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Optimal dynamic reinsurance policies under Mean-CVaR - a generalized

Denneberg’s absolute deviation principle∗

Ken Seng Tan† Pengyu Wei‡ Wei Wei§ Shengchao Zhuang¶
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Abstract

This paper studies the optimal dynamic reinsurance policy for an insurance company whose surplus is modeled by the
diffusion approximation of the classical Cramér-Lundberg model. We assume the reinsurance premium is calculated
according to a proposed Mean-CVaR premium principle which generalizes Denneberg’s absolute deviation principle
and expected value principle. Moreover, we require that both ceded loss and retention functions are non-decreasing
to rule out moral hazard. Under the objective of minimizing the ruin probability, we obtain the optimal reinsurance
policy explicitly and we denote the resulting treaty as the dual excess-of-loss reinsurance. This form of the optimal
treaty is new to the literature and lends support to the fact that reinsurance contracts in practice often involve layers.
It also demonstrates that reinsurance treaties such as the proportional and the standard excess-of-loss, which are typ-
ically found to be optimal in the dynamic reinsurance model, need not be optimal when we consider a more general
optimization model. Finally, we show that similar treaties are optimal even if we extend the model in allowing the
insurer to manage its business not only through reinsurance but also via investment.
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1 Introduction

This paper studies the optimal reinsurance strategy by minimizing the ruin probability (or equivalently maximizing

the survival probability) of an insurance company in a dynamic setting. This is one of the classical problems in the

literature. While this problem has been studied extensively in the past few decades, the existing results are surprisingly

quite restrictive. Their limitations stem from at least two aspects. The first aspect is that most of the optimal reinsurance

strategies are obtained under the assumption of relatively simple premium principles such as the expected value premium

principle and the variance premium principle. The second aspect is that the optimal reinsurance strategy is typically

analyzed under a specified type of reinsurance treaty, such as the proportional reinsurance treaty, the excess-of-loss

reinsurance, or their combinations. See for example Schmidli (2001, 2002), Taksar and Markussen (2003)-that study

optimal proportional reinsurance and Hipp and Vogt (2003) that analyzes optimal excess-of-loss reinsurance. All the

studies mentioned above analyze the optimality of reinsurance scheme by minimizing an insurer’s probability of ruin

and that the reinsurance premium is calculated based on the expected value principle. Other slightly more general results

are established by Hipp and Taksar (2010) who show that among the class of plausible reinsurance treaties the excess-

of-loss reinsurance treaty is optimal under the expected value premium principle and proportional reinsurance treaty is

optimal under the variance premium principle. See Schmidli (2007) and Albrecher et al. (2017) for a more complete and

excellent exposition of the topic related to reinsurance.

By assuming the surplus of the insurer can be modeled by a diffusion approximation of the classical Cramér-Lundberg

model,1 this paper similarly investigates the ruin probability minimization optimal reinsurance model but with the fol-

lowing two distinctive features:

1. The losses assumed by both insurer and reinsurer increase with losses;

2. the reinsurance premium is determined by a newly proposed premium principle which we denote as the mean-

CVaR premium principle (CVaR is short for Conditional Value-at-Risk).

The first feature of our proposed dynamic reinsurance model allows us to investigate the optimal reinsurance strategy

under a much wider class of reinsurance treaty. Recall that the existing optimal reinsurance strategies are typically

obtained by confining to a particular type of reinsurance treaty such as the proportional reinsurance and/or the excess-

of-loss reinsurance. By considering the optimality under a class of reinsurance treaties that is increasing, it encompasses

many of the existing results since both proportional reinsurance and excess-of-loss reinsurance are special cases of

increasing reinsurance treaty. Furthermore, it is of significance interest to investigate if the excess-of-loss reinsurance

is still optimal under a much wider family of reinsurance treaty since some existing results seem to suggest that the

excess-of-loss reinsurance is robust to optimality.

There is another important reason requiring the losses assumed by both insurer and reinsurer to increase with losses.

This condition helps alleviating the insurer’s ex post moral hazard. The ex post moral hazard is concerned with the

effect of incentives on claiming losses. To demonstrate how a reinsurance treaty may trigger ex post moral hazard,

it is instructive to consider the following example. Let x be the insurer’s loss that is reported to the reinsurer and

(x − γ1)+I{x≤γ2} be the loss that is ceded to the reinsurer. Both γ1 and γ2 are pre-determined constants such that

γ2 > γ1 > 0, (x)+ = max(x, 0), and I{D} denotes the indicator function of an event D. The ceded loss function

(x − γ1)+I{x≤γ2} is commonly known as the truncated stop-loss function and it has been shown to be an optimal

1This assumption is commonly assumed in dynamic reinsurance models. Its justification can be found in Grandell (2012) and Taksar and
Markussen (2003). Analyzing optimal reinsurance strategy under the classical Cramér-Lundberg model tends to be intractable, typically requires
numerical solution as can be seen from Schmidli (2002) and Hipp and Vogt (2003). On the other hand, under the diffusion approximation the
resulting dynamic reinsurance model becomes much more tractable and hence explains its popularity. See for example Højgaard and Taksar
(2001), Højgaard and Taksar (1999), Asmussen et al. (2000), Choulli et al. (2001, 2003), Schmidli (2001), Taksar and Markussen (2003), Meng
and Zhang (2010), and Gu et al. (2017).
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reinsurance treaty under a number of (static) reinsurance models. See for example Gajek and Zagrodny (2004), Kaluszka

and Okolewski (2008), and Bernard and Tian (2009).

Despite the optimality of the truncated stop loss function, it is not a practical nor a desirable function as it leads to

ex post moral hazard. To see this, let us first note that under the truncated stop loss reinsurance treaty, the reinsurer is

only responsible for losses that are in the range (γ1, γ2). In particular, for losses that exceed γ2, the indemnity from the

reinsurer to the insurer drops from the maximum amount of γ2 − γ1 to zero. Hence the amount ceded to the reinsurer is

not an increasing function of x though the losses retained by the insurer is non-decreasing in x. The decline in indemnity

could incentivize insurer to underreport its actual loss, especially for losses that are above γ2; thus gives rise to ex

post moral hazard. If both the ceded loss function and the retained loss function are increasing function of x, the ex post

moral hazard can be alleviated and hence signifies the importance of imposing the “increasing” condition. The increasing

condition of indemnity and retention is also referred to as the “incentive compatibility” constraint for optimal insurance

contracting in Huberman et al. (1983) and Picard (2000). See also Bernard et al. (2015), Asimit et al. (2017), Xu et al.

(2018), and Asimit and Boonen (2018) for some recent single-period optimal re/insurance models that emphasize the

importance of incentive compatibility.

The intertwine issue between moral hazard and optimal insurance is a widely studied topic among economists. For

a historical account of the term “moral hazard”, see Rowell and Connelly (2012). See Shavell (1979), Huberman et al.

(1983), Müller and Brammertz (1986), Picard (2000), Winter (2013), and Drèze and Schokkaert (2013) for some related

studies as well as Dionne and St-Michel (1991), Cummins and Tennyson (1996), and Butler et al. (1996) on empirical

evidences of moral hazard. Despite the importance of moral hazard in contract theory, to the best of our knowledge this

may be the first time the non-decreasing constraint is imposed explicitly in the dynamic reinsurance model to address the

undesirable feature of moral hazard.

The second feature of our optimal reinsurance model is prompted by the existing results that are either based on ex-

pected value premium principle or variance premium principle. By relaxing this assumption and considering a more gen-

eral premium principle provides an additional insight to the optimal choice of reinsurance strategy. As will be explained

in Section 2, the proposed mean-CVaR premium principle (see Definition 2.2) can be considered as a generalization of

the absolute deviation premium principle proposed by Denneberg (1990). Therefore the proposed premium principle

encompasses both Denneberg’s absolute deviation principle and the expected premium principle as special cases. The

proposed mean-CVaR premium principle also satisfies most of the desirable properties of premium principles given in

Young (2004). Finally, the proposed mean-CVaR premium principle can be interpreted as a weighted average of the

risk’s mean and CVaR. The premium principle is completely specified by three parameters α, θ and β. The parameter

α determines the confidence level of the CVaR and measures the degree to which the reinsurer penalizes tail risk. The

tail risk loading β measures the importance of the tail risk relative to the mean. The parameter θ can be interpreted as

the premium loading and is analogous to the safety loading in the classical expected value premium principle. Each

combination of these parameters reflects a specific reinsurer’s preference in pricing risk.

Incorporating the above two features to the dynamic reinsurance model substantially increases the difficulty of de-

riving an optimal reinsurance strategy. To resolve this, we rely on dynamic programming and obtain the optimal contract

and the value function explicitly. We demonstrate, under the mean-CVaR premium principle, the optimal reinsurance

policies are special cases of dual excess-of-loss reinsurance policy, depending on the relative magnitude of premium

loading θ and the tail risk loading β. The dual excess-of-loss reinsurance is a newly defined treaty that is a combination

of both capped excess-of-loss reinsurance and a standard excess-of-loss reinsurance. This is a novel finding as it con-

tradicts to the existing results that standard reinsurance treaties such as the excess-of-loss reinsurance and proportional

reinsurance need not always be optimal in the dynamic setting. By relaxing the feasible reinsurance treaty to a class of

increasing functions, the more complicated dual excess-of-loss reinsurance with multiple layers can be optimal in the

dynamic reinsurance model.
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The optimal reinsurance contract can have at most two shapes. Both optimal reinsurance policies have some simi-

larities and differences. A key similarity is that the insurer in both cases is concerned with insolvency triggered by large

losses. Hence insurer reinsures large losses in order to minimize the desirable ruin probability. Another similarity found

in the two optimal reinsurance policies is that the indemnity is capped at a fixed amount for medium losses. A main

difference between the two reinsurance policies is on reinsuring small losses. If θ ≤ β, the reinsurer imposes greater

penalty on large losses relative to small losses. In this case it is desirable for the insurer to fully insure small losses.

On the other hand, if θ > β, i.e., it is relatively more costly to insure against small losses, then it is optimal for the

insurer to retain small losses. The optimal reinsurance contract when θ ≤ β coincides with the two-step policy proposed

by Cutler and Zeckhauser (1999), which is found to be optimal when the insurer and the reinsurer have the asymmetric

information for the magnitude of loss. Our results show that such contract is optimal under the mean-CVaR principle

even if the insurer and the reinsurer have symmetric information.

Our results lend support to the fact that reinsurance contracts in practice typically involve layers. Although the

insurance economics literature centers around standard proportional and excess-of-loss reinsurance, in practice, both

types of reinsurance treaties are often purchased in multiple layers. For example, Froot (2001) provided a depiction of

the USAA’s reinsurance program, which includes excess-of-loss treaties in different layers. Our model shows that the

reinsurance contracts can involve layers if the reinsurer cares about the tail risk, e.g. CVaR, in the reinsurance pricing.

We also extend our model by allowing the insurer to invest its surplus in the financial market to reflect the fact that the

insurer can manage its business risk through not only reinsurance but also investment. We confirm our previous finding

on the optimality of the dual excess-of-loss reinsurance even in the presence of investment opportunity.

The main contributions of our paper are as follows. First, we propose the Mean-CVaR premium principle which

generalizes the expected value principle and Denneberg’s absolute deviation principle. The new premium principle

is flexible enough to reflect the reinsurer’s risk attitude. Second, we study dynamic reinsurance design beyond the

standard expected value principle and variance principle. Moreover, we impose the incentive compatibility constraint

which requires that the insurer and reinsurer are obligated to pay more for a larger loss to rule out moral hazard. These

new features can provide new directions in the future dynamic reinsurance research. Third, the incentive compatibility

constraint posts the major difficulty to solve the problem analytically. We overcome this difficulty by developing a

general modification approach, which is completely new in the dynamic reinsurance literature. Fourth, we derive two

types of the optimal contracts explicitly which are new in the dynamic reinsurance literature. These contracts involve

different layers which are consistent with reinsurance contracts observed in the market.

The rest of the paper is organized as follows. Section 2 introduces the Denneberg’s absolute deviation principle

and Mean-CVaR premium principle. Section 3 formulates the dynamic reinsurance model. In Section 4, we derive the

Hamilton-Jacobi-Bellman equation and characterize the optimal reinsurance strategy explicitly. Section 5 extends the

model by allowing the insurer to invest its surplus in the financial market. Section 6 concludes the paper. Appendix A

and B contain additional proofs.

2 A proposed mean-CVaR premium principle

We begin the section by defining Z as a non-negative loss random variable with distribution function FZ . We further

assume that a (re)insurance policy written on a risk Z is priced according to a selected premium principle. Mathemati-

cally, a premium principle π(Z) is a mapping from Z to the nonnegative real line. There exists a wide array of premium

principles; see, for example, Young (2004) who provides a comprehensive survey on premium principles, together with

their desirable properties. Among these premium principles, one particular premium principle that is of interest to this

paper is attributed to Denneberg (1990). This principle is known as the Denneberg’s absolute deviation principle and is

formally defined as follows:
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Definition 2.1. The Denneberg’s absolute deviation principle is given by

π(Z) = E(Z) + ρτ(Z). (1)

where 0 ≤ ρ < 1 and τ(Z) is the average absolute deviation from the median.

As shown in Denneberg (1990), this premium principle recovers the expected value premium principle

π(Z) = (1 + ρ)E(Z)

for some special distributions satisfying FZ(0) ≥ 0.5. Moreover, the Denneberg’s absolute deviation principle is related

to two popular risk measures known as the Value-at-Risk (V aR) and Conditional Value-at-Risk (CV aR). To see this, let

us denote the generalized inverse F−1Z as the quantile function of FZ . Formally, the quantile function of Z is defined as

F−1Z (t) = inf{z ∈ R : FZ(z) ≥ t}, 0 < t ≤ 1.

Then VaR and CVaR are defined as belows:

Definition 2.2. The V aR and CV aR of a random variable Z at a confidence level α (with 0 < α < 1) are defined,

respectively, as

V aRα(Z) , inf{z ∈ R : FZ(z) ≥ α} = F−1Z (α), (2)

and

CV aRα(Z) ,
1

1− α

∫ 1

α
V aRs(Z)ds =

1

1− α

∫ 1

α
F−1Z (s)ds, (3)

provided that the integral exists.

The relation between the Denneberg’s absolute deviation principle and VaR is obvious by recognizing that when

α = 0.5, V aR0.5(Z) becomes the median of Z. Its connection to CVaR can be shown as follow:

π(Z) = E(Z) + ρτ(Z)

=

∫ 1

0
F−1Z (t)dt+ ρ

∫ 1

0
|F−1Z (t)− F−1Z (0.5)|dt

=

∫ 1
2

0
F−1Z (t)(1− ρ)dt+

∫ 1

1
2

F−1Z (t)(1 + ρ)dt

= (1− ρ)

∫ 1

0
F−1Z (t)dt+ 2ρ

∫ 1

1
2

F−1Z (t)dt

= (1− ρ)E(Z) + ρCV aR 1
2
(Z).

The above representation provides a useful interpretation of the Denneberg’s absolute deviation principle. It demonstrates

that under the Denneberg’s absolute deviation principle, the pricing of a risk is a weighted average between the mean

and the CV aR at the 50% confidence level.

Inspired by the above insight, we propose the following premium principle, which we denote as the Mean-CVaR

premium principle:

Definition 2.3. The Mean-CVaR premium principles is defined as

π(Z) =
1 + θ

1 + β

[
E(Z) + βCV aRα(Z)

]
, (4)
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where θ, β ≥ 0 and α ∈ [0, 1).

Note that for a given insurance risk Z, the proposed Mean-CVaR premium principle can similarly be interpreted as

some kind of weighted average in term of its mean and its CV aR at the confidence level α. Furthermore, the proposed

premium principle is completely specified by three parameters α, θ, β. Each of these parameters plays an intricate role

in pricing risk. More specifically, α measures the risk aversion of the reinsurer for underwriting tail risk. A higher

α implies that the reinsurer is more concerned with the underwritten tail risk and thus imposes a greater reinsurance

premium (since CVaR increases with α). The magnitude of the penalty for accepting the tail risk is exacerbated by the

parameter β, which is similar to the weighting parameter ρ in the Denneberg’s absolute deviation principle. A larger β

leads to a greater penalty on the tail risk and hence a larger premium. For this reason, β can be interpreted as the tail risk

loading. Finally, the parameter θ is analogous to the safety loading in the classical expected value premium principle.

For this reason, we refer θ as the premium loading.

The flexibility provided by parameters α, θ, β suggests that some important premium principles can be viewed as

special cases of the proposed premium principle. In particular, by setting β = 0 or α = 0, the Mean-CVaR premium

principle reduces to the expected value premium principle. When θ = 0, β = ρ
1−ρ , and α = 0.5, the Mean-CVaR

premium principle reduces to the Denneberg’s absolute deviation principle. In other words, when θ = 0 and β = ρ
1−ρ ,

the Mean-CVaR premium principle can be regarded as a generalization of the Denneberg’s absolute deviation principle

for α ∈ [0, 1).

To conclude this section, we point out that the proposed Mean-CVaR premium principle satisfy many of the desir-

able properties of premium principles, such as independence, risk loading, maximal loss, translation invariance, scale

invariance, subadditivity, comonotonic additivity, monotonicity, preservation of the first stochastic dominance ordering,

preservation of the stop-loss ordering and continuity, as stipulated in Young (2004).

3 Formulation of the dynamic reinsurance model

Let (Ω,F ,P) be a probability space with filtration {Ft}. We assume that an insurer’s surplus process can be described

by the following classical Cramér-Lundberg (CL) model:

Rt = R0 + pt−
Nt∑
i=1

Zi, (5)

where p > 0 is the premium rate on the risk that the insurer is insuring, R0 is the initial reserve (or surplus), Nt is

the Poisson process of the arising claims and Zi is a sequence of i.i.d. random variables that represents the sizes of

successive losses (i.e. the payout on the insurance that the insurer is providing). Without loss of generality, the intensity

of the process Nt is assumed to be 1. The loss random variable Zi is also assumed to have cumulative distribution

function FZ(·), quantile function F−1Z (·) and that p > E[Zi].

Consider now the insurer is using reinsurance to risk managing its risk exposure. Without reinsurance, the insurer is

fully responsible for all arising losses Zi, i = 1, 2, . . .. In the presence of reinsurance, a portion of each arising loss Zi
will be ceded to the reinsurer. The precise coverage is dictated by the reinsurance policy I(Zi), which is a function of

Zi. For this reason, I(Zi) is known as the ceded loss function and the residual loss that is retained by the insurer, i.e.

H(Zi) = Zi − I(Zi) is known as the retained loss function.

The presence of reinsurance modifies the risk exposure of the insurer by distorting the cash inflow and the cash out-

flow of the surplus model (5). By denoting p(I) as the reinsurance premium rate that corresponds to a given reinsurance
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policy I , then the insurer’s surplus process in the presence of reinsurance, RIt , becomes

RIt = R0 + (p− p(I))t−
Nt∑
i=1

(Zi − I(Zi)). (6)

Note that with the reinsurance strategy, the insurer’s risk exposure of each arising claim is reduced from Zi to Zi− I(Zi)

but at the expense of a smaller net premium income rate which declines from p to p − p(I). In practice reinsurance

strategy exists in various forms and shapes, and hence so is the associated cost. Thus the quest to optimal reinsurance

boils down to an optimal tradeoff between risk transfer and risk retention.

We now describe the additional assumptions of our optimal reinsurance model. Let us first discuss the reinsurance

treaty I . Recall that Zi = I(Zi) + H(Zi). Here both I and H are measurable functions. As pointed out in the

introduction, the reinsurance treaty I(Zi) is typically assumed to be a proportional reinsurance or an excess-of-loss

reinsurance. In our formulation, the ceded loss function I is restricted to the following set I:

I :=
{
I : [0,∞]→ [0,∞]

∣∣0 ≤ I(y)− I(x) ≤ y − x, ∀ x ≤ y
}
. (7)

The increasing assumption on the ceded loss function I and the retained loss function H is vital in that it reduces

the insurer’s moral hazard. While the increasing and Lipschitz continuous condition is often imposed in static optimal

(re)insurance models, to the best of our knowledge such condition has not been explicitly imposed in the optimal dynamic

reinsurance model.

The second assumption relates to the pricing of reinsurance treaty. We assume that p(I) is determined by

p(I) = π
(
I(Zi)

)
,

where π(·) is our proposed Mean-CVaR premium principle defined in (4). By using the change-of-variable technique,

we obtain

π
(
I(Zi)

)
=

1 + θ

1 + β

[
E[I(Zi)] + βCV aRα(I(Zi))

]
=

1 + θ

1 + β

[ ∫ 1

0
F−1I(Zi)

(t)dt+
β

1− α

∫ 1

α
F−1I(Zi)

(t)dt
]

=
1 + θ

1 + β

[ ∫ 1

0
I(F−1Z (t))dt+

β

1− α

∫ 1

α
I(F−1Z (t))dt

]
=

1 + θ

1 + β

[ ∫ ∞
0

I(z)dFZ(z) +
β

1− α

∫ ∞
F−1
Z (α)

I(z)dFZ(z)
]

=

∫ +∞

0
I(z)g(z)dFZ(z)

where

g(z) =

{
1 + k2, 0 ≤ z ≤ F−1Z (α),

1 + k1, F−1Z (α) ≤ z.

with

k1 =
(1 + θ)(1− α+ β)

(1− α)(1 + β)
− 1 (8)

k2 =
1 + θ

1 + β
− 1 =

θ − β
1 + β

. (9)

7



This result implies that π
(
I(Z)

)
can equivalently be represented in term of g(·).

In addition to the above assumed premium principle, we further impose the following condition:

Assumption 3.1. E[Zi] < p < π(Zi) =
∫ +∞
0 zg(z)dFZ(z).

This condition E[Zi] < p is fundamental to the insurance pricing as it stipulates that the insurer has a positive safety

loading on the underwritten risk; otherwise ruin is certain. Moreover, the condition p < π(Zi) ensures that reinsurance is

noncheap. If reinsurance is cheap, then the insurer can simply eliminate all its risk exposure by ceding all arising claims

to the reinsurer, reaping the certain profit of p− π(Zi) with zero ruin probability.

Finally, instead of analyzing the surplus process (6) directly, we focus on a diffusion process of the following form

dRIt =
(
p− p(I)− E[Zi − I(Zi)]

)
dt+

√
E[(Zi − I(Zi))2]dBt,

where Bt is a standard Brownian motion. The above diffusion process is an approximation to the surplus process (6), as

justified in Grandell (2012).

To continue, it is useful to define the following notation:

c :=p− E[Zi],

µ(I) :=− p(I) + E[I(Zi)] = −
∫ +∞

0
I(z)d(z)dFZ(z),

σ2(I) :=E[(Zi − I(Zi))
2] =

∫ +∞

0
(z − I(z))2dFZ(z),

where

d(z) := g(z)− 1 =

{
k2, 0 ≤ z < F−1Z (α),

k1, F−1Z (α) ≤ z.

Suppose the insurer chooses the reinsurance policy It at time t. An admissible reinsurance policy I is described

by a (Ft)t≥0-adapted stochastic process It(Z), where It ∈ I,∀t ≥ 0. Also, by denoting RIt as the reserve process

corresponding to an admissible policy I , the dynamics of the reserve process can be written as

dRIt = (c+ µ(It))dt+ σ(It)dBt. (10)

Corresponding to the surplus process (10), some measures that are of interest to the insurer are the ruin time and the

probability of ruin. Formally the ruin time, τ I , is defined as

τ I = inf{t > 0|RIt ≤ 0},

which gives the first time the insurer becomes insolvent, or equivalently the first time the insurer’s surplus falls below

zero, given its initial surplus level R0 and reinsurance policy I . By denoting V I(x) as the insurer’s probability of ruin

given a reinsurance policy I , then it follows from the definition of ruin time that

V I(x) = P(τ I <∞|RI0 = x). (11)

Since the surplus process (10) depends on the reinsurance policy I and its reinsurance premium p(I), so is the ruin

probability V I .

In practice the pricing of the reinsurance policy is exogenous to the insurer but the choice of reinsurance policy is not.

Accordingly an optimal choice of reinsurance policy can be selected depending on the chosen objective. As pointed out
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in the introduction, determining an optimal reinsurance strategy by minimizing the ruin probability V I(x) is one of the

commonly employed criterion (see Browne, 1995; Schmidli, 2001, 2002; Taksar and Markussen, 2003; Hipp and Vogt,

2003; Diasparra and Romera, 2010). In this paper we similarly adopt the same criterion. The objective of this paper

therefore boils down to the determination of an optimal reinsurance treaty It that minimizes the insurer’s ruin probability

V I(R0). Formally the optimal reinsurance model can be formulated as follows:

inf
I∈I

V I(R0). (12)

As shown in the next section, the above optimization problem can be solved via the dynamic programming approach.

4 Solution

In this section, we demonstrate that the dynamic programming approach can be used to solve the optimal reinsurance

model (12). This entails solving the Hamilton-Jacobi-Bellman (HJB) equation as shown in the following subsection.

4.1 HJB equation

Let V (x) be the minimal ruin probability, i.e., V (x) = inf
I∈I

V I(x). Following the standard argument in the literature

(e.g. Yong and Zhou, 1999; Taksar and Markussen, 2003; Fleming and Soner, 2006), V solves the following Hamilton-

Jacobi-Bellman (HJB) equation

0 = min
I∈I

[
(c+ µ(I))V

′
(x) +

1

2
σ2(I)V

′′
(x)
]
. (13)

In what follows we seek a twice continuously differentiable solution to (13) subject to the following boundary con-

ditions

V (0) = 1 and V (∞) = 0.

These boundary conditions reflect the fact that the probability of ruin approaches 1 when the surplus declines to 0

and the probability of ruin approaches 0 when the surplus tends to infinity.

We make the ansatz V (x) = e−ax for some positive constant a. The inner optimization in (13) then becomes

h(a) := min
I∈I

J(I; a), (14)

where

J(I; a) := −µ(I) +
a

2
σ2(I) =

∫ +∞

0

{
I(z)d(z) +

a

2
(z − I(z))2

}
dFZ(z). (15)

Note that the optimization problem (14) is a function of a. If such optimization problem can be solved with a fixed a > 0,

then the solution to the HJB equation (13) can be determined by solving h(a) = c.

4.2 Relaxed Solutions

We just pointed out the reason for considering the optimization problem (14). Unfortunately it is difficult to solve (14)

directly due to the requirement I ∈ I. To circumvent this difficulty, we relax (14) by modifying the feasible set of I

from I to {0 ≤ I(z) ≤ z} and consider the following relaxed problem:

min
0≤I(z)≤z

J(I; a) = min
0≤I(z)≤z

∫ +∞

0

{
I(z)d(z) +

a

2
(z − I(z))2

}
dFZ(z). (16)

9



The above optimization problem is readily solved by recognizing that I(z)d(z) + a
2 (z− I(z))2 is strictly convex in I(z).

Thus, by the pointwise optimization the optimal solution of the relaxed problem (16) can be represented as

Ĩ(z; a) = min

{
z,max

[
0, z − d(z)

a

]}
. (17)

To further analyze the above optimal solution, it is useful to note that k1 = k2+ (1+θ)β
(1+β)(1−α) , k2 ≤ k1 and k1 > 0. The

first property follows immediately from the definitions of k1 and k2 given in (8) and (9). The second property k2 ≤ k1

follows from the conditions θ, β ≥ 0 and α ∈ [0, 1]. The third property can be justified via contradiction. Suppose

k1 ≤ 0. Then the second property implies that k2 ≤ 0. Furthermore, we also have∫ +∞

0
zg(z)dFZ(z)−

∫ +∞

0
zdFZ(z) =

∫ +∞

0
zd(z)dFZ(z) ≤ 0,

which violates Assumption 3.1. Hence k1 must be strictly positive.

We now demonstrate that by exploiting the properties of k1 and k2 enable us to re-express the optimal solution Ĩ(z; a)

into the following two representations, depending on the relative magnitude of θ and β:

Case 4.1. k1 > 0 and θ ≤ β.

We have k2 ≤ 0 so that Ĩ(z; a) can equivalently be represented as

Ĩ(z; a) =

{
z, 0 ≤ z < F−1Z (α),

max{0, z − k1
a }, F−1Z (α) ≤ z.

(18)

Case 4.2. k1 > 0 and θ > β.

We have k2 > 0 so that Ĩ(z; a) can be represented as

Ĩ(z; a) =

{
max{0, z − k2

a }, 0 ≤ z < F−1Z (α),

max{0, z − k1
a }, F−1Z (α) ≤ z.

(19)

It is important to point out that both (18) and (19) do not satisfy the requirement that Ĩ(z; a) ∈ I as they are not

monotone at F−1Z (α). To highlight this, the ceded loss functions given by (18) and (19) are depicted in Figures 1 and

2, respectively. For (18) there are two possible shapes as shown in either blue dashed lines or red solid lines in Figure

1, depending on the relative magnitude of F−1Z (α) and k1
a . For (19) we only plot the ceded loss functions for cases

k2
a < F−1Z (α) ≤ k1

a and k2
a < k1

a < F−1Z (α), as shown in red solid lines and blue dashed lines, respectively, in Figure 2.

Note that we do not illustrate the case F−1Z (α) ≤ k2
a < k1

a as the optimal contract reduces to the standard excess-of-loss

treaty. Clearly, all of the ceded loss functions Ĩ(z; a) depicted in both Figures 1 and 2 do not satisfy the condition that

Ĩ(z; a) ∈ I. As pointed out in the introduction that this phenomenon could trigger ex post moral hazard and therefore

signifies the importance of imposing condition (7) for determining the optimal dynamic reinsurance policies.

4.3 Modified Solutions

In this subsection, we modify (18) and (19) so that they can satisfy the requirement that I ∈ I.

10



Figure 1: The illustrative ceded loss functions (18). The blue dashed lines correspond to the case F−1Z (α) > k1
a and the

red solid lines correspond to the case F−1Z (α) ≤ k1
a .

Figure 2: The illustrative ceded loss functions (19). The red solid lines correspond to the case k2
a < F−1Z (α) ≤ k1

a and
the blue dashed lines correspond to the case k2

a < k1
a < F−1Z (α).
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Lemma 4.1. Consider Case 4.1 with k1 > 0 and θ ≤ β. For any given feasible reinsurance treaty I ∈ I, there exists a

reinsurance treaty of the form

I∗(z) = I(z; a,m) =


z, 0 ≤ z ≤ m,
m, m < z ≤ m+ k1

a ,

z − k1
a , m+ k1

a < z,

(20)

for some m ≤ F−1Z (α), such that J(I∗; a) ≤ J(I; a).

Proof. For any given feasible contract I ∈ I, let us construct a reinsurance treaty of the form (20) based on

m := max

[
I
(
F−1(α)

)
, F−1(α)− k1

a

]
.

Then, using (15), we have

J(I∗; a)− J(I; a) ≤
∫ k1

a
+m

m

{
I∗(z)d(z) +

a

2
(z − I∗(z))2

}
dFZ(z)

−
∫ k1

a
+m

m

{
I(z)d(z) +

a

2
(z − I(z))2

}
dFZ(z)

≤ 0,

where the last inequality follows from the fact that yd(z) + a
2 (z − y)2 is strictly convex in y and that

Ĩ(z; a) ≥ I∗(z) ≥ I(z), m ≤ z ≤ F−1Z (α),

Ĩ(z; a) ≤ I∗(z) ≤ I(z), F−1Z (α) < z ≤ k1
a +m.

Analogously we have a similar lemma based on Case 4.2. The proof of this lemma is also very similar to the proof

of Lemma 4.1, as we will see shortly.

Lemma 4.2. Consider Case 4.2 with k1 > 0 and θ > β. For any given feasible reinsurance treaty I ∈ I, there exists a

reinsurance treaty of the form

I∗(z) = I(z; a,m) =


0, 0 ≤ z ≤ k2

a ,

z − k2
a ,

k2
a < z ≤ m+ k2

a ,

m, m+ k2
a < z ≤ m+ k1

a ,

z − k1
a , m+ k1

a < z,

(21)

for some m ≤ max{0, F−1Z (α)− k2
a }, such that J(I∗; a) ≤ J(I; a).

Proof. For any given feasible reinsurance treaty I ∈ I, let us construct a reinsurance treaty of the form (21) with m

determined from

m := min
{

max
[
0, F−1Z (α)− k2

a

]
,max

[
I
(
F−1Z (α)

)
, F−1Z (α)− k1

a

]
.
}

Suppose that m > 0. Using (15), together with the fact that yd(z) + a
2 (z − y)2 is strictly convex in y and that

Ĩ(z; a) ≥ I∗(z) ≥ I(z), k2
a +m ≤ z ≤ F−1Z (α),

Ĩ(z; a) ≤ I∗(z) ≤ I(z), F−1Z (α) < z ≤ k1
a +m,

12



we similarly establish the required result that

J(I∗; a)− J(I; a) ≤
∫ k1

a
+m

k2
a
+m

{
I∗(z)d(z) +

a

2
(z − I∗(z))2

}
dFZ(z)

−
∫ k1

a
+m

k2
a
+m

{
I(z)d(z) +

a

2
(z − I(z))2

}
dFZ(z)

≤ 0.

Otherwise, m = 0 and I∗(z) = max{0, z − k1
a } = Ĩ(z; a) which is optimal.

Armed with the above two lemmas, let us now consider the following optimization problem:

h(a) = min
m≤F−1(α)

J(I(z; a,m); a) (22)

where J(I; a) is given by (15) and I(z; a,m) has the form (20) if θ ≤ β or (21) if θ > β. The significance of the

above formulation of the optimization problem is twofold. First, both Lemma 4.1 and Lemma 4.2 imply that (22) is

equivalent to (14). Second, and more importantly, in comparison to (14), (22) is a relatively easier problem in that it is a

one-dimensional optimization problem. These features are used explicitly in the following lemma.

Lemma 4.3. For any a > 0, there exists a unique I∗(z; a) ∈ I such that I∗(z; a) solves (14), i.e. minI∈I J(I; a).

Moreover, I∗(z; a) = I(z; a,m∗) where m∗ is the unique minimizer of (22).

Proof. From Lemma 4.1 and Lemma 4.2, (14) is equivalent to (22). The existence of the optimal m∗ can be proved by

the Weierstrass extreme value theorem.

Suppose that both m1 and m2 are optimal to (22), then both I1 := I(z; a,m1) and I2 := I(z; a,m2) are optimal

solutions of (14). By defining

Ī :=
1

2
I1 +

1

2
I2,

it is easy to see that Ī is still a feasible solution. Because J(I; a) is strictly convex in I , we have

J(Ī; a) <
1

2
J(I1; a) +

1

2
J(I2; a) = J(I1; a) = J(I2; a),

which contradicts the optimality of I1 and I2. Thusm∗ is the unique minimizer of (22) and this completes the proof.

Recall that ultimately we are interested in solving (13). We have also pointed out that solving (13) is facilitated by

seeking a∗ that is the solution to h(a∗) = c. The lemma below establishes the uniqueness of the positive solution a∗.

Lemma 4.4. There is a unique positive a∗ such that h(a∗) = c.

Proof. In view of the envelope theorem, h(a) is continuous and strictly increasing. Because I(z) ≡ 0 is a feasible

solution, we have

h(a) ≤
∫ +∞

0

a

2
z2dFZ(z).

Thus,

lim
a↓0

h(a) ≤ lim
a↓0

∫ +∞

0

a

2
z2dFZ(z) = 0.

13



Next,

lim
a↑+∞

h(a) ≥ lim
a↑+∞

∫ +∞

0

{
Ĩ(z; a)d(z) +

a

2
(z − Ĩ(z; a))2

}
dFZ(z)

= lim
a↑+∞

∫ +∞

0

{
zd(z)1d(z)≤0 + [zd(z)− (d(z))2

2a
]1

0<
d(z)
a
<z

+
a

2
z21 d(z)

a
≥z

}
dFZ(z)

≥ lim
a↑+∞

∫ +∞

0

{
zd(z)1d(z)≤0 + [zd(z)− (d(z))2

2a
]1

0<
d(z)
a
<z

}
dFZ(z)

=

∫ +∞

0
zd(z)dFZ(z),

where the convergence follows from the monotone convergence theorem. From Assumption 3.1, it follows that

lim
a↑∞

h(a) > c

and hence there is a unique positive a∗ such that h(a∗) = c.

Collecting all the above results, the procedure for finding the optimal solution I∗ of (13) involves the following three

steps:

Step 1. Fix a and determine the minimizer m∗(a) of (22). Note that m∗(a) is a function of a.

Step 2. Find a∗ such that h(a∗) = c.

Step 3. Find the optimal contract I∗.

If θ ≤ β, then

I∗(z) =


z, 0 ≤ z ≤ m∗(a∗),
m∗(a∗), m∗(a∗) < z ≤ m∗(a∗) + k1

a∗ ,

z − k1
a∗ , m∗(a∗) + k1

a∗ < z.

(23)

Else if θ > β, then

I∗(z) =


0, 0 ≤ z ≤ k2

a∗ ,

z − k2
a∗ ,

k2
a∗ < z ≤ m∗(a∗) + k2

a∗ ,

m∗(a∗), m∗(a∗) + k2
a∗ < z ≤ m∗(a∗) + k1

a∗ ,

z − k1
a∗ , m∗(a∗) + k1

a∗ < z.

(24)

4.4 Verification Theorem

The objective of this subsection is proving the verification theorem.

Theorem 4.1 (Verification theorem). The optimal reinsurance treaty is either of the form (23) if θ ≤ β or (24) if θ > β,

and the minimal ruin probability is

V (x) = e−a
∗x, (25)

where a∗ solves h(a∗) = c.

Proof. It is not difficult to see that V (x) given by (25) is

P(τ I
∗
<∞|RI∗0 = x),

where I∗ corresponds to either (23) or (24). It suffices to show that I∗ is optimal.
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For any admissible policy I such that the stochastic differentiate equation (10) admits a unique solution for R0 =

x,∀x ≥ 0, by Dynkin’s formula we have that

E[V (RIτI∧t)|R
I
0 = x] = V (x) + E

∫ τI∧t

0
(c+ µ(Is)V

′(RIs) +
1

2
σ2(Is)V

′′(RIs))ds|R0 = x].

Then the HJB equation (13) yields

E[V (RIτI∧t)|R
I
0 = x] ≥ V (x).

Since V is continuous and bounded by 1, we then have

lim
t→∞

E[V (RIτI∧t)|R
I
0 = x] = lim

t→∞
E[V (RIt )IτI=∞|RI0 = x] + E[V (RIτI )IτI<∞|R

I
0 = x]

= E[ lim
t→∞

e−a
∗RIt IτI=∞|RI0 = x] + E[e

−a∗RI
τI IτI<∞|RI0 = x].

It follows from Lemma A.1 that either τ <∞ or limt→∞R
I
t =∞. Consequently,

P(τ I <∞|RI0 = x) = lim
t→∞

EV (RIτI∧t|R
I
0 = x) ≥ V (x).

Theorem 4.1 highlights the key contribution of the paper. It attests that in the dynamic setting the optimal reinsurance

does not need to be the standard excess-of-loss reinsurance. In particular, the optimal reinsurance treaties stipulated by

both (23) and (24) are considerably more involved, depending on the relationship between the premium loading θ and

the risk loading β. Both (23) and (24) resemble a reinsurance treaty with multiple layers. More specifically both of these

optimal reinsurance contracts are special cases of the dual excess-of-loss reinsurance.

Definition 4.1. The dual excess-of-loss reinsurance treaty with attachment points (l1, l2, l3) is defined as

Il1,l2,l3(z) = min
{

max{z − l1, 0}, l2 − l1
}

+ max
{
z − l3, 0

}
.

where l1 ≤ l2 ≤ l3.

The dual excess-of-loss reinsurance with attachment points (l1, l2, l3) is a newly defined reinsurance treaty such that

the first attachment point l1 gives the upper limit of the first layer of loss that is retained by the insurer. For losses that

fall in the second layer of loss, i.e. losses between the first and second attachment points z ∈ (l1, l2), the reinsurer

is responsible for the amount of losses in excess of l1 up to the limit l2. For losses that lie between second and third

attachment points; i.e. third layer of loss with z ∈ (l2, l3), the reinsurer indemnifies a constant cap amount of l2. Finally

for the spill-over layer of loss z > l3, the reinsurer is responsible for any additional loss in excess of l3.

Graphically the dual excess-of-loss reinsurance treaty is depicted in Figure 3. Visually, the dual excess-of-loss

reinsurance treaty can be interpreted as a combination of a capped excess-of-loss reinsurance (with retention l1 and

capped l2) and a standard excess-of-loss reinsurance (with retention l3). This explains using the term “dual excess-of-

loss reinsurance” (with appropriate attachment points) to denote the combined ceded loss functions.

Adopting the above definition, it is easy to see that the optimal ceded loss function (23) is a special case of the dual
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Figure 3: Dual excess-of-loss reinsurance with attachment points (l1, l2, l3).

excess-of-loss reinsurance with attachment points

l1 = 0, l2 = m∗(a∗), l3 = m∗(a∗) +
k1
a∗
.

Similarly, the optimal ceded loss function (24) is also a special case of the dual excess-of-loss reinsurance with attachment

points

l1 =
k2
a∗
, l2 = m∗(a∗) +

k2
a∗
, l3 = m∗(a∗) +

k1
a∗
.

Figures 4 and 5 produce plots of these optimal ceded loss functions (23) and (24), respectively. Both optimal policies

have some common characteristics but also have a distinctive difference. In both cases, it is optimal for the insurer to

reinsure losses beyond a certain large losses in order to minimize its ruin probability, as desired by its objective. For

medium losses, it is optimal for the insurer to reinsure a fixed losses. The key distinction between the two optimal

reinsurance policies lies on how the initial small losses are reinsured. For (23) we have θ ≤ β; i.e. the tail risk loading

β is greater than or equal to the premium loading θ. This implies that the reinsurer imposes a greater penalty on the tail

risk by charging (relatively) higher premium on the tail losses than the smaller losses. Hence this encourages insurer to

fully reinsure its losses that are smaller than m∗(a∗). If θ > β with the optimal reinsurance policy (24), it is relatively

more costly to reinsure small losses. As a result, it is optimal for the insurer to retain losses up k2
a∗ . For losses greater

than k2
a∗ , the optimal reinsurance is then similar to (23).
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I(Z)

Z

Figure 4: Dual excess-of-loss reinsurance but with attachment points
(
0,m∗(a∗),m∗(a∗)+ k1

a∗

)
; i.e. optimal reinsurance

policy (23) with θ ≥ β.

k2

a∗
m

∗ + k2

a∗
F

−1
Z

(α) m∗ + k1

a∗

m
∗

Z

I(Z)

Figure 5: Dual excess-of-loss reinsurance with attachment points
(
k2
a∗ ,m

∗(a∗) + k2
a∗ ,m

∗(a∗) + k1
a∗

)
; i.e. optimal reinsur-

ance policy (24) with θ > β.
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The optimal reinsurance contract (23) coincides with the so-called two-step policy proposed by Cutler and Zeckhauser

(1999). The two-step policy is a reinsurance arrangement where the reinsurer covers all the small losses, the insurer bears

a layer of median loses, and the reinsurer then covers all the large losses above the layer. Cutler and Zeckhauser (1999)

showed that the two-step policy is superior to the excess-of-loss, proportional and other reinsurance policies when the

insurer and the reinsurer have the asymmetric information for the magnitude of loss in a single-period model.2 Our

results show that the two-step policy, i.e. (23), can be optimal when the reinsurance pricing includes the tail-risk, even if

the insurer and the reinsurer have symmetric information.

The usefulness of our model is further highlighted by its ability to generate optimal reinsurance contracts that are

of relevance to practice. Although the insurance economics literature centers around standard proportional and excess-

of-loss reinsurance, in practice, both types of reinsurance treaties are often purchased in combination in such a way

that the insurer’s reinsurance program is a multiple layers treaty.3 For example, Froot (2001) provided a depiction of

the USAA’s reinsurance program, where USAA has historically purchased reinsurance in excess-of-loss treaty under

different layers.4

Our model lends support to the reinsurance practice that the optimal contracts often involve layers. To see how such

pattern may arise, note that the dual excess-of-loss reinsurance in Figure 4 is a combination of a full reinsurance for

losses between 0 and m∗ and a standard excess-of-loss reinsurance above m∗, while the dual excess-of-loss reinsurance

in Figure 5 is a combination of an excess-of-loss reinsurance for losses between 0 and m∗ + k2
a∗ and another excess-

of-loss reinsurance above m∗ + k2
a∗ . This feature is indeed consistent with the reinsurance market practice. Although

such pattern can also be explained by the rank-dependent utility in the static optimal insurance model (Bernard et al.

(2015); Xu et al. (2018)), the ruin probability is a more common objective in the optimal reinsurance models as it merits

regulatory considerations.

To conclude this subsection, we emphasize this may be the first paper demonstrating that the optimal reinsurance

in the dynamic setting can admit more complicated structures (i.e. (23) and (24)). This is in contrast to the various

studies that have documented the optimality of the standard excess-of-loss reinsurance. In particular, Meng and Zhang

(2010) and Hipp and Taksar (2010) have concluded that the excess-of-loss reinsurance is optimal when the premium is

calculated according to the expected value premium principle. Theorem 4.1, however, can be shown to be consistent with

some existing results. More specifically, the remark below provides two special cases for which Theorem 4.1 recovers

the standard result that the excess-of-loss reinsurance is optimal.

Remark 4.1. If β = 0, then the Mean-CVaR premium principle reduces to the expected value principle. In this case, we

have

k1 = k2 = θ,

and

I∗(z) = max

[
0, z − θ

a∗

]
,

where a∗ satisfies h(a∗) = c.

If α = 0, then the optimal m∗ in (20) and (21) is equal to 0. Then the optimal reinsurance strategy in both cases

reduce to the excess-of-loss treaty, which is consistent with the results in Meng and Zhang (2010) and Hipp and Taksar

(2010).
2It should be emphasized that in Cutler and Zeckhauser (1999), the optimality of the two-step policy is verified via simulation, as opposed to

theoretically.
3See two (re)insurance reports - “The Breadth and Scope of the Global Reinsurance Market and the Critical Role Such Market Plays in

Supporting Insurance in the United States” in 2014 and “Sidley Global Insurance Review” in 2018.
4USAA is the fifth largest private passenger automobile insurer and the fourth largest homeowner insurer in the United States. It sells exclusively

to US military officers and their families and is organized as a mutual insurance company.
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Remark 4.2. When θ = 0, β = ρ
1−ρ , and α = 0.5, i.e., the Mean-CVaR premium principle recovers the Denneberg’s

absolute deviation principle, we have θ < β so that the optimal reinsurance contract has the form of (23).

5 Investment and Reinsurance Model

In this section, we extend our model by allowing the insurer to manage its business risk through not only reinsurance but

also investment.

5.1 Model

In the absence of investment, the surplus of the insurer follows the dynamics

dRIt = (c+ µ(It))dt+ σ(It)dBt.

Following Schmidli (2002), we assume that the insurer can also invest its surplus in a stock market instrument, whose

price is governed by the classical Black-Scholes dynamics

dSt
St

= µSdt+ σSdWt,

where µS , σS are positive constants and Wt is a standard Brownian motion independent of Bt. Denote by πt the dollar

amount invested in the risky asset, then the surplus process of the insurer becomes

dRI,πt = (µSπt + c+ µ(It))dt+ πtσSdWt + σ(It)dBt. (26)

It is required that πt is (Ft)t≥0-adapted, E[
∫ T
0 π2t dt] <∞, and (26) has a pathwise unique solution.

The ruin time, τ I,π, is defined as

τ I,π = inf{t > 0|RI,πt ≤ 0},

which gives the first time the insurer becomes insolvent, given its initial surplus level R0 and reinsurance policy I and

investment strategy π. The insurer’s probability of ruin is thus gievn by

V I,π(x) = P(τ I,π <∞|RI,π0 = x).

The insurer’s objective is to minimize its ruin probability throught reinsurance I and investment π, i.e.,VS(x) =

inf
I∈I,π

V I,π(x).

Remark 5.1. A similar model was considered by Taksar and Markussen (2003) where all surplus is invested in the risky

asset.

5.2 Solution

The HJB equation is then given by

0 = min
I∈I,π

{[
µSπ + c+ µ(I)

]
V
′
S(x) +

1

2

(
σ2(I) + σ2Sπ

2
)
V
′′
S (x)

}
, (27)

with the following boundary conditions

VS(0) = 1 and VS(∞) = 0.
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We make the ansatz VS(x) = e−aSx for some positive constant aS . The inner optimization in (27) then becomes

hS(aS) := min
I∈I,π

JS(I, π; aS), (28)

where

JS(I, π; aS) := −µSπ−µ(I)+
aS
2

(
σ2(I)+σ2Sπ

2
)

= −µSπ+
aS
2
σ2Sπ

2 +

∫ +∞

0

{
I(z)d(z)+

aS
2

(z−I(z))2
}
dFZ(z).

(29)

Note that the optimization problem (28) is a function of aS . Once we have solved the optimization problem (28) for a

fixed aS > 0, we can determine the solution to the HJB equation (27)by solving hS(aS) = c.

The first order condition with respect to π immediately gives

π∗ =
µS
aSσ2S

.

We then need to consider

min
I∈I

∫ +∞

0

{
I(z)d(z) +

aS
2

(z − I(z))2
}
dFZ(z),

which is identical to (14) except that a in (14) is replaced with aS . Following the same arguments in Section 4, we claim

that the optimal I∗ must the dual excess-of-loss. In particular, if θ ≤ β, I∗ is given by (23) with a∗ substituted by aS ;

else if θ > β, I∗(·, x) is given by (24) with a∗ substituted by aS . Moreover, we have

hS(aS) = −
µ2S

2aSσ2S
+ h(aS), (30)

where h is given by (22).

Finally, we are ready to determine by solving hS(aS) = c. The lemma below establishes the uniqueness of the

positive solution aS .

Lemma 5.1. There is a unique positive a∗S such that hS(a∗S) = c. Moreover, a∗S > a∗ where a∗ solves h(a∗) = c.

Proof. In view of the envelope theorem, hS is continuous and strictly increasing. From the proof of Lemma 4.4 and (30),

we have Thus,

lim
a↓0

hS(a) = −∞,

and
lim
a↑+∞

hS(a) = lim
a↑+∞

h(a) > c.

Therefore, there is a unique positive a∗S such that hS(a∗S) = c. Finally, a∗S > a∗ follows from the fact that hS(a) < h(a)

for a > 0.

Collecting all the above results, the procedure for finding the optimal solution (I∗, π∗) involves the following two

steps:

Step 1. Find a∗S such that hS(a∗S) = c.

Step 2. Find the optimal contract I∗.
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If θ ≤ β, then

I∗(z) =


z, 0 ≤ z ≤ m∗(a∗S),

m∗(a∗S), m∗(a∗S) < z ≤ m∗(a∗S) + k1
a∗S
,

z − k1
a∗S
, m∗(a∗S) + k1

a∗S
< z.

(31)

Else if θ > β, then

I∗(z) =


0, 0 ≤ z ≤ k2

a∗S
,

z − k2
a∗S
, k2

a∗S
< z ≤ m∗(a∗S) + k2

a∗S
,

m∗(a∗S), m∗(a∗S) + k2
a∗S
< z ≤ m∗(a∗S) + k1

a∗S
,

z − k1
a∗S
, m∗(a∗S) + k1

a∗S
< z.

(32)

The optimal investemtn strategy is

π∗ =
µS
a∗Sσ

2
S

. (33)

We now prove the verification theorem.

Theorem 5.1 (Verification theorem). The optimal reinsurance treaty is either of the form (31) if θ ≤ β or (32) if θ > β,

the optimal investment strategy is given by (33), and the minimal ruin probability is

VS(x) = e−a
∗
Sx, (34)

where a∗S solves hS(a∗S) = c. Moreover, VS(x) < V (x).

Proof. See Appendix B.

Theorem 5.1 confirms our previous finding on the optimality of dual excess-of-loss under the Mean-CVaR principle

in the presence of investment opportunities. Moreover, the insurer with access to the stock market always invests in the

stock and has a lower ruin probability compared to the case without investment opportunities.

5.3 The Value of Stock Investment

We have shown that the insurer can reduce its ruin probability via investment in the stock, however, it is unclear how

much the insurer can gain from the stock investment (compared to the insurer without access to the stock market). In this

subsection, we quantify the value of stock investment by comparing the ruin probabilities of insurers with and without

stock investment. The value of stock investment can then be quantified via the principle of certainty-equivalence.

Given the initial surplus level x, the minimal ruin probability of the insurer who cannot trade the stock is V (x) =

e−a
∗x while that of the insurer with stock investment is VS(x) = e−a

∗
Sx. Theorem 5.1 states that V (x) > VS(x).

Let X be the certainty-equivalent wealth of stock investment, i.e.,

V (x+ X ) = VS(x).

In other words, X is the additional initial wealth the insurer who cannot trade the stock needs to hold in order to yield the

same level of ruin probability as the insurer with stock investment, and thus measures the “value” of stock investment.

We immediately have

X = (
a∗S
a∗
− 1)x.

Therefore, X measures the value of stock investment as the percentage of the initial surplus, which is always positive

according to Theorem 5.1.
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We now use a simple numerical example to illustrate the benefit of stock investment to an insurer. Suppose that

µS = 5% and σS = 20%. For the mean-CVaR principle, we assume α = 99%, β = 0.3, and θ = 0.2. In addition,

it is assumed that Z is exponentially distributed with mean µZ = 50 and p = 1.1µZ = 55. In this case, a∗ = 0.002,

a∗S = 0.0047, and X = a∗S/a
∗ − 1 = 135.01%. Therefore, the opportunity to trade in the stock market is worth around

135% of the initial reserve, which is quite a considerable amount.

Table 1 reports the value of stock investment under alternative scenarios. There are several interesting observations.

First, the reinsurance premium principle (as specified by α, β, and θ) has little effect. The value of stock investment

is still round 135% of the initial reserve. Second, the value of stock market participation is insensitive to the expected

value of each claim µZ if the insurance premium p is kept a percentage of the claim size µZ . However, as the ratio of

the insurance premium p to the expected claim size µZ increases, the value of trading stocks declines dramatically. For

example, when the ratio increases from 1.1 to 1.3 (p increases from 55 to 65), X decreases from 135.01% to 36.50%.

Third, consistent with intuition, X is increasing in the stock’s return µS and decreasing in the volatility σS . As µS
increases from 5% to 7%, the value of stock investment increases from 135% to 213.69%. In all scenarios, stock market

offers an valuable investment opportunity to the insurer.

Table 1: Value of Stock Investment
α β θ µZ p µS σS a∗ a∗S X

0.99 0.3 0.2 50 55 5% 20% 0.00200 0.00470 135.01%
0.9 0.3 0.2 50 55 5% 20% 0.00200 0.00470 135.02%
0.8 0.3 0.2 50 55 5% 20% 0.00200 0.00472 135.83%

0.99 0.4 0.2 50 55 5% 20% 0.00200 0.00470 134.76%
0.99 0.5 0.2 50 55 5% 20% 0.00200 0.00469 134.61%
0.99 0.3 0.3 50 55 5% 20% 0.00200 0.00467 133.71%
0.99 0.3 0.4 50 55 5% 20% 0.00200 0.00467 133.71%
0.99 0.3 0.2 100 110 5% 20% 0.00100 0.00235 135.01%
0.99 0.3 0.2 150 165 5% 20% 0.00067 0.00157 135.01%
0.99 0.3 0.2 50 60 5% 20% 0.00400 0.00636 58.99%
0.99 0.3 0.2 50 65 5% 20% 0.00641 0.00875 36.50%
0.99 0.3 0.2 50 55 6% 20% 0.00200 0.00546 173.03%
0.99 0.3 0.2 50 55 7% 20% 0.00200 0.00627 213.69%
0.99 0.3 0.2 50 55 5% 25% 0.00200 0.00400 100.00%
0.99 0.3 0.2 50 55 5% 30% 0.00200 0.00356 78.02%

5.4 The Optimality of Dual Excess-of-Loss under General Models

We have assumed that the stock market is described by the classical Black-Scholes model which is restrictive but unfor-

tunately frequently used in the related literature. Nevertheless, we argue that the optimality of the dual excess-of-loss

reinsurance (should) hold in more general financial markets. Suppose that the return and the volatility of the stock are

also driven by a factor Yt,
dSt
St

= µS(Yt)dt+ σS(Yt)dWt,

dYt = µY (Yt)dt+ σY (Yt)dW
Y
t .

Here, µS , σS , µY and σY are functions of Yt, and W Y
t is another Brownian motion independent of Bt. The correlation

betweenWt andW Y
t is ρ. The model includes as special cases many existing stochastic volatility models that improve the

Black-Scholes model in capturing the empirical features of stock prices. Under this model, the value function V (x, y),
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should it exist, depends on not only the surplus x but also the factor y. The HJB equation is then given by

0 = min
I∈I,π

{[
µSπ + c+ µ(I)

]
Vx +

1

2

(
σ2(I) + σ2Sπ

2
)
Vxx + µY Vy +

1

2
σ2Y Vyy + ρσSσY πVxy

}
, (35)

where Vx, Vy, Vxx, Vyy, and Vxy are partial derivatives with respect to corresponding variables and we have suppress the

dependence of functions on x and y. The first order condition with respect to π gives

π = − VxµS
Vxxσ2S

− VxyρσY
VxxσS

,

where the first term is the usual myopic demand and the second term is the hedging demand. Suppose that Vx is negative

(which is reasonable as an insurer with more wealth should have a lower ruin probability). The optimization problem for

I becomes

min
I∈I
−µ(I)− Vxx

2Vx
σ2(I),

which is identical to (14) except that a in (14) is replaced with −Vxx/Vx. If Vxx is positive so that −Vxx/Vx is also

positive, then following the same arguments in Section 4, we can show that the optimal I must the dual excess-of-loss.

Therefore, we have shown that if we can find the value function with negative Vx and positive Vxx, then the optimal

reinsurance contract must be the dual excess-of-loss. However, the major difficulty lies in finding (or even proving the

existence of) such a value function. The analysis is likely to be much more complicated and involved, which we left for

future research.

6 Conclusion

In this paper we derive explicitly the optimal reinsurance contract under the Mean-CVaR premium principle, which

is a generalization of Denneberg’s absolute deviation principle and classical expected value principle. We impose a

monotonicity constraint on the reinsurance contract to eliminate the moral hazard risk and overcome the difficulties

arising from this constraint. The method in deriving the optimal contract is interesting in its own right. We find that there

are two types of the optimal reinsurance contract, depending on the premium loading θ and tail risk loading β. Moreover,

the optimal contracts involve multiple reinsurance layers and are special cases of dual excess-of-loss reinsurance. These

findings are in sharp contrast to the existing results in that the optimal reinsurance policies can be more complicated than

the standard excess-of-excess reinsurance.

The models and problems considered in this paper can be explored further in different ways. For example, it would be

interesting to generalize our results to a more general class of premium principles, such as the Wang’s premium principle

(Wang, 2000) and the general convex premium principle (see Balbás et al. (2009), Balbás et al. (2011) and Balbás et al.

(2016)). In addition, we can consider alternative objectives such as the expected discounted dividends objective as in

Højgaard and Taksar (1999), Asmussen et al. (2000), Højgaard and Taksar (2001), Azcue and Muler (2005), He and

Liang (2009). We leave these problems for our future research.
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A Appendix A

Lemma A.1. For any policy I and any N > 0,

τ IN <∞ (36)

almost surely, where τ IN = inf{t ≥ 0 : RIt 6∈ (0, N)} with RIt given by (10).

Proof. Define

ψ(t) =

∫ t

0
σ2(Is)ds,

Ξ(t) =

∫ t

0
(c+ µ(Is))ds,

∆ =

∫ +∞

0
zg(z)dFZ(z)− p.

Assumption 3.1 implies that ∆ > 0. Define

η0 = 0, ηk+1 = inf{t > ηk : ψ(t)− ψ(ηk) = 1}. (37)

We next give an upper bound of Ξ(t) on
{
ψ(ηk+1)− ψ(ηk) ≤ 1

}
. We have that

Ξ(ηk+1)− Ξ(ηk) =

∫ ηk+1

ηk

(p−
∫ ∞
0

Is(z)g(z)dFZ(z) +

∫ ∞
0

(Is(z)− z)dFZ(z))ds

=

∫ ηk+1

ηk

(p−
∫ ∞
0

zg(z)dFZ(z) +

∫ ∞
0

(z − Is(z))g(z)dFZ(z)

+

∫ ∞
0

(Is(z)− z)dFZ(z))ds
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<

∫ ηk+1

ηk

(

∫ ∞
0

(z − Is(z))g(z)dFZ(z) +

∫ ∞
0

(Is(z)− z)dFZ(z))ds

≤
∫ ηk+1

ηk

(

√∫ ∞
0

(z − Is(z))2dFZ(z)

√∫ ∞
0

g(z)2dFZ(z)

+

√∫ ∞
0

(Is(z)− z)2dFZ(z))ds

≤ 1 +

√∫ ∞
0

g(z)2dFZ(z). (38)

Suppose that P(ηk <∞) = 1,∀k. Following the arguments in Taksar and Markussen (2003), we have that

P(τ IN > ηn) ≤ (1− δ0)n,

with

δ0 = Φ
(
−N − (1 +

√∫ ∞
0

g(z)2dFZ(z))
)
.

Here Φ is the cumulative distribution function of a standard normal random variable. Letting n→∞, we then have that

P (τ IN <∞) = 1.

Next we suppose that P(ηm+1 =∞) = δ for somem ≥ 0. Then similar to the above derivation we have. for t > ηm,

∫ ∞
t

(c+ µ(Is))ds ≤
∫ ∞
t
−∆ds+

(
1 +

√∫ ∞
0

g(z)2dFZ(z)
)

= −∞

Define
ξ0 = ηm,

η′k+1 = inf{s : s > ξk, ψ(s)− ψ(ηk) = 1},

η′′k+1 = inf{s : s > ξk,Ξ(s)− Ξ(ξk) < −K},

ξk+1 = min{η′k+1, η
′′
k+1},

where K is chosen in a way such that
1

(N −K)2
<
δ

2
.

Then the arguments in Taksar and Markussen (2003) yield that

P(τ IN > ξn) < (1− δ

2
)n.

This completes the proof.

B Appendix B

In this appendix we prove Theorem 5.1. We now show P(τ I,πN < ∞) = 1, for any reinsurance treaty I , investment

strategy π, and N > 0, where τ I,πN = inf{t ≥ 0 : RI,π 6∈ (0, N)}.

27



Define

ψ(t) =

∫ t

0
(σ2(Is) + π2sσ

2
S)ds,

Ξ(t) =

∫ t

0
(µSπt + c+ µ(Is))ds,

η0 = 0, ηk+1 = inf{t > ηk : ψ(t)− ψ(ηk) = 1}.

Suppose that P(ηk <∞) = 1,∀k. Let us consider
∫ t2
t1

(c+ µ(Is) + µSπs)ds on 0 ≤ t1 < t2. For ∀ε > 0, it is to see that

∫ t2

t1

(c+ µ(Is) + µSπs)ds ≤
∫ t2

t1

µSπs1π≥εds+

∫ t2

t1

(c+ µ(Is) + µSε)ds

≤
∫ t2

t1

µS
π2s
ε
ds+

∫ t2

t1

(c+ µ(Is − z) + µ(z) + µSε)ds

=

∫ t2

t1

µS
π2s
ε
ds+

∫ t2

t1

(c+ µ(z) + µSε)ds

+

∫ t2

t1

(µ((Is − z)1|Is−z|≥ε) + µ((Is − z)1|Is−z|≤ε))ds

Note that µ(It) = −
∫∞
0 I(z)d(z)dFZ(z), then we have∫ t2

t1

(c+ µ(Is) + µSπs)ds ≤
∫ t2

t1

µS
π2s
ε
ds+

∫ t2

t1

(c+ µ(z) + µSε)ds

+

∫ t2

t1

(
1

ε
µ((Is − z)2) + (|k1|+ |k2|)ε)ds

≤
∫ t2

t1

µS
π2s
ε
ds+

∫ t2

t1

(c+ µ(z) + (µS + |k1|+ |k2|)ε)ds

+ (|k1|+ |k2|)
1

ε

∫ t2

t1

σ2(Is)ds

≤
∫ t2

t1

(c+ µ(z) + (µS + |k1|+ |k2|)ε)ds

+ (
µS
σ2S

+ |k1|+ |k2|)
1

ε

∫ t2

t1

(σ2Sπ
2
s + σ2(Is))ds, (39)

where ki, k2 are defined by (8) and (9) respectively.

Note that c+ µ(z) = p− π(Zi) < 0, then let ε < π(Zi)−p
µS+|k1|+|k2| and we have

∫ t2

t1

(c+ µ(Is) + µSπt)ds ≤ (
µS
σ2S

+ |k1|+ |k2|)
1

ε

∫ t2

t1

(σ2Sπ
2
s + σ2(Is))ds (40)

Then it follows from (40) that

Ξ(ηk+1)− Ξ(ηk) ≤
1

ε
(
µS
σ2S

+ |k1|+ |k2|). (41)

By the same argument in Lemma A.1, we have that P(τ I,πN <∞) = 1,∀N > 0.

Next we suppose that P(ηm+1 =∞) = δ for some m ≥ 0. Then (39) yields that
∫∞
ηk

(µSπs + c+ µ(Is))ds = −∞.

Following the argument in Lemma A.1, we have that P(τ I,πN <∞) = 1, ∀N > 0.
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Finally we show that (I∗, π∗) defined by (31), (32) and (33) is optimal. First, it is easy to see that VS(x) = V I∗,π∗(x).

Second, for any admissible policy (I, π), It follows from Dynkin’s formula and HJB equation (27) that

E[VS(RI,π
τI,π∧t)|R

I,π
0 = x] ≥ VS(x).

Since VS is continuous and bounded by 1, we then have

lim
t→∞

E[VS(RI,π
τI,π∧t)|R

I,π
0 = x] = lim

t→∞
E[VS(RI,πt )IτI,π=∞|R

I,π
0 = x] + E[VS(RI,π

τI,π
)IτI,π<∞|R

I,π
0 = x]

= lim
t→∞

E[VS(RI,πt )IτI,π=∞|R
I,π
0 = x] + E[VS(0)IτI,π<∞|R

I,π
0 = x]

= lim
t→∞

E[VS(RI,πt )IτI,π=∞|R
I,π
0 = x] + P(τ I,π <∞|RI,π0 = x)

It follows from P(τ I,πN < ∞) = 1,∀N > 0 that limt→∞R
I,π
t = ∞ on {τ I,π = ∞}. Then the continuity, the

boundedness of VS , and the boundary condition VS(∞) = 0 yield that limt→∞ E[VS(RI,πt )IτI,π=∞|R
I,π
0 = x] = 0.

Consequently,

P(τ I,π <∞|RI,π0 = x) = lim
t→∞

EVS(RI,π
τI,π∧t|R

I,π
0 = x) ≥ VS(x).

Finally, VS(x) = e−a
∗
Sx < e−a

∗x = V (x).
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