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Abstract Stability and bifurcation conditions for a vi-

broimpact motion in an inclined energy harvester with T-

periodic forcing are determined analytically and numeri-

cally. This investigation provides a better understanding

of impact velocity and its influence on energy harvest-

ing efficiency and can be used to optimally design the

device. The numerical and analytical results of periodic

motions are in excellent agreement. The stability condi-

tions are developed in non-dimensional parameter space

through two basic nonlinear maps based on switching

manifolds that correspond to impacts with the top and

bottom membranes of the energy harvesting device. The

range for stable simple T-periodic behavior is reduced

with increasing angle of incline β, since the influence of

gravity increases the asymmetry of dynamics following

impacts at the bottom and top. These asymmetric T-

periodic solutions lose stability to period doubling solu-

tions for β ≥ 0, which appear through increased asym-
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metry. The period doubling, symmetric and asymmetric

periodic motion are illustrated by bifurcation diagrams,

phase portraits and velocity time series.
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1 Introduction

Energy Harvesting (EH) refers to a process of convert-

ing energy stored in other forms into electrical energy

that can complement and in some cases substitute other

sources of energy. In a wider sense EH combines all types

of energy including wind, solar, marine energy and so on.

Some energy, however, is stored in the form of vibrations

due to natural phenomena, human motion, and vibra-

tions observed in machines and structures like buildings

and bridges. The harvested energy may feed low-power

consumption sensors for structural monitoring, wearable

sensors or electronic gadgets.

Several methods of energy transduction have been

explored and developed in recent years including four

well-known approaches - piezoelectric, electromagnetic,

electrostatic and triboelectric. However, EH from ambi-

ent vibrations also requires a special system design to
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harvest the energy most effectively. Such designs have to

consider a number of things including a type of a me-

chanical system to be used - discrete (single or multiple

degree of freedom systems) or continuous (beams), range

of operational frequencies and types of vibrations to be

utilised (linear, nonlinear or parametric). It has been ar-

gued that parametric and nonlinear regimes of energy

harvesting are more efficient than linear ones [1,2,3,4,

5,6]. Nevertheless a relatively small number of research

publications are focused on specific devices with a fea-

sible concept based on nonlinear oscillations. The main

reasons for the lack of results is the difficulty in predict-

ing their performance and optimizing their design. In this

regard methods of applied mathematics and mechanics

can be of great help to engineers.

A vibroimpact (VI) system is one of the most colorful

representatives of nonlinear dynamics. Despite its rela-

tively simple mechanical structure that can be realized

by a mass-spring system with a barrier, various nonlinear

effects can be observed in VI systems [7,8]. The difficulty

in analyzing the VI systems is related to the fact that a

VI system’s velocity is discontinues in real life applica-

tions where the impact cannot be treated as ideally elas-

tic (restitution coefficient is equal to unity). To overcome

this difficulty a number of approaches have been devel-

oped including the well-known Zhuravlev’s transforma-

tion and its application to deterministic and stochastic

systems [7,8,9]. VI systems, their dynamics and applica-

tions as energy sinks keep attracting attention of scien-

tists around the world [10,11].

It is worth mentioning that Zhuravlev’s transforma-

tion method treats the VI systems as continues whereas

other authors study VI systems as discrete systems. The

reason behind the idea of discretization can be easily
seen when it is assumed that the energy losses in the

system due to impacts (restitution coefficient r < 1) are

dominant and other friction related losses can be ne-

glected. This leads to the approximation using conserva-

tive dynamics of the system between impacts and there-

fore the velocities of the system after n-th impact and

before n+1-th impact are the same. This approach has

been proposed earlier in classical works [12,13] and well

described by Guo and Luo in their book [14]. Mathemat-

ical aspects of VI systems, existence of various types of

bifurcations and chaotic regimes have also been studied

by other authors [15,16,17,18,19,20,21].

A concept of a vibroimpact damper studied in [22] is

based on a two-mass system consisting of an externally

excited main mass (capsule) with an additional mass (or

rolling ball) freely moving inside the capsule and impact-

ing its both ends. These impacts drive the ball motion

and therefore the maximum energy absorption by the

ball happens when both masses are anti-phased. How-

ever this type of motion requires special initial condi-

tions, which are hard to achieve in real life applications

where various uncertainties effect the system and the ex-

citation frequency may not remain constant over time.

Problems in designing an optimal VI damper, which was

lately referenced also by a number of authors as a VI

sink, has recently become important again in view of

various potential real life applications. Designing an ef-

fective VI EH system resembles the problem of designing

an optimal vibroimpact sink [10,11], since in both prob-

lems the challenge is to transfer the energy from one mass

to another more effectively. This problem currently re-

mains unsolved for general nonlinear systems where the

energy transfer happens due to a nonlinear interaction,

but it is an especially puzzling problem when dealing

with non-smooth dynamics as encountered in vibroim-

pact systems.

Recently, a new EH device based on the VI motion

has been proposed [23,24]. The proposed design employs

two membranes covering both ends of the capsule, which

are deformed at each impact with the inner ball. The

membranes are constructed from an electrically active

polymer - dielectric elastomer (DE), which is sandwiched

between two electrodes organising a capacitor with vari-

able capacitance. It is well known that the charge of a

conventional capacitor is proportional to the voltage dif-

ference applied to both capacitor plates Q = CV , so that

when a constant voltage is applied dQ = V dC. Thus, the

deformation of the capacitor leads to the capacitance

change since C ∼ A/κ, where A is the area of the plates

and κ is the distance between them. As a result, an extra

charge is generated that can be harvested. The impor-

tant advantage of this DE EH method is that the amount

of the harvested voltage is quadratically proportional to

the input voltage and thus the harvested energy can be
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Fig. 1 A mechanical model of an vibroimpact energy harvester adapted from [24].

much greater than that from piezoelectric or electromag-

netic approaches.

The described above VI dielectric elastomer genera-

tor (DEG) has been thoroughly studied for device effi-

ciency under the effect of gravity and various values of

the restitution coefficient [23,24]. It has been shown that

in some cases the system has multiple and consecutive

low-velocity impacts resulting in a low energy harvest-

ing efficiency. To avoid such regimes it is important to

fully comprehend the dynamics of the proposed device

and use this study to design the device properly. This

paper is focused on studying the VI dynamics of this

system for optimizing its performance by treating the

VI system as discrete in which the energy losses due to

impacts dominate.

The paper is organized as follows. In Section 2 we give

the dimensional and non-dimensional models for abso-

lute and relative position and velocity, together with im-

pact conditions. In Section 3 we derive analytical expres-

sions for the conditions for T -periodic solutions where T

is the period of the forcing. These conditions are in terms

of three equations for the impact velocity, phase differ-

ence of impact relative to that of the forcing, and the

time in between impacts. The results illustrate the in-

fluence of forcing amplitude, cylinder size, and gravity.

In Section 4 we give the linear stability analysis of these

T -periodic solutions, which also provides the ranges for

the types of stable solutions. In Section 5 we show the

corresponding results for output voltage.

2 Parametric characterizations of periodic

motion

Consider a vibro-impacting mechanical system consist-

ing of a cylindrical capsule of mass M , an inner ball

of mass m (M � m) rolling freely inside the capsule

and two dielectric elastomeric (DE) membranes ∂B and

∂T for harvesting energy from ambient vibrations at the

bottom and top of the capsule at a distance s apart, see

Figure 1 for a schematic diagram. The system is inclined

with an angle of β (0o 6 β 6 90o) from horizontal.

The system can move freely in the direction of an ex-

ternal excitation. Suppose a harmonic excitation F̂ (ωτ+

ϕ) with period 2π/ω is applied to the system; then the

equation of motion for the capsule is

Ẍ(τ) =
F̂ (ωτ + ϕ)

M
. (2.1)

The inner ball moves within the gap of length s between

impacts due to gravity as

ẍ(τ) = −G = −g sinβ , (2.2)

where g = 9.8 m/s2 is the gravitational constant. The

velocity of the ball changes after impacts. Let ẋ−, Ẋ−

and ẋ+, Ẋ+ represent the velocities of the ball and cap-

sule just before and after each impact, respectively. Here

we assume that Ẋ = Ẋ− = Ẋ+ for m negligible relative

to M . The velocity of the ball after an impact can be

calculated as

ẋ+ = −rẋ− + (r + 1)Ẋ, (2.3)
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where r is the coefficient of restitution. To reduce param-

eters to key non-dimensional parameter combinations,

we non-dimensionalize the original system with the sub-

stitutions

X(τ) = xcX
∗(t), Y (τ) = yc Y

∗(t), τ = tc t , (2.4)

where ‖ F̂ ‖ is an appropriately defined norm of the

strength of the forcing F̂ and the intrinsic units for dis-

placement, velocity, and time are, respectively,

xc =
‖ F̂ ‖ π2

Mω2
, yc =

‖ F̂ ‖ π
Mω

, tc =
π

ω
. (2.5)

Then the dimensionless equations of motion are

Ẍ∗(t) = F (πt+ ϕ) = f(t), (2.6)

ẍ∗(t) = − MG

‖ F̂ ‖
= −ḡ,

with dimensionless impact condition

ẋ∗+ = −rẋ∗− + (r + 1)Ẋ∗ . (2.7)

The non-dimensional forcing F has the unit norm, i.e.

‖ F ‖= 1. We define the largest non-dimensional distance

that the ball moves inside the capsule as d = s/xc. For

the main purpose of this paper it is valuable to track

the relative ball displacement, velocity and acceleration,

defined as

Z = X∗ − x∗, Ż = Ẋ∗ − ẋ∗,

Z̈ = Ẍ∗ − ẍ∗ = f(t) + ḡ. (2.8)

Then the impact condition (2.7) in terms of the relative

variables at the k-th impact at time t = tk is then

Zk = X∗(tk)− x∗(tk) = ±d
2
, (2.9)

for x ∈ ∂B(∂T ) the sign is + (−)

Ż+
k = −rŻ−k . (2.10)

The expressions for the motion between two impacts ob-

tained by integrating (2.8) for t ∈ (tk−1, tk) are:

Ż(t) = −rŻ−k−1 + ḡ(t− tk−1) + F1(t)− F1(tk−1), (2.11)

Z(t) = Z−k−1 − rŻ
−
k−1(t− tk−1) +

ḡ

2
(t− tk−1)2+

+ F2(t)− F2(tk−1)− F1(tk−1)(t− tk−1), (2.12)

where F1(t) =
∫
f(t)dt and F2(t) =

∫
F1(t)dt. At the

k-th impact, Ż−k and Z−k are obtained by taking t = tk
in (2.11)-(2.12).

In the following derivation, the superscripts ” −“ are

dropped, since (2.11)-(2.12) are in terms Z− and Ż−

only. We use these expressions to derive equations for the

triples (Żk−1, ϕk−1, ∆tk−1) corresponding to periodic so-

lutions for combinations of the parameters d, r and ḡ.

Here ∆tk−1 = tk− tk−1 and ϕk−1 = mod(πtk−1 +ϕ, 2π)

is the phase shift of k − 1-st impact relative to that of

the forcing of cylinder. These expressions are obtained

from the equations for all possible motions of the ball,

captured through the four basic nonlinear maps

P1 : ∂B 7→ ∂T, P2 : ∂T 7→ ∂B,

P3 : ∂B 7→ ∂B, P4 : ∂T 7→ ∂T. (2.13)

However, in this paper the dynamics of the system with

P1 and P2 maps only are studied, since we focus on sim-

ple T-periodic motion.

3 Analytical expressions for simple T-periodic

motion

This investigation of the VI DEG based dynamics is fo-

cused on a periodic ∂B 7→ ∂T 7→ ∂B motion that has

the same period T as the forcing f(t). The simplest case

is where there are exactly two impacts in each period of

the forcing, so that

tk+1 = T + tk−1 and Żk+1 = Żk−1 . (3.1)

Defining Tu (Td) as the time for the transition ∂B 7→ ∂T

(∂T 7→ ∂B) we have

Tu = ∆tk−1, Td = ∆tk = tk+1 − tk, T = Tu + Td. (3.2)
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The period-T model is then represented by writing the

two mappings P1 and P2 in terms of (2.11)-(2.12)

P1 : (Zk−1 ∈ ∂B, Żk−1, tk−1) → (Zk ∈ ∂T, Żk, tk),

Żk = −rŻk−1 + ḡTu + F1(tk)− F1(tk−1), (3.3)

− d = −rŻk−1Tu +
ḡ

2
T 2
u + F2(tk)− F2(tk−1)−

− F1(tk−1)Tu. (3.4)

P2 : (Zk ∈ ∂T, Żk, tk) → (Zk+1 ∈ ∂B, Żk+1, tk+1),

Żk+1 = −rŻk + ḡTd + F1(tk+1)− F1(tk), (3.5)

d = −rŻkTd +
ḡ

2
T 2
d + F2(tk+1)− F2(tk)− F1(tk)Td.

(3.6)

By combining (3.3)-(3.6) with (2.10) and (3.2) we derive

a system of equations for (Żk−1, ϕk−1, ∆tk−1) that char-

acterizes the system state at tk−1 for period-T solutions.

Thus our goal is to obtain equations that involve the

impact velocities and the forcing function and its deriva-

tives at a single impact time, which we choose without

loss of generality as tk−1.

Adding (3.3) and (3.5) for the impact velocities, and

using relationships T = Tu + Td, Żk+1 = Żk−1 and

F1(tk+1) = F1(T + tk−1) = F1(tk−1) for period-T so-

lution gives:

Żk + Żk−1 = −r(Żk + Żk−1) + ḡ(Tu + Td)+

+ F1(tk+1)− F1(tk−1), =⇒ (3.7)

Żk =
ḡT

1 + r
− Żk−1. (3.8)

Substitution of (3.8) into (3.3) eliminates Żk, yielding

F1(tk)− F1(tk−1) = Żk−1(r − 1) + ḡ

(
T

1 + r
− Tu

)
.

(3.9)

To derive an expression for Żk−1 in terms of the impact

time tk−1 and the forcing f only at that value, we add

the equations (3.4) and (3.6) and use the properties of

the period-T solution, (3.1) and F2(tk+1)−F2(tk−1) = 0.

Then using (3.8) and (3.9) we get an expression for Żk−1

in terms of Tu, Td, and F1(tk−1) (and thus in terms of

ϕ)

0 = −rŻk−1Tu − rTd(
ḡT

1 + r
− Żk−1) +

ḡ

2
(T 2

u + T 2
d )−

− F1(tk−1)T − Td
[
Żk−1(r − 1) + ḡ

(
T

1 + r
− Tu

)]
, =⇒

Żk−1 =
T

rTu − Td
·
[
g

2
(Tu − Td)− F1(tk−1)

]
. (3.10)

Also, a second equation for Żk−1 involving F2 is derived

by eliminating F1(tk−1) from (3.4) and using (3.10):

F2(tk)− F2(tk−1) = −d+
TuTd
2T

· [2(r + 1)Żk−1 − ḡT ].

(3.11)

Squaring and adding both sides of (3.9) and (3.11) pro-

duces an equation for Żk−1 in terms of Tu, Td, F1 and

F2 and the system parameters,

[F1(tk)− F1(tk−1)]2 + [F2(tk)− F2(tk−1]2 =

=

[
Żk−1(r − 1) + ḡ

(
T

1 + r
− Tu

)]2
+

+

[
−d+

TuTd
2T

· [2(r + 1)Żk−1 − ḡT ]

]2
. (3.12)

The choice of a specific f(t) leads to some simplification.

From (3.9), (3.10), and (3.12) we find semi-analytical ex-

pressions for (Żk−1, ϕk−1, ∆tk−1). Specifically, for f(t) =

cos(πt+ ϕ), we find that T = 2 and

F1(t) =
1

π
sin(πt+ ϕ) and F2(t) = − 1

π2
cos(πt+ ϕ) .

(3.13)

We choose the forcing f(t) = cos(πt + ϕ) with an am-

plitude of 1 without loss of generality, since by (2.6)

‖ F ‖ = 1. We allow an asymmetrical periodic motion,

introducing the parameter 0 6 q 6 1 such that

Tu = 2nq or Td = 2n(1− q), (3.14)

with n = 1 for two impacts per period T = 2. In identify-

ing the conditions for periodic solutions, we take tk−1 =
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0, so ϕk−1 = mod(ϕ, 2π). For this specific case, a num-

ber of simplifications occur in (3.9), (3.10) and (3.12),

for example, (3.9) reduces to an equation for Żk−1 as a

function of ϕ and q

Żk−1 =
1

π(r − 1)
sin(2πnq + πt0 + ϕ)−

− 1

r − 1

[
1

π
sin(πt0 + ϕ) + ḡ

(
T

1 + r
− Tu

)]
. (3.15)

From (3.10) we then get ϕ

ϕ = arcsin
[π

2
ḡ(Tu − Td)− π

T
Żk−1(rTu − Td)

]
− πt0.

(3.16)

Equation (3.12) reduces to a quadratic equation for Żk−1
and q

[
Żk−1(r − 1)− 2nḡ

(
q − 1

r + 1

)]2
· π2+

+
[
2nq(1− q)(1 + r)Żk−1 + 2n2ḡq(q − 1)− d

]2
· π4 =

= 2− 2 cos(2nπq), (3.17)

from which one gets an explicit analytical expression

for Żk−1 as a function of d and q, Żk−1 = 1
2a (−b ±

√
b2 − 4ac), where

a = π2(r − 1)2 + π4(r + 1)2
(
Tu Td
T

)2

, (3.18)

b = 2π2(r − 1) ḡ

(
T

1 + r
− Tu

)
−

− π4(r + 1) ḡ T

(
Tu Td
T

)2

− 2π4d(r + 1)
TuTd
T

, (3.19)

c = π2 ḡ2
(

T

1 + r
− Tu

)2

+ π4

(
d+ ḡ

Tu Td
2

)2

−

− 2 + 2 cos(2πnq). (3.20)

Solving (3.15) - (3.17) for varying d, one gets the triples

(Żk−1, ϕk−1, ∆tk−1/2) for 2-periodic solutions with two

impacts per period. The symmetry parameter q, accord-

ing to (3.2) and (3.14), is compared with ∆tk−1/2 and

the phase shift ϕ is compared with ϕk−1. This allows us

to represent symmetric and asymmetric 2-periodic so-

lutions as functions of d. Recall that d = s/xc, so an

increase in d corresponds to an increase in the length

of the cylinder s, a decrease in the strength of the forc-

ing ‖ F̂ ‖, or an increase in the frequency of the forc-

ing ω. Figure 2 shows solutions of (3.15) - (3.17) for

(Żk−1, ϕk−1, ∆tk−1/2) and compares them to the values

of Ż(tk−1), ϕk−1 and ∆tk−1/2 obtained from numeri-

cal simulations of equations (2.8)-(2.10). Blue solid and

dash-dotted lines indicate stable and unstable analytical

solution triples (Żk−1, ϕk−1, ∆tk−1/2) at the k−1-st im-

pact. Green solid and dash-dotted lines indicate stable

and unstable analytical solution triples (Żk, ϕk, ∆tk/2)

at the k-th impact. Open black circles o′s indicates the

numerical solutions.

Figures 2 (a)-(c) give the triples for β = 0, that is,

when the cylinder is in a horizontal position. Given the

symmetry of the problem with β = 0, there are two 2-

period solutions with 2 impacts per period, one at ∂B

and one at ∂T . Thus we show two values for the ϕk at

the k-th impact, which are a shift of π from each other.

In Figure 2 (a), for d < dC1 (dC1 is the value of d at C1)

there are two distinct branches for the impact velocity,

one for the unstable symmetric solution and the other for

the stable asymmetric solution. Since the impact velocity

values for these two branches are quite close, they are

difficult to distinguish on Figure 2 (a), in contrast to

Figure 2 (b) and (c) where the different branches for ϕ

and ∆t/2 are clearly visible.

Figures 2 (d)-(i) show the triples for β = π/4. In this

case there are no symmetric solutions, given the asym-

metric influence of gravity. Figures 2 (g)-(i) show these

triples in terms of the strength of the forcing ‖ F̂ ‖,
which not only influences the non-dimensional parame-

ter d, but also influences ḡ (2.6). For example, for the

forcing used in Figures 2 (g)-(i) an increase of ‖ F̂ ‖ in

the range (3, 6) corresponds to a decrease of ḡ from 0.29

to 0.14. Thus the range of d over which we observe stable

solutions is different from the scenario with fixed ‖ F̂ ‖
in Figures 2 (d)-(f), as discussed further below. Changes

in the type of stability or loss of stability are indicated

with letters, that are described in Table 1. The numerical
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Fig. 2 Stability and bifurcation conditions for: (a)-(c) Symmetric and asymmetric branches of the 2-periodic solutions for β = 0,

‖ F̂ ‖= 3 and 0.26 < s < 0.75; (d)-(f) Asymmetric branches of the 2-periodic solutions for β = π/4, ‖ F̂ ‖= 3 and 0.59 < s < 0.75;

(g)-(i) Asymmetric branches of the 2-periodic solutions for β = π/4, s = 0.75 with varying ‖ F̂ ‖ between 3 and 6. Here and for
all figures in this paper M = 0.1245 kg, r = 0.5 and ω = 4π.
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Fig. 3 Phase portrait and time series of the period-2 solutions for t0 = 0 (a) and (b) β = 0, ‖ F̂ ‖= 3, d = 0.3688, s = 0.56,

Ż(t0) = 0.7153, Z(t0) = 0.1844, ϕ = 0.5924 and q = 0.5; (c) and (d) β = π/4, ‖ F̂ ‖= 3, d = 0.4604, s = 0.69, Ż(t0) = 1.004,

Z(t0) = 0.2302, ϕ = 0.5635 and q = 0.587; (e) and (f) β = π/4, ‖ F̂ ‖= 5.31, d = 0.2814, s = 0.75, Ż(t0) = 0.726, Z(t0) = 0.1407,
ϕ = 0.2101 and q = 0.6507; (g) and (h) solutions with four impacts per period T = 4 and time intervals between impacts

∆t0 = 0.92, ∆t1 = 1.09, ∆t2 = 0.91, ∆t3 = 1.08 for β = π/4, ‖ F̂ ‖= 5.87, d = 0.2545, s = 0.75, Ż(t0) = 0.715, Z(t0) = 0.1272
and ϕ = 0.2355.
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Figures Interval Criteria Stability

Figure 1: (a)-(c)
symmetric solution
for β = 0.

d < dC1
∆ > 0 and |λi| > 1 unstable node

dC1
< d < dA3

∆ > 0 and |λi| < 1 stable node

d > dA3
∆ < 0 and |λi| < 1 stable focus

Figure 1: (a)-(c)
asymmetric solution
for β = 0.

d < dB1
∆ > 0 and |λi| > 1 unstable node

dB1
< d < dA1

and dA2
< d < dC1

∆ > 0 and |λi| < 1 stable node

dA1
< d < dA2

∆ < 0 and |λi| < 1 stable focus

Figure 1: (d)-(i)
asymmetric solution
for β = π/4, fixed

and varying ‖ F̂ ‖.

d < dB1
∆ > 0 and |λi| > 1 unstable node

d > dB1
∆ > 0 and |λi| < 1 stable node

Table 1 Conditions for type of solution and stability as shown in Figure 1, with, for example, dAj corresponding to the value of
d at Aj .

results are shown for some values of d < dB1
, where dB1

is the value at which the point B1 is labeled, indicating

the smallest value of d for which 2-periodic solutions are

stable. We leave analytical results for d < dB1
for future

study.

Phase portraits and time series of ∂B 7→ ∂T 7→ ∂B

period-2 motion in the relative frame are presented in

Figure 3 to illustrate the different behaviors indicated

in the bifurcation plots. The initial conditions for these

numerical simulations are computed from the analytical

conditions (3.15), (3.16) and (3.17).

In Figure 3 we show solutions for four different pa-

rameter combinations, from the ranges shown in Figure

2. Figure 3 a) and b) shows the symmetric period-2 so-

lution for β = 0 corresponding to a stable focus, (c) and

(d) shows the asymmetric period-2 solution for β = π/4

and ‖ F̂ ‖= 3 corresponding to a stable node, (e) and

(f) shows the asymmetric period-2 solution for β = π/4

and ‖ F̂ ‖= 5.309, also corresponding to a stable node.

Figure 2 (g) and (h) shows the asymmetric period-4 so-

lution for β = π/4 and ‖ F̂ ‖= 5.87, for d < dB1
where

the period-2 solution loses stability to period doubling.

4 Stability and Bifurcation of T-periodic motion

Figures 2 (a)-(i) show different critical points for the 2-

periodic solutions described above. These points are ob-

tained from a linear stability analysis around the triple

(Żk−1, ϕk−1, ∆tk−1) corresponding to the symmetric and

asymmetric period-2 solutions.

Considering a small perturbation δHk−1 to the fixed

point H∗k−1 = (tk−1, Żk−1), we obtain the equation for

δHk+1 linearized about δHk−1 = 0,

δHk+1 = DP (H∗k−1)δHk−1 =

= DP2(H∗k) ·DP1(H∗k−1) δHk−1, (4.1)

with

DP = DP2 ·DP1 =

[ ∂tk+1

∂tk

∂tk+1

∂Żk
∂Żk+1

∂tk

∂Żk+1

∂Żk

]
Hk=H∗k

·

·

[ ∂tk
∂tk−1

∂tk
∂Żk−1

∂Żk
∂tk−1

∂Żk
∂Żk−1

]
Hk−1=H∗k−1.

(4.2)

The entries ∂tl+1

∂tl
, ∂tl+1

∂Żl
, ∂Żl+1

∂tl
, ∂Żl+1

∂Żl
for l = k, k− 1 are

given in Appendix A.

Using the trace Tr(DP ) and determinant Det(DP ),

the eigenvalues of the matrix DP in (4.2) are computed

by

λ1,2 =
Tr(DP )±

√
∆

2
,

∆ = [Tr(DP )]2 − 4Det(DP ). (4.3)

Note that if ∆ < 0, two conjugate complex eigenvalues

λ1,2 are obtained with real part Re(λi) = Tr(DP)/2 and
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Fig. 4 Graphs of ∆, real eigenvalues λ1,2 and real part of complex eigenvalues Reλ1,2 to confirm types and stability of solutions

as indicated in Figure 1. In (a) and (b) for β = 0, 0.26 < s < 0.75 and ‖ F̂ ‖= 3; in (c) and (d) for β = π/4, 0.59 < s < 0.75

and ‖ F̂ ‖= 3; in (e) and (f) for β = π/4, s = 0.75 with varying ‖ F̂ ‖ between 3 and 6. The red dot-dashed lines ∆ = 0 and
λ1,2 = ±1 represent boundaries of the criteria in Table 1.
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imaginary part Im(λi) =
√

[4Det(DP)− Tr2(DP)]/2. For

|λi| =
√

Re2(λi) + Im2(λi) < 1, in our setting |λi| =√
Det(DP) = r2 = 0.25 is a constant less than 1, so that

a fixed point is a stable focus.

If ∆ > 0, for maxi=1,2(λi) = 1 there is a saddle

node bifurcation at C1, corresponding to the bifurcation

from a symmetric solution to an asymmetric one. For

mini=1,2(λi) = −1 there is a period doubling bifurcation

of the asymmetric solution, indicated by B1.

The stability and analytical bifurcation conditions

can be derived following [12,25,26], determining the sta-

bility and nature of the symmetric and asymmetric 2-

periodic solutions as described in Table 1. The values

∆ and λ1,2 when the eigenvalues are real, or Re(λ1,2)

when the eigenvalues are complex, are shown in Fig-

ures 4 (a)-(f), together with the critical points from Fig-

ures 2 (a)-(i), respectively, corresponding to the transi-

tions between different types of solutions. In the intervals

dA1 < d < dA2 and d > dA3 in Figure 4 (b) there are the

complex eigenvalues, so the thick blue line represents the

real part Re(λ1,2).

Comparing Figures 2 (a)-(f) and the stability results,

we see that the range for simple 2-periodic behavior is

reduced with increasing β. This is to be expected, since

the influence of gravity naturally increases the asymme-

try of dynamics following impacts at the bottom and

top. These asymmetric 2-periodic solutions lose stabil-

ity to period doubling solutions for both β = 0 and

β = π/4, which appear through increased asymmetry.

Thus for larger β, with ‖ F̂ ‖ fixed, the increased asym-

metry is reached for a larger value of d = dB1
. In Figures

2 (g)-(i), since ḡ decreases with increasing ‖ F̂ ‖, the ef-

fects of gravity decrease with increasing amplitude, and

we see a larger range of d for which the 2-periodic solu-

tion is stable.

5 Numerical investigation of energy harvesting

potential

In this section we analyze how the variations within sim-

ple periodic impacting motion can maximize the energy

harvesting output and it will be show for the cases ana-

lyzed in the previous sections. To estimate the harvested

electrical power we introduce the variable Uave from [24]

Fig. 5 Geometry of the DE membrane at largest deformation
condition adapted from [24].

that represents an average value of generated electricity

over a given time interval weighted by the number of

impacts

Uave =

∑N
i=1(U

(i)
imp − Uin)

N
, (5.1)

where N is the number of impacts within the given time

interval, Uin = 2000 V is a constant input voltage applied

to the membranes and U
(i)
imp is the output voltage across

the deformed dielectric elastomer membrane at the i-th

impact that, according to [24], can be calculated as

U
(i)
imp =

[
A(i)

πR2
cin

]2
· Uin, (5.2)

where Rcin = 6.3 mm is the active radius of the mem-

brane and A(i) is the area of the membrane in the largest

out-of-plane deformation condition at the i-th impact,

based on the geometry depicted in Figure 5, given by

A(i) = 2πr2b (1− cosα(i)) +
πR2

cin − π(rb sinα(i))2

cosα(i)
, (5.3)

where rb = 5 mm is the radius of the ball. The value of

the angle α(i) is defined by the largest deflection δ(i) of
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Fig. 6 Time series of the period-2 absolute X∗(t)±d/2 capsule top/bottom displacement (blue lines) and x∗(t) ball displacement
(red line) for the same initial conditions referred to Figure 3 that originate (a) horizontal symmetric stable focus motion; (b)
horizontal asymmetric stable node motion; (c) inclined stable node motion and (d) inclined period doubling motion.

the membrane at the i-th impact and is written in terms

of the other parameters as

cosα(i) =
−2rb(δ

(i) − rb)
2[R2

cin + (δ(i) − rb)2]
+

+
2Rcin

√
R2

cin + δ(i)2 − 2δ(i)rb
2[R2

cin + (δ(i) − rb)2]
. (5.4)

The value of δ(i) depends on the mechanical properties

of the material and the relative dimensional ball velocity

Vi before the i-th impact, given by

δ(i) =

[
h+ 1

2K
m V 2

i

] 1
h+1

, (5.5)

where K = 4.0847 · 105 and h = 2.6 are parameters

of the elastic force of the membrane. Figure 7 gives the

converted electrical energy in terms of output voltage

Uave and U
(i)
imp −Uin as functions of d for the previously

considered scenarios: horizontal position, inclined with

fixed ‖ F̂ ‖ and inclined with varying ‖ F̂ ‖.
Figure 6 illustrates the physical behavior of the sys-

tem in different stability regimes of the periodic motion

as summarized in Table 1 and visualized in relative vari-

ables in Figure 3. The absolute displacement of the sys-

tem shown in Figure 6 gives a clear view of the ball’s tra-

jectory (red line) between top and bottom cylinder mem-

branes (the two blue lines). The parameter values and

initial conditions for each panel correspond to the values

given in the caption of Figure 3. The results for output

voltage Uave and U
(i)
imp − Uin shown in Figure 7 depend

on the relative dimensional impact velocity Vi through

membrane deflection as shown in Figure 5 and (5.5). Us-

ing (2.4), Vi is obtained from the non-dimensional im-

pact velocity Żk, whose values are obtained in the results

shown in Figure 2. Therefore, from the values of Żk given
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Fig. 7 Output voltage Uave (red line and red stars) and U
(i)
imp −Uin (blue line and black circles) for (a) β = 0, 0.26 < s < 0.75

and ‖ F̂ ‖= 3; (b) β = π/4, 0.59 < s < 0.75 and ‖ F̂ ‖= 3; (c) β = π/4, s = 0.75 with varying ‖ F̂ ‖ between 3 and 6. Analytical
results are shown with solid and dashed lines for stable solutions and dotted lines for unstable ones. Open circles o′s and stars
∗′s indicate the numerical simulations.

in the dynamical results of the previous sections, one can

directly obtain Vi and the output voltage Uave shown in

Figure 7 for the horizontal symmetric stable focus, hori-

zontal asymmetric stable node, inclined stable node and

inclined period doubling motion.

As the velocity of impacts in the horizontal position

for the 2-period stable solutions assumes a symmetric

values Ż(tk) = −Ż(tk−1), the output voltage U
(i)
imp (5.2)-

(5.5) at the top ∂T and bottom ∂B impacts and the av-

erage voltage Uave (5.1) represent the same values. Thus,

in Figure 7 (a) only one solid line and one line of stars are

observed. Also, it is noteworthy that the slope of these

lines changes through the point of saddle-node bifurca-

tion C1, representing the higher output voltage growth

rate for the 2-period stable symmetric solutions.

The behavior of output voltage with the increase of

non-dimensional distance d in Figure 7 (c) differs sig-

nificantly from that shown in Figures 7 (a)-(b) both in

terms of monotonicity and in terms of rate of change. In

the horizontal (β = 0) and inclined positions (β = π/4)

with fixed strength of forcing ‖ F̂ ‖= 3 with increase

of capsule size s the impact velocity increases linearly,

resulting in a linear increase in the amount of energy

harvested. In the case with fixed capsule size s = 0.75

where ‖ F̂ ‖ varies in the range from 3 to 6 the distance d

decreases and the output voltage represents a nonlinear

dependence of d, given the linear dependence of ‖ F̂ ‖
and the nonlinear relationship between d and ‖ F̂ ‖.

Additional numerical experiments (not shown) of the

VI DEG for fixed capsule size s and forcing strength

‖ F̂ ‖ and varying inclination angle β indicate a number

of areas for future exploration. For example, although

the output voltage U
(i)
imp − Uin at the top and bottom

impacts are farther apart for larger angles of inclination,

the mean voltage Uave takes similar values for different

β. However, additional nonlinear dependence of Uave on
d appears, given the underlying bifurcations that appear

for different values of β.

6 Conclusions

The paper studies dynamics of a novel mechanical sys-

tem for energy harvesting from vibrations. The system

comprises an external mass with a slot allowing a free

rolling-type motion of an internal mass (a ball). Whereas

the external mass is subjected to a harmonic excitation



14 Larissa Serdukova* et al.

the inner mass motion is engaged by an impact inter-

action against dielectric membranes, covering the both

ends of the slot. The deformation of the membranes re-

sults in capacitance change and therefore can be used for

energy harvesting.

A non-dimensional form of the model has been de-

rived allowing us to obtain results in term of the impor-

tant combinations of the system’s parameters like the

slot length and mass, the amplitude and frequency of

forcing and the inclination angle. Analytical expressions

for relative velocity at impacts, the phase difference and

the time between impacts have been derived for a 2-

impact periodic solutions. The stability conditions for

the 2-impact periodic motion have been obtained and

an excellent agreement with the numerical results have

been demonstrated.

The analytical results derived for the stable 2-periodic

motion have demonstrated different behavior of the sys-

tem in horizontal and inclined positions. Namely, in the

horizontal position both symmetric and asymmetric so-

lutions have been observed for 2-impact periodic motion.

The symmetric solutions are observed within the studied

range of d, changing their stability from the saddle-node

bifurcation point C1 whereas the asymmetric solutions

take place only for d < dC1
. In the inclined position the

gravity force induces an asymmetry; therefore no sym-

metric solutions were observed. Since the influence of

the phase ϕ translates into differences in relative im-

pact velocity, it is an important quantity to track within

the nonlinear behavior of the solutions. The analytical

expressions provide an insight into the dependence of

phase and impact velocity on physical parameters in-

cluding cylinder size, the frequency and amplitude of the

excitation.

It has also been shown that within the considered

type of motion and length of the slot, there is very little

difference in the amount of energy harvested in horizon-

tal and inclined (β = π/4) positions. However, in both

these cases an increase in harvested energy is observed

with increase of the slot’s length, whereas in the case of

the fixed slot’s length the amount of harvested energy

increases with the increase in forcing strength. The pos-

itive dependence of the energy on the slot’s length can

be related to the fact that the longer, inclined slot allows

the ball to attain a higher speed before the next impact

is observed, however, the instability of the 2-impact mo-

tion observed when the slot length is increased beyond

some critical value.

The analytical results point to other types of behav-

ior to be explored in future studies, in terms of phase

and impact velocity. This includes period doubling bi-

furcations, grazing behavior, and potential regions of bi-

stability and chaotic behavior. The analytical results for

stability and bifurcations also suggest parameter regimes

to explore within the stochastic context. For example,

in cases where the solutions are weakly stable or near

the critical values of ϕ(dB1
) = 3.02, ϕ(dC1

) = 3.66,

ϕ(dB1) = 0.49 and ϕ(dB1) = 0.22, respectively for the

scenarios shown in Figures 2 (b), (e) and (h), stochas-

tic effects are likely to cause transitions that influence

outputs. The future studies of other types of stable peri-

odic motions, which can be observed in this vibroimpact

system, are essential for comparison and identification of

those motions that are realistic and deliver the maximum

amount of harvested energy.

A Appendix

We give the details for the calculations of the eigenvalues λ1,2.
The entries in the matrices in (4.2) are

∂tk

∂tk−1

=
rŻk−1 − ḡTu − f(tk−1)Tu

Żk−1 − ḡT
1+r

, (A.1)

∂tk

∂Żk−1

=
−rTu

Żk−1 − ḡT
1+r

,

∂Żk

∂tk−1

=
∂tk

∂tk−1

[f(tk) + ḡ]− [f(tk−1) + ḡ],

∂Żk

∂Żk−1

= −r +
∂tk

∂Żk−1

[f(tk) + ḡ],
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and

∂tk+1

∂tk
=
rŻk − ḡTd − f(tk)Td

Żk − ḡT
1+r

, (A.2)

∂tk+1

∂Żk
=

−rTd
Żk − ḡT

1+r

,

∂Żk+1

∂tk
=
∂tk+1

∂tk
[f(tk+1) + ḡ]− [f(tk) + ḡ],

∂Żk+1

∂Żk
= −r +

∂tk+1

∂Żk
[f(tk+1) + ḡ].

For the period-2 motion the trace and determinant of the lin-
earized matrix DP are

Det(DP ) = r4, (A.3)

Tr(DP ) =

(
r +

rTu(ḡ + f(tk))

σ3

)(
r −

rTd(ḡ + f(tk+1))

Ż(tk−1)

)
(A.4)

+
rTu

(
ḡ + f(tk)− (ḡ+f(tk+1))σ2

Ż(tk−1)

)
σ3

−
rTd

(
ḡ + f(tk−1) + (ḡ+f(tk))σ1

σ3

)
Ż(tk−1)

−
σ2σ1

Ż(tk−1)σ3

,

where σ1 = Tu · f(tk−1)− rŻ(tk−1) + ḡTu, σ2 = Td · f(tk) +

rσ3 + ḡTd, σ3 = Ż(tk−1)− ḡT
r+1

.

Considering a horizontal impact pair, (A.3) and (A.4) gen-
erate the same equations for determinant and trace for sym-
metric period-2 motion (q = 1/2) and odd n from [25].
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