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Abstract 

Bone metabolic diseases such as osteoporosis constitute a major socio-economic 
challenge. A detailed understanding of the structure-property relationships of bone’s 
underlying hierarchical levels has the potential to improve diagnosis and the ability to 
treat those diseases, especially with regards to the onset of failure. Therefore, elastic 
and yield properties of mineralised turkey leg tendon (MTLT), a mineralised tissue 
that is similar to bone but has a simpler multiscale structure, were investigated. Elastic 
properties were identified using a multiscale micromechanical model. The input pa-
rameters include constituent mechanical properties, volume fractions and inclusion 
aspect ratios and these were obtained from a wide variety of literature sources. The 
determined elastic properties were used to formulate micromechanically informed 
yield surfaces and to identify yield properties of MTLT at the nanometre length scale 
where failure is first reported to occur. This was done in conjunction with experi-
mental results from the compression of micropillars extracted from individual miner-
alised collagen fibres. This data was then used to identify micromechanically in-
formed failure envelopes. The shear yield stress of the extrafibrillar matrix, associated 
with interfibrillar sliding, was identified as 137.65 MPa. The ratio between tensile and 
compressive yield stress in the Drucker-Prager yield criterion was 0.65. For both cri-
teria apparent yield stress of the mineralised collagen fibril decreased to 25.3-31.4% 
when varying fibril orientation from 0°-90°. This study identified yield properties of 
extrafibrillar matrix using an aligned mineralised tissue. The ability to obtain yield 
stress data and unloading stiffness from micropillar compression tests of MTLT at the 
level of the mineralised collagen fibril array and downscaling these into the EM miti-
gates against possible errors associated with macroscopic stiffness predictions and 
proved to be an invaluable advantage compared to similar modelling approaches. Re-
sults may help to improve computational models that may then be used in pre-clinical 
testing or development of personalised treatment strategies.  

Research Keywords: Mineralised collagen fibril; extrafibrillar matrix; continuum 
micromechanics; micropillar testing; mineralised turkey leg tendon; yield strength  



   

1 Introduction 1 

Bone is a remarkable example of a naturally occurring biological structure that provides 2 

important macroscopic mechanical properties like high functional stiffness, toughness and a 3 

low specific weight (Fratzl & Weinkamer, 2007; Ritchie, 2011; Marcus, et al., 2013). This 4 

unique combination of mechanical properties is a direct result of a complex hierarchical 5 

structure that is organised across multiple length scales. In order to gain an understanding of 6 

the mechanisms leading to this behaviour, the structure-property relationships of the underly-7 

ing hierarchical levels must be investigated. This knowledge is vital to the prevention and 8 

treatment of bone metabolic diseases such as osteoporosis, which has been shown to have a 9 

significant impact on the structural integrity and mechanical competence of bone (Hernlund, 10 

et al., 2013). 11 

The fundamental mechanical building block of bone, which is observed at the micrometre 12 

length scale, is the mineralised collagen fibril array (MCFA), or fibre. This important hierar-13 

chical structure is considered to be a unidirectionally aligned matrix-fibril reinforced compo-14 

site composed of mineralised collagen fibrils (MCF) embedded into an extrafibrillar matrix 15 

(EM) (Lees & Prostak, 1988; Lees, et al., 1994). At the ultrastructural level, individual fibrils 16 

are composed of an array of cross-linked type I collagen molecules reinforced by carbonated 17 

hydroxyapatite mineral platelets. The extrafibrillar matrix is composed of a carbonated hy-18 

droxyapatite mineral matrix and nanopores containing water and non-collagenous proteins 19 

(Marcus, et al., 2013). 20 

The MCFA is the fundamental mechanical building block of mineralised, musculoskeletal 21 

tissues including the mineralised turkey leg tendon (MTLT), which has a similar hierarchical 22 

structure to bone at least up to the length scale of the MCFA (Spiesz & Zysset, 2015). Due to 23 

its similar composition to bone and the relative simplicity of its structure, containing unidi-24 

rectionally aligned fibres, MTLT is often used as a simplified structural model of bone 25 

(White, et al., 1977; Gupta, et al., 2004; Spiesz, et al., 2012; Tiburtius, et al., 2014; Spiesz & 26 

Zysset, 2015). At one length scale above the MCFA (10-50 μm), similarity to bone tissue 27 

diverges and Spiesz et al. (2012) identified two structurally different regions of mineralised 28 

tendon tissue: interstitial (INT) and circumferential (CIR) tissue. CIR tissue contains smaller 29 

diameter MCFAs that are more densely packed resulting in a lower microporosity whereas 30 

INT tissue contains larger diameter MCFAs that are less densely packed resulting in a higher 31 

microporosity. At the macroscopic tissue level, regions of interstitial and circumferential tis-32 

sue combine to produce the mineralised tendon. At this level, macropores of 20-150 μm in 33 

diameter are present within regions of circumferential tissue (Spiesz & Zysset, 2015). 34 

Multiscale micromechanical models and homogenisation were successfully used to de-35 

termine apparent elastic properties of hierarchical materials based on knowledge of their 36 

structure and composition across multiple length scales (Mori & Tanaka, 1973; Benveniste, 37 

1987; Zaoui, 2002; Hellmich & Ulm, 2002b). Reisinger et al. (2010) developed a microme-38 

chanical model of unidirectionally aligned fibres to identify the most influential model pa-39 



   

rameters towards their predicted stiffness. Results showed that mineral volume fraction and 40 

collagen stiffness had the greatest influence on fibril array stiffness. Tiburtius et al. (2014) 41 

used micromechanical modelling to predict the stiffness of MTLT up to the level of CIR and 42 

INT tissue with good correlation with experimental data in regions of CIR and INT tissue. 43 

Other micromechanical models have focussed on the ultrastructural stiffness of bone and its 44 

contribution to hierarchical micromechanics (Hellmich & Ulm, 2002a; Hellmich & Ulm, 45 

2002b). More recent micromechanical models have attempted to predict the stiffness of bone 46 

across all its hierarchical levels. Fritsch & Hellmich (2007) developed a ‘universal’ microme-47 

chanical representation of bone using a five-step homogenisation scheme and Oftadeh et al. 48 

(2015) developed a comprehensive multiscale model that utilises mean-field methods to pre-49 

dict the stiffness of both cortical and trabecular bone. 50 

The good understanding of the multiscale elastic properties of mineralised musculoskele-51 

tal tissues is not matched by a similarly well-established understanding of yield criteria that 52 

allow the consideration of irreversible effects such as plastic deformation and damage, espe-53 

cially at and below the length scale of the MCFA. The development of failure criteria for 54 

materials with complex hierarchical structures requires in-depth knowledge of the locations 55 

and length scales where irreversible effects are first observed under loading. Gupta et al. 56 

(2006a) have attempted to identify the nanoscale failure mechanisms in mineralised musculo-57 

skeletal tissues in which macroscopic yielding is reportedly a result of failure occurring at the 58 

fibril- and fibril array levels. More recently, Gupta et al. (2013) identify intrafibrillar sliding 59 

as the mechanism for toughness in antler bone and related it to a shear failure of the mineral-60 

collagen interface within the fibrils themselves. It was, however, assumed that all the mineral 61 

was found inside the fibril. Gupta et al. (2006b) describe an alternative failure mechanism 62 

occurring at the interface between the fibrils and the extrafibrillar matrix. This is described as 63 

a fibrillar level fracture occurring at a critical shear stress in which the matrix disengages and 64 

slides past the fibrils leading to macroscopic plastic strains. When a tensile load is applied at 65 

the fibril array level, the unidirectionally aligned fibrils deform in tension and transfer stress 66 

between adjacent fibrils resulting in shearing of the extrafibrillar matrix (Gupta, et al., 67 

2006a). Fritsch et al. (2009) further proposed a failure criterion that includes ductile sliding 68 

of mineral particles and rupture of collagen fibrils. Using micropillar compression tests, 69 

Schwiedrzik et al. (2014; 2017) found zones of localised shear deformation leading to kink 70 

band formation or shear cracks which points at interfibrillar sliding as shear failure mecha-71 

nism of the extrafibrillar matrix and which corroborates the findings by Gupta et al. (2006a) 72 

and Fritsch et al. (2009). Groetsch et al. (2019) performed similar tests on MTLT micropillars 73 

at the fibril array length scale. These micropillars were extracted using a combination of laser 74 

ablation and focused ion beam milling. Subsequently, they were subjected to uniaxial com-75 

pression testing using a tension-compression microindenter (Groetsch, et al., 2019) following 76 

earlier work by Schwiedrzik et al. (2014). This testing method allows it to perform uniaxial 77 

compression testing on micron sized samples and, similar to macroscopic strength tests, to 78 

derive proper stress-strain curves. MTLT’s uniaxial setup is ideally suited for micromechani-79 



   

cal modelling, especially in conjunction with experimental data on individual MCFA’s. This 80 

combination allows it to identify extrafibrillar matrix yield properties and use them to formu-81 

late failure envelopes. It also would allow it to study the impact of structural changes such as 82 

the fibril orientation on the yield properties of mineralised tissue. This could complement the 83 

scarce literature on the inelastic behaviour of the EM. 84 

Therefore, this study aimed to (i) develop a multiscale micromechanical model of MTLT 85 

and (ii) use it in conjunction with results from micromechanical testing of fibril array mi-86 

cropillars (Groetsch, et al., 2019) to identify yield properties and failure envelopes of MTLT 87 

at the level of the extrafibrillar matrix where failure is first reported to occur; (iii) use the 88 

results to study the impact of fibril orientation on the yield properties of MCFA’s. 89 

2 Methodology 90 

There is a considerable amount of literature available on micromechanical modelling of 91 

the multiscale elastic properties of mineralised tissue (Section 1). This body of literature 92 

shows considerable variation that, inevitably, leads to considerable variation in model results. 93 

To be able to investigate yield properties and failure envelopes of the extrafibrillar matrix 94 

(Section 2.3), a model of MTLT’s multiscale elasticity is needed. Therefore, we briefly pro-95 

vide the governing equations and rational for modelling (Section 2.1) as well as the necessary 96 

input parameters and their variation (Section 2.2, Table 1). 97 

2.1 Multiscale Micromechanical Model 98 

Hierarchical stiffness of MTLT is modelled in an eight-step homogenisation procedure 99 

(Figure 1) where steps 7 and 8 are given for completeness. The procedure utilises a self-100 

consistent scheme for the extrafibrillar matrix and the Mori-Tanaka mean-field method for 101 

the other hierarchical levels (Mori & Tanaka, 1973; Benveniste, 1987; Hellmich & Ulm, 102 

2002b; Zaoui, 2002). The latter is chosen since, unlike the extrafibrillar matrix, the hierar-103 

chical levels in MTLT exhibit a matrix-inclusion type morphology containing two bonded 104 

and uniformly distributed phases. In continuum micromechanics, the homogenised stiffness 105 

tensor of a representative volume element (RVE) of a composite is related to the stiffness 106 

(��) and volume fractions (��) of its constituents using the relation: 107 

���� = �	 ���� ∶ �� + ℙ��	��� − �������
�	�	� � : �	 ���� + ℙ��	��� − �������

�	�	� ��� #�1�  

where � is the number of phases in the RVE,  � is the 4th order identity tensor, ℙ�� is the 4th 108 

order Hill tensor which is defined by ℙ�� = ℝ�: ���� and ℝ is the 4th order Eshelby tensor 109 

for the chosen inclusion problem. The Eshelby tensor solutions for inclusion shapes (Eshelby, 110 

1957) used in this study are provided in Appendix I. The symbol : denotes the double inner 111 

product of two tensors. �� is a reference stiffness tensor that depends on the chosen homoge-112 

nisation scheme. In case of the self-consistent scheme, it is the effective tensor ���� requiring 113 

an iterative solution approach. In case of the Mori-Tanaka scheme (Mori & Tanaka, 1973; 114 



   

Benveniste, 1987), the matrix phase (phase  ) and the inclusion phase (phase !) are both 115 

defined by their 4th order stiffness tensors � and volume fractions �, such that �" + �# = 1. 116 

The inclusions are defined using a fixed orientation and aspect ratio, $, and are assumed to be 117 

subject to the same homogeneous load. Using the Mori-Tanaka scheme, (1) can be rewritten 118 

to determine the apparent stiffness of a matrix-inclusion type composite (Zaoui, 2002) with 119 ℙ#%& = ℝ#: �"�� and the reference stiffness being the matrix stiffness tensor:  120 

���� = ��"�" +	�#�## ∶ '� + ℙ#%&��# − �"�(��� :
																											��"� +	�## 	'� + ℙ#%&��# − �"�(�����#�2�  

2.1.1 Collagen 121 

Starting at the ultrastructural level of MTLT, the first homogenisation step predicts the 122 

apparent stiffness of collagen. At this length scale, molecular collagen is interpenetrated with 123 

intermolecular space containing non-collagenous proteins (Fritsch & Hellmich, 2007). This 124 

led to collagen being represented as a two-phase composite composed of a continuous colla-125 

gen matrix with unidirectionally aligned cylindrical inclusions of intermolecular space. As-126 

suming isotropic material properties for both the continuous collagen matrix and the intermo-127 

lecular space, the 4th order stiffness tensor, ��, for each phase was determined using 128 

(Oftadeh, et al., 2015): 129 

�� = 3+��,�- + 2.��/0,					with					+� = 5�3�1 − 26�� 					and					.� = 5�2�1 + 6�� #�3�  

where 130 +� = Bulk modulus of phase r .� = Shear modulus of phase r 5� = Young’s modulus of phase r 6� = Poisson’s ratio of phase r �,�- = Volumetric part of the 4th order identity tensor � �/0, = Deviatoric part of the 4th order identity tensor �. 
According to Hellmich & Fritsch (2007), the intermolecular space can be considered to 131 

be filled dominantly with water or air in the dried case as non-collagenous proteins are me-132 

chanically less significant and therefore do contribute little to the stiffness of the inclusion 133 

phase. 134 

2.1.2 Mineralised Collagen Fibril 135 

The second homogenisation step models the apparent stiffness of an individual mineral-136 

ised collagen fibril (MCF). Following Reisinger et al. (2010), the MCF was modelled as a 137 

two-phase composite containing a continuous collagen matrix with unidirectionally aligned 138 

highly prolate spheroidal inclusions of hydroxyapatite mineral. Assuming isotropic material 139 



   

properties for the mineral phase, the 4th order stiffness tensor �"#� was determined using (3). 140 

The phase volume fractions were determined using the mineral distribution parameter : 141 

which is defined as the ratio of mineral in the MCF to mineral in the MCFA (Reisinger, et al., 142 

2010; Tiburtius, et al., 2014). The volume fraction of mineral in the MCF is calculated using 143 

(Reisinger, et al., 2010): 144 

�"#,<- = :�"#,<��<-,<� #�4�  

where �"#,<� is the volume fraction of mineral in the fibril array and �<-,<� is the volume 145 

fraction of fibrils in the fibril array. 146 

2.1.3 Extrafibrillar Matrix 147 

The third homogenisation step (Figure 1) models the apparent stiffness of the EM. The 148 

EM is commonly described as a material composed of hydroxyapatite mineral platelets and 149 

nanopores containing water or air in the dried case and non-collagenous proteins (Hellmich & 150 

Ulm, 2002a). The EM was represented as a two-phase polycrystal composed of randomly 151 

oriented disc-shaped mineral platelets (Rho, et al., 1998) and random spherical nanopores. To 152 

obtain the stiffness tensor �>% we use a modification of the self-consistent scheme in (1) 153 

proposed by Fritsch et al. (2010): 154 

�>% = �1 − ��	�%#�	: ? ? '� + ℙ/#@ABC �D, E�	��%#� − �>%�(�� sin D4G HDHE
I

J��
KI

L�� 	:
M�1 − �� ? ? '� + ℙ/#@ABC �D, E�	��%#� − �>%�(�� sin D4G HDHE

I
J��

KI
L�� +

+� '� + ℙ@�NBC 	���� − �>%�(��O�� .
#�5�  

The mineral distribution parameter is again used to determine the phase volume fractions 155 

using (Reisinger, et al., 2010): 156 

�"#,"� = �1 − :� �"#,<�1 − �<-,<� #�6�  

The isotropic stiffness tensor for the mineral phase �"#� was already determined during ho-157 

mogenisation step 2. Nanopores in EM and intermolecular space in collagen are assumed to 158 

contain similar constituents (non-collagenous proteins and air) and it is assumed they have 159 

the same mechanical properties such that ��� = �#".  160 

2.1.4 Mineralised Collagen Fibril Array 161 

The fourth homogenisation step occurs at the hierarchical length scale of 1-10 μm 162 

(Hellmich, et al., 2004; Fritsch & Hellmich, 2007) and models the apparent anisotropic stiff-163 

ness of the mineralised collagen fibril array. The MCFA is described as a bundle of aligned 164 



   

and tightly packed MCFs embedded into EM material (Hellmich, et al., 2004; Reisinger, et 165 

al., 2010; Spiesz & Zysset, 2015). The MCFA was represented as a two-phase composite of 166 

unidirectionally aligned, prolate spheroidal MCFs embedded into an EM matrix. The appar-167 

ent stiffness tensors for MCF and EM were already estimated during homogenisation steps 2 168 

and 3, both of which now act as inputs into this model (Figure 1). 169 

2.1.5 Circumferential and Interstitial Tissue 170 

The fifth and sixth homogenisation steps were used to identify the stiffness in regions of 171 

circumferential (CIR) and interstitial (INT) tissue at the length scale of 10-50	Sm (Tiburtius, 172 

et al., 2014). Spiesz et al (2012) identified these two regions as containing an array of unidi-173 

rectionally aligned MCFAs and water-filled micropores. Recall that the primary difference 174 

between these two regions is that CIR tissue exhibits smaller diameter and more tightly 175 

packed MCFAs, whereas INT tissue exhibits larger diameter and more loosely packed 176 

MCFAs (Spiesz, et al., 2012). As such, CIR tissue has a lower microporosity than INT tissue. 177 

The method outlined by Tiburtius et al. (2014) was utilised for this model, where both CIR 178 

and INT tissue were represented as two-phase composites containing a continuous matrix 179 

phase of MCFAs with highly prolate spheroidal micropore inclusions. The model assumes 180 

that CIR and INT tissue differ only in microporosity, and any effect due to differences in 181 

MCFA diameter can be neglected. Again, as both micropores in CIR/INT tissue are either 182 

empty in dry tissue or contain water in wet tissue, it is assumed they have the same mechani-183 

cal properties as the intermolecular space in collagen and nanopores in EM such that 184 �"� = ��� = �#". The apparent stiffness tensor for the MCFA matrix was estimated during 185 

homogenisation step 4 and now acts as an input into this model. 186 

2.1.6 Circumferential Tissue with Macropores 187 

At the macroscopic tissue level, CIR and INT tissue combine to produce the mineralised 188 

tendon. Before the apparent stiffness of the organ can be estimated, macroporosity must be 189 

taken into consideration. Recall from Figure 1 that macropores exist inside regions of circum-190 

ferential tissue (Spiesz, et al., 2012). Therefore, the seventh homogenisation step was used to 191 

model the stiffness of homogenised circumferential tissue with internal macropores (CIMP). 192 

The model represents CIMP as a two-phase composite of CIR tissue matrix and aligned cy-193 

lindrical macropores. The apparent stiffness tensor for CIR tissue was estimated during ho-194 

mogenisation step 5 and now acts as an input into this model. It was assumed that macropores 195 

are vacant in CIMP tissue and therefore macropore stiffness was set to zero (�"� = T). 196 

2.1.7 Mineralised Turkey Leg Tendon 197 

The final homogenisation step models the anisotropic stiffness of MTLT at the macro-198 

scopic length scale of >1.0 mm. MTLT is composed of INT tissue organised around regions 199 

of CIMP tissue. As such, the micromechanical model of MTLT assumes a two-phase compo-200 

site containing INT tissue matrix with aligned cylindrical CIMP tissue inclusions. The appar-201 

ent stiffness tensors for INT and CIMP tissue were estimated during homogenisation steps 6 202 

and 7, and now act as inputs into this model. 203 



   

2.2 Model Input Parameters 204 

Table 1 provides a full set of model input parameters obtained from a variety of literature 205 

sources. The most uncertain input parameters are the stiffness of collagen and hydroxyapatite 206 

mineral (5A�-, 5"#�), the fibril aspect ratio in the fibril array ($<-), the aspect ratio and vol-207 

ume fraction of the micropores in CIR and INT tissue ($"�, �"�), as well as the mineral 208 

distribution parameter :. 209 

For collagen stiffness 5A�-, the literature contains operational values ranging from 1-210 

5.4 GPa. According to Reisinger et al. (2010), collagen stiffness has a large influence on fi-211 

bril stiffness. Some sources have measured values as low as 1 GPa and as high as ~12 GPa 212 

but this is highly dependent on the experimental technique, length scale and the measurement 213 

conditions (water content of the chosen sample). For example, Cusack & Miller (1979) 214 

measured the elastic constants of collagen to be 11.9 GPa in dry tissue, and 5.1 GPa in wet 215 

tissue. Few of the micromechanical models reviewed in the literature use operational values 216 

above 5 GPa which was chosen as the maximum value in this study although 5.4 GPa was 217 

used by Oftadeh et al. (2015) for wet collagen. 218 

For mineral stiffness 5"#�, values in the literature range from 79.8 GPa (Oftadeh, et al., 219 

2015) to 114 GPa (Rodríguez & Reina, 2017). Both Reisinger et al. (2010) and Tiburtius et 220 

al. (2014) use a base value of 5"#� = 110 GPa and do not consider the impact of changing 221 

this value on micromechanical stiffness predictions. In addition, the upper limit of the stiff-222 

ness value is usually associated with measurements of pure isotropic hydroxyapatite powder 223 

(Hellmich & Ulm, 2002b).  224 

There is little agreement in the literature on the aspect ratio of the fibrils in the fibril array 225 

($<-). In general, the fibrils are considered to be spheroidal type inclusions that are substan-226 

tially longer in the axial direction than their diameter. This geometry and the small length 227 

scales involved makes it difficult to quote a definitive value for the fibril aspect ratio. This 228 

problem is also true at the next hierarchical level where the aspect ratio of the micropores in 229 

CIR and INT tissue (also highly prolate spheroidal inclusions) are difficult to measure as 230 

well. However, Tiburtius et al. (2014) showed through a global sensitivity analysis that these 231 

two aspect ratios have virtually no influence on the stiffness of the MCFA and CIR/INT tis-232 

sue. Tiburtius et al. (2014) does state the volume fraction of micropores in CIR and INT tis-233 

sue as being highly influential to their stiffness. Spiesz et al. (2012) estimated the average 234 

microporosity in CIR regions as 0.18 ± 0.07 and 0.37 ± 0.14 in INT regions using light mi-235 

croscopy. The large deviation in the average measurements was attributed to the wide distri-236 

bution of microporosity in these regions. 237 

Finally, there is a lack of data available in the literature regarding the macroscopic length 238 

scale parameters including the volume fraction of macropores contained within CIR regions, 239 

and the volume fractions of CIR and INT tissue in the mineralised tendon.  The focus of this 240 

study is MTLT at and below the MCFA length scale. At these length scales it can be used as 241 

a simplified structural model of bone. The structure of MTLT at the macroscale deviates from 242 



   

bone and therefore the mechanical behaviour of MTLT at the macroscale is not considered to 243 

be as important to fulfilling the aim of this study.  244 

2.3 Identifying the Yield Properties of the Extrafibrillar Matrix 245 

The elastic limit state of MTLT at the nanoscale was estimated based on the failure of miner-246 

alised collagen fibre micropillars (Groetsch, et al., 2019) being dominated by a shear failure 247 

of the EM. The elastic limit of EM may be described using the quadric yield criterion 248 

(Schwiedrzik, et al., 2013): 249 

UV�W>%� ≔ YW>% ∶ 	Z	W>% + [ ∶ 	 W>% − 1 = 0#�7�  

where, 250 

Z = − �̂ _ �̀a + �̀�2 �̀a �̀� b
K �c ⊗ c� + � �̂ + 1� _ �̀a + �̀�2 �̀a �̀� b

K �c ⊗ c�#�8�  

[ = 12 f 1̀�a − 1̀
��O c#�9�  

and, 251 W>% … Average stresses in the extrafibrillar matrix 

�̂ … Interaction parameter determining the shape of the yield surface 

�̀± … Uniaxial yield stresses in tension (+) and compression (−) at EM level c … 2nd order identity tensor. 

 252 

It is first proposed that the von Mises yield criterion is applicable to shear failure of the 253 

isotropic EM. Setting ̂� = 0.5 and ̀�a = �̀� = √3	jk,>% results in a quadric criterion that is 254 

equivalent to the von Mises criterion, where jk,>% is the shear yield stress of EM. Z and [ are 255 

rewritten as a function of �̂ and jk,>% giving: 256 

Z ≔ _ 1√3jk,>%b
K '− �̂�c ⊗ c� + � �̂ + 1��c ⊗ c�(#�10�  

[ ≔ 12_ 1√3	jk,>% − 1√3	jk,>%b c = l#�11�  

Alternatively, it has been suggested that mineralised tissues at the extra-cellular matrix level 257 

show features of a cohesive-frictional material (Tai, et al., 2006; Carnelli, et al., 2010; 258 

Carnelli, et al., 2011) which allows modelling yield using Drucker-Prager type criteria 259 

(Drucker & Prager, 1952). Setting �̂ = 0.5 in (8) and keeping the tensile compressive asym-260 

metry ̀ �a ≠ �̀� results in a quadric criterion that is equivalent to a Drucker-Prager cone 261 

(Schwiedrzik, et al., 2013). For the isotropic version of this criterion, the friction coefficient 262 n is given (Schwiedrzik, et al., 2013) by: 263 



   

n = 3 �̀� − �̀a�̀� + �̀a . #�12�  

which is equal to the tangent of the friction angle (angle of repose) n = tanE so that ̀ �a in 264 

(8) and (9) can be represented as a function of �̀� and E: 265 

�̀a = �̀� 3 − tanE3 + tanE . #�13�  

Tai et al. (2006) experimentally identified E = 32.8° for ambient conditions and found that it 266 

is independent of particle size for particles up to 25 μm. Note, that they also identified 267 E = 18.2° under vacuum. Using E = 32.8°, the friction angle allows it to experimentally 268 

identify �̀∓ from compression tests. To do so, we separate the average extrafibrillar matrix 269 

stress W>% into its magnitude q>% and direction 	Wr>% using: 270 	Wr>% = W>% ‖W>%‖⁄ = W>% q>%⁄ #�14�  

where ‖W>%‖ is the norm of the stress tensor which represents the measured distance to the 271 

yield point. The distance to a yield point q>% can be computed by solving the quadratic equa-272 

tion given by the yield surface using the respective stress direction (Wolfram, et al., 2012): 273 

q>% ≔ _u		Wr>% ∶ 	Z		Wr>% + [ ∶ 	 	Wr>%b�� #�15�  

An optimisation scheme (NMinimize, Mathematica 12.0, Wolfram Research, Inc.) was ap-274 

plied to identify the value of jk,>% or ̀ �∓ that provides the best fit between the measured and 275 

predicted distances to the yield point. This scheme takes the form: 276 

v!�	 w	�q>%,# − xW>%,#x�K�
#�� y #�16�  

where W>%,# is the apparent yield stress `��� = `kzz�{z⊗{z� with the unit vector {z =277 �0,0,1� and the experimentally derived MCFA yield stress `kzz measured by micropillar 278 

compression experiments (Groetsch, et al., 2019), the values of which are given in Table 2.  279 

During elastic deformation, the average strains in the MCFA |%}~� were determined 280 

from the known applied stress during uniaxial micropillar compression of the MCFA:  281 |%}~� = �%}~�	��`���#�17�  

To accommodate a small misalignment and an orientation distribution of the fibrils of on 282 

average 5.31 ± 4.42° (Groetsch, et al., 2019), a one dimensional orientation distribution func-283 

tion ���� (Appendix II) for the inclusions along with planar rotation tensors ���� around 284 {K = �0,1,0� were used (Schwiedrzik, et al., 2016), so that 285 



   

�%}~�	 = ��>%�>% +? �%}~����	�����⊗ ������I
�I																													�%}~�� + ℙ%}~%& 	��%}~ − �>%���������&⊗����&�H�( ∶

																																								_�>%� + ? �%}~����	�����⊗ ������I
�I																																																				�� + ℙ%}~%& 	��%}~ − �>%���������&⊗����&�H�(�� .

#�18�  

 286 

Average strains in the EM, |>%, was back-calculated for each sample as a function of |%}~� 287 

(Benveniste, 1987; Schwiedrzik, et al., 2016) using:  288 

|>% = _�>%� + ? �%}~����	'����⊗ ����(�I
�I �� +

																															ℙ%}~��%}~	 − �>%	���������&⊗����&�H��	|%}~�.#�19�  

The average stresses in the EM W>% was determined from the average strains using: 289 W>% = �>%	|>%. #�20�  

Equations (14), (15), and (16) were then applied to fit the yield surface and identify jk,>% or 290 

�̀∓. The goodness of the fit was analysed with the standard error of the estimate (SEE) 291 

which is given by: 292 

�55 = 100 × u∑ �q>%,# − xW>%,#x�K�#��∑ xW>%,#xK�#�� . #�21�  

By using the output stiffness tensors from the micromechanical model, it was possible to 293 

identify the variation in the yield surfaces as well as jk,>% for the von Mises yield criterion 294 

and ̀ �∓ for the Drucker-Prager yield criterion when applying the minimum, median and 295 

maximum input parameters from Table 1. Once fitted, these parameters were used to analyse 296 

the orientation dependence of the apparent stress by using (7)-(19) but this time solving for 297 `������ with � = {0°, 90°} around {K.  298 

3 Results 299 

3.1 Stiffness Predictions 300 

Figure 2 shows the evolution of stiffness through the hierarchical levels for minimum, 301 

median, and maximum input parameters. The results show that the highest stiffness observed 302 

in MTLT is in the EM phase observed at a length scale of 100-500 nm. The EM is shown to 303 

have an isotropic stiffness similar to the axial stiffness of the MCFA when using maximum 304 

input parameters (Figure 2). The stiffness of the EM was shown to vary from 9.66 GPa to 305 

17.09 GPa to 24.84 GPa when using the minimum, median, and maximum input parameters. 306 

The MCF displayed an anisotropic stiffness of ���# = 9.25 GPa and ���, = 2.79 GPa when 307 



   

using median input parameters. The axial and transverse stiffness of the MCF was shown to 308 

vary from 2.52 to 19.74 GPa and 1.10 to 6.82 GPa, respectively. Moving up a length scale to 309 

the MCFA (1-10 μm), the structural setup of the extrafibrillar matrix reinforcing bundles of 310 

unidirectionally aligned MCFs results in an increase in the anisotropic stiffness compared to 311 

an individual fibril. The micromechanical model gives an MCFA stiffness of ���# = 14.13 312 

GPa and ���, = 7.94 GPa when using median input parameters. When using minimum and 313 

maximum input parameters, the axial and transverse stiffness of the MCFA varies from 5.88 314 

to 23.90 GPa and 3.63 to 13.63 GPa respectively. At the length scale of 10-50 μm, stiffness 315 

in regions of INT and CIR tissue is obtained. As expected, the model predicts a lower stiff-316 

ness for INT tissue due to the higher microporosity present in comparison to regions of CIR 317 

tissue (Figure 2). The model gives axial Young’s moduli, using (minimum, median, maxi-318 

mum) input parameters, of ���# =	(4.80, 9.74, 13.10) GPa for INT tissue and ���# = (5.34, 319 

11.54, 17.06) GPa for CIR tissue. In transverse direction Young’s moduli are ���, = (2.36, 320 

3.51, 4.02) GPa for INT tissue and  ���, =	(3.13, 5.11, 6.68) GPa for CIR tissue using (mini-321 

mum, median, maximum) input parameters, respectively. At the organ level, the model pre-322 

dicts an anisotropic stiffness for mineralised tendon as ���# = (4.48, 9.31, 12.98) GPa.  323 

Using the median values (Table 1) the model underestimates Young’s modulus of the 324 

MCFA (12.82 GPa) in comparison to that found experimentally (Table 2). Using the maxi-325 

mum values (Table 1), the model overestimates Young’s modulus of the MCFA by over 4 326 

GPa. Reisinger et al. (2010) showed that the degree of mineralisation and the collagen stiff-327 

ness dominate the MCFA response. Similarly, porosity in the INT and CIR tissue significant-328 

ly influences the mechanical behaviour at these levels (Spiesz, et al., 2012). Exploring the 329 

outcome of the model with different values for these dominant parameters and comparing it 330 

to experimental values indicates which range of values might be most suitable. We used me-331 

dian values for collagen and mineral stiffness and porosity in the INT and CIR tissue and 332 

maximal values for the other parameters (Table 1) to compute a model output between medi-333 

an and maximum (Figure 2). This resulted in a Young’s modulus at MCFA level of 17.9 GPa 334 

which is an 8% difference compared to the axial stiffness of 16.47±3.40 GPa found in mi-335 

cropillar compression tests of individual MCFAs by Groetsch, et al. (2019) shown in Table 2. 336 

This also gave axial and transverse Young’s moduli of ���# = (13.6, 16.11) GPa and ���, =337 	(4.24, 6.18) GPa for (INT, CIR) tissue, respectively. These axial and transverse Young’s 338 

moduli compared well to indentation results by Spiesz, et al. (2012), 13.93 GPa and 8.03 GPa 339 

for INT as well as 15.89 GPa and 8.34 GPa for CIR in axial and transverse direction, respec-340 

tively (averages from Table 1 in their paper). Furthermore, our ���# and ���, are lower than 341 

scanning acoustic microscopy results of Tiburtius et al. (2014) whose samples were polymer 342 

reinforced. Due to this agreement with experimental results, we used the bold input parame-343 

ters in Table 1 to identify yield properties and failure envelopes for the extrafibrillar matrix. 344 

3.2 Yield Properties of the Extrafibrillar Matrix 345 

The fitted yield stress of the EM and the associated standard error of the estimate (SEE) 346 

are provided in Table 3. When fitting a von Mises type yield criterion in stress space, the ex-347 



   

trafibrillar matrix displays a shear yield stress of 137.64 MPa with a SEE = 6.66% (Table 3). 348 

Fitting the Drucker-Prager yield criterion resulted in 171.56 MPa and 265.43 MPa with a 349 

SEE = 6.66% for ̀�a and ̀ ��, respectively (Table 3). The ratio between tensile and com-350 

pressive yield stress was �̀a/ �̀� = 0.65.  351 

Plotting the fitted yield criteria in normal and shear stress space shows a typical von Mis-352 

es type cylinder in normal stress space aligned with the trisectrix and the expected cone in 353 

case of the Drucker-Prager criterion (Figure 3). When rotating the fibril orientation from 354 � = 0°, i.e. along the pillar main axis, to � = 90°, i.e. from an on-axis loading situation to a 355 

transverse loading situation, in (17) and (18) the apparent yield stress reduces significantly 356 

(Figure 4). At 90° the apparent yield stress dropped to 27.7% for the von Mises criterion as 357 

well as 25.4% and 31.4% for the Drucker-Prager criterion in tension and compression.  358 

4 Discussion 359 

The aim of this study was to identify yield properties and micromechanically informed 360 

failure envelopes at the extrafibrillar matrix level. To do so, a multiscale micromechanical 361 

model of MTLT elasticity was developed based on a variety of literature sources and shown 362 

to agree with experimental results at the MCFA length scale. The model was then used to 363 

downscale apparent yield stresses obtained from micropillar compression tests of individual 364 

MCFA’s into the EM and to investigate extrafibrillar matrix yield properties.  365 

4.1 Stiffness Predictions 366 

The micromechanical model was formulated using minimum, median and maximum in-367 

put parameters yielding upper and lower stiffness tensors for MTLT at each of its hierarchical 368 

levels. Due to a lack of agreement in the literature on some of the key model input parameters 369 

(such as collagen and mineral stiffness), the stiffness at most hierarchical levels varied by as 370 

much as ±50%. Nevertheless, stiffness in axial direction at the MCFA level as well as stiff-371 

ness in axial and transverse direction of CIR and INT tissue compared well with experimental 372 

results on the same length scales (Section 3.1) for the model used to identify EM yield prop-373 

erties (Figure 2). Reisinger et al. (2010) performed a sensitivity analyses and showed that the 374 

degree of mineralisation and the collagen stiffness dominate the MCFA response. Based on 375 

this, we used a literature review (Section 2) to gather the state-of-knowledge with regards to 376 

the properties of MTLT. We used that to establish our micromechanical model with MCFA 377 

stiffness as target to conclude on the set of parameters (Section 3.1) to be used for the identi-378 

fication of yield properties. Alternatively, we could have varied collagen stiffness and miner-379 

alisation to fit the parameters to the experiment. However, the model shows an 8% difference 380 

compared to the experimental results. We consider this as sufficient and suitable to conclude 381 

on the set of usable literature values. 382 

Section 2.2 discussed the most uncertain input parameters. All ultrastructural components 383 

(collagen and mineral platelets) were chosen to be isotropic which made it possible to use the 384 

Eshelby tensors given in Appendix I. Isotropic disc-shaped mineral platelets as used in the 385 

model, however, are an approximation of the actual anisotropic mechanical behaviour of the 386 



   

carbonated hydroxyapatite mineral nanocrystals (Katz & Ukraincik, 1971). Some sources 387 

have stated that collagen may be better represented as a transverse isotropic material due to 388 

its structure and composition (Fratzl, 2008; Tiburtius, et al., 2014). A transverse isotropic 389 

stiffness tensor for collagen would require five independent elastic constants which are not 390 

readily available in the literature so that isotropy represents a pragmatic approximation. This 391 

study focussed on obtaining input parameters for the micro- and ultrastructural levels due its 392 

similarity to bone at these lower length scales. The lack of information on MTLT at the mac-393 

ro-scale leads to some uncertainty about the macroscopic stiffness predictions although the 394 

model compared well to existing sources at the CIR and INT level (Section 3.1). This uncer-395 

tainty does not impact the prediction of the microstructural yield properties of the extrafibril-396 

lar matrix as only two stiffness tensors are required: �%}~�	 and �>%. The ability to obtain 397 

yield stress data and unloading stiffness from micropillar compression tests of MTLT at the 398 

MCFA level (Groetsch, et al., 2019) and downscaling these into the EM mitigates against 399 

possible errors associated with macroscopic stiffness predictions and proved to be an invalu-400 

able advantage compared to similar modelling approaches. Together with the independent 401 

nanoindentation results by Spiesz, et al. (2012) on the CIR and INT level, the good agree-402 

ment with experimental results suggests that the model is indeed valid. 403 

We assumed that all hierarchical composites apart from the extrafibrillar matrix display a 404 

matrix-inclusion type morphology. This made it possible to apply the Mori-Tanaka mean-405 

field method to calculate the homogenised stiffness at each hierarchical level. Like others, 406 

(Fritsch & Hellmich, 2007; Tiburtius, et al., 2014) we have modelled the extrafibrillar matrix 407 

using a self-consistent scheme in which both the mineral and protein phases are considered to 408 

be inclusions embedded in a reference homogeneous material of unknown stiffness. 409 

Reisinger et al. (2010) investigated the impact of the choice of mean-field method on the 410 

stiffness prediction of the extrafibrillar matrix and found that the self-consistent scheme led 411 

to a 13% reduction in extrafibrillar stiffness and an even smaller impact on fibril array stiff-412 

ness. However, our analyses suggest a larger reduction than these 13%. Given that the ex-413 

trafibrillar matrix consists of mineral platelets cross-linked by proteins (Hellmich & Ulm, 414 

2002a; Hansma, et al., 2005) and an empty pore-space, we believe that the used self-415 

consistent scheme is appropriate for the extrafibrillar matrix. 416 

As proposed by Fritsch et al. (2010),the extrafibrillar matrix was modelled with isotropic 417 

mechanical properties. The anisotropic stiffness of the other hierarchical levels is attributed to 418 

either prolate spheroidal or cylindrical shape of the inclusions that are aligned with the long 419 

axis of the tendon. The micromechanical representation of CIR and INT tissue uses only mi-420 

croporosity as the differentiator between these two regions. Spiesz et al. (2012), however, 421 

noticed that these two regions also show differences in the diameter, mineralisation, and min-422 

eral location of the MCFAs contained within. While we consider MCFA diameter to have a 423 

minor impact on the derived properties we included mineralisation and mineral location in 424 

our modelling considerations (Section 2). Like Tiburtius et al. (2014), the homogenisation 425 

methods used are based on volume fractions and can only indirectly account for a difference 426 



   

in MCFA diameter (packing density translates into volume fraction). The wide range of ma-427 

terial properties in Table 1 may also be attributable to different testing techniques, especially 428 

at the lower length scales of tissue organisation. While we believe that comparing against 429 

uniaxial strength tests at the MCFA level is viable, differences in mechanics can result from 430 

different fibril volume fractions due to, e.g., thinner fibrils that result in increased interface 431 

surfaces between fibril and extrafibrillar matrix in other mineralised tissues. Figure 2 illus-432 

trates the impact this change in structural properties can have within the bounds found for 433 

these MTLT properties in the literature. An alternative method for investigating diameter 434 

dependence would be to utilise numerical homogenisation methods such as Raum et al. 435 

(2011) who determined the homogenised stiffness tensor of lamellar bone at each of its hier-436 

archical levels or Maghsoudi-Ganjeh et al. (2019) who investigated the ultrastructural behav-437 

iour of bone.  438 

This study concentrated on dry tissue properties due to the fact that the experimental yield 439 

data has been obtained under dry conditions (Groetsch, et al., 2019). For example, Hengs-440 

berger at al. (2002) showed through nanoindentation that cortical bone has a lower stiffness 441 

in wet conditions in comparison to dry conditions. Corroborating this for MTLT, Spiesz et al. 442 

(2014) reported a reduction in tendon stiffness under physiological conditions. It was also 443 

shown that the anisotropy (Wolfram, et al., 2010) as well as the yield properties 444 

(Schwiedrzik, et al., 2017) are affected by rehydration. Granke et al. (2015) investigated the 445 

impact of water on the material properties of bone tissue and the role of non-collagenous pro-446 

teins and proteoglycans for porewater and bound water. Changes in the ultrastructural setup 447 

between mineralised tissues may also impact the ability of these molecules to imbibe water. 448 

An accurate micromechanical representation of water in biological tissue, however, requires 449 

the multiscale homogenisation schemes to be extended to viscoelasticity in which rate-450 

dependant material properties as well as the ability to imbibe water can be considered. Exam-451 

ples in the literature include Eberhardsteiner et al. (2014) who developed a multiscale mi-452 

cromechanical representation of bone viscoelasticity based on the concept of viscous inter-453 

faces of layered water in the extrafibrillar matrix. However, there are currently no experi-454 

mental strength tests of individual MCFA’s of MTLT under rehydrated conditions available 455 

in the literature. 456 

4.2 Yield Properties of Extrafibrillar Matrix 457 

The output apparent stiffness tensors from the micromechanical model (Figure 2) were 458 

subsequently used in conjunction with results from MCFA micropillar compression tests 459 

(Table 2) to identify the yield properties of the extrafibrillar matrix (Table 3, Figure 3). Uti-460 

lising yield stress data at the MCFA micropillar level is very useful as micromechanical 461 

downscaling is done for one lower length scale only and, thus, very achievable. Based on 462 

utilising a von Mises yield criterion for the extrafibrillar matrix, the micromechanical model 463 

predicts an extrafibrillar matrix shear yield stress of 137.64 MPa which compares well to the 464 

120 ± 40 MPa identified by Schwiedrzik et al. (2017) for rehydrated osteonal tissue on a sim-465 

ilar length scale (single lamellae). The difference in values seems to be due to a combined 466 



   

effect of the hydration state and the slightly lower mineralisation in MTLT. While drying 467 

would lead to a higher strength (Schwiedrzik, et al., 2014; Schwiedrzik, et al., 2017) a lower 468 

mineralisation of MTLT in comparison to osteonal bone (Spiesz & Zysset, 2015) would low-469 

er strength again. The stresses we found are, however, higher than those presented by Gupta 470 

et al. (2005) who suggested that the macroscopic yield stress of bone (∼60-80 MPa) is close 471 

to the shear strength of the interface between the fibrils and extrafibrillar matrix. They are 472 

also higher than the shear strength of the osteonal cement line of equine bone, a mineralised 473 

tissue that would be modelled similarly to the EM here, for which Bigley et al. (2006) found 474 

a shear strength of 30.7 ± 3.9 MPa using push-out tests on individual osteons. Nobakhti, et al. 475 

(2014) identified interlamellar interfaces as well as cement lines as compliant structures 476 

compared to individual lamellae. The authors conclude that different testing protocols inter-477 

rogating different length scales may lead to different results. Both Schwiedrzik et al. (2017) 478 

and this study base the determination of the shear yield stress on experimental values ob-479 

tained through micropillar testing close to the length scale of the EM (Figure 1) which has 480 

not been done by Gupta et al. (2005) and Bigley et al. (2006). While the cement line may be 481 

modelled similar to the EM, the discrepancy between these results may also be due to a scale 482 

effect as previously shown between the lamellar level and the macroscopic length scale that 483 

revealed a significant difference in strength (Schwiedrzik, et al., 2014). The higher shear 484 

stresses obtained here could be influenced by the ultrastructural setup of the fibril bundle 485 

which may result in a comparable stiffness but higher bearable stresses at lower length scales 486 

due to missing weakening mechanisms such as microcracks (Schwiedrzik, et al., 2014). 487 

The use of a von Mises yield criterion for the extrafibrillar matrix is justified based on its 488 

isotropic stiffness and failure under shear stresses (Schwiedrzik, et al., 2014; Schwiedrzik, et 489 

al., 2017; Groetsch, et al., 2019). The assumption that macroscopic yielding of MTLT is 490 

dominated by shear failure in the extrafibrillar matrix (interfibrillar sliding) is in line with the 491 

literature on failure mechanisms in mineralised collagen fibril arrays (Gupta, et al., 2006a; 492 

Krauss, et al., 2009; De Falco, et al., 2017; Maghsoudi-Ganjeh, et al., 2019). However, the 493 

literature also identifies other possible failure mechanisms in mineralised musculoskeletal 494 

tissues such as intrafibrillar sliding (Gupta, et al., 2013) or failure of the most adversely load-495 

ed crystal platelet (Fritsch, et al., 2010). It must be noted that the assumption of fully bonded 496 

phases does not allow to identify interface deformations and to give concluding remarks on 497 

the interface failure. Furthermore, mean field homogenisation schemes cannot include the 498 

staggered arrangement of the collagen molecules within the mineralised collagen fibrils 499 

(Jäger & Fratzl, 2000) which may have an impact on the yield properties at this length scale 500 

(Zhang, et al., 2010). Volume fraction-based methods may also fail to account for increased 501 

adhesion due to smaller fibril diameters which have a larger surface area to interact with the 502 

surrounding matrix. Cohesive finite element modelling shows that the extrafibrillar matrix 503 

dominates the pre-yield deformation of MCFA’s and that onset of failure is associated with 504 

the extrafibrillar matrix in both tension and compression (Maghsoudi-Ganjeh, et al., 2019). 505 

These results suggest that the pre-yield behaviour of the MCFA is dominated by the structur-506 



   

al setup of the fibril-reinforced composite (e.g. volume fraction of fibrils and extrafibrillar 507 

matrix) which is well described by our micromechanical approach. It is, therefore, possible 508 

that the increased adhesion has a more pronounced impact on the magnitude of the yield 509 

stress as well as the post-yield behaviour (hardening) than the pre-yield deformation. Ac-510 

counting for all possible failure modes in mineralised collagen fibril arrays, however, would 511 

require multiple failure criteria to be applied simultaneously at the correct length scales 512 

(Simo & Hughes, 2000). It would be possible to use a similar micromechanical approach to 513 

identify these criteria given the experimental data is available.  514 

An alternative approach proposed by Tai et al. (2006) can also be used to identify yield 515 

criteria of bone at the nanoscale. This approach assumes bone tissue to be a cohesive friction-516 

al material at the ultrastructural level. The method utilises an optimisation scheme to fit the 517 

yield surface of bone at the nanoscale but instead uses a combination of results from dual 518 

nanoindentation of bone and a 3D elasto-plastic finite element model to fit a Mohr-Coulomb 519 

yield criterion. The parameters in this case are the internal friction angle which was measured 520 

and which provides the failure envelope in stress space, and a cohesion parameter which is 521 

the shear stress required to cause sliding (Tai, et al., 2006). The advantage of a Mohr-522 

Coulomb yield criterion is that it can be used to determine asymmetric tensile and compres-523 

sive yield stresses as existent in bone tissue (Mirzaali, et al., 2015). Following Maghous et al. 524 

(2009), we used a Drucker-Prager criterion instead since it is a smooth version of the Mohr-525 

Coulomb criterion and determined asymmetric yield stresses with a ratio between tension and 526 

compression of 0.65 which is in accordance with ~0.66 observed in macroscopic experi-527 

mental tests (Garcia, et al., 2010; Mirzaali, et al., 2015; Wolfram & Schwiedrzik, 2016) at 528 

higher length scales. Using an angle of repose of 18.2° which Tai et al. (2006) identified un-529 

der vacuum conditions would lead to a ratio between tension and compression of 0.80. The 530 

obtained compressive yield strength of 265.43 MPa of the EM, however, is in agreement with 531 

the ~260 MPa found by Tai et al. (2006) using a cohesive frictional material. The random 532 

assembly of mineral particles, which results in an isotropic stiffness tensor, justifies the use 533 

of an isotropic version of the Drucker-Prager criterion to model the onset of failure in the 534 

EM. 535 

Varying the orientation of the MCF within the micropillar resulted in a larger drop of the 536 

apparent yield stress than observed experimentally (Schwiedrzik, et al., 2014). Schwiedrzik, 537 

et al. (2014) performed micropillar compression tests in axial and transverse direction of 538 

ovine osteonal bone. The difference in the drop of the apparent yield stress may be explained 539 

by the ultrastructural setup. Osteonal ovine bone may not represent a uniaxial fibre reinforced 540 

structure at the extracellular matrix level like MTLT so that the apparent yield stress may not 541 

be derived from on-axis loading on a denser packaging of MCFs. This is also reflected in the 542 

stiffness results which show a higher degree of anisotropy, i.e. ratio of axial to transverse 543 

stiffness values, for mineralised collagen fibres than for the ovine results in Schwiedrzik, et 544 

al. (2014). In addition, shear instabilities may occur for small fibril angles which may reduce 545 



   

strength. This may then reduce anisotropy overall in non-uniaxially aligned tissue so that the 546 

resulting decrease in transverse properties may be smaller.  547 

SEE (20) was used to determine the accuracy of the yield surface fit. SEE values were in 548 

the range of 5% indicating that a good fit of the yield surface had been achieved. SEE was 549 

equal when fitting the two types of yield surfaces. This was due to providing only compres-550 

sive data which gives a point on the axial stress axis that is the same for both criteria. 551 

5 Conclusions 552 

Bone metabolic diseases such as osteoporosis have a significant impact on the structural in-553 

tegrity and mechanical competence of bone, and this can be partially attributed to the struc-554 

ture and composition at the lowest levels of the structural hierarchy. A micromechanical rep-555 

resentation of dry MTLT, which provides a simplified structural model of bone at the micro- 556 

and ultrastructural levels, was developed to predict its stiffness across multiple length scales. 557 

Subsequently, the determined elastic properties were used in conjunction with experimental 558 

results from micromechanical testing of mineralised collagen fibre micropillars and inverse 559 

micromechanical modelling to identify the yield properties of MTLT at the nanometre length 560 

scale where failure is first reported to occur. There is disagreement in the literature on which 561 

material properties should be used for MTLT (Table 1). We believe that this study helps to 562 

reach a conclusion on that as well as the failure modes at the lower length scales in mineral-563 

ised tissues. We consider the values that were used to model the mineralised collagen fibril 564 

array and below as well as the identified failure properties of the extrafibrillar matrix (�̀± 565 

and jk,>%) as most reasonable. The ability to identify the mechanical properties of bone’s 566 

fundamental building block is vital in understanding how the material behaves under loading 567 

at these small length scales. Computational tools such as finite element analysis, which are 568 

used in the assessment of bone strength and fracture prediction, critically depend on the cor-569 

rect identification of these mechanical properties.  570 
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Appendix I: Eshelby Tensors for Isotropic Inclusions 577 

For an orthogonal material system, the 4th order Eshelby tensor (Eshelby, 1957), ℝ, takes the 578 

form, 579 
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 581 

The individual components of the Eshelby tensor for inclusion shapes used in this paper are 582 

provided below (solutions obtained from T. Mura (1987) and David & Zimmerman (2011)): 583 

 584 

where, 585 6 = Poisson’s ratio of isotropic matrix 586 $ = Inclusion aspect ratio 587 

 588 ℝ�@# - Aligned spheroidal inclusions  589 

ℝ���� = ℝKKKK = − 3$K8�1 − 6��1 − $K� + 14�1 − 6� �1 − 26 + 94�1 − $K�� � 

ℝzzzz = 11 − 6 �2 − 6 + 11 − $K� + 12�1 − 6� �−2�2 − 6� + 31 − $K� � 

ℝ��KK = ℝKK�� = 18�1 − 6� �1 − 11 − $K� + 116�1 − 6� �−4�1 − 26� + 31 − $K� � 

ℝKKzz = ℝ��zz = $K2�1 − 6��1 − $K� + 14�1 − 6� �1 − 26 + 3$K1 − $K� � 

ℝzz�� = ℝzzKK = 12�1 − 6� �−�1 − 26� + 11 − $K� + 14�1 − 6� �2�1 − 26� − 31 − $K� � 

ℝ�K�K = ℝK�K� = $K8�1 − 6��1 − $K� + 116�1 − 6� �4�1 − 26� + 31 − $K� � 

ℝ�z�z = ℝKzKz = 14�1 − 6� �1 − 26 + 1 + $K1 − $K� − 18�1 − 6� �1 − 26 + 31 + $K1 − $K� � 

 590 

where � is a function of the inclusion aspect ratio, $, and takes two forms depending on 591 

whether the inclusions are prolate spheroids ($ > 1� or oblate spheroids ($ < 1�: 592 

 593 � = $�$K − 1�z/K �$�$K − 1��/K − cosh�� $�												when	$ > 1 � = $�1 − $K�z/K �cos�� $ − $�1 − $K��/K�														when	$ < 1 

 594 ℝ�@# - Aligned spheroidal inclusions  595 ℝ���� = ℝKKKK = 0 ℝzzzz = 1 ℝKK�� = ℝ��KK = 	0 



   

ℝKKzz = ℝ��zz = 0 ℝzz�� = ℝzzKK = 61 − 6 ℝ�K�K = 0 ℝKzKz = ℝ���� = 12 

 596 ℝ�A# - Aligned elliptic cylindrical inclusions  �$� = $K		; 			$z → ∞� 597 ℝ���� = ℝKKKK = 5 − 468�1 − 6� ℝzzzz = 0 ℝ��KK = ℝKK�� = 46 − 18�1 − 6� ℝ��zz = ℝKKzz = 62�1 − 6� ℝzz�� = ℝzzKK = 0 ℝ�K�K = 3 − 468�1 − 6� ℝKzKz = ℝ�z�z = 14 

 598 ℝ�@# - Random spherical inclusions  �$� = $K =	$z = $� 599 ℝ���� = ℝKKKK = ℝzzzz = 7 − 5615�1 − 6� ℝ�K�K = ℝKzKz = ℝz�z� = 4 − 5615�1 − 6� ℝ��KK = ℝKK�� = ℝzz�� = ℝ��zz = ℝKK�� = ℝzzKK = 56 − 115�1 − 6� 
Appendix II: Orientation Distribution Function 600 

A planar orientation distribution function was used in (17) and (18) which allowed it to con-601 

sider misalignment and orientation distribution of the fibrils with S£ = 5.31° and ̀ £ = 4.42° 602 

(Groetsch, et al., 2019): 603 

���� = 1√2	G`£ ¤�f£�¥¦K§¦ O¨ 
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Tables 

Table 1: Model input parameters including minimum, median and maximum values obtained from a range of literature sources. Bold values 

were used for identifying the yield properties. 

Input Parameter Symbol Unit Min Median Max Sources 

Collagen Young’s modulus 5A�- GPa 1.00 2.34 
5.00 

(11.9) 

Nikolov & Raabe (2008), Reisinger, et al. (2010),  
Liu, et al. (2013), Oftadeh, et al. (2015), (Cusack & 
Miller, 1979), Schwiedrzik et al. (2017), Rodríguez 
& Reina (2017)  

Collagen Poisson’s ratio 6A�- - 0.28 0.30 0.35 

Nikolov & Raabe (2008), Reisinger, et al. (2010), 
Spiesz, et al. (2013), Oftadeh, et al. (2015), 
Schwiedrzik et al. (2017), Rodríguez & Reina 
(2017) 

Hydroxyapatite Young’s modulus 5"#� GPa 79.8 110 114 

Reisinger, et al. (2010), Spiesz, et al.  (2013),  
Liu, et al. (2013), Oftadeh, et al. (2015), 
Schwiedrzik et al. (2017), Rodríguez & Reina 
(2017) 

Hydroxyapatite Poisson’s ratio 6"#� - 0.27 0.28 0.30 
Reisinger, et al. (2010), Spiesz, et al. (2013), 
Oftadeh, et al. (2015), Schwiedrzik et al. (2017), 
Rodríguez & Reina (2017) 

Mineral platelet aspect ratio in 
mineralised collagen fibril 

$"#� - 8 14 25 
Reisinger, et al. (2010), Vaughan, et al. (2012), 
Spiesz, et al. (2013) 

Nanopore aspect ratio in extrafibril-
lar matrix 

$�� - 1 1 1 
Reisinger, et al. (2010), Spiesz, et al. (2013),  
Tiburtius, et al. (2014) 



   

Fibril aspect ratio in MCFA $<- - 20 100 300 
Reisinger, et al. (2010), Spiesz, et al. (2013),  
Tiburtius, et al. (2014) 

Micropore aspect ratio in CIR/INT 
tissue 

$"� - 30 100 200 Spiesz, et al. (2012), Tiburtius, et al. (2014) 

Mineral distribution parameter : - 0.25 0.25 0.25 
Reisinger, et al. (2010), Spiesz, et al. (2013),  
Tiburtius, et al. (2014) 

Vol. fraction of intermolecular 
space 

�#" - 0.10 0.10 0.10 see Section 2.2 

Fibril vol. fraction in fibril array �<-,<� - 0.50 0.50 0.53 
Reisinger, et al. (2010), Spiesz, et al. (2013),  
Spiesz, et al. (2014) 

Mineral vol. fraction in fibril array �"#,<� - 0.20 0.26 0.30 
Reisinger, et al. (2010), Liu, et al. (2013), 
Spiesz, et al. (2014) 

Mineral vol. fraction in extrafibril-
lar matrix 

�"#,"� - 0.30 0.39 0.48 Calculated using (5) 

Microporosity in CIR tissue �"� - 0 0.1 0.18 Spiesz, et al. (2012), Tiburtius, et al. (2014) 

Microporosity in INT tissue �"� - 0.10 0.24 0.37 Spiesz, et al. (2012), Tiburtius, et al. (2014) 

Macroporosity in CIMP �"� - 0.25 0.25 0.25 see Section 2.2 

CIMP tissue vol. fraction in MTLT 
 

�A#�,"�-� - 0.40 0.40 0.40 see Section 2.2 



   

Table 2: Apparent Young’s moduli � and apparent uniaxial yield stress `kzz of 11 MCFA 

micropillars tested in compression, taken from Groetsch et al (2019). 

Variable Values Mean STD 

� in GPa 
14.12, 15.9, 12.45, 25.6, 17.45, 16.39, 15.27, 17.65, 

16.15, 16.28, 13.94 
16.47 3.24 

|`kzz| in MPa 
220.6, 160.4, 161.9, 242.3, 179.8, 148.9, 85.2, 

170.5, 101.2, 83.9, 137.0 
153.8 51.02 

 

 

 

 

Table 3: Fitted apparent yield stresses for the extrafibrillar matrix with the corresponding 

standard error of the estimate (SEE). 

 ª«,|¬ in MPa l�	in MPa la in MPa SEE (%) 

von Mises 
criterion 

137.64 - - 

6.66 
Drucker-Prager 

criterion 
- 265.43 171.56 

  



   

Figures 

Figure 1: Multiscale micromechanical model for MTLT utilising an eight-step homogenisa-

tion sequence. The model starts at the ultrastructural level where molecular collagen is inter-

penetrated with intermolecular space. The model transitions up to a length scale of a few 

hundred nanometres where intrafibrillar (MCF) and extrafibrillar (EM) phases are observed. 

The output apparent stiffness tensor at a lower length scale is used as an input at the next hi-

erarchical level. This sequence continues all the way up to the macroscopic organ level lead-

ing to an apparent anisotropic stiffness for MTLT. The schematic also identifies the length 



   

scale where results from micropillar compression tests are used to identify the yield proper-

ties of the extrafibrillar matrix at a lower length scale. 

 

 

Figure 2: Resulting apparent stiffness of dry MTLT from the nano- to macroscopic length 

scales using (a) min, (b) median and (d) max input parameters from Table 1. (c) illustrates the 

resulting apparent stiffness for the set of parameters used in the identification of yield proper-

ties (Table 1, Section 3.1). The shape and colour map of each plot was determined from the 



   

elongation and bulk modulus orientation distribution functions of each apparent stiffness ten-

sor (He & Curnier, 1995). Hierarchical levels refer to those in Figure 1. 

 

 

 

 

 

 

Figure 3 Von Mises (a) and Drucker-Prager (b) yield surfaces for the extrafibrillar matrix in 
normal and shear stress space.  



   

 
Figure 4: Dependence of the apparent yield stress `������ of a mineralised collagen fibril 

array on the fibril orientation �. 



Highlights 

• We used a multiscale micromechanical model of mineralised turkey leg tendon, a uni-
axially aligned tissue that is comparable to bone at the length scale of the mineralised 
collagen fibril array, to formulate a micromechanically informed yield surface for the 
extrafibrillar matrix and to identify yield properties of mineralised tissues at the na-
nometre length scale where failure is first reported to occur. 

• Identification of yield properties was done in conjunction with experimental results 
from compression of micropillars which were extracted from individual mineralised 
collagen fibres. The proposed model allows it to investigate how structural changes, 
such as the fibril orientation, impact the yield properties of the mineralised collagen 
fibril array. 

• The ability to obtain yield stress data and unloading stiffness from micropillar com-
pression tests of MTLT at the level of the mineralised collagen fibril array and 
downscaling these into the extrafibrillar matrix mitigates against possible errors asso-
ciated with macroscopic stiffness predictions and proved to be an invaluable ad-
vantage compared to similar modelling approaches. 
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