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Highlights

• A novel vector-host model is used for two co-circulating strains

• The model accounts for superinfection exclusion in the vector stages of infection

• An endemic disease can prevent the other invading due to superinfection exclusion

• Vaccination against the endemic disease can enable the establishment of the other

• The model is applied to dengue and yellow fever as case studies
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Abstract

Superinfection exclusion is a phenomenon whereby the co-infection of a host with a secondary pathogen is

prevented due to a current infection by another closely-related pathogenic strain. We construct a novel vector-

host mathematical model for two pathogens that exhibit superinfection exclusion and simultaneously account

for vaccination strategies against them. We then derive the conditions under which an endemic disease will

prevent the establishment of another through the action of superinfection exclusion and show that vaccination

against the endemic strain can enable the previously suppressed strain to invade the population. Through

appropriate parameterisation of the model for dengue and yellow fever we find that superinfection exclusion

alone is unlikely to explain the absence of yellow fever in many regions where dengue is endemic, and that the

rollout of the recently licensed dengue vaccine, Dengvaxia, is unlikely to enable the establishment of Yellow

Fever in regions where it has previously been absent.

Keywords: Vaccination, Dengue, Yellow fever, Mathematical model, Superinfection exclusion

1. Introduction

Numerous modelling studies have been previously conducted to investigate the effect of competitive interac-

tions between different pathogenic strains. A seminal paper in this area by Bremermann and Thieme (1989)

derived an SIR structured model with Susceptible (S), Infectious (In), and Recovered and immune (R) in-

dividuals to an infectious pathogen, comprised of n strains. The authors demonstrated that the long term5

endemic equilibrium of the system will favour strain j with the highest basic reproductive number, R0,j , given

that 1 ≥ R0,j > R0,n, ∀n 6= j, such that all other strains will die out. This work has since been expanded

upon by Cai et al. (2013) to investigate the impact of competitive exclusion in a vector-host system with SIR

and SI dynamics in the host and vector populations, respectively. Here the authors demonstrated that strain

j with the highest partial host and vector reproductive numbers Rh,j and Rv,j , respectively, will out-compete10

all other strains.
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However, both these models assume that infection with any strain induces lifelong immunity to all other

strains, which is an inappropriate assumption for many infectious agents that have co-circulating strains or

serotypes. This is notably true in the case of the flavivirus, dengue, where secondary infections with another15

serotype even carry a higher risk of severe disease due to increased viral loads through antibody-dependent

enhancement (ADE) Kliks et al. (1989); Nisalak et al. (2003). This was first modelled by Ferguson et al.

(1999), who demonstrated that the increased infectiousness of individuals with a secondary infection of an-

other dengue serotype through ADE permitted the co-circulation of two dengue strains where the system

would tend to limit cycles with inconsistent periods of epidemics for the two strains, although an underlying20

quasi-periodicity was usually observed, which mirrors empirical outbreak data Recker et al. (2009).

Additionally, there is evidence that temporary cross-immunity between dengue serotypes occurs when individ-

uals who have been challenged by a primary infection are temporarily protected against subsequent infections

by another dengue strain for two to nine months Wearing and Rohani (2006). Moreover, there is an expanding25

area of research that has demonstrated that superinfection exclusion may occur between competing vector-

borne flavivirus infections (Abrao and da Fonseca (2016); Blitvich and Firth (2015); Ergünay et al. (2017);

Hobson-Peters et al. (2013); Pepin et al. (2008); Zou et al. (2009)), whereby a secondary infection of the host

is prevented due to a current infection by another closely related virus (Folimonova (2012)).

30

Therefore, for many infectious agents such as dengue, traditional models of competitive exclusion fail to cap-

ture important immunological dynamics between competing strains. While numerous modelling studies have

investigated the impact of ADE (Aguiar and Stollenwerk (2007); Aguiar et al. (2008); Aguiar and Stollenwerk

(2017); Aguiar et al. (2011, 2013); Ferguson et al. (1999); Kooi et al. (2014); Billings et al. (2007); Cummings

et al. (2005); Schwartz et al. (2005); Bianco et al. (2009); Bianco and Shaw (2011); Wikramaratna et al. (2010);35

Recker et al. (2009)) and temporary cross-immunity (Bianco et al. (2009); Kooi et al. (2014); Bianco and Shaw

(2011); Aguiar and Stollenwerk (2007); Aguiar et al. (2008); Wearing and Rohani (2006); Adams et al. (2006))

on the epidemiological dynamics of dengue, far fewer have considered the impact of superinfection exclusion

on the epidemiological dynamics of vector-borne flaviviruses.

40

A study by Abrao and da Fonseca (2016) has provided evidence that C6/36 cells infected with dengue serotype-

2 induce superinfection exclusion against yellow fever infection. Even though this was an in vitro study, it

is nonetheless an extremely important finding, since it suggests that dengue infection in Aedes mosquitoes

may prevent subsequent yellow fever infection (Abrao and da Fonseca (2016)). Therefore, in hyperendemic

dengue regions, such as South East Asia, this phenomenon may explain why there is an absence of yellow fever45

infection (Abrao and da Fonseca (2016)), even though these regions appear to be environmentally suitable for

the disease (Rogers et al. (2006)).

If superinfection exclusion by dengue against yellow fever in Aedes mosquitoes is a causal factor of the sup-
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pression of yellow fever in hyperendemic dengue regions, then, as the reduction in dengue endemicity through50

vaccination becomes a foreseeable reality (Hanley and Weaver (2010); Kirkpatrick et al. (2016); Sáez-Llorens

et al. (2017); Webster et al. (2009); Whitehead et al. (2007, 2017)), it becomes increasingly important to assess

if a reduction in dengue endemicity in these regions may have any unforeseen increases in yellow fever preva-

lence. Indeed, the dengue vaccine, Dengvaxia, is the first to have been licensed in several countries in Central

and South America, and South East Asia (Sáez-Llorens et al. (2017)), and so it is likely that a reduction in55

dengue endemicity will be observed in these regions over the coming years.

Although a model by Amaku et al. (2011) partly investigated the impact of superinfection exclusion between

Dengue and Yellow Fever, it did not consider the role of vaccination and results were obtained numerically

(steady state and stability analysis was not feasible on the 29 equation system in Amaku et al. (2011)).60

By comparison, in this study we develop a novel mathematical model for the transmission dynamics of two

vector-borne pathogens, which exhibit superinfection exclusion in the mosquito stages of infection, while

simultaneously accounting for the impact of vaccination strategies. We develop analytical conditions that

determine whether superinfection exclusion can lead to one virus becoming predominant and prevent the

existence of an endemic equilibrium for the other virus. We also develop conditions that determine whether65

vaccination strategies against the predominant virus will facilitate the existence of an endemic equilibrium in

the previously suppressed virus. While the model we have constructed could be generalised to any vector-borne

infections that exhibit superinfection exclusion in the vector population, we consider best estimate parameters

for dengue and yellow fever and assess whether vaccination against dengue could lead to the emergence or an

increase in endemicity of yellow fever.70

2. Model and Methods

We consider a model where a host is challenged by two types of flavivirus. To do this we extend the model

framework outlined by Derouich et al. (2003), which represents the mosquito borne transmission of dengue.

The model framework is also appropriate for modelling the epidemic transmission cycle of yellow fever. The

model considers a constant human population of size n that is partitioned into three classes depending on75

infection status with respect to each disease: s - susceptible to infection, i - infected, and r - recovered and

immune to further infection. Since only adult female mosquitoes can vector flavivirus infections (World Health

Organization (2017)), the model considers an adult female mosquito population of constant size m that is then

partitioned depending on whether an individual mosquito is susceptible, u, or infected, v, with respect to

each disease. Such a framework is regarded as having ‘SIR’ and ‘SI’ infection dynamics in the human and80

mosquito populations, respectively. To simplify future analyses of the system, we normalise the variables

using the following relationships: s = Sn, i = In, r = Rn, u = Um and v = V m and define the ratio of the

mosquito to human populations as N = m/n. We define the non-dimensionalised human variables in table 1

and non-dimensionalised mosquito variables in table 2, where subscripts denote the different flaviviruses.

4

                  



Disease 1

Susceptible Infected Recovered

Susceptible S12 X1 Y1

Disease 2 Infected X2 I12 Z1

Recovered Y2 Z2 R12

Table 1: Human variables as defined by infection status with respect to each disease

Disease 1

Susceptible Infected

Disease 2
Susceptible U12 W1

Infected W2 V12

Table 2: Mosquito variables as defined by infection status with respect to each disease

We then construct the following system of ODEs to describe the infection status of both host and vector85

populations with respect to the two different flaviviruses, which includes the potential for superinfection

exclusion and the possibility of vaccination against either infection:

dS12

dt
= µ− (µ+ κ1 + κ2 + β1N(W1 + V12) + β2N(W2 + V12))S12

dX1

dt
= β1N(W1 + V12)S12 − (µ+ γ1 + κ2 + β2N(W2 + V12))X1

dX2

dt
= β2N(W2 + V12)S12 − (µ+ γ2 + κ1 + β1N(W1 + V12))X2

dI12
dt

= β2N(W2 + V12)X1 + β1N(W1 + V12)X2 − (µ+ γ1 + γ2)I12

dY1
dt

= γ1X1 + κ1S12 − (µ+ κ2 + β2N(W2 + V12))Y1

dY2
dt

= γ2X2 + κ2S12 − (µ+ κ1 + β1N(W1 + V12))Y2

dZ1

dt
= β2N(W2 + V12)Y1 + γ1I12 + κ1X2 − (µ+ γ2)Z1

dZ2

dt
= β1N(W1 + V12)Y2 + γ2I12 + κ2X1 − (µ+ γ1)Z2

dR12

dt
= κ2Y1 + κ1Y2 + γ2Z1 + γ1Z2 − µR12

dU12

dt
= δ − (δ + α1(X1 + I12 + Z2) + α2(X2 + I12 + Z1))U12

dW1

dt
= α1(X1 + I12 + Z2)U12 − (δ + ε1α2(X2 + I12 + Z1))W1

dW2

dt
= α2(X2 + I12 + Z1)U12 − (δ + ε2α1(X1 + I12 + Z2))W2

dV12
dt

= ε1α2(X2 + I12 + Z1)W1 + ε1α2(X1 + I12 + Z2)W2 − δV12

(1)
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Parameter Notation Baseline disease 1 Baseline disease 2 Dengue values Yellow fever values

Human birth and death rate µ 1
25000 days−1 1

25000 days−1 1
25000 days−1 [a] 1

25000 days−1 [d]

Mosquito maturation and death rate δ 1
50 days−1 1

50 days−1 1
30 days−1 [b] 1

30 days−1 [d]

Susceptible mosquito biting rate b 10 days−1 10 days−1 0.5 days−1 [a] 0.5 days−1 [a]

Infected mosquito biting rate di 10 days−1 10 days−1 1 days−1 [a] 1 days−1 [d]

Probability of human to mosquito transmission per bite ai 1 1 0.75 [a] 0.6 [d]

Probability of mosquito to human transmission per bite ci 1 1 0.875 [a] 0.6 [d]

Adequate human to mosquito contact rate [a] αi = aib 10 days−1 10 days−1 0.375 days−1 [a] 0.3 days−1 [a,d]

Adequate mosquito to human contact rate [a] βi = cidi 10 days−1 10 days−1 0.875 days−1 [a] 0.6 days−1 [d]

Rate of recovery in humans γi
1

100 days−1 1
40 days−1 1

8.5 days−1 [b] 1
7 days−1 [d]

Ratio of mosquitoes to humans N 10−5 10−5 1 [c] 1 [c]

Probability of mosquito co-infection per adequate contact rate εi 0, 1 0, 1 0, 1 0, 1

Vaccination rate κi variable variable variable variable

Table 3: Model parameters, notation, and values, for two baseline diseases, dengue and yellow fever. Values retrieved

from [a] - Reiter and Newton (1992); Whitmire et al. (1987), [b] - Andraud et al. (2012), [c] - Robert et al. (2016) and

[d] - Martorano Raimundo et al. (2015).

The parameters of the model are defined in table 3. We then assume that µ, δ and b are invariant with respect90

to either disease. However, since a, c, d, and γ are disease-specific terms, we include the subscript i ∈ {1, 2}
to indicate to which disease they relate. Using this notation, the disease specific adequate contact rates are

αi = aib and βi = cidi. To avoid adding additional complexity, we assume that mosquito biting rates are

independent of infection status, such that b = di. Nonetheless, αi and βi, can still differ due to variation in

the probability of successful transmission per bite, ai and ci.95

We then assume that the disease dynamics of each disease act independently, with the exception that mosquitoes

infected with one disease potentially have a reduced probability of being infected by the other disease (denoted

by subscript j ∈ {1, 2} where j 6= i) due to the action of superinfection exclusion in infected mosquitoes. To

account for this, we introduced the parameter, εi, as the probability that a mosquito infected with disease i100

will be infected with disease j per the adequate human-to-mosquito contact rate, such that αj 7→ εiαj . In

addition, we include terms for the rates of vaccination against disease 1 and 2, κ1 and κ2, respectively. In our

model, only individuals susceptible to infection will be vaccinated (which occurs irrespective of the immune

status with respect to the other infection).

105

We now note that the total proportion of humans infected with (Ii), susceptible to (Si), and recovered from

(Ri) disease i is given by:

Si = S12 +Xj + Yj

Ii = Xi + I12 + Zj

Ri = Yi + Zi +R12

(2)

6

                  



We also note that d
dt (Si + Ii + Ri) = 0, which allows us to use the substitution Ri = 1 − Si − Ii for the

proportion of humans recovered from disease i. Additionally, since d
dt (U12 + W1 + W2 + V12) = 0, we can110

represent the proportion of mosquitoes susceptible to both diseases as U12 = 1 −W1 −W2 − V12. This then

allows us to reduce system (1) as follows:

dS1

dt
= µ− (µ+ κ1 + β1N(W1 + V12))S1

dI1
dt

= β1N(W1 + V12)S1 − (µ+ γ1)I1

dW1

dt
= α1I1(1−W1 −W2 − V12)− (δ + ε1α2NI2)W1

dS2

dt
= µ− (µ+ κ2 + β2N(W2 + V12))S2

dI2
dt

= β2N(W2 + V12)S2 − (µ+ γ2)I2

dW2

dt
= α2I2(1−W1 −W2 − V12)− (δ + ε2α1I1)W2

dV12
dt

= ε1α2I2W1 + ε2α1I1W2 − δV12

(3)

To allow analytical investigation, we consider the cases where there is either total, or no superinfection exclu-

sion between the two diseases such that ε1, ε2 ∈ {0, 1}.115

We now note that the total proportion of susceptible and infected mosquitoes can be given by Ui = U12 +Wj

and Vi = Wi+V12, respectively, for disease i. In addition, since d
dt (Ui+Vi) = 0, we can also use the substitution

Ui = 1− Vi, and so:

dVi
dt

=
d

dt
(Wi + V12) = αiIi(1−Wi − (1− εj)Wj − V12)− δ(Wi + V12) (4)

Therefore, in the case where εj = 1:

dVi
dt

= αiIi(1− Vi)− δVi (5)

and for the case where εj = 0, we note that limt→∞ V12(t) = 0,∀ V12(0) ≥ 0, and provided V12(0) = 0, then

V12(T ) = 0, 0 ≤ T <∞. Therefore, Vi ≡Wi when εj = 0, and so both cases when εj ∈ {0, 1} can be described

by:

dVi
dt

= αiIi(1− Vi − (1− εj)Vj)− δ(Vi) (6)

7

                  



and therefore system (3) can be reduced further to the following:

dS1

dt
= µ− (µ+ κ1 + β1NV1)S1

dI1
dt

= β1NV1S1 − (µ+ γ1)I1

dV1
dt

= α1I1(1− V1 − (1− ε2)V2)− δV1
dS2

dt
= µ− (µ+ κ2 + β2NV2)S2

dI2
dt

= β2NV2S2 − (µ+ γ2)I2

dV2
dt

= α2I2(1− V2 − (1− ε1)V1)− δV2

(7)

120

3. Results

3.1. Steady States and Stability Analysis

For the analytical analysis of system (7) we assume either total (εi = 0) or zero (εi = 1) superinfection exclu-

sion. (Note, we consider numerical solutions to system (3) when 0 ≤ εi ≤ 1 in Appendix B). Additionally, we

assume that superinfection exclusion acts reciprocally between the diseases, such that ε1 = ε2 = ε.125

There are four possible steady states for system (7) which we denote as: θ0ε , where both diseases are at disease-

free steady states, θ1ε , where disease 1 is at an endemic steady state and disease 2 is at a disease-free steady

state, θ2ε , where disease 2 is at an endemic steady state and disease 1 is at a disease-free steady state, and θ12ε ,

where both diseases coexist at endemic steady states. Note, we will later substitute the ε subscript with 0 and130

1 to indicate the cases where there is total, or no superinfection exclusion, respectively. These steady states

are given by:

θ0ε =
[

µ
µ+κ1

0 0 µ
µ+κ2

0 0
]

θ1ε =
[
S∗1 I∗1 V ∗1

µ
µ+κ2

0 0
]

θ2ε =
[

µ
µ+κ1

0 0 S∗2 I∗2 V ∗2
]

θ12ε =
[
S†1 I†1 V †1 S†2 I†2 V †2

]

(8)

Where:

[S∗i , I
∗
i , V

∗
i ] =

[
αiµ+δ(γi+µ)
αi(βiN+κi+µ)

, µ(αiβiN−δ(γi+µ))−κiδ(γi+µ)
(αi(βiN+µ)(µ+γi))

, µ(αiβiN−δ(γi+µ))−κiδ(γi+µ)
(βiN(αiµ+δ(γi+µ)))

]
(9)

8

                  



and:135

S†i =
((δ2 + (αi + αj)δ − εαiαj(ε− 2))µ2 + δ((γi + γj)δ + αiγj + γiαj)µ+ δ2γiγj)βj

(((βj + (1− ε)βi)δ − βjεαj(ε− 2))µ2 + (((Nβi + γj + κi)βj − βi(ε− 1)(κj + γj))δ + εαj(Nβi − κi(ε− 2))βj)µ+ ((Nβi + κi)βj − κjβi(ε− 1))δγj)αi

I†i =

−(βjδ + αjβj + βiαi(ε− 1))δµ3 + (−βj(κi + γi + γj)δ
2 + ((Nβiαi − αj(κi + γi))βj − βiαi(ε− 1)(κj + γj))δ +Nβiβjεαiαj)µ

2

+ δ(−βj((κi + γi)γj + κiγi)δ + (Nβiαiγj − αjγiκi)βj − γjκjβiαi(ε− 1))µ− βjδ2γiγjκi
(((βj + (1− ε)βi)δ − βjεαj(ε− 2))µ2 + (((Nβi + γj + κi)βj − βi(ε− 1)(κj + γj))δ + εαj(Nβi − κi(ε− 2))βj)µ+ ((Nβi + κi)βj − κjβi(ε− 1))δγj)αi(µ+ γi)

V †i =

−(βjδ + αjβj + βiαi(ε− 1))δµ3 + (−βj(κi + γi + γj)δ
2 + ((Nβiαi − αj(κi + γi))βj − βiαi(ε− 1)(κj + γj))δ

+Nβiβjεαiαj)µ
2 + δ(−βj((κi + γi)γj + κiγi)δ + (Nβiαiγj − αjγiκi)βj − γjκjβiαi(ε− 1))µ− βjδ2γiγjκi

βiN((δ2 + (αi + αj)δ − εαiαj(ε− 2))µ2 + δ((γi + γj)δ + αiγj + γiαj)µ+ δ2γiγj)βj

(10)

From which, it can be shown that in the absence of superinfection exclusion:

(
S†i

∣∣∣ ε = 1
)

= S∗i
(
I†i

∣∣∣ ε = 1
)

= I∗i
(
V †i

∣∣∣ ε = 1
)

= V ∗i

(11)

This demonstrates that the endemic steady states for each disease are invariant to the dynamics of the other140

in the absence of superinfection exclusion. Equation (11) does not hold in the presence of superinfection

exclusion, where equation (10) can be simplified to:

(
S†i

∣∣∣ ε = 0
)

=
βj((δ + αi + αj)µ

2 + ((δ + αi)γj + γi(δ + αj))µ+ δγjγi)

(((βi + βj)µ+ (Nβi + κi)βj + κjβi)(µ+ γj)αi)

(
I†i

∣∣∣ ε = 0
)

=

(((−δ − αj)βj + βiαi)µ
3 + ((−δγj +Nβiαi − (δ + αj)(κi + γi))βj + βiαi(κj + γj))µ

2

+ ((Nβiαiγj − δ(κi + γi)γj − κiγi(δ + αj))βj + κjβiαiγj)µ− βjδγiγjκi)
(((βi + βj)µ+ (Nβi + κi)βj + κjβi)(µ+ γj)(µ+ γi)αi)

(
V †i

∣∣∣ ε = 0
)

=

(((−δ − αj)βj + βiαi)µ
3 + (((−κi − γi − γj)δ +Nβiαi − αjκi − αjγi)βj + βiαi(κj + γj))µ

2

+ ((((−κi − γi)γj − κiγi)δ +Nβiαiγj − κiγiαj)βj + κjβiαiγj)µ− βjδγiγjκi)
(βjN((δ + αi + αj)µ2 + ((γi + γj)δ + αiγj + αjγi)µ+ δγjγi)βi)

(12)

We then note that the Jacobian matrix of system (7) can be calculated as follows:145

J =




−β1NV1 − µ− κ1 0 −β1NS1 0 0 0

β1NV1 −µ− γ1 β1NS1 0 0 0

0 α1(1− V1 − (1− ε)V2) −α1I1 − δ 0 0 α1I1(ε− 1)

0 0 0 −β2NV2 − µ− κ2 0 −β2NS2

0 0 0 β2NV2 −µ− γ2 β2NS2

0 0 α2I2(ε− 1) 0 α2(1− V2 − (1− ε)V1) −α2I2 − δ




(13)
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Evaluating the Jacobian matrix when ε = 1 at the four equilibria also demonstrates the independence of the

two diseases in the absence of superinfection exclusion, since the Jacobian matrices evaluated at each steady

state have a block diagonal structure with null sub-matrices in the off-diagonal.

3.1.1. Stability criteria in the absence of superinfection exclusion150

By conducting a Next Generation Matrix (NGM) analysis (Diekmann and Heesterbeek (2000); Diekmann

et al. (1990)), as shown in Appendix C, it is then possible to show that the stability of the four steady states

depends on the following quantity in the absence of superinfection exclusion and vaccination:

R0,i =

√
αiβiN

(µ+ γi)δ
(14)

and the following in the absence of superinfection exclusion, but presence of vaccination:

Rκ,i =

√
αiβiNµ

(µ+ γi)δ(µ+ κi)
= R0,i

√
µ

µ+ κi
(15)

The stability of the four steady states depend on the following criteria:155

θ01 is stable ⇐⇒ Rκ,1 < 1 and Rκ,2 < 1, and is unstable otherwise.

θ11 is stable ⇐⇒ Rκ,1 > 1 and Rκ,2 < 1, and is unstable otherwise.

θ21 is stable ⇐⇒ Rκ,1 < 1 and Rκ,2 > 1, and is unstable otherwise.

θ121 is stable ⇐⇒ Rκ,1 > 1 and Rκ,2 > 1, and is unstable otherwise.

Similarly, the same criteria hold in the absence of vaccination, when Rκ,i is substituted for R0,i These findings160

show that the dynamics of the two diseases act independently when ε = 1. This is also intuitive from a

biological perspective, since when ε = 1, the infection status of a mosquito with respect to one disease, has

no impact on the probability that it will be infected with the other disease. Therefore, in the absence of

superinfection exclusion a vaccination programme that eradicated one disease would have no impact on the

epidemiological dynamics of the other disease.165

3.1.2. Stability criteria in the presence of superinfection exclusion

We now consider the case where ε = 0, which represents the situation where there is total superinfection

exclusion between the two diseases in the mosquito stages of infection. Again, by considering the Jacobian

(13) for each steady state and using NGM analysis, their stability can be shown to depend on the following

quantity in the absence of vaccination:170

Q0,i =

√
αiβi(γj + µ)(Nβj + µ)

βj(δµ+ δγj + µαj)(µ+ γi)
= R0,i

√
1− (V ∗j |κj = 0) (16)
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and in the presence of vaccination:

Qκ,i =

√
αiβi(γj + µ)(Nβj + µ+ κj)µ

βj(δµ+ δγj + µαj)(µ+ γi)(µ+ κi)
= Rκ,i

√
(1− (V ∗j |κj ≥ 0) (17)

In particular, note that Qκ,i is dependent on the rate of vaccination against either disease, κi and κj . The

stability criteria of the steady states are shown in Table 4, and the findings here were also verified numerically.175

Disease 1

Qκ,1 ≤ Rκ,1 < 1 Qκ,1 ≤ 1 ≤ Rκ,1 1 < Qκ,1 ≤ Rκ,1
Qκ,2 ≤ Rκ,2 < 1 θ00 ∗ θ10

Disease 2 Qκ,2 ≤ 1 ≤ Rκ,2 ∗ ∗ θ10

1 < Qκ,2 ≤ Rκ,2 θ20 θ20 θ120

Table 4: The stability conditions of the four steady states under total superinfection exclusion. Each steady state is

strictly unstable otherwise. The sets of conditions marked with ∗ are unobtainable in biologically realistic scenarios.

The conditions in Table (4) are true when Rκ,i and Qκ,i are substituted with R0,i and Q0,i respectively, in the

absence of vaccination and provide an exhaustive set of possible combinations ofRκ,i and Qκ,i. We also remark

that the set of conditions, {Qκ,i ≤ 1 ≤ Rκ,i : Qκ,j ≤ Rκ,j < 1}, is biologically unobtainable since disease j

cannot persist if Rκ,j < 1, under which conditions, V ∗j = 0. The set, {Qκ,i ≤ 1 ≤ Rκ,i : Qκ,j ≤ 1 ≤ Rκ,j}, is180

also biologically unobtainable by a similar argument.

By using the conditions given in table 4, we can then make the following deductions about how the stability

of the system will respond to the introduction of a vaccination strategy against disease i, where the initial

conditions of the system are governed by the stable equilibria for different combinations of R0,i, R0,j , Q0,i185

and Q0,j :

1. If {Q0,i ≤ R0,i < 1 : Q0,j ≤ R0,j < 1} then θ00 will initially be stable, and neither disease can persist. If

κi is then increased, {Qκ,i ≤ Rκ,i < 1 : Qκ,j ≤ Rκ,j < 1} ∀ κi ≥ 0, since Rκ,i = R0,i

√
µ

µ+κi
≤ R0,i < 1,

and so θ00 will remain stable.

2. If {1 < Q0,i ≤ R0,i : Q0,j ≤ R0,j < 1} then θi0 will initially be stable, and disease i alone can persist190

at an endemic equilibrium. If κi is then increased, once the rate of vaccination is above a critical value,

κ̂i, where Rκ,i(κ̂i) = R0,i

√
µ

µ+κ̂i
= 1 then {Qκ,i ≤ Rκ,i < 1 : Qκ,j ≤ Rκ,j < 1} ∀ κi > κ̂i, and so the

stability of the system will change from θi0 to θ00.

3. If {1 < Q0,i ≤ R0,i : 1 < Q0,j ≤ R0,j} then θ120 will initially be stable, where both diseases can persist

at endemic equilibria. If κi is then increased, once the rate of vaccination is above a critical value, κ̃i,195

where Qκ,i(κ̃i) = Q0,i

√
µ

µ+κ̃i
= 1 then {Qκ,i ≤ 1 ≤ Rκ,i : 1 < Qκ,j ≤ Rκ,j} ∀ κ̂i > κi > κ̃i, and
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so the stability of the system will change from θ120 to θj0. Additionally, if κi is increased further, then

{Qκ,i ≤ Rκ,i < 1 : 1 < Qκ,j ≤ Rκ,j} ∀ κi > κ̂i, and θj0 will continue to remain stable.

4. If {1 < Q0,i ≤ R0,i : Q0,j ≤ 1 ≤ R0,j} then θi0 will initially be stable, where only disease i can persist at

an endemic equilibrium. If κi is then increased, once the rate of vaccination is above a critical value, κ̄i,200

where Qκ,j(κ̄i) = Qκ,j
√

1− V ∗i (κ̄i) = 1 then {1 < Qκ,i ≤ Rκ,i : 1 < Qκ,j ≤ Rκ,j} ∀ κ̃i > κi > κ̄i, and

so the stability of the system will change from θi0 to θ120 . Then if κi is further increased, {Qκ,i ≤ 1 ≤
Rκ,i : 1 < Qκ,j ≤ Rκ,j} ∀ κ̂i > κi > κ̃i, and so the stability of the system will change from θ120 to θj0.

Additionally, if κi is increased further still, then as before, {Qκ,i ≤ Rκ,i < 1 : 1 < Qκ,j ≤ Rκ,j} ∀ κi > κ̂i,

and θj0 will again continue to remain stable.205

Several key new results arise from this analysis and highlight the critical role that superinfection exclusion can

play in determining the epidemiological dynamics in response to vaccination. From point 3, we can see that

the action of superinfection exclusion lowers the critical level of vaccination required to eradicate one disease.

From the perspective of implementing novel vaccination strategies against dengue, provided that superinfection

exclusion in mosquitoes exists between dengue and yellow fever, this could mean that a lower proportion of210

the human population would require vaccination to eradicate dengue in regions where dengue and yellow fever

coexist, such as sub-Saharan Africa. However, from point 4, we can deduce that if one infection is suppressed

due to superinfection exclusion caused by a different endemic infection, then vaccination against the endemic

infection may allow other infections to establish and potentially replace the original infection. Therefore, if

yellow fever is suppressed due to the action of dengue, such as may be the case in South East Asia, then215

if vaccination strategies against dengue were implemented, then this could enable yellow fever to establish

allowing both diseases to become endemic. If the rate of vaccination against dengue is increased further, this

could result in the eradication of dengue and enable yellow fever to replace dengue as the established endemic

infection.

3.2. Numerical results220

A full parameter sensitivity analysis of the model was then conducted, as shown in Appendix A. With the

sole exception of the human mortality rate, µ, which has relatively little impact on the metrics R0,i and Q0,i

over realistic values, variations to all other parameters had a far greater impact. Notably, feasible parameter

values for Denuge and Yellow Fever for the vector mortality rate (figure A.6 (b)), transmission probabilities

(figure A.6 (d) - (g)), and vaccination rates (figure A.6 (k) - (l)) can be selected for the values of R0,i and Q0,i225

to respectively be greater and less than unity for one disease (the condition for superinfection exclusion alone

to prevent an epidemic), given that all other parameters are set to the baseline values in table 3. However,

for the same condition to be met for the selected baseline parameters, vector biting rates (figure A.6 (c)), and

host recovery rates (figure A.6 (h) - (i)) are respectively required to be an order of magnitude greater and less

than typical values that would be expected for Dengue and Yellow Fever, while the ratio of vectors to hosts is230

required to be five orders of magnitude less than would be expected.
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However, we highlighted the theoretical findings by solving system (7) numerically using a suitable set of

baseline parameters, as shown in Table 3, to demonstrate the potential dynamics of this model. Here we

highlight the sensitivity of the model to changes in N to demonstrate the qualitative changes to the dynamics235

for different stable steady states.

When the model was run with no superinfection exclusion, we can see that for both values of N , disease 1

remains at a constant endemic level, while there is an initial epidemic for disease 2, which reaches a higher

peak, over a shorter period, for larger orders of N (figure 1). Then, for both values of N , after the initial240

epidemic, I2 and V2 decay to the steady equilibrium θ121 , which has a lower endemic equilibrium for disease 2

for smaller orders of N .
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Figure 1: The proportion of humans and mosquitoes infected with baseline disease 1 (blue) and 2 (orange) in the

absence and presence of superinfection exclusion for N ∈ {10−4, 10−5}, and initial conditions S1(0) = S∗
1 , I1(0) = I∗1

V1(0) = V ∗
1 , S2(0) = 1− 10−6, I2(0) = 10−6, and V2(0) = 0. Time units are given in days.

However, in the presence of superinfection exclusion, the behaviour of the system is dramatically different

(figure 1). When N = 10−4, we can see that the diseases initially undergo a repeated cycle of replacement.245

This behaviour demonstrates that as the endemic level of one disease increases in the mosquito population,

the endemicity of the other disease is suppressed, and then as the endemicity of the dominant disease decays,

this enables the endemicity of the previously suppressed disease to recover, causing the switching behaviour

between the two diseases. Over time, the two diseases display dampened oscillations around stable endemic

equilibria, indicating that θ120 is stable.250
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For N = 10−5 the observed behaviour is also markedly different under the presence of superinfection exclu-

sion. However, in this case, the action of superinfection exclusion has prevented the invasion of disease 2, thus

implying that θ10 remains stable. We now note that for both values of N , the action of superinfection trans-

formed the R0 values of both diseases to significantly lower Q0 values. Indeed, for N = 10−5, R0,2 = 1.413255

was reduced to Q0,2 = 0.9666, which explains why disease 2 was unable to establish.

Since under these choices of parameters, superinfection exclusion of disease 2 by disease 1 has the ability to

prevent the invasion of the former we now consider the impact of vaccinating against disease 1 on the long-term

equilibria.260

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

10 -4

0

0.5

1

1.5

2

2.5
10 -3 Figure 2: The long term sta-

ble equilibria for the proportion

of humans infected by baseline

disease 1 (Ī1) and 2 (Ī2) against

the rate of vaccination against

disease 1. The solid lines in-

dicates total superinfection ex-

clusion, while the dotted lines

indicate its absence.

From figure 2, we can see that in the absence of superinfection exclusion, as the rate of vaccination against

disease 1 increases, the endemicity of disease 1 decreases smoothly until it is eradicated at κ̂1 = 1.58× 10−4,

while the endemicity of disease 2 remains constant. This indicates that the stability of the system changes

between θ121 and θ21 at κ̂1.265

In the presence of total superinfection exclusion, the endemicity of disease 1 also decays along the same tra-

jectory for 0 < κ1 < 0.09 × 10−4 = κ̄1. However, over 0.09 × 10−4 < κ1 < 1.13 × 10−4 the endemicity of

disease 1 decays more steeply until it is eradicated at a lower critical vaccination rate at κ̃1 = 1.13 × 10−4.

Additionally for κ1 > 0.09 × 10−4, disease 2 is able to persist at an endemic equilibrium, indicating a local270

transcritical bifurcation at κ̄1 = 0.09, where the stability of the system switches from θ10 to θ120 . Finally, for

κ1 > 1.13× 10−4, disease 1 is no longer able to persist, while the endemic level of disease 2 remains constant,

indicating that the stability of the system has switched from θ120 to θ20.

These findings show that in the presence of superinfection exclusion, increasing vaccination against disease 1275

alone, can allow both diseases to persist, and importantly can lead to the replacement of disease 1 by disease

2. However, if we vaccinate against both diseases, it should still be possible to eradicate both. To demonstrate
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(a) Steady state stability regions (b) Stable infected human steady

state values for disease 1

(c) Stable infected human steady state values

for disease 2

Figure 3: The stable regions of the system for the two hypothetical diseases for different values of κ1 and κ2 (a). The

long term steady state values for the endemic levels of disease 1 and 2 in the human population are shown in (b) and

(c), respectively.

this, we plot the regions where θ00, θ10, θ20, and θ120 are stable for different combinations of κ1 and κ2 (see

figure 3a). Therefore, if the action of superinfection exclusion were to be suppressing a different pathogen in

a real-world system, it may be advisable to implement a dual vaccination strategy concurrently against both280

diseases, even if one is initially absent from the population.

3.3. Numerical Results for dengue and yellow fever system

Using the values in table 3, numerical simulations were run for system (7), with best estimate parameters for

dengue and yellow fever to test if superinfection exclusion in mosquitoes could explain the absence of yellow

fever in areas that are hyperendemic with dengue. Here we use the notation i = 1 to represent dengue and285

i = 2 to represent yellow fever. Since our previous analysis demonstrated that the disease dynamics are inde-

pendent in the absence of superinfection exclusion, we only consider the case where ε = 0.

Following the introduction of yellow fever into a population where dengue currently persists at an endemic

equilibrium, there is an initial large yellow fever epidemic, with subsequent smaller oscillations in both infected290

humans and mosquitoes populations (figure 4). Notably, there are also oscillations in the dengue-infected pop-

ulations, which does imply that the system has moved from the unstable equilibrium, θ1ε=0, to the stable

equilibrium, θ12ε=0. However, crucially, as predicted from our sensitivity analysis in Appendix A, the impact

of superinfection exclusion does not appear to have prevented yellow fever from invading the population.

295

This can be understood from equation (16) which shows that superinfection exclusion transforms R0,1 = 9.146

to Q0,1 = 9.134 for dengue, while for yellow fever, R0,2 = 6.147 is transformed to Q0,2 = 6.136. Therefore, for

best estimate dengue and yellow fever parameters, superinfection exclusion has a minimal impact on the basic
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Figure 4: The proportion of humans and mosquitoes infected with dengue (blue) and yellow fever (orange) following

the introduction of a small proportion of humans infected with yellow fever into the system, such that S2(0) = 1−10−6,

I2(0) = 10−6 and V2(0) = 0, while all dengue variables are initially at an endemic equilibrium. Time units are given in

days.

reproductive number. This can be understood biologically, since the initial endemic level of dengue in the

mosquito population is very low, (V ∗1 |θ10) = 0.38%, therefore when yellow fever is introduced into the system,300

the presence of superinfection exclusion in mosquitoes only results in a 0.38% reduction in the initial number of

mosquitoes that are susceptible to yellow fever, and so superinfection exclusion only conveys a minor reduction

in the level of yellow fever endemicity that is reached. This also explains why vaccination against dengue has

only a minimal effect on the level of yellow fever (Figure 5). For best estimate parameters vaccination levels
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Figure 5: The long term stable equilib-

ria for the proportion of humans infected

with yellow fever and dengue against the

rate of vaccination against dengue. The

solid and dashed lines indicate when there

is total, and no, superinfection exclusion in

mosquitoes, respectively.
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that could eradicate dengue only leads to a 0.01% increase in the endemic level of yellow fever in the human305

population.

4. Discussion

In this study we have developed a host-vector infectious disease model that can represent infection from dif-

ferent pathogens and that can account for superinfection exclusion in the vector stage, in addition to host310

vaccination strategies. Our mathematical analysis has shown that superinfection exclusion has the capacity

to prevent the establishment of one disease due to the presence of another that is already endemic. Critical to

this is that the established infection reaches high endemic density in the vector population for superinfection

exclusion to significantly limit the transmission opportunities for the other disease. In such cases, vaccination

against the established disease could enable the reintroduction and persistence of the previously suppressed315

disease. This may have important consequences for vector borne infectious diseases.

Recent in vitro experiments have suggested that superinfection exclusion in the mosquito stages of infection

may help to prevent the establishment of yellow fever in areas that are hyperendemic with dengue (Abrao

and da Fonseca (2016)). Therefore, if superinfection exclusion is a causal factor that has prevented the estab-320

lishment of yellow fever in hyperendemic dengue regions, we hypothesised that rollout of the Dengue vaccine,

Dengvaxia, which has recently been approved for use in several countries in South East Asia (Sáez-Llorens

et al. (2017)), may have the unforeseen consequence of enabling the re-establishment of Yellow Fever in these

regions. Amaku et al. (2011) numerically solved a model to assess the impact of superinfection exclusion in the

mosquito stages of infection in the specific case of Dengue and Yellow Fever but did not investigate the impact325

of vaccination against either Dengue or Yellow Fever. Our theoretical analysis has allowed us to determine

conditions to explain how superinfection exclusion will affect the epidemiological dynamics and in particular

when vaccination that controls one disease may allow the establishment of previously suppressed disease.

When our model was parameterised with appropriate values for dengue and yellow fever, total superinfection330

exclusion between dengue and yellow fever in mosquitoes reduced the endemicity of yellow fever in humans by

0.01%. This is due to the low levels of disease incidence in the vector population and agrees with the findings

of (Amaku et al. (2011)). Thus, if vaccination strategies successfully eliminated dengue, the endemicity of

yellow fever would increase by the same, minimal, magnitude. Therefore, our model did not provide evidence

that the action of superinfection exclusion in mosquitoes alone could explain why yellow fever is absent in some335

hyperendemic dengue regions, and crucially that vaccination against dengue should not result in a noticeable

increase in yellow fever endemicity. Furthermore, we have undertaken simulations for other realistic parameters

for dengue and yellow fever (as given by Andraud et al. (2012); Derouich et al. (2003); Martorano Raimundo

et al. (2015); Robert et al. (2016)) and did not find any combination of these parameters that yielded a
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significant increase in dengue endemicity. For all biologically realistic parameters that were tested, superin-340

fection exclusion had a minimal impact on the endemicity of yellow fever, and was insufficient to prevent its

establishment. Therefore, we would predict that if dengue endemicity was reduced through vaccination, it

would be unlikely to facilitate the establishment of yellow fever or a significant increase in the endemicity

of yellow fever. Indeed, numerous other mechanisms have been proposed to explain the absence of yellow

fever from regions such as South East Asia, where dengue is hyperendemic, such as geographical differences in345

vector competence Beaty and Aitken (1979), or a lack of suitable primate hosts to facilitate a sylvatic reser-

voir of yellow fever infection Agampodi and Wickramage (2013), and therefore it is likely that the absence of

yellow fever from these regions is better explained through other limiting factors than superinfection exclusion.

In summary, our model results have shown that superinfection exclusion in the vector stage of an infection can350

change the epidemiological dynamics such that one infectious disease can exclude another. Key to this result

is that the incidence of infection in the vector stage is high. Realistic parameters for dengue and yellow fever

demonstrated that the incidence of infection in the vector population is relatively low, and therefore the impact

of superinfection exclusion and the consequences of vaccination against dengue on increasing the endemicity

of yellow fever are likely to be minimal. Nevertheless, the theoretical analysis of our model illuminated355

the conditions required for superinfection exclusion by one vector-borne pathogen to prevent the invasion of

another. A crucial factor that we found from our sensitivity analysis was that the ratio of vectors to hosts is

required to be several orders of magnitude lower than would be expected in a mosquito-borne disease model,

and we therefore speculate that our model may yield more significant results in another epidemiological setting

with markedly different dynamics, such as tick-borne diseases.360
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Appendix A. Sensitivity analysis
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Figure A.6: A sensitivity analysis of the metrics R0,i (blue), Q0,i (red), R0,j (yellow), and Q0,j (purple) to the

parameters in the model. For each figure, all other parameters have been kept constant in line with the baseline

parameters given in table 3. For reference, the value R0,i = Q0,i = 1 has been plotted in black.
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Appendix B. Intermediate values of ε

For the analysis in this paper we have assumed that superinfection exclusion in the vector stages of infection

acts reciprocally between the two diseases, such that ε1 = ε2 = ε. Additionally, we only considered the extreme

cases where there was total (ε = 0) and no (ε = 1) superinfection exclusion.365

Figure B.1: The long-term

stable equilibria of system (3)

against κ1 and κ2 for different

values of ε1 and ε2. The dark

blue and yellow sections corre-

spond respectively to θ0ε , when

light blue, green and yellow sec-

tions correspond to θ0ε , θ
1
ε , θ

2
ε

and θ12ε , respectively. The bot-

tom left plot corresponds to fig-

ure 3a, where there is total su-

perinfection exclusion between

each disease.

In figure B.1, we show the long long-term stable equilibria of system (3) for different rates of vaccination

against each disease, and different values of ε1 and ε2. These were simulated with the baseline parameters in

table 3, with N = 10−5. Our numerical results demonstrated that there were 4 steady states, and we have

used the same notation to describe these, as in section 3.1. We firstly note that as εi decreases from 1 to 0, the370

region of stability for θiε increases, while that for θ12ε decreases concurrently, while the region of stability for

θjε remains unchanged. Importantly, the region of stability for θ0ε remains unchanged for all values of ε1 and

ε2, indicating that the critical levels of vaccination required to totally eradicate both diseases is independent

of the values of ε1 and ε2.

375

To demonstrate the impact of varying ε1 and ε2 on the dynamics of system (3), we ran simulations in the

absence of vaccination against either disease for different ε values (see figure B.2). These were also run with

the baseline parameters in table 3 with N = 10−5 and simulate the introduction of a small proportion of

mosquitoes infected with disease 2 into a system were disease 1 already exists at an endemic steady state.

380

For ε1 = 0, we can see that disease 1 remains at an endemic state, while disease 2 fails to invade, for all values

of ε2. This is to be expected from subplots in figure B.1, as the bottom left indices of these are all contained
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within the region of stability for θ1ε . Similar dynamics also occur in the reverse scenario when simulations are

run in the region of stability for θ2ε .

385

For all other combinations of ε1 and ε2, disease 2 is able to invade, as these values are all contained within the

region of stability for θ12ε . From figure A.2, we can see that the dynamics vary smoothly in both the vector

and host populations as ε1 and ε2 are varied. Note that when εj = 1, the dynamics of disease i are invariant

to changes in εi, since the proportion of susceptible vectors will remain unchanged.

390
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Figure B.2: The long-term dynamics of system (3) for different values of ε1 and ε2 in the absence of vaccination. Initial

conditions in all simulations are S1(0) = S∗
1 , I1(0) = I∗1 , V1(0) = V ∗

1 , S2(0) = 1, I2(0) = 1 − 10−6, and V2(0) = 10−6.

Disease 1 and 2 are plotted in blue and orange, respectively

Appendix C. The derivation of R0,i, Rκ,i and Qκ,i

To derive the basic reproductive number for disease i in system (7), we employ a next generation matrix

(NGM) method, as first derived by Diekmann et al. (1990).

To implement the method, we first consider the subset of diseased states from (7), x = {I, V }, and define X395

as the rates of introduction to these diseased states and Y as the rates of departure from them, such that in

the absence of vaccination:

X =


 βiViSiN

αIi(1− Vi)


 Y =


(µ+ γi)Ii

δV


 (C.1)

We now calculate the transmission, F , and transition, V , matrices, as follows, when solved at either disease-free
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steady state for disease i, θ01 or θj1, where k, l = {1, 2}:400

F = ∂Xk

∂xl
(θ0) = ∂Xk

∂xl
(θi) =


 0 βiN

αi 0


 V = ∂Yk

∂xl
(θ0) = ∂Yk

∂xl
(θi) =


µ+ γi 0

0 δ


 (C.2)

From which we construct the NGM, G:

G = FV−1 =


 0 βiN/δ

αi/(µ+ γi) 0


 (C.3)

Which has eigenvalues:

λ = ±
√

αiβiN

(µ+ γi)δ
(C.4)

A thorough explanation of the relationship between the eigenvalues of the NGM and R0 is given in Diekmann

and Heesterbeek (2000); Diekmann et al. (1990), but suffice to say that as the NGM is reiterated over T

generations, then as T → ∞, the largest eigenvalue will dominate. Therefore, since the NGM yields the405

number of secondary infections in the next generation, R0 can be defined as the dominant eigenvalue of the

NGM, and we therefore conclude that:

R0,i =

√
αiβiN

(µ+ γi)δ
(C.5)

Furthermore, a complete proof that the magnitude of R0 governs the stability of the disease-free steady state

can be found in Diekmann et al. (2009) and Diekmann et al. (2009), where the disease-free and endemic steady

states are stable when R0 < 1 and R0 > 1, respectively.410

Similarly, in the presence of vaccination strategies, the process can be repeated to deduce the adjusted R0,

which we found to be Rκ,i = R0,i

√
µ

µ+κi
. Repeating the NGM analysis in the presence of total superinfection

exclusion yields the following adjusted R0 values in the absence and presence of vaccination, which we defined

as Q0,i and Qκ,i, respectively:415

Q0,i =

√
αiβi(γj + µ)(Nβj + µ)

βj(δµ+ δγj + µαj)(µ+ γi)
= R0,i

√
1− (V ∗j |κj = 0) (C.6)

Qκ,i =

√
αiβi(γj + µ)(Nβj + µ+ κj)µ

βj(δµ+ δγj + µαj)(µ+ γi)(µ+ κi)
= Rκ,i

√
(1− (V ∗j |κj ≥ 0) (C.7)

For completeness, the stability criteria of R0,i, Rκ,i, Q0,i, and Qκ,i were also verified using AUTO.
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