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In this investigation we considered both the scalar and 3-D vector-based measures of bonding using next generation 

quantum theory of atoms in molecules (QTAIM), constructed from the preferred direction of electronic charge density 

accumulation, to better understand the photo-chemical reaction associated with of the formation of benzvalene from 

benzene. The formation of benzvalene from benzene resulted in two additional C-C bonds forming compared with the 

benzene. The creation of the additional C-C bonds was explained in terms of an increasing the favorability of the reaction 

process by maximizing the bonding density. The topological instability of the benzvalene structure was determined using 

the scalar and vector-based measures to explain the short chemical half-life of benzvalene in terms of the competition 

between the formation of unstable new C-C bonding that also destabilizes nearest neighbor C-C bonds. The explosive 

character of benzvalene is indicated by the unusual tendency of the C-C bonds to rupture as easily as weak bonding. The 

topological instability of the short strong C-C bonds was explained by the existence of measures from conventional and 

next generation QTAIM that previously have only been observed in weak interactions such measures included twisted 3-D 

bonding descriptors.  
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Benzene - S0

Benzvalene - S0

S1 - vertical

S1/S0 - conical 
         intersection

S1 - optimised

Introduction 

 

While the 1971 synthesis of benzvalene, carried out by Katz,1 utilizing a ground state process by reacting 

cyclopentadiene with methyllithium and dichloromethane, this highly reactive olfin can also be produced in 

small quantities, alongside fulvene and Dewar benzene, through the excitation of benzene in the 245 nm range.2 

Despite benzvalene possessing a chemical half-life of only 10 days3 before reverting back to benzene, 

benzvalene, along with fulvene and their associated excited state reactions are ideal to highlight the alterations 

in bonding structure induced through promotion of a molecule to an excited state4–6 The ability to understand 

this change in bonding, see Scheme 1, and the insights this provides about the potential energy surface 

surrounding the point of vertical excitation, could be a powerful tool throughout the chemical sciences. This 

understanding, however, is not easily discerned, even with modern advances in theoretical chemistry. 

 

 

 

 

 

 

 

 

 

 

 

Scheme 1. The photochemical formulation of benzvalene from benzene. 

 

It is possible, however, to gleam some information on the interpretation of excited states through the 

manipulation of the CASSCF wavefunction to a VB like form, gaining local orbital occupancies (charge 

densities) and spin-exchange coupling (Pij) values, see Table 1.7 For example, these electronic factors 

(successfully) predict that, upon optimisation in S1, the C-C bonds extend from the 1.40 Å (2.65 a.u), found in 

S0, to 1.54 Å (2.91 a.u),7 see Scheme 2.  

The ability to analyze and visualize the continuous evolution of the chemical bonding can be highlighted in the 

excited state chemistry of calicene and sesquifulvalene, derivatives of fulvene, which has been previously 

studied.4–6 Despite the similarities of these compounds to fulvene, they each contain a significantly polarized 

central double bond, resulting in the most dominant resonance structure possessing a significantly polarized 
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bond. This highly polarized bond gives rise to significant charge transfer character in the lower excited state 

manifold8 that will have a strong effect on the excited state chemistry of these compounds, see the C4-C5 bond 

in Scheme 2.  

In this investigation therefore, we will present a new perspective of the chemical bonding of benzvalene using 

the 3-D, ‘next-generation’6 quantum theory of atoms in molecules (QTAIM) methodology.9,10 Next generation 

QTAIM has seen an increase in applications to excited states in recent years6 and is unique to theoretical 

chemistry due to being formulated as a directional 3-D vector based formulation as opposed to being comprised 

entirely of scalar measures that have recently been used for the prediction of stereoisomers.11 This three-

stranded 3-D interpretation of the chemical bond is more complete than minimal definition of bonding (e3) the 

conventional QTAIM interpretation of a bond, provided by the bond-path (r) because it comprises all three of 

the {e1, e2, e3} eigenvectors. Within QTAIM the most preferred ‘easy’ direction e2 is determined on the basis of 

the ease of total electronic charge density ρ(rb) accumulation. Conversely, the least preferred directions were 

found to be e1 for QTAIM and e2σ for the stress tensor.12 For the stress tensor, we have found that the e1σ 

eigenvector corresponds to the most preferred ‘easy’ direction on the basis of ease of compressibility. This 

finding was demonstrated using stress tensor trajectory formalism Tσ(s) in partnership with the potential energy 

surface to prove that the e2σ eigenvector was the least preferred direction of electronic charge density ρ(rb) 

accumulation and therefore that the e1σ eigenvector was the most preferred direction. Additional evidence for 

the most and least preferred directions for the stress tensor being defined by the e1σ and e2σ eigenvector was 

provided by the fact that the values for Hσ* > Hσ and HσH* > HσH consistent with previous findings from QTAIM 

that the preferred path has the longer associated eigenvector following path length.  

Previously, some of the current authors demonstrated that the stress tensor can be used within the QTAIM 

partitioning scheme by using next generation QTAIM.12 This analysis was undertaken using an adapted version 

of the recently introduced 3-D vector-based interpretation of the chemical bond B = {p,q,r} of the form Bσ = 

{ps,qs,r} to follow changes in the directional properties of the stress tensor that is robust to electronic 

excitations. We demonstrated that the construction of Bσ = {ps,qs,r} that used εσ ≤ 0 the most closely 

approximated the B = {p,q,r}. This is because the ‘easy’ direction for the stress tensor is determined by the most 

compressible λ1σ i.e. associated with the longer axis of the ellipse, whereas for QTAIM the ‘easy’ direction, 

(longer axis of the ellipse) is associated with the λ2 eigenvalue.  
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Scheme 2. The benzene S0, benzene S1vert and benzene S1opt (left), benzvalene S0/S1 ContInt (middle) and benzvalene S0 
(right) molecular graphs, the bond-path (r) is indicated by the black lines with the undecorated green and red spheres 
representing the bond critical point (BCPs) and ring critical points (RCPs), respectively, with the white lines indicating the 
RCP-BCP paths.  

 

Recently,5 we provided a 3-D understanding of the bonding provided by using Lewis structures for the ground 

state S0 and first excited state S1 of fulvene. We discovered that the corresponding bond-path framework set B0,1 

= {(p0,p1),(q0,q1),(r0,r1)}, was better approximated by the stress tensor formulation Bσ0,1 = 

{(pσ0,pσ1),(qσ0,qσ1),(r0,r1)} than BσH0,1 = {(pσH0,pσH1),(qσH0,qσH1),(r0,r1)}. The stress tensor BσH0,1, with the 

associated eigenvector path lengths is provided for the readers interest in the Supplementary Materials S4. 

In this investigation therefore, we use will next Generation QTAIM to follow changes of the chemical bonding 

character in 3-D for the photochemical synthesis of benzvalene from benzene.  

 

 

2. Theory and Methods 

2.1 The QTAIM and stress tensor BCP properties; the ellipticity ε and the stress ellipticities εσH and εσ 
 
Within the QTAIM framework other representations of the chemical bond include bond-bundles in open systems, 

where molecules are partitioned where bounded regions of space containing non-bonding or lone-pair electrons 

are created that lead to bond orders consistent with expectation from theories of directed valence.13,14 In this 

investigation QTAIM9 is used to identify critical points in the total electronic charge density distribution ρ(r) by 

analyzing the gradient vector field ∇ρ(r). These critical points can further be divided into four types of 

topologically stable critical points according to the set of ordered eigenvalues λ1 < λ2 < λ3, with corresponding 
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eigenvectors e1, e2, e3 of the Hessian matrix. The Hessian of the total electronic charge density ρ(r) is defined as 

the matrix of partial second derivatives with respect to the spatial coordinates. We use the notation (R, ω) where 

R is the rank of the Hessian matrix, the number of distinct non-zero eigenvalues and ω is the signature (the 

algebraic sum of the signs of the eigenvalues) to label the critical points; the (3, -3) [nuclear critical point (NCP), 

a local maximum corresponding to a nuclear location], (3, -1) and (3, 1) [saddle points, bond critical points 

(BCP), ring critical points (RCP)] and (3, 3) [the cage critical points (CCP)]. An atomic interaction line15 is 

referred to as a bond-path in the limit that the forces on the nuclei become vanishingly small, although not 

necessarily a chemical bond.16 The completed set of critical points together with the bond-paths of a molecule or 

cluster is referred to as the molecular graph. 

The eigenvector e3 indicates the direction of the bond-path at the BCP. The most and least preferred directions 

of electron accumulation are e2 and e1, respectively.17–19 The ellipticity ε provides a measure of the aromatic 

character where a double bond is indicated for shared-shell BCPs with approximate values of the ellipticity ε ≈ 

0.25 or more and a single bond for ellipticity ε ≈ 0.10 or less. The ellipticity ε also determines the relative 

accumulation of ρ(rb) in the two directions perpendicular to the bond-path at a BCP, defined as ε = |λ1|/|λ2| – 1 

where λ1 and λ2 are negative eigenvalues of the corresponding eigenvectors e1 and e2 respectively. Recently, for 

the 11-cis retinal subjected to a torsion ±θ, we have also demonstrated that the e2 eigenvector of the torsional 

BCP corresponded to the preferred +θ direction of rotation as defined by the PES profile.20 Previously, we 

defined a bond-path BCP stiffness, S = |λ2|/λ3, as a measure of rigidity of the bond-path.21 The total local energy 

density H(rb)4,22 is defined as: 

 

H(rb) = G(rb) + V(rb),          (1) 

 

where G(rb) and V(rb) in equation (1) are the local kinetic and potential energy densities at a BCP.  

The quantum stress tensor, σ(r), is directly related to the Ehrenfest force by the virial theorem and so provides a 

physical explanation of the low-frequency normal modes that accompany structural rearrangements.17,23,24 There 

are several versions, but in this investigation we will use Bader’s definition.25,26 The stress tensor eigenvalue 

associated with the bond-path; λ3σ, the tensile eigenvalue, where values of λ3σ < 1 have been associated with an 

incommensurate gas to solid phase transition in biphenyl21 and transition-type behavior in molecular motors.27 

Therefore, in this investigation we use more negative values of λ3σ to quantify a greater degree of topological 

instability that indicates a greater tendency for structural transformation and therefore reactivity. 

In this investigation we will use the two ellipticities defined for use with for the stress tensor: 

 

εσH = |λ1σ|/|λ2σ| – 1,  εσ   = |λ2σ|/|λ1σ| – 1                      (2) 
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Where the subscript ‘H’ of εσH in equation (2) refers to the use of the most/least negative eigenvalues for the 

eigenvalues of numerator/denominator as the QTAIM ellipticity ε, consequently the stress tensor ellipticity εσH 

≥ 0 and the ellipticity ε ≥ 0 without exception, due to the eigenvalues being ordered λ1σ < λ2σ < λ3σ and λ1 < λ2 < 

λ3. Conversely, equation (2) that defines εσ uses the least/most negative eigenvalues for the eigenvalues of 

numerator/denominator and due to the eigenvalues being ordered λ1σ < λ2σ < λ3σ then εσ ≤ 0 without exception.  

Where for the stress tensor the ‘easy’ direction (e1σ) is determined by the most compressible eigenvalue λ1σ i.e. 

associated with the longer axis of the ellipse associated with ellipticity. Conversely, for QTAIM the ‘easy’ 

direction (e2) is associated with the longer axis (λ2) of the ellipse. This is because for QTAIM there is an ellipse 

shaped distribution in ρ(rb) for values of ε > 0, perpendicular to the bond-path with long (associated with the 

‘easy’ direction e2) and short (associated with the ‘hard’ direction e1) axes defined by the λ2 and λ1 eigenvalues 

respectively.    

 

2.2 The QTAIM, B = {p,q,r} and stress tensor bond-path framework set BσH = {pσH,qσH,r} and Bσ = {pσ,qσ,r}    

 
The bond-path length (BPL) is defined as the length of the path traced out by the e3 eigenvector of the Hessian 

of the total charge density ρ(r), passing through the BCP, along which ρ(r) is locally maximal with respect to 

any neighboring paths. The bond-path curvature separating two bonded nuclei is defined as the dimensionless 

ratio: 

 

(BPL - GBL)/GBL,          (3) 

 

Where the BPL is the associated bond-path length and the geometric bond length GBL is the inter-nuclear 

separation. The BPL very often exceeds the GBL for weak or strained bonds in unusual bonding 

environments.28 For 3-D bond-paths, there are two radii curvature specified by minor and major radii and 

defined by the directions of e2 and e1 respectively.29  

Two paths (q and q’) are defined as being associated with the e2 eigenvector since e2 ≡ -e2 lies in the same plane 

for the same point on the bond-path (r); correspondingly there are two paths associated with the e1 (p and p’), 

see equation (4). We will present the {q,q’} path-packets and the {p,p’} path-packets to make viewing of the 

aromatic character more convenient. This is because by definition the {q,q’} path-packets are always orthogonal 

to the {p,p’} path-packets but the aromatic character will be not apparent when the {q,q’} path-packets are edge 

on to the viewing plane. The form of the constituent {q,q’},{p,p’} path-packets can be used to provide a 3-D 

interpretation of bonding as a mixture of the following concepts: double bond, single bond, covalent, ionic or 

diradical. Note that, double and single bonds for shared-shell BCPs correspond to values of the BCP ellipticity 
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ε > 0.25 and ε < 0.25 respectively, also the {q,q’} and {p,p’} path-packets have no enclosed area for values of 

the ellipticity ε = 0. An ionic interaction is characterized by a dominant peak in the {q,q’} path-packets closer to 

one atom that the other.30 Recently, we examined the {q,q’},{p,p’} path-packets with the stress tensor {qσ,q’σ}, 

{pσ,p’σ} path-packets for the torsion of ethane.12 Note that the stress tensor {qσ,q’σ} and {pσ,p’σ} path-packets 

are constructed using the stress tensor ellipticity εσ = |λ2σ|/|λ1σ| – 1: 

 

pi = ri + εie1,i,  qi = ri + εie2,i                                                                                                 (4)  

                                                                                        

In the limit of vanishing ellipticity ε = 0, for all steps i along the bond-path then H = BPL, the lengths of the p- 

and q-paths are defined as the eigenvector-following paths H* or H: 

 

H* = ⅀n-1i=1 |pi+1 - pi |,  H = ⅀n-1i=1 |qi+1 - qi|                                                          (5) 

    

The term {q,q’} path-packet is used to refer to the orbital-like packet shapes that the pair of q- and q’-paths 

form along the bond-path. The 3-D path-packets present a visualization of the direction and degree of bond-path 

linearity or torsion. The shape and location of the {q,q’} path-packet relative to the BCP, e.g. a long planar 

{q,q’} path-packet that envelopes the BCP, indicates the greater ease of sliding motion of the BCP, bond-path 

and associated NCPs than for a {q,q’}-path packet that is twisted or localized to the BCP. Extremely long {q,q’} 

path-packets predict imminent BCP rupture due to the coalescence and annihilation of a BCP and a neighboring 

RCP. The complete set of {q,q’},{p,p’} and r constitute the bond-path-framework set B = {p,q,r} and for the 

stress tensor Bσ = {pσ,qσ,r}, the Supplementary Materials S1 for further discussion including the choice of the 

ellipticity ε as the scaling factor. 

In addition, we will check the comparison with the stress tensor for excited states using the bond-path 

framework set BσH = {pσH,qσH,r} lengths HσH and HσH* and also Bσ = {pσ,qσ,r} with corresponding lengths Hσ 

and Hσ* using the definitions of the ellipticities εσH and εσ defined by equation (5) and equation 2(a-b) 

respectively in the Supplementary Materials S1. In this investigation we will examine the relative orientation 

of the {q,q’}, {p,p’} path-packets states as well as the stress tensor {qσ,q’σ}, {pσ,p’σ} in addition to the {qσ,q’σ}, 

{pσ,p’σ} path-packets, see equation 3(a-b), to the aromatic plane for the planar and twisted conformations in all 

cases we consider both in the ground S0 and first excited S1 electronic states. When the BPL = GBL, then (BPL - 

GBL)/GBL = 0 from equation (3) and therefore a linear bond-path then the lengths of the {q,q’},{p,p’} path-

packets specified as (H,Hʹ) and (H*,H*ʹ) respectively will all be the same length i.e. H = Hʹ = H*= H*ʹ. For a non-

linear bond-path (BPL - GBL)/GBL > 0 and BPL > GBL then we define by convention that H > Hʹ and H* < H*ʹ. 
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3. Computational Details 

 

All structures where optimised using a CASSCF wavefunction built around a (6,6) active space, and the 6-

311G(d,p) basis via Gaussian16 (revision A3). CASSCF occupancies were obtained via localisation of the p-

orbitals in the active space to pp atom centered orbitals via the Boys localisation procedure.31 The two-particle 

spin-exchange density matrix (P) was then constructed from these localised orbitals to generate a VB analysis of 

the relevant states. The spin-exchange density is a two-particle density matrix, obtained as the expectation value 

of the following operator (assuming a configuration interaction type wavefunction), 

 

𝑃$% = '(
)
(𝐸,$%--𝐸,%$

.. + 𝐸,$%
..𝐸,%$-- + 𝐸,$%--𝐸,%$-- − 𝐸,$$-- + 𝐸,$%

..𝐸,%$
.. − 𝐸,$$

..)2  (6) 

 

where 𝐸,$%33 = 𝑎$3
5 𝑎%3 are the generators of the unitary group U(n), and 𝜎 = 𝛼 or 𝛽.These matrix elements (Pij) have a 

simple interpretation that helps one to understand the spin coupling.7 For a single configuration perfectly paired 

valence bond (VB) wave function the Pij have values of +1 for a singlet-coupled pair, -1 for a triplet coupled 

pair and -1/2 when the pair is uncoupled. Configuration interaction will cause the actual computed values to 

differ from these idealized values and it is common to take a positive Pij as singlet coupled and a negative Pij as 

uncoupled.32,33 The QTAIM and stress tensor analysis was performed with the AIMAll34 suite on each wave 

function obtained in the previous step. The calculated paths comprising the B0,1, Bσ0,1 and BσH0,1 were visualized 

using the Python 3 visualization toolkit Mayavi.35  

4. Results and discussions 

4.1 Pij analysis of S1/S0 conical intersection: 

As mentioned previously, the CASSCF Pij analysis of the benzene S0→S1 transition shows a reduction in the 

coupling values of all bonds from 0.337 to 0.252, corresponding to weakening of the double bond character 

inherent in the S0 electronic structure; this change acts to explain the observed bond lengthening in the S1 

structure. At the point of the conical intersection Pij values suggest that the electronic structure on the S1 surface 

resembles what would be expected from cyclohexatriene, with an alternating pattern of strongly singlet coupled 

and uncoupled bonds, while no coupling is seen across the ring (Table 1); whereas, on the S0 surface we 

observe the emergence of the weakly coupled, three centered electronic structure of prefulvene, corresponding 

to a -CH3- kink in the carbon framework.36 Looking at the coupling values that would drive bond formation in 

the benzvalene final product, see Table 1, there is a symmetrical coupling between C2 and both C4 and C6 

characterising the out of plane movement of the C2 centre in the positive direction of the S1 transition vector; 
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however, an asymmetrical coupling is observed from C1 to C3 and C5 (0.555 and 0.014, respectively), 

suggesting a preferential formation of the C1-C3 bond, leading to the benzvalene structure shown in Scheme 2.  

 

Table 1. Selected Pij coupling values for each member of the degenerate pair of states at the S1/S0 conical 

intersection geometry; see also Scheme 1 and Scheme 2 

 

S0 S1 

1-2 0.046 -0.320 

1-3 0.555 0.003 

1-5 0.014 -0.022 

1-6 0.083 0.216 

2-3 0.039 0.316 

2-4 0.476 -0.089 

2-6 0.474 0.094 

3-4 0.087 -0.218 

4-5 0.395 0.171 

5-6 0.398 -0.170 

 

4.2 A QTAIM bond-path framework set analysis of benzene and benzvalene 

 

The photo-chemical reaction of the formation of benzvalene from benzene process is as follows: the vertical 

excitation of benzene in the ground state (S0) to the first excited state of benzene (S1vert) by a vertical excitation, 

followed by the optimized excited state structure (S1opt) before reaching the conical intersection with the 

ground state (S0/S1ConInt) and finally relaxing down to the ground state of benzvalene (S0), see Scheme 1 and 

Scheme 2.  

Examination of the BCP properties provides a summarized view of the bonding changes during the photo-

reaction, see Table 2. For the vertical excitation; benzene S0 → S1vert the ellipticity ε = 0.23, that indicates 

significant double bond character, as expected in the benzene C-C bond, decreases to ε = 0.18, indicating a 

substantially higher degree of single bond character, providing agreement with both previously investigated Pij 

values7 and those presented here. After the vertical excitation, the value stiffness S increases instead of 

C1

C2
C3

C4

C5
C6
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decreasing, as would be expected for a decrease in double bond character. The remaining measures; charge 

density ρ(rb), Laplacian ∇2ρ(rb), total local energy density H(rb) and stress tensor eigenvalue λ3σ do not change 

significantly.  

The ρ(rb), ∇2ρ(rb), |H(rb)| and S all decrease for benzene S1vert → benzene S1opt due to the lengthening of the 

C-C bonds, however, the ellipticity ε and λ3σ do not change significantly as symmetry has not been broken. The 

symmetry breaking step next occurs for the benzene S1 opt	→ benzvalene S0/S1ConInt, all of the BCP values 

significantly spread out except for the BCP instability value λ3σ that is associated with transitional behavior, see 

the theory section 2.1. In particular, the C4-C5 BCP and the C5-C6 BCP emerge with similar, significantly 

stronger ellipticity ε values, i.e. an increase in double bond character that possess greater stiffness S than the 

remaining BCPs comprising the benzvalene S0/S1ConInt molecular graph. The final step; benzvalene 

S0/S1ConInt → benzvalene S0 the C4-C5 BCP possess double bond character with the highest H(rb) and S 

values whilst also being the most topologically unstable, i.e. tendency for the BCP to rupture resulting in the 

breakdown of the molecular framework, on the basis of the least positive λ3σ value. The C3-C4 BCP and C5-C6 

BCP, that neighbor the C4-C5 BCP, possess single bond character on the basis of low values of the ellipticity ε 

< 0.1 that are the most stable, having the highest values of stiffness S, leading to the conflicting behavior of the 

chemical character, this issue is addressed in the next section in terms of the {q,q’} path-packets. 

The bonding increases on the final step benzvalene S0/S1ConInt → benzvalene S0 with the formation of the C1-

C3 BCP and the C2-C6 BCP and consequently two new RCPs are formed. 



11 
 

Table 2. The QTAIM and stress tensor BCP properties in a.u.; the total charge density ρ(rb), Laplacian ∇2ρ(rb), ellipticity 
ε, total local energy density H(rb), stiffness S = |λ2|/λ3 and the stress tensor tensile eigenvalue λ3σ of the benzene S0, 
benzene S1vert, benzene S1opt, benzvalene S0/S1ConInt and benzvalene S0 molecular graphs, see Scheme 1 for a sketch of 
the photo-reaction and Scheme 2 for the atomic numbering.  
      
                                                    benzene S0                                                                     benzene S1vert                                                          
BCP                ρ(rb)    ∇2ρ(rb)      ε         H(rb)      S         λ3σ                    ρ(rb)     ∇2ρ(rb)    ε          H(rb)       S         λ3σ                     
C1-C2   0.320     -0.975    0.227   -0.335    2.059   0.061              0.321   -1.000    0.183    -0.337    2.160    0.060          
 
 
                                             benzene S1opt 
                       ρ(rb)     ∇2ρ(rb)     ε         H(rb)       S         λ3σ 
                     0.298    -0.864    0.184   -0.293    1.843    0.064 
 
 
                                           benzvalene S0/S1ConInt                                                        benzvalene S0 
                      ρ(rb)     ∇2ρ(rb)      ε        H(rb)        S          λ3σ                  ρ(rb)    ∇2ρ(rb)      ε          H(rb)       S         λ3σ 
C1-C2 0.284    -0.772    0.164    -0.275    1.692    0.062              0.251    -0.396    0.217    -0.225    1.004    0.048 
C2-C3 0.284    -0.773    0.165    -0.275    1.691    0.062              0.251    -0.542    0.366    -0.220    1.206    0.056 
C3-C4 0.281    -0.753    0.228    -0.264    1.628    0.063              0.262    -0.694    0.084    -0.230    1.572    0.063 
C4-C5 0.319    -0.957    0.263    -0.335    2.011    0.059              0.349    -1.086    0.399    -0.402    2.460    0.046 
C5-C6 0.319    -0.959    0.259    -0.335    2.017    0.059              0.262    -0.691    0.083    -0.229    1.566    0.063 
C6-C1 0.281    -0.751    0.233    -0.264    1.621    0.063              0.246    -0.503    0.469    -0.213    1.110    0.054 
C1-C3    ----        ----         ----         ----        ----       ----               0.224    -0.357    0.587    -0.178    0.814    0.047 
C2-C6    ----        ----         ----         ----        ----       ----               0.246    -0.503    0.463    -0.213    1.109    0.054 
 
 
To explain these findings and provide a less localized descriptor than the BCP we now consider the bond-path 

framework set B0,1 = {(p0,p1), (q0,q1), (r0,r1)}, see Scheme 2, Figure 1 and Table 3. We present the {q,q’} 

(magenta lines) and {p,p’} path-packets (blue lines) side-by-side since the {p,p’} show the approximate in plane 

and therefore hidden view of the {q,q’} path-packets, for additional viewing angles see the Supplementary 

Materials S2. 

Examination of the vertical excitation, benzene S0 → S1vert, the symmetrical {q,q’} path-packets that occur 

around each of the C-C BCPs indicates the presence of significant double bond character, see Table 1.  A 

slightly greater than 1% decrease in lengths of the {q,q’} path-packets, given by the lengths (H,Hʹ), occurs for this 

vertical excitation, see Table 3. Where an increase/decrease in (H,Hʹ) value is associated with a 

increase/decrease in the double bond character for a shared-shell BCP and an increased/decreased tendency to 

rupture for a closed-shell BCP. For the next step, benzene S1vert → S1opt the inter-nuclear separation (GBL) 

increases as expected, yields an identical geometry and bond-path length from conventional QTAIM, indicated 

by GBL and BPL respectively.  

The {q,q’} path-packets of the benzvalene C1-C3 BCP, C2-C3 BCP, C1-C6 BCP and C2-C6 BCP are large and 

twisted in the plane that contains the RCP-BCP separation, see the left panel of Figure 1(e) and the RCP-BCP 

lines in Scheme 2. This is not characteristic of the {q,q’} path-packets of a shared-shell BCP, but would be 
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expected for a closed-shell BCP. More expected is the {q,q’} path-packets associated with benzene C-C BCPs 

that are oriented perpendicular to the RCP-BCP separation. Consistency is found with the stress tensor bond-

path framework set Bσ0,1  = {(pσ0,pσ1),(qσ0,qσ1),(r0,r1)}, see Figure 2 and the Supplementary Materials S3.  

 

Table 3. The eigenvector following path lengths (H,Hʹ) and (H*,H*ʹ) of the associated with the {q,q’} and {p,p’} path-
packets respectively, along with the bond-path lengths (BPL) and geometric bond lengths (GBL) in Ǻngstrom, see the 
caption of Scheme 1, Scheme 2, Figure 1 and Figure 2 for further details.    
                                              benzene S0                                                                                     benzene S1vert                                                                                                  
BCP                 (H,Hʹ)             (H*,H*ʹ)          (BPL,GBL)                                     (H,Hʹ)            (H*,H*ʹ)        (BPL,GBL)                     
C1-C2    (1.458, 1.458)   (1.458, 1.458)   (1.396, 1.396)                           (1.441, 1.441)   (1.441, 1.441)   (1.396, 1.396)       
 
                                           benzene S1opt 
                        (H,Hʹ)             (H*,H*ʹ)          (BPL,GBL) 
                   (1.482, 1.482)   (1.482, 1.482)   (1.435, 1.435) 
   
                                      benzvalene S0/S1ConInt                                                           benzvalene S0 
                        (H,Hʹ)              (H*,H*ʹ)         (BPL,GBL)                (H,Hʹ)           (H*,H*ʹ)        (BPL,GBL)     
C1-C2        (1.506, 1.485)   (1.491, 1.499)   (1.462, 1.454)        (1.545, 1.544)   (1.535, 1.556)   (1.482, 1.462) 
C2-C3        (1.505, 1.484)   (1.491, 1.498)   (1.462, 1.454)        (1.767, 1.690)   (1.704, 1.747)   (1.514, 1.503) 
C3-C4        (1.545, 1.541)   (1.542, 1.544)   (1.467, 1.466)        (1.537, 1.536)   (1.534, 1.539)   (1.513, 1.512) 
C4-C5        (1.511, 1.499)   (1.501, 1.510)   (1.395, 1.395)        (1.539, 1.539)   (1.523, 1.555)   (1.343, 1.342) 
C5-C6        (1.508, 1.496)   (1.498, 1.507)   (1.395, 1.395)       (1.538, 1.537)   (1.535, 1.540)   (1.515, 1.514) 
C6-C1        (1.548, 1.544)   (1.545, 1.547)   (1.467, 1.466)        (1.878, 1.795)   (1.804, 1.859)   (1.520, 1.510) 
C1-C3            (----, ----)          (----, ----)           (----, ----)            (2.014, 1.939)   (1.931, 2.005)   (1.562, 1.552) 
C2-C6            (----, ----)          (----, ----)           (----, ----)         (1.846, 1.767)   (1.775, 1.829)   (1.520, 1.510) 
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(e) 
 
Figure 1. The bond-path framework set B0,1 = {(p0,p1),(q0,q1),(r0,r1)} for benzene S0, benzene S1vert, benzene S1opt and 
benzvalene S0/S1 ConInt and benzvalene S0 molecular graphs with the q(magenta), qʹ(red) and p(light-blue), pʹ(dark-blue) 
paths presented in sub-figures (a-e) respectively. The black line indicates the bond-path (r) with the undecorated green 
spheres denoting the positions of the BCPs, see Scheme 2 for the atom labelling. 
 

 
  



16 
 

 
 

 

 

 

 

 

 

 

 

 

 

 

(a) 
 
 

 

 

 

 

 

 

 

 

 

 
 
 
 
 
 
 
 

(b) 
  



17 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(c) 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

 

 

 

 (d) 

  



18 
 

 

 

 

 

 

 

 

 

 

 

 

 

 (e) 

Figure 2. The stress tensor Bσ0,1 = {(pσ0,pσ1),(qσ0,qσ1),(r0,r1)} for the benzene S0, benzene S1 vert and benzene S1 opt, 
benzvalene S0/S1 ConInt and benzvalene S0 with qσ(magenta), qʹσ(red) and pσ(light-blue), pʹσ(dark-blue) paths are shown 
molecular graphs are presented in sub-figures (a-e) respectively, with a magnification factor of x5, see the caption of 
Scheme 2 for further details. 
 
 
Conclusions  

 

To summarize, we considered both the scalar and 3-D vector-based measures of bonding that can follow the 

entire bond-path to better understand the photo-chemical reaction associated with of the formation of 

benzvalene from benzene. The topological instability of the benzvalene molecular graph was determined using 

the scalar and vector-based measures to explain the short chemical half-life as the competition between the 

formation of unstable new bonding that also destabilizes nearest neighbor bonds. The explosive character of 

benzvalene is indicated by shared-shell BCPs that possess the unusual tendency rupture as easily as closed-shell 

BCPs. This is seen from the orientation of the twisted {q,q'} path-packets, constructed the preferred direction e1 

of electronic charge density accumulation, relative to the short RCP-BCP lines that is therefore favorable to the 

coalescence of the associated BCP and RCP.  

The formation of benzvalene from benzene resulted in two additional shared-shell C-C BCPs, compared with 

the benzene molecular graph. The formation of additional closed-shell BCPs as a result of a reaction process is 

common and occurs to maximize the bonding density to increase the favorability of a reaction. The formation of 

shared-shell BCPs, in this investigation, is the first time the authors have observed this process. The newly 
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created shared-shell BCPs as well as the BCPs in the immediate vicinity are topologically instable. This is 

evident from the closed-shell BCP-like behavior from the scalar measures; very low values of the stiffness S and 

the vector-based measures, i.e. the  direction of the large and twisted {q,q'} path-packets coinciding with the  

RCP-BCP paths.  

In addition, we have demonstrated that for excited state calculations that QTAIM usefully approximates the 

stress tensor using the stress tensor ellipticity εσ version to construct the {ps,ps'}, {qs,qs'} as opposed to the εσH 

in agreement with investigations only performed in the ground state S0. The chemical character and high 

reactivity of the C4-C5 BCP is demonstrated. 

Work is under development to determine the factors that influence formation in for ground state S0 and excited 

states S1,...,Sn, of the bond-path framework set B0,1,...,n = {(p0,p1,..,pn), (q0,q1,...qn,), (r0,r1,...,rn)} and the stress 

tensor Bσ0,1,...n = {(pσ0,pσ1,...,pσn), (qσ0,qσ1,...,qσn), (r0,r1,...,rn,)} in a wide variety of photo-chemical environments. 

This QTAIM analysis provides a strong agreement with insights gleamed from the Pij values which have been 

shown to provide predictive insight into the formation of the C2-C4 and C1-C3 bonds on the S0 surface of the 

conical intersection, a property noted to drive benzvalene formation. Pij analysis has also shown the ability to 

predict changes in the current carbon bonding framework through the weakening of carbon-carbon couplings 

upon photoexcitation, and the change in double and single bond character, along with the presence of a three-

centre two-electron structure throughout the reaction path on the S1 surface. 
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