length dimension 2), there are three new coupling constants (α, β, λ) allowed by the

less restrictive symmetries of Hořava gravity. These dimensionless constants must satisfy

β > −1, 0 ≤ α ≤ 2(1 + β), and λ ≥ 0 or λ ≤ −2/3, so that gravitons have positive speeds

squared [58].

In comparison with the full spacetime diffeomorphism invariance of GR, Hořava gravity

is only invariant under the diffeomorphisms that preserve the foliation by slices of constant

t. These are the spatial diffeomorphisms xI → x̃I(t, xJ) and reparametrizations of the

global time t → t̃(t). In particular, spatially dependent time diffeomorphisms are not

symmetries of Hořava gravity.

3.1 Hořava black brane solution

For the case α = 0, and with cosmological constant Λ = −3, there is an asymptotically

AdS black brane solution to Hořava gravity [35] with

GIJ =


1

r2(1− r3
r3
h

)2
0 0

0 1
r2

0

0 0 1
r2

 , N =
1

r

(
1− r3

r3h

)
, NI =

 r

r3h

√
1 + β(

1− r3

r3h

) , 0, 0
 . (3.4)

We have chosen the AdS radius L = 1, and used a radial coordinate r which has an

asymptotic boundary at r = 0. This is a solution for values of λ and β consistent with the

aforementioned constraints, and is smoothly connected to the numerical solutions of [35].

We have checked (to leading order in α) that, when α 6= 0, this solution has smooth

corrections. The corresponding spacetime metric (3.1) of this solution is asymptotically

AdS, and the boundary metric has a “null speed” of 1. This is a choice of units, and all

speeds in the formulae that follow are in units of this null speed.

The black brane solution (3.4) has a “universal horizon” at r = rh, where N , the

normal distance between slices of constant t, vanishes [36–40]. In Hořava gravity, causal

signals propagate only forward in global time t. The leaves of the asymptotic temporal

foliation that cover the boundary do not penetrate beyond r = rh, where N vanishes.

Therefore, events at r > rh can only signal to larger r, and can have no causal influence

on those at r ≤ rh. This causal event horizon traps modes of any speed, and is interpreted

as the thermodynamic horizon of the solution [35].

The Killing horizon of the solution is at rk ≡ rh/(1 +
√

1 + β)1/3. Its physical signif-

icance is that it is the trapped surface for modes of unit speed.4 While the null speed of

4The locations of the various trapped surfaces, or sound horizons, for different speeds can be determined

by examining the Killing horizon of an effective metric, as will be explicitly demonstrated in section 5.
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Figure 1. An illustration of the horizons of the Hořava black brane. The Killing horizon rk, sound

horizon of the spin-2 graviton rs, and the universal horizon rh, are trapped surfaces for waves with

speed s = 1, s2 =
√

1 + β and s0 →∞, respectively. Depending on the value of β, the spin-2 sound

horizon rs can be inside or outside of the Killing horizon rk.

the asymptotic metric at the boundary is 1, this is not the speed at which excitations of

generic fields travel in Hořava gravity. In contrast to GR, Hořava gravity has more than one

graviton. By examining the linearized field equations about the flat background GIJ = δIJ ,

NI = 0, and N = 1, one finds a spin-2 graviton and an additional spin-0 graviton. The

speeds squared of these modes are

s22 = 1 + β, s20 =
λ(1 + β)

α(3λ+ 2)
(2 (1 + β)− α) , (3.5)

respectively [58]. Our background (3.4) also supports multiple gravitons, and we will see

shortly that the most important of these, for our purposes, travels at speed s2. This is

generically finite and therefore has a sound horizon (the trapped surface for modes of this

speed) at a radius rs, outside the universal horizon. When α = 0, s0 → ∞, and a mode

of this speed has a sound horizon which coincides with the universal horizon. A schematic

location of the various horizons is shown in figure 1.

3.2 Black brane excitations

To determine the linear response of the conserved momentum density πx of our purported

dual theory, we will study linearized excitations of the shift δNx(t, r, y) around the black

brane solution. We will shortly outline in more detail the holographic dictionary that we use

to explicitly identify the sources. δNx(t, r, y) couples to both δGyx(t, r, y) and δGrx(t, r, y).

After choosing the gauge δGrx = 0 by making a radial diffeomorphism, the equations of

motion for these linearized excitations are

k
√

1 + βr3hr
3 (ωg(r) + kn(r)) + i(r3 − r3h)

(
(1 + β)k(2r3 − r3h)g′(r)− ωr3hn′(r)

)
= 0,

kr6hr (ωg(r) + kn(r)) + (r3 − r3h)
(
ik
√

1 + βr4g′(r)− (r3 − r3h)(−2n′(r) + rn′′(r))
)

= 0,

ir3hr
(√

1 + β(2r5 + r3hr
2) + iωr6h

)
(ωg(r) + kn(r))

+2(r3 − r3h)
(

(1 + β)(r6 − r6h)− iω
√

1 + βr3hr
4
)
g′(r)

+r(r3 − r3h)
(
−ik

√
1 + βr3hr

3n′(r) + (1 + β)(2r6 − 3r3hr
3 + r6h)g′′(r)

)
= 0,

(3.6)
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where we have performed a Fourier transform with respect to the global time t and the

spatial direction y

δGyx(t, r, y) ≡
∫
dωdke−iωt+iky

g(r)

r2
, δNx(t, r, y) ≡

∫
dωdke−iωt+iky

n(r)

r2
. (3.7)

We leave it implicit that g and n both depend upon ω and k.

Only one of the two second order equations of motion is linearly independent (because

of the residual diffeomorphism invariance after our gauge choice δGrx = 0), and we can

make this manifest by working directly with the variable

ψ(r) ≡ 1

r2
(ωg(r) + kn(r)) . (3.8)

This field is invariant under the gauge freedom and obeys the second order equation[
q4z2(−2 + z3)2(−1 + z3) + 2ν2

[
−2ν2z2 − iνz4(−5 + z3) + (−2 + z3)2(1 + 2z3)

]
+ q2

[
ν2z2(8− 8z3 + z6)− 2(2− 3z3 + z6)2 + iνz4(−10 + 6z3 + z6)

] ]
ψ(z)

+ z(−2 + z3)
[
2q2(−1 + z3)(2 + z3(−3− iνz + z3))

+ ν2(4 + z3(−12− 2iνz + 5z3))
]
ψ′(z)

+ z2(−2 + z3)2(−1 + z3)
[
ν2 + q2(−1 + z3)

]
ψ′′(z) = 0, (3.9)

where we have defined a rescaled radial coordinate z, frequency ν and wavenumber q as

z ≡ 21/3r

rh
, q ≡ rh

21/3
k, ν ≡ rh

21/3
√

1 + β
ω. (3.10)

This rescaling manifestly removes β from the equation of motion, as it entered only in

the combination with ω that we have defined as ν. The rescaled radial coordinateordinate

is convenient as it has the sound horizon rs = rh/2
1/3 for the spin-2 perturbation at

z = 1. The universal horizon is at z = 21/3 in these coordinates. Note that the linear

response dynamics in this sector are completely independent of the coupling constant λ of

Hořava gravity.

3.3 Holographic dictionary

To extract the linear response correlators of the dual field theory, we will follow a similar

procedure as in the relativistic case, e.g. [2, 43]. Firstly, we must solve the differential

equation (3.9) subject to two boundary conditions. Our first boundary condition is to

fix the overall normalization of the solution by demanding that g(z = 0) = g0(ω, k) and

n(z = 0) = n0(ω, k), with g0 and n0 holographic sources for the dual field theory operators.

To identify the sources in Hořava gravity, we will use a refined holographic dictionary

first presented in [27, 28]. This was originally motivated by the understanding of non-

relativistic symmetry groups of [24, 59], and now has a more rigorous formulation in terms

of the Newton-Cartan geometry of [30, 32]. The relation to Newton-Cartan geometry is
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most clearly illustrated by comparing the large c→∞ limits of [28] and [41]. In [41], the

most general spacetime metric is written as

gXY ≡ −nXnY + hXY , (3.11)

which is satisfied by the ADM decomposition (3.1) for5

nX = (−N, 0), hXY =

(
NKNK NJ

NI GIJ

)
. (3.12)

In addition to this timelike vector nX and the degenerate symmetric “metric” hXY ,

Newton-Cartan geometry contains a “velocity” field vX and an “inverse metric” hXY that

are defined to obey

hXY v
Y = 0, nXv

X = 1, hXY nY = 0, hXY hY Z = δXZ − vXnZ , (3.13)

which implies that they can be expressed in terms of the ADM fields as

vX =

(
− 1

N
,
N I

N

)
, hXY =

(
0 0

0 GIJ

)
. (3.14)

We are now in position to express the sources of the field theory in terms of the boundary

values of the Hořava fields by using the definition of Newton-Cartan sources found in [32]

(see also [33]): n0 is the source for energy density,6 h̄µν is the source for the stress ten-

sor, and v̄µ is the source for momentum density. The barred notation is due to the fact

that the sources should be varied arbitrarily, while the fields vµ and hµν must obey the

constraints (3.13). The explicit relation between variations of barred sources and unbarred

fields are given in [32], but for our background they are expressed in terms of the bulk

fields as

δn0 = −rδN |r=0, δh̄ij =
1

r2
δGij |r=0, δv̄i = δN i|r=0, (3.15)

where the powers of r are needed to strip off the leading behavior of the bulk fields as we

approach the boundary at r → 0. The sources of stress Πyx and momentum density πx are

therefore

δh̄yx =
1

r2
δGyx|r=0 = r2δGyx|r=0 ∼ g0, δv̄x = δNx|r=0 = r2δNx|r=0 ∼ n0, (3.16)

respectively. This agrees with the discussion of boundary conditions at r → 0 above. In the

notation of section 2, Πyx is equal jyπx , the longitudinal component of the current associated

with the conserved charge density πx.

Now that we understand the boundary condition at r = 0, giving the normalization of

the bulk fields in terms of field theory sources, we need to apply another boundary condition

in order to solve the second order equation of motion (3.9). In the relativistic case, to

5To make this identification unambiguous, powers of c need to be reinstated in the ADM expansion,

as in [28].
6The lack of spatial components ni renders us unable to calculate the energy current.
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determine the retarded Green’s function of the dual field theory, one must impose ingoing

boundary conditions at the black brane horizon [2, 43]. Heuristically, this is because the

retarded Green’s function is the causal response function in the field theory, and causality

in the bulk implies that nothing should come out of the black hole. The situation is

more subtle in Hořava gravity; we must take care as there are multiple horizons. In

fact, the equation of motion (3.9) has singular points at both the spin-2 sound horizon

and the universal horizon. By studying the characteristic exponents near each singular

point, we find that it is only possible to impose ingoing boundary conditions at the spin-

2 horizon, which is the outermost singular point. We therefore choose this location to

impose ingoing (in global time) boundary conditions. These boundary conditions, as well

as the identification of sources, will be further justified in section 5 via a mapping to a

covariant calculation.

After imposing these boundary conditions, we will determine the dual Green’s func-

tions from the on-shell action of Hořava gravity, as in the relativistic case. This step

requires an appropriate holographic renormalization to obtain a finite answer, as will be

explained shortly.

3.4 Hydrodynamic solution of the equation of motion

The equation of motion (3.9) cannot be solved analytically in general. It can be solved

analytically in a perturbative expansion at small frequencies and wavenumbers. This is

sufficient for our purposes as we are ultimately interested in the dual Green’s function

in this hydrodynamic limit. Anticipating the existence of a diffusive excitation, we will

perform a perturbative expansion in small ε where q ∼ ε and ν ∼ ε2.
As explained above, we first impose ingoing boundary conditions at the spin-2

horizon z = 1

ψ(z) = (1− z)−2iν/3
1

z2
δψ(z), (3.17)

where δψ(z) is regular at z = 1. The extra factor of z−2 is chosen such that δψ ∼ z0 as

z → 0. To find the perturbative solutions, we expand

δψ(z) = εδψ1(z) + ε2δψ2(z) + ε3δψ3(z) + . . . , (3.18)

and solve order by order in ε, imposing regularity at the horizon of δψ(z = 1) at each order.

At leading order in the small ε hydrodynamic expansion, the solution is

δψ1(z) = C1 + C2z
3. (3.19)

We can identify these constants in terms of the near-boundary expansions of the funda-

mental fields

g(r → 0) = g0(ε) + g1(ε)r + g2(ε)r
2 + g3(ε)r

3 + . . . , (3.20)

n(r → 0) = n0(ε) + n1(ε)r + n2(ε)r
2 + n3(ε)r

3 + . . . , (3.21)

using the definition (3.8). Note that while the normalization of these fields is given by the

sources g0 and n0, and that g1, g2, n1, and n2 are determined in terms of these sources by
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the near boundary equations of motion, g3 and n3 are unfixed by near boundary analysis,

and are related to the expectation values of the fields dual to g and n. Comparing the

expansion (3.20) to the leading order hydrodynamic solution yields

δψ1(z) =
2q

r3h
n0(0) + qn3(0)z3. (3.22)

Moving to the first subleading order in the perturbative expansion, δψ2 obeys the

same equation of motion as δψ1. Identifying the constants in terms of the near-boundary

expansions of the fundamental fields, we find that

δψ2(z) =
2

r3h

(√
1 + βνg0(0) + qn′0(0)

)
+ z3

(√
1 + βνg3(0) + qn′3(0)

)
. (3.23)

Recall that in addition to the second order equation we are solving for ψ, there is also a

first-order constraint equation (3.6) for g and n. This constraint equation places further

restrictions on the allowed near-boundary expansions (3.20). In particular it requires that

g3(0) = 0, g′3(0) = −ν
q

1√
1 + β

n3(0). (3.24)

To determine the Green’s functions to leading order, we do not need to explicitly solve

the equations of motion at higher order in ε. However, we do need to identify the subleading

coefficients n3(0) and n′3(0) in terms of the boundary values of the fields. To do this, it is

sufficient to expand the O(ε3) and O(ε4) equations of motion around z = 1, and demand

regularity of δψ3(z) and δψ4(z) here. This results in

n3(0) =
2q2n0(0)

r3h(3iν − q2)
, n′3(0) =

2
√

1 + βqνg0(0) + 2q2n′0(0)

r3h(3iν − q2)
. (3.25)

3.5 Holographic renormalization and hydrodynamic Green’s functions

The final step in our calculation of the retarded Green’s functions in the hydrodynamic

limit is to evaluate the on-shell gravitational action at the boundary r → 0. As in the usual

relativistic case, we must supplement the action (3.2) with two kinds of terms to obtain

the correct answer. Firstly, we have to add a Gibbons-Hawking-like boundary term such

that the variation problem is well-defined. As shown in [35], the Hořava-Gibbons-Hawking

term only contributes to time-like boundaries, such as the asymptotic boundary r = 0 in

the current case. It can be written as:

SHGH =
1 + β

8πGH

∫
dtdxdyN

√
H
(
2K
) ∣∣

boundaries
, (3.26)

where H is the determinant of Hij (the induced spatial metric of the boundary), and 2K
is the trace of its extrinsic curvature, as embedded in the bulk slices of constant t. Note

that 2K = ∇IsI where sI is the unit spatial vector normal to surfaces of constant r.
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Secondly, we must renormalize the boundary action so that it is finite. To do this, we

supplement the action with counterterms of boundary geometric objects that are invariant

under foliation-preserving diffeomorphisms (the symmetries of the theory). A finite answer

is obtained by including the following two counterterms

SHCT,1 =
1 + β

4πGH

∫
dtdxdyN

√
H, (3.27)

SHCT,2 =
1

16πGH

∫
dtdxdyN

√
H
(
2Kij

2Kij
)
, (3.28)

where 2Kij is the extrinsic curvature of the slices of constant t, as embedded in the bound-

ary spacetime.

The result of including all of these terms is that the on-shell quadratic action is now

manifestly finite, and is of the form

SH,Total2

∣∣∣
on-shell

=

∫
dωdk

[
g0(−ω,−k)Ggg(ω, k)g0(ω, k) + g0(−ω,−k)Ggn(ω, k)n0(ω, k)

+ n0(−ω,−k)Gng(ω, k)g0(ω, k) + n0(−ω,−k)Gnn(ω, k)n0(ω, k)
]
, (3.29)

where we have explicitly reinstated the dependence upon ω and k. Equipped with the on-

shell action, we now determine the retarded Green’s functions of the operators πx and jyπx
using the standard relativistic prescription. This prescription is that the retarded Green’s

functions GAB(ω, k) are given by

GAB(ω, k) = 2GϕAϕB (ω, k), (3.30)

where ϕA is dual to the operator A. We identified the fields dual to πx and jyπx (Πyx)

in (3.16) as n and g, respectively. One can roughly think of (3.30) as varying a generating

functional, provided by the on-shell gravity action, with respect to the sources n0 and g0.

3.6 Transport coefficients and susceptibilities

Using the solution of the linearized equation of motion in the small ω and k limit, and the

prescription (3.30), the hydrodynamic retarded Green’s functions of the operators in the

dual field theory are (up to contact terms independent of ω and k)

Gπx,πx(ω, k) =

√
1 + β k2

8πGH21/3r2h

(
iω −

√
1+βrhk2

21/33

) , (3.31)

Gjxπy ,πx(ω, k) =

√
1 + β kω

8πGH21/3r2h

(
iω −

√
1+βrhk2

21/33

) , (3.32)

Gπx,jxπy (ω, k) = Gjxπy ,πx(ω, k), (3.33)

Gjxπy ,jxπy (ω, k) =

√
1 + β ω2

8πGH21/3r2h

(
iω −

√
1+βrhk2

21/33

) . (3.34)

These Green’s functions have the characteristic form associated with diffusive trans-

port, in agreement with that expected based upon hydrodynamic considerations. The
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hydrodynamic Green’s functions (2.7) and (2.9) have two free parameters that are deter-

mined by microscopic details of the specific theory: the momentum susceptibility χπ and

the momentum diffusion constant Dπ. For the field theory purportedly dual to our solution

of Hořava gravity, these take the values

χπ =
3

8πGH
r−3h , Dπ =

√
1 + β

3 · 21/3
rh. (3.35)

Our Green’s functions obey the Einstein relation (2.10) and thus the field theory viscosity

(or conductivity of transverse momentum) is

η =

√
1 + β

8πGH · 21/3
r−2h . (3.36)

The diffusion constant agrees with the expression (1.1) given in the introduction.

The Hořava black brane solution (3.4) obeys a first law-like relation [35]

dε = Tds, (3.37)

where ε is the ADM energy density of the solution, and the entropy density s and temper-

ature T are properties of the universal horizon

ε =
1 + β

4πGHr3h
, s =

√
1 + β

4GHr2h
, T =

3
√

1 + β

2πrh
. (3.38)

In terms of these thermodynamic quantities, the momentum susceptibility is

χπ =
3ε

2 (1 + β)
=
ε+ p

1 + β
, (3.39)

where we have identified the pressure p = ε/2 due to the z = 1 scaling symmetry. Recall

that χπ should have units of mass density. The expression (3.39) is telling us that the

relevant speed for turning the energy density into a mass density is in fact s2 =
√

1 + β,

rather than the null speed of the boundary metric.

In the units ~ = kB = 1 that we are using, diffusion constants have dimensions of

speed2/energy. Expressing the diffusion constant (3.35) in terms of T , the natural measure

of energy of the fluid, we find

Dπ =
1 + β

24/3πT
, (3.40)

where it is again apparent that s2 =
√

1 + β is the natural speed of the system.

The ratio of viscosity to entropy density of the system takes the β-independent value

η

s
=

22/3

4π
. (3.41)

This result was conjectured in [42], based upon a perturbative calculation to leading order

in β, and we have provided an explicit verification of it. In light of the evidence above that

β appears only when multiplying the null speed of the asymptotic metric, it is perhaps
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not surprising that η/s is β-independent, as this is a dimensionless quantity (in the units

~ = kB = 1).

Finally, we note that there is no continuity with the GR results in the β → 0 limit

when we express quantities in terms of thermodynamic variables. In this limit, the universal

horizon of the Hořava solution, which determines the thermodynamic quantities, does not

coincide with the spin-2 sound horizon, which determines, for example, η. In GR, the

thermodynamic and sound horizons coincide.

4 Charge transport from a Hořava black brane

We will now address the transport of a conserved U(1) charge in the field theory. Holo-

graphically, the situation is identical to the relativistic case, e.g. [2]. The source of a U(1)

charge and current is a U(1) background potential. These field theory sources are simply

dual to the leading near-boundary term (which is ∼ r0 for our black brane) of a bulk

U(1) gauge potential: the bulk gauge transformations that preserve the radial gauge choice

Ar = 0 act on the boundary values exactly as they should for a field theory potential

source. The subleading near-boundary term (in this case ∼ r1) of the bulk U(1) gauge

potential encodes the expectation values of the conserved U(1) charge and current.

A U(1) gauge potential is comprised of two parts: a spatial vector potential AI , and

a scalar potential Φ. These transform as AI → AI − ∂Iλ and Φ → Φ − ∂tλ under U(1)

gauge transformations, where λ is the spacetime dependent gauge parameter. In GR

these two potentials combine to form a spacetime vector, but under the less restrictive

symmetries of Hořava gravity they are separately well-defined geometric objects. The

minimal gauge invariant action of these U(1) potentials which is invariant under foliation

preserving diffeomorphisms is

SHEM = − 1

4µ0

∫
d4xN

√
G

(
F IJFIJ −

2

c2N2

(
EI − FJINJ

) (
EI − F JINJ

))
, (4.1)

where the magnetic and electric field strengths are FIJ ≡ ∂IAJ − ∂JAI and EI ≡ −∂IΦ +

∂tAI , respectively; c is the speed of electromagnetic waves; and µ0 is the vacuum perme-

ability, which gives the overall normalization of the action. From the point of view of the

action (4.1), the speed c is a coupling constant.

The combined action of (3.2) and (4.1) still has the black brane solution (3.4), with

AI = 0 and Φ = 0. This is an uncharged black brane and, via the dictionary just outlined,

this corresponds to a field theory state with zero density of the global U(1) charge. We

will concentrate on longitudinal perturbations of the gauge potential. These are dual to

charge density and longitudinal current density perturbations of the field theory. It is

these operators which should exhibit interesting physics in the hydrodynamic limit, as we

outlined in section 2.

The equations of motion for the longitudinal linear fluctuations

δAy(r, t, y) ≡
∫
dωdke−iωt+ikya(r), δΦ(r, t, y) ≡

∫
dωdke−iωt+ikyφ(r), (4.2)
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are

k2φ(r) + kωa(r)−
(

1− r3

r3h

)[
ik
√

1 + βr3

r3h
a′(r) +

(
1− r3

r3h

)
φ′′(r)

]
= 0,

k
(
ωr3h − 3i

√
1 + βr2

)
φ(r) + ω

(
ωr3h − 3i

√
1 + βr2

)
a(r)

−
(

1− r3

r3h

)[
2r2
(

3c2 + iω
√

1 + βr + 3(1 + β − 2c2)
r3

r3h
− 3(1 + β − c2)r

6

r6h

)
a′(r)

+ ik
√

1 + βr3φ′(r) + (r3h − r3)
(
−c2 + 2c2

r3

r3h
+ (1 + β − c2)r

6

r6h

)
a′′(r)

]
= 0,

k2
√

1 + βr3φ(r) + kω
√

1 + βr3a(r)

−i(r3h − r3)
[
k

(
−c2 + 2c2

r3

r3h
+ (1 + β − c2)r

6

r6h

)
a′(r)− ωφ′(r)

]
= 0,

(4.3)

where we have not explicitly written that both a(r) and φ(r) are also functions of ω and k,

and we have chosen a gauge where δAr = 0. Of the two second order equations of motion,

only one is linearly independent. This is due to the residual U(1) gauge symmetry and can

be made manifest by working with the gauge invariant field

e(r) ≡ ωa(r) + kφ(r). (4.4)

This is a multiple of the electric field component Ey, and obeys the second order equation

of motion[
ω(r9hω

2(ωr3h − 3i
√

1 + βr2) + k2(1 + β)r6(ωr6h + 3i
√

1 + βr2(r3h − 2r3)))

+ c4k4(r3h−r3)4 − c2k2(r3h − r3)2(ω(2r6hω − 3i
√

1 + βr2(r3h + 2r3)) + k2(1 + β)r6)
]
e(r)

+ 2ir2(r3h − r3)ω
[
−
√

1 + βr(ω(r6hω − 3i
√

1 + βr2(r3h − r3)) + k2(1 + β)r6)

+ c2(r3h − r3)2(3iω + k2
√

1 + βr)
]
e′(r)

+

(
1− r

3

r3h

)2 (
c2(r3h − r3)2 − (1 + β)r6

) (
ω2r6h − c2k2(r3h − r3)2 + (1 + β)k2r6

)
e′′(r) = 0.

(4.5)

To obtain the correlators of the dual field theory operators, we will follow a similar

procedure as in the previous section. The equation of motion (4.5) has singular points both

at the universal horizon r = rh as well as at r = r∗ where

r∗ =
rh(

1 +
√
1+β
c

)1/3 . (4.6)

The latter of these is the sound horizon for excitations of speed c. Following our logic

in the previous section, we expect this to be the relevant horizon for the linear response

calculation. Indeed, this is the only singular point of the equation of motion at which
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ingoing boundary conditions may be imposed, and is also the outermost singular point.

After imposing ingoing boundary conditions at r∗, we expand the remaining part of the

solution, which is regular at r = r∗, in a small ε hydrodynamic expansion

e(r) =

(
1− r

r∗

)− iωr3h
3
√
1+βr2∗ (

εe1(r) + ε2e2(r) +O(ε3)
)
, (4.7)

where ω ∼ ε2 and k ∼ ε, as before.

In terms of the near-boundary expansions of the original fields

φ(r → 0) = φ0(ε) + φ1(ε)r + φ2(ε)r
2 + φ3(ε)r

3 + . . . , (4.8)

a(r → 0) = a0(ε) + a1(ε)r + a2(ε)r
2 + a3(ε)r

3 + . . . , (4.9)

the lowest order solutions are

e1 = kφ0(0) + rkφ1(0), (4.10)

e2 =
[
ωa0(0) + kφ′0(0)

]
+
[
ωa1(0) + kφ′1(0)

]
r. (4.11)

Solving the constraint equation near the boundary imposes that

a1(0) = 0, a′1(0) = − ω

c2k
φ1(0). (4.12)

And finally, demanding regularity of e3 and e4 at the sound horizon fixes

φ1(0) =
ck2

−cr∗k2 + iω
φ0(0), φ′1(0) =

ck

−cr∗k2 + iω

(
kφ′0(0) + ωa0(0)

)
. (4.13)

To determine the Green’s functions of the dual operators ρ and jyρ , we again need to

evaluate the action on this solution. Unlike in the previous section, we do not need to add

any boundary terms or counterterms to the bulk action (4.1). This r → 0 boundary action

is finite and has the form

SGauge
2

∣∣∣
on-shell

=

∫
dωdk

[
φ0(−ω,−k)Gφφ(ω, k)φ0(ω, k) + φ0(−ω,−k)Gφa(ω, k)a0(ω, k)

+ a0(−ω,−k)Gaφ(ω, k)φ0(ω, k)+a0(−ω,−k)Gaa(ω, k)a0(ω, k)
]
. (4.14)

Identifying φ0 and a0 as the sources of ρ and jyρ , respectively, we use the prescrip-

tion (3.30) to obtain the Green’s functions

GRq,q(ω, k) =
k2

µ0c (iω − ck2r∗)
,

GRq,jy(ω, k) =
ωk

µ0c (iω − ck2r∗)
,

GRjy ,q(ω, k) = GRq,jy(ω, k),

GRjy ,jy(ω, k) =
ω2

µ0c (iω − ck2r∗)
, (4.15)
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in the hydrodynamic limit. These Green’s functions have the characteristic form (2.7)

and (2.9) associated with the diffusive transport of a conserved charge density. In this

case, it is the U(1) charge density.

By comparing the hydrodynamic results to our holographic results (4.15), we can

extract the following expressions for the U(1) charge susceptibility χρ and diffusion constant

Dρ in the field theory state dual to the black brane solution of Hořava gravity

χρ =
1

µ0r∗c2
=

(
1 +

√
1+β
c

)1/3
µ0rhc2

, Dρ = cr∗ =
crh(

1 +
√
1+β
c

)1/3 . (4.16)

From the Einstein relation, we can then extract the electrical conductivity

σ =
1

µ0c
. (4.17)

Note that the bulk electromagnetic wave speed c and the corresponding sound horizon ra-

dius r∗ appear naturally in these formulae. As previously advertised, the diffusion constant

obeys the relation (1.1).

As a function of the temperature, the diffusion constant depends on the speeds of both

bulk excitations

Dρ =
3c
√

1 + β(
1 +

√
1+β
c

)1/3 1

2πT
, (4.18)

while the dimensionless ratio of momentum and charge diffusion constants depends on

their ratio
Dρ

Dπ
= 3 · 21/3 c√

1 + β

(
1 +

√
1 + β

c

)−1/3
. (4.19)

When the graviton speed is equal to the speed of light (c = s2), this reduces to the

relativistic result [60].

5 Covariant formalism and field redefinitions

Until this point, we have worked solely with the formalism of Hořava gravity. To better

understand our results, and to give further justification for our choice of boundary con-

ditions and holographic renormalization counterterms, it is instructive to express Hořava

gravity in a generally covariant way in terms of Einstein-Aether theory [61–63]. This is a

theory of a spacetime metric coupled to a dynamical, timelike ‘aether’ vector uX of unit

norm. The two-derivative action of Einstein-Aether theory is [35]

SAE =
1

16πGAE

∫
d4x
√
−g
(
R̃− 2Λ− c1

(
∇̃XuY

)(
∇̃XuY

)
− c2

(
∇̃XuX

)2
− c3∇̃XuY ∇̃Y uX + c4u

X∇̃XuY uZ∇̃ZuY
)
, (5.1)

where g is the determinant of the full spacetime metric gXY , ∇̃ is its covariant derivative,

and R̃ is its Ricci scalar. This action is invariant under the full coordinate diffeomorphism
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symmetry of general relativity. For a hypersurface orthogonal uX (like that arising in

Hořava gravity), not all aether terms in the action are linearly independent, and one of

them may be set to zero without loss of generality [37]. We choose to set c1=0.

To map onto Hořava gravity, one performs partial gauge fixing by choosing the time

coordinate such that uX = −NδtX . This is possible when uX is hypersurface orthogonal.

The action (5.1) is then equal to the Hořava action, as long as the spacetime metric is

decomposed in the ADM form (3.1). The coupling constants in each action are related in

the following way

GH
GAE

= 1 + β =
1

1− c3
, 1 + λ =

1 + c2
1− c3

, α =
c4

1− c3
. (5.2)

We have been studying the α = 0 sector of Hořava gravity, which corresponds to c4 = 0.

5.1 Momentum transport

We will now exploit this mapping to relate our Hořava gravity calculations to a more

conventional holographic calculation: linear perturbations around the Schwarzschild-AdS4

black brane solution of the Einstein-Hilbert action with a cosmological constant. The

metric of this solution is

ds̃2 = −
(1 + β)

(
1− r3/r3s

)
r2

dt̃2 +
dr2

r2 (1− r3/r3s)
+

1

r2
d~x2, (5.3)

where we have chosen the null speed of the boundary metric at r = 0 to be
√

1 + β. The

black brane Killing horizon is at r = rs. For reasons that will shortly become clear, we

emphasize that this is as a solution to Einstein-Aether theory with c1 = c2 = c3 = c4 = 0,

and with aether vector given by

ũt = −
√

1 + β
1

r

(
1− r3

2r3s

)
, ũr = − r2

2r3s

1(
1− r3

r3s

) . (5.4)

By a temporal diffeomorphism, we may transform this Schwarzschild black brane into the

unfamiliar form

dŝ2 = −(1 + β)(r3s − r3)
r2r3s

dt̂2 + 2

√
1 + βr

2r3s − r3
drdt̂+

4r6s
r2(2r3s − r3)2

dr2 +
1

r2
d~x2, (5.5)

with

ût = −
√

1 + β
1

r

(
1− r3

2r3s

)
, ûr = 0. (5.6)

We now perform a non-trivial field redefinition

gXY ≡ ĝXY +
(σ − 1)

σ
ûX ûY , uX ≡ ûX/

√
σ, (5.7)

on the metric and the aether field, where we have chosen the constant σ = s22 = 1 + β.

After this field redefinition, the solution takes the form

ds2 =

[
− 1

r2

(
1− 2r3

r3h

)
+
βr4

r4h

]
dt2 + 2

√
1 + βr

r3h − r3
drdt+

r6h
r2(r3h − r3)2

dr2 +
1

r2
d~x2, (5.8)

ut = −1

r

(
1− r3

r3h

)
, (5.9)

where we have relabelled rh = 21/3rs.
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This solution is identical to the Einstein-Aether formulation of our Hořava gravity

solution (3.4). This is not a coincidence. Under the field redefinitions (5.7), the Einstein-

Aether action maps to itself, but with GAE → GAE/
√
σ and with different values of the

coupling constants ci [64]. As we began with all ci = 0, the resulting action has non-zero

c2 = −c3 and c1 = c4 = 0, taking into account hypersurface orthogonality. Translating this

hypersurface orthogonal Einstein-Aether theory to Hořava gravity using (5.2), we conclude

that the net effect of these coordinate transformations and field redefinitions is to convert

the GR action into the Hořava gravity action with β 6= 0, λ = α = 0.

This explains why the series of coordinate transformations and field redefinitions we

explicitly performed above turns the Schwarzschild-AdS solution into our Hořava gravity

solution. General solutions of the Hořava action with (α, λ) 6= 0 cannot be mapped to GR

solutions, but since the Hořava solution has α = 0 and is independent of λ, we can set

λ = 0 and utilize the mapping above.

The mapping is much more powerful than this. Not only is our background solution of

Hořava gravity independent of λ, but the equations of motion for linearized perturbations of

the transverse gravitons around this state are also independent of λ. This implies that, after

suitable field redefinitions and coordinate transformations, the GR equations of motion for

linearized transverse perturbations around the Schwarzschild-AdS solution are equivalent

to the linearized Hořava equations of motion (3.6) around the solution (3.4). To be ex-

plicit, they are identical after identifying δhXY , the perturbations of the Schwarzschild-AdS

spacetime (5.3), with

δhyx = δGyx,

δht̃x = δNx,

δhrx = δGrx +
r3r3s√

1 + β (r3s − r3) (2r3s − r3)
δNx,

(5.10)

and then replacing
∂

∂t̃
→ ∂

∂t
,

∂

∂r
→ ∂

∂r
+

r3r3s√
1 + β (r3s − r3) (2r3s − r3)

∂

∂t
.

(5.11)

As the Schwarzschild-AdS calculation is very well-understood, we can use this equiv-

alence to shed light on the results, and the calculational details, of our Hořava gravity

computations in section 3. Firstly, we note that the black brane Killing horizon of the

Schwarzschild solution maps to the spin-2 sound horizon rs of the Hořava gravity solution.

Therefore, our imposition of ingoing boundary conditions at this sound horizon in the

Hořava formulation of the calculation is equivalent to imposing them at the Killing hori-

zon of the Schwarzschild metric. Secondly, the counter-terms (3.28) we added to obtain a

finite on-shell Hořava action are equivalent to those of the relativistic case [65] after the

appropriate transformations. These give justification for our choice of boundary conditions

and counter-terms in the Hořava formulation of the problem.

Under the mapping described above, the coefficients n0, n3, g0, g3 in the near-boundary

expansions (3.20) of the Hořava gravity fields map in a trivial way to the corresponding co-
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efficients of the near-boundary expansions of the fields δhxt, δhxy in the Schwarzschild-AdS

calculation. There should therefore be a close relationship between the Green’s functions

obtained from Hořava gravity and those obtained from the Schwarzschild-AdS black brane

in [60]. The Green’s functions obtained from the Hořava calculation should be those of the

relativistic case, in which the black brane Killing horizon radius is replaced by the spin-2

sound horizon radius, and the relativistic speed of light is replaced by the spin-2 speed

s2 =
√

1 + β. The latter of these conditions is because, after the mapping, the asymptotic

null speed of the Schwarzschild-AdS solution (5.3) is given by
√

1 + β. This is precisely

what we found in section 3.6.

Finally, we note that we are not aware of any way of mapping thermodynamic quan-

tities using this procedure. Although the Schwarzschild-AdS black brane Killing horizon

maps to the spin-2 horizon of the Hořava gravity solution, this is not the causal horizon of

the theory, as there may be excitations that travel at speeds greater than s2. This means

that there is no direct way of mapping thermodynamic quantities associated with the hori-

zon, such as the entropy and temperature, between the solutions. A covariant expression of

the location of the causal horizon in Einstein-Aether theory is given by uXχ
X = 0, where

χX is the asymptotic time-like Killing vector. The universal horizon is at r = rh for both

gXY and ĝXY above [38–40].

5.2 Charge transport

It is also possible to recast our calculation of charge diffusion in section 4 in terms of a

covariant Einstein-Aether theory. The electromagnetic action (4.1) can be written in the

Einstein-Aether formalism as [66]

SEAM = − 1

4µ0

∫
d4x
√
−g
(
FXY F

XY − κuXFXY uZFZY
)
, (5.12)

where FXY = ∇̃XAY −∇̃YAX . In terms of the coupling constants used in (5.12), the speed

of electromagnetic waves is

c2 =
2

2 + κ
. (5.13)

The action (5.12) differs from the usual covariant Maxwell action due to the second term

proportional to κ. We can again take advantage of field redefinitions and coordinate trans-

formations to make this situation more intuitive. Under the field redefinitions (where σ is

a constant)

ĝAB = gAB − (σ − 1)uAuB, ûA = uA
√
σ, F̂AB = FAB, (5.14)

the action (5.12) transforms to itself, but with different values of the coupling constants κ

and µ0. This field redefinition is the inverse of that in (5.7).

By choosing σ to be the speed of light squared

σ = c2, (5.15)
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the new metric of the black brane solution is

dŝ2 = −
c2
(

1−2 r
3

r3h
+
(

1− 1+β
c2

)
r6

r6h

)
r2

dt̂2 +
2r
√

1 + β

r3h − r3
dt̂dr +

1

r2
d~x2 +

dr2

r2
(

1− r3

r3h

)2 , (5.16)

which can be brought into the nicer diagonal form

ds̃2 = −c
2f(r)

r2
dt̃2 +

1

r2
d~x2 +

dr2

r2f(r)
,

f(r) = 1− 2
r3

r3h
+

(
1− 1 + β

c2

)
r6

r6h
,

(5.17)

with a radially dependent temporal diffeomorphism. This new metric is an “effective

metric” for the electromagnetic modes, meaning that the sound horizon for modes of speed

c in the Hořava theory is now a Killing horizon.7 The null speed in the asymptotic region

of the new metric is c. Although this is not the Schwarzschild-AdS solution, it gives an

intuitive reason for why it is the speed of light c and the sound horizon r∗ for light, rather

than the null speed of the asymptotic metric and the universal horizon, which appear

naturally in the Hořava results (4.15). In the limit c2 = 1+β, i.e. when the spin-2 graviton

and light both move at the same speed, this reduces to the Schwarzschild-AdS solution.

After the field redefinition, the new coupling constants in the action are

µ̂0 = cµ0, κ̂ =
2

c4
(
1− c4

)
, (5.18)

and so the action of the redefined fields is still not the Maxwell action.

5.3 Sound waves when λ = 0

Finally, we will comment briefly on longitudinal linearized perturbations around our Hořava

solution. This will tell us, amongst other things, about the longitudinal transport of

momentum in the dual field theory. There is one limit in which these transport properties

are relatively simple to deduce.

In section 5.1, we described how to relate our λ = 0 Hořava equations of motion to

those of perturbations around the Schwarzschild-AdS solution of GR. For the transverse

linearized perturbations of Hořava gravity, the equations of motion are independent of λ

and thus we could perform this mapping for any λ. The longitudinal perturbation equations

are λ-dependent and so generically we cannot use this mapping. However, in the special

case of λ = 0, we can perform the mapping without any problems. Explicitly, the equations

of motion for perturbations δhXY of the Schwarzschild-AdS metric (5.3) are transformed

7For c3 = (1 − c2 + β)/(1 + β) and adequate ut and ur, equation (5.17) is a solution. It would be

intersting to investigate this solution further.
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into the Hořava equations by identifying

δht̃t̃ = −2 (1 + β)NδN −
(
Nr

Grr

)2

δGrr +
2Nr

Grr
δNr,

δhxx = δGxx,

δhyy = δGyy,

δhrr = δGrr + 2F (r)δNr + F (r)2

(
−2 (1 + β)NδN −

(
Nr

Grr

)2

δGrr +
2Nr

Grr
δNr

)
,

δhrt̃ = δNr + F (r)

(
−2 (1 + β)NδN −

(
Nr

Grr

)2

δGrr +
2Nr

Grr
δNr

)
,

δhyt̃ = δNy,

δhyr = δGyr + F (r)δNy,

(5.19)

where

F (r) =
r3r3s√
1 + β

1

(r3s − r3) (2r3s − r3)
, (5.20)

followed by the replacement (5.11). We have not written either set of longitudinal equations

explicitly as they are very lengthy.

As the near-boundary expansions of each field map in a trivial way, we can painlessly

determine the longitudinal, hydrodynamic quasi-normal modes of the Hořava solution (3.4),

where we define a quasi-normal mode as a solution that is ingoing at the sound horizon

and whose leading term vanishes at the asymptotic boundary. By replacing the Killing

horizon radius with the spin-2 horizon radius, and the asymptotic null speed with
√

1 + β,

in the Schwarzschild-AdS results [67], we find the dispersion relations

ω = ±
√

1 + β

2
k − i

√
1 + β rs

6
k2. (5.21)

These are the dispersion relations of the sound waves in the field theory dual of Hořava

gravity with α = λ = 0. Once again, we note that the speed and the attenuation coefficient

are most naturally expressed in terms of the speed of the spin-2 graviton, rather than

the null speed of the boundary metric. The attenuation coefficient may be rewritten as

Γ = (1 + β)η/2sT = Dπ/2 [67]. In the more general case of λ 6= 0 we expect the situation

to be more complicated, as there will be another graviton excitation.

In [42], the dual hydrodynamics of the solution (3.4) was studied (perturbatively in β)

within Einstein-Aether theory and found to be consistent with relativistic hydrodynamics

to first order in the derivative expansion. In our Horava theory calculation, this is only the

case when λ = 0. This apparent discrepancy is because the boosted solutions of [42] are

not solutions of Horava gravity in a global time.

6 Discussion

We have used the non-relativistic holographic duality conjectured in [27, 28], and reinforced

in the language of [30, 32], to study the collective transport properties of a field theory

dual to a black brane solution of Hořava gravity. In agreement with the general principles
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of hydrodynamics outlined in section 2, we have shown that both charge and transverse

momentum diffuse, and calculated the diffusion constants and conductivities associated

with these processes, in equations (3.35), (3.36), (4.16) and (4.17). The ratio (3.41) of

entropy density to viscosity is independent of β and is increased by a factor of 22/3 compared

to the relativistic case, in agreement with the conjecture of [42]. Geometrically, this factor

stems from the fact that the thermodynamic horizon does not coincide with the relevant

trapped surface, i.e. the spin-2 sound horizon. From the point of view of the gravitational

theory, we have derived new results for the hydrodynamic quasi-normal modes of the

solution (3.4) of Hořava gravity.

We have outlined how the canonical method for determining linear response properties

from a dual theory of relativistic gravity should be modified for the non-relativistic case

of Hořava gravity. The major difference is that, in Hořava gravity, different excitations

(e.g. different gravitons, the photon) have different speeds, and these speeds are different

from the null speed of the asymptotic metric. In GR, Lorentz invariance fixes these speeds

to all be the same. In Hořava gravity, these different excitations each have their own

independent sound horizon, which specifies the region from which the excitation cannot

escape. In principle, these are independent from the universal horizon, the causal horizon

of the spacetime itself. We propose that calculation of the two point retarded Green’s

function of the dual field theory requires one to impose ingoing boundary conditions at the

sound horizon of the dual excitation.

We have focused here on the most tractable Hořava gravity calculations: the diffusive

excitations around the analytic black brane solution (3.4). These examples make it easiest

to identify the fundamental differences with the relativistic calculations of two-point func-

tions, and to identify how the canonical methods should be modified. Indeed, in some of

these cases we had the luxury of using the mapping to GR described in section 5 to check

that our proposed modifications are sensible. In general, such a simple mapping is not pos-

sible and one should then directly use the procedure we have outlined for Hořava gravity.

There is one important feature of Hořava gravity that does not affect the examples

we have studied here: the existence of new graviton excitations due to the reduced diffeo-

morphism symmetry. These appear to be present in the λ 6= 0 calculation of longitudinal

transport, leading to a complicated set of coupled equations for linearized excitations, in

contrast to the single equation when λ = 0. The most immediate extension of our work

is therefore to complete our understanding of the dynamics in the longitudinal sector, and

to identify the nature and consequences of this new degree of freedom in the field theory.

Due to the existence of this mode, we expect the hydrodynamics of the longitudinal sector

to be significantly different from that of the relativistic case.

A second important generalization of this work is to study Hořava theories with α 6= 0.

These are spacetimes whose asymptotic boundary metric has a scaling exponent z 6= 1,

which is not unusual in the low energy limit of many-body systems. Given the recent

holography-inspired success of applying hydrodynamic techniques to explain the transport

properties of relativistic many-body systems, we are hopeful that the non-relativistic gen-

eralization will be similarly useful. For example, in relativistic hydrodynamics, energy

cannot flow independently of momentum, and thus the thermoelectric conductivity matrix
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depends only on one transport coefficient [68]. This will not generically be the case for

a system without Lorentz symmetry, and it is worthwhile verifying this directly from the

dual gravitational perspective. As mentioned in the dictionary discussion of section 3.2,

the Hořava gravity theory (3.2) seems unable to encode the source of the energy current,

as there is no bulk field corresponding to the spatial components ni of the Newton-Cartan

clock vector. To restore this source and allow calculation of correlators of the energy cur-

rent will require the study of a more general form of Hořava gravity, a task explored in [30].

There is undoubtedly fruitful work to be pursued in this direction.

Although we have determined the counter-terms necessary to holographically renor-

malize the Hořava action for the diffusive channel, a complete description of the process

is still lacking, although progress was made in [58]. A reasonable guiding principle is the

analog of the GR procedure: counter-terms should be constructed out of geometrically

invariant boundary data. For Hořava gravity, this means terms invariant under foliation

preserving diffeomorphisms. In GR, by choosing radial gauge grµ = 0 the only boundary

data is the induced metric gµν |r=0; in Hořava gravity, due to the restricted symmetries,

radial gauge sets Gri = 0 for the spatial metric, but the radial component of the shift

vector Nr generically does not vanish. Therefore, in addition to the boundary data of the

induced spatial metric Gij , the induced shift vector Ni, and lapse N , the boundary value

of Nr should be included in possible counter-terms.

In the relativistic case, the calculation of the dual linear response conductivities can be

greatly simplified using ‘membrane paradigm’ techniques, that relate them to properties

of the black brane horizon [68–71]. It may be possible to generalize these techniques to

Hořava gravity, in which case we expect the properties of the sound horizon to play the

corresponding role. A more challenging task is to determine the full non-linear response of

the black brane and interpret it in terms of the non-linear hydrodynamics of a dual theory.

Some work in this direction was undertaken in [42].

Finally, it would be interesting to construct and study charged black brane solutions of

Hořava gravity. Except in the limit s2 = c = 1, It does not appear to be possible to reverse

engineer a charged solution of Hořava gravity by starting with the Reissner-Nordstrom-AdS

solution of GR and using the mappings described in section 5.

Acknowledgments

We are very grateful to Steffen Klug for his collaboration during the initial stages of this

project. We thank Christopher Eling and Jelle Hartong for useful discussions and remarks

on the draft of this paper. The work of R.A.D. is supported by the Gordon and Betty

Moore Foundation EPiQS Initiative through Grant GBMF#4306. S.G. is supported in

part by a VICI grant of the Netherlands Organisation for Scientific Research (NWO), and

by the Netherlands Organisation for Scientific Research/Ministry of Science and Education

(NWO/OCW). The work of S.J. is supported in part by NSERC of Canada. M.K. thanks

the Instituut-Lorentz and Koenraad Schaalm for hospitality during important phases of

this work.

– 25 –



J
H
E
P
1
1
(
2
0
1
6
)
1
7
0

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

[1] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity, Int. J.

Theor. Phys. 38 (1999) 1113 [hep-th/9711200] [INSPIRE].

[2] G. Policastro, D.T. Son and A.O. Starinets, From AdS/CFT correspondence to

hydrodynamics, JHEP 09 (2002) 043 [hep-th/0205052] [INSPIRE].

[3] G. Policastro, D.T. Son and A.O. Starinets, From AdS/CFT correspondence to

hydrodynamics. 2. Sound waves, JHEP 12 (2002) 054 [hep-th/0210220] [INSPIRE].

[4] S. Bhattacharyya, V.E. Hubeny, S. Minwalla and M. Rangamani, Nonlinear Fluid Dynamics

from Gravity, JHEP 02 (2008) 045 [arXiv:0712.2456] [INSPIRE].

[5] S. Grozdanov, N. Kaplis and A.O. Starinets, From strong to weak coupling in holographic

models of thermalization, JHEP 07 (2016) 151 [arXiv:1605.02173] [INSPIRE].

[6] G. Policastro, D.T. Son and A.O. Starinets, The shear viscosity of strongly coupled N = 4

supersymmetric Yang-Mills plasma, Phys. Rev. Lett. 87 (2001) 081601 [hep-th/0104066]

[INSPIRE].

[7] P. Kovtun, D.T. Son and A.O. Starinets, Viscosity in strongly interacting quantum field

theories from black hole physics, Phys. Rev. Lett. 94 (2005) 111601 [hep-th/0405231]

[INSPIRE].

[8] A. Buchel, J.T. Liu and A.O. Starinets, Coupling constant dependence of the shear viscosity

in N = 4 supersymmetric Yang-Mills theory, Nucl. Phys. B 707 (2005) 56 [hep-th/0406264]

[INSPIRE].

[9] A. Buchel, Resolving disagreement for η/s in a CFT plasma at finite coupling, Nucl. Phys. B

803 (2008) 166 [arXiv:0805.2683] [INSPIRE].

[10] R.C. Myers, M.F. Paulos and A. Sinha, Quantum corrections to η/s, Phys. Rev. D 79 (2009)

041901 [arXiv:0806.2156] [INSPIRE].

[11] P.K. Kovtun and A.O. Starinets, Quasinormal modes and holography, Phys. Rev. D 72

(2005) 086009 [hep-th/0506184] [INSPIRE].

[12] P. Benincasa and A. Buchel, Transport properties of N = 4 supersymmetric Yang-Mills

theory at finite coupling, JHEP 01 (2006) 103 [hep-th/0510041] [INSPIRE].

[13] R. Baier, P. Romatschke, D.T. Son, A.O. Starinets and M.A. Stephanov, Relativistic viscous

hydrodynamics, conformal invariance and holography, JHEP 04 (2008) 100

[arXiv:0712.2451] [INSPIRE].

[14] A. Buchel, Shear viscosity of boost invariant plasma at finite coupling, Nucl. Phys. B 802

(2008) 281 [arXiv:0801.4421] [INSPIRE].

[15] A. Buchel and M. Paulos, Relaxation time of a CFT plasma at finite coupling, Nucl. Phys. B

805 (2008) 59 [arXiv:0806.0788] [INSPIRE].

[16] A. Buchel and M. Paulos, Second order hydrodynamics of a CFT plasma from boost invariant

expansion, Nucl. Phys. B 810 (2009) 40 [arXiv:0808.1601] [INSPIRE].

– 26 –

http://creativecommons.org/licenses/by/4.0/
http://dx.doi.org/10.1023/A:1026654312961
http://dx.doi.org/10.1023/A:1026654312961
https://arxiv.org/abs/hep-th/9711200
http://inspirehep.net/search?p=find+EPRINT+hep-th/9711200
http://dx.doi.org/10.1088/1126-6708/2002/09/043
https://arxiv.org/abs/hep-th/0205052
http://inspirehep.net/search?p=find+EPRINT+hep-th/0205052
http://dx.doi.org/10.1088/1126-6708/2002/12/054
https://arxiv.org/abs/hep-th/0210220
http://inspirehep.net/search?p=find+EPRINT+hep-th/0210220
http://dx.doi.org/10.1088/1126-6708/2008/02/045
https://arxiv.org/abs/0712.2456
http://inspirehep.net/search?p=find+EPRINT+arXiv:0712.2456
http://dx.doi.org/10.1007/JHEP07(2016)151
https://arxiv.org/abs/1605.02173
http://inspirehep.net/search?p=find+EPRINT+arXiv:1605.02173
http://dx.doi.org/10.1103/PhysRevLett.87.081601
https://arxiv.org/abs/hep-th/0104066
http://inspirehep.net/search?p=find+EPRINT+hep-th/0104066
http://dx.doi.org/10.1103/PhysRevLett.94.111601
https://arxiv.org/abs/hep-th/0405231
http://inspirehep.net/search?p=find+EPRINT+hep-th/0405231
http://dx.doi.org/10.1016/j.nuclphysb.2004.11.055
https://arxiv.org/abs/hep-th/0406264
http://inspirehep.net/search?p=find+EPRINT+hep-th/0406264
http://dx.doi.org/10.1016/j.nuclphysb.2008.05.024
http://dx.doi.org/10.1016/j.nuclphysb.2008.05.024
https://arxiv.org/abs/0805.2683
http://inspirehep.net/search?p=find+EPRINT+arXiv:0805.2683
http://dx.doi.org/10.1103/PhysRevD.79.041901
http://dx.doi.org/10.1103/PhysRevD.79.041901
https://arxiv.org/abs/0806.2156
http://inspirehep.net/search?p=find+EPRINT+arXiv:0806.2156
http://dx.doi.org/10.1103/PhysRevD.72.086009
http://dx.doi.org/10.1103/PhysRevD.72.086009
https://arxiv.org/abs/hep-th/0506184
http://inspirehep.net/search?p=find+EPRINT+hep-th/0506184
http://dx.doi.org/10.1088/1126-6708/2006/01/103
https://arxiv.org/abs/hep-th/0510041
http://inspirehep.net/search?p=find+EPRINT+hep-th/0510041
http://dx.doi.org/10.1088/1126-6708/2008/04/100
https://arxiv.org/abs/0712.2451
http://inspirehep.net/search?p=find+EPRINT+arXiv:0712.2451
http://dx.doi.org/10.1016/j.nuclphysb.2008.03.009
http://dx.doi.org/10.1016/j.nuclphysb.2008.03.009
https://arxiv.org/abs/0801.4421
http://inspirehep.net/search?p=find+EPRINT+arXiv:0801.4421
http://dx.doi.org/10.1016/j.nuclphysb.2008.07.002
http://dx.doi.org/10.1016/j.nuclphysb.2008.07.002
https://arxiv.org/abs/0806.0788
http://inspirehep.net/search?p=find+EPRINT+arXiv:0806.0788
http://dx.doi.org/10.1016/j.nuclphysb.2008.10.012
https://arxiv.org/abs/0808.1601
http://inspirehep.net/search?p=find+EPRINT+arXiv:0808.1601


J
H
E
P
1
1
(
2
0
1
6
)
1
7
0

[17] O. Saremi and K.A. Sohrabi, Causal three-point functions and nonlinear second-order

hydrodynamic coefficients in AdS/CFT, JHEP 11 (2011) 147 [arXiv:1105.4870] [INSPIRE].

[18] S. Grozdanov and A.O. Starinets, On the universal identity in second order hydrodynamics,

JHEP 03 (2015) 007 [arXiv:1412.5685] [INSPIRE].

[19] S. Grozdanov and N. Kaplis, Constructing higher-order hydrodynamics: The third order,

Phys. Rev. D 93 (2016) 066012 [arXiv:1507.02461] [INSPIRE].

[20] K.S. Kolekar, D. Mukherjee and K. Narayan, Hyperscaling violation and the shear diffusion

constant, Phys. Lett. B 760 (2016) 86 [arXiv:1604.05092] [INSPIRE].

[21] J. Casalderrey-Solana, H. Liu, D. Mateos, K. Rajagopal and U.A. Wiedemann, Gauge/String

Duality, Hot QCD and Heavy Ion Collisions, arXiv:1101.0618 [INSPIRE].

[22] S.A. Hartnoll, P.K. Kovtun, M. Muller and S. Sachdev, Theory of the Nernst effect near

quantum phase transitions in condensed matter and in dyonic black holes, Phys. Rev. B 76

(2007) 144502 [arXiv:0706.3215] [INSPIRE].

[23] M. Taylor, Lifshitz holography, Class. Quant. Grav. 33 (2016) 033001 [arXiv:1512.03554]

[INSPIRE].

[24] D.T. Son, Toward an AdS/cold atoms correspondence: A geometric realization of the

Schrödinger symmetry, Phys. Rev. D 78 (2008) 046003 [arXiv:0804.3972] [INSPIRE].

[25] K. Balasubramanian and J. McGreevy, Gravity duals for non-relativistic CFTs, Phys. Rev.

Lett. 101 (2008) 061601 [arXiv:0804.4053] [INSPIRE].

[26] K. Balasubramanian and K. Narayan, Lifshitz spacetimes from AdS null and cosmological

solutions, JHEP 08 (2010) 014 [arXiv:1005.3291] [INSPIRE].

[27] S. Janiszewski and A. Karch, String Theory Embeddings of Nonrelativistic Field Theories
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[29] P. Hořava, Quantum Gravity at a Lifshitz Point, Phys. Rev. D 79 (2009) 084008

[arXiv:0901.3775] [INSPIRE].
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