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Abstract. This paper proposes a 4-DOF (degrees-of-freedom) n-RER
parallel manipulator (PM) with congruent base and moving platform
(CBP). The 4-DOF n-RER PM is composed of a base and a moving
platform connected by n RER legs, each of which is a serial kinematic
chain composed of a revolute (R) joint, a planar (E) joint and an R joint
in sequence. At first, a set of constraint equations of the n-RER PM
with CBP is first derived. It is then found that like the 3-RER PM with
congruent triangular base and platform in the literature, the n-RER PM
with CBP has three 4-DOF operation modes regardless of the number
of legs (n > 2) and link parameters. The characteristics of the n-RER
PM with CBP in different operation modes are also presented.

Keywords: Parallel manipulator, Operation mode, Quaternion, Euler
parameters, Overconstrained mechanism

1 Introduction

Four-DOF (degree-of-freedom) 3T1R parallel manipulators (PMs) are a class
of typical PMs used for control an object undergoing 3T1R (also PPPR= or
Schoenflies) motion. Systematic approaches have been proposed to the type syn-
thesis of this class of PMs [1–3].

The n-RER (also n-URU or n-UPU) PM is of one the 3T1R PMs that have
been studied in depth. Here, R, P, U and E denote revolute, prismatic, universal
and planar joints. It is composed of a base and a moving platform connected by
n RER legs. In 2002, it was revealed there exist variable-DOF PMs with both 4-
DOF 3T1R (or PPPR=) operation modes and 3-DOF planar (also E=) operation
modes [4]. Both the 4-UPU PM with congruent square base and platform [5] and
the 3-RER PM with congruent triangular base and platform [6] have two types of
4-DOF operation modes. The geometric characteristics of the 4-DOF operation
modes have been revealed in [6]. A novel multi-mode mobile robot based on
4-URU PM with congruent square base and platform was investigated in [7].

Despite the above advances in the research and application of n-RER PMs,
these mechanisms are still not fully investigated. Two of the unanswered ques-
tions are: 1) How can one ensure an n-RER PM has only 3T1R modes? and
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2) Are there any other n-RER PMs that have the same three 4-DOF operation
modes as the 4-UPU PM with congruent square base and platform [5] and the
3-RER PM with congruent triangular base and platform [6]? This paper will
answer the above second question. This will provide alternative design to the
multi-mode mobile robot [7] and move a step forward to answer the above first
question.

This paper is to investigate a 4-DOF n-RER PM with CBP (identical base
and platform), which is a special case of 3T1R PMs [1–3]. In Section 2, the
description of a 4-DOF n-RER PM with CBP will be presented. Section 3 deals
with the constraint equations of the n-RER PM with CBP. The operation mode
analysis of the n-RER PM with CBP will be dealt with in Sections 4. Finally,
conclusions will be drawn.

2 Description of a 4-DOF n-RER PM with CBP

A 4-DOF n-RER PM with CBP (Fig. 1)3 is composed of a moving platform con-
nected to the base by three RER legs. Each RER leg is a serial chain composed
of an R joint, an E joint and an R joint in sequence. In each leg, the axes of the
two R joints are located on the same plane parallel to the plane of motion of
the E joint. An E joint is represented by a sub-chain composed of three R joints
with parallel axes in this paper. The axes of the R joints on the base (moving
platform) are all parallel. The joint centers, Bi (i=1, 2, · · ·, n), of R joints on
the base are the intersection of the joint axes and a plane perpendicular to these
axes. The joint centers, Pi (i=1, 2, · · ·, n), of R joints on the moving platform
are the intersection of the joint axes and a plane perpendicular to these axes.
In addition, polygons B1B2· · ·Bn and P1P2· · ·Pn are congruent. This PM is in
fact a special case of 3T1R PMs [1–3]. As it will be shown later in Section 4,
this n-RER PM may have three 4-DOF operation modes, including two 3T1R
operation modes.

Let O−XY Z and OP −XPYPZP denote the coordinate frames fixed on the
base and moving platform respectively. O and OP are located at B1 and P1. The
Z- and ZP -axes are, respectively, parallel to the axes of the three R joints on
the base and those on the moving platform. Not all the joint centers on the base
(or moving platform) are collinear. Without loss of generality, let B1, B2 and B3

(P1, P2 and P3) are not collinear. X- and XP -axes pass through joint centers
B2 and P2 respectively. w1, w2 and w3 denote the unit vectors along XP -, YP -
and ZP -axes in the coordinate system O−XY Z. Let OP = {x y z}T represent
the position of OP in the coordinate system O −XY Z. The coordinates of Bi

in O −XY Z and Pi in OP −XPYPZP are (ai, bi, 0). It is noted a1=0, b1=0,
b2=0, a2 6= 0 and b3 6= 0. In fact, ai and bi (i=4, 5, · · ·, n) can also be regarded

3 As will be shown later in this paper, all the n-RER (n > 2) PMs with CBP have
the same operation modes. Only a 3-RER PM with CBP is shown for concise and
clarity.
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as a linear combination of a2, a3 and b3 as{
ai = uia2 + via3
bi = vib3

(1)

XY

Z

OP (P1) XP

YP

ZP

P2
P3

O(B1)

B2B3

Base

Moving platform

Leg 1

E joint

Fig. 1: A 4-DOF n-RER PM with CBP.

The position vectors of joint centers, Bi, of the n R joints on the base are
rB1 = 0
rB2 = a2i
rB3 = a3i + b3j
· · ·
rBn = ani + bnj

(2)

The position vectors of joint centers, Pi, of the n R joints on the moving platform
are 

rP1 = OP

rP2 = OP + a2w1

rP3 = OP + a3w1 + b3w2

· · ·
rPn = OP + anw1 + bnw2

(3)

3 Constraint equations of the n-RER PM with CBP

In each RER leg, the axes of the two R joints are always coplanar due to the
constraint imposed by the E joint, i.e., the triple product of the two unit vectors



4 Xianwen Kong et al.

along the axes of these two R joints of leg i and vector (rPi − rBi) is equal to
zero. Then we obtain the set of constraint equations of leg i (i =1, 2, · · ·, n) as

w3 × k · (rPi − rBi) = 0, i=1, 2, · · ·, n (4)

Substituting Eqs.(2) and (3) into Eq. (4), we have


w3 × k ·OP = 0
w3 × k · (OP + a2w1 − a2i) = 0
w3 × k · (OP + a3w1 + b3w2 − a3i− b3j) = 0
· · ·
w3 × k · (OP + anw1 + bnw2 − ani− bnj) = 0

(5)

Subtracting the i-th (i=2, 3, · · ·, n) equation by the first equation, Eq. (5)
becomes 

w3 × k ·OP = 0
w3 × k · (a2w1 − a2i) = 0
w3 × k · (a3w1 + b3w2 − a3i− b3j) = 0
· · ·
w3 × k · (anw1 + bnw2 − ani− bnj) = 0

(6)

Substituting Eq.(1) into the i-th (i=4, 5, · · ·, n) equation of Eq. (6), we have

w3 × k · (aiw1 + biw2 − aii− bij)

= w3 × k · ((uia2 + via3)w1 + vib3w2 − (uia2 + via3)i− vib3j)

= ui(w3 × k · (a2w1 − a2i)) + vi(w3 × k · (a3w1 + b3w2 − a3i− b3j)) = 0 (7)

Equation (7) shows that in Eq. (6), the i-th (i=4, 5, · · ·, n) equation is a linear
combination of the 2nd and 3rd equations. Therefore Eq.(6) can be reduced to
the following set of three equations by removing the 4-th to n-th equations:w3 × k ·OP = 0

w3 × k · (a2w1 − a2i) = 0
w3 × k · (a3w1 + b3w2 − a3i− b3j) = 0

(8)

The above analysis shows that the set of kinematic equations of any n-RER
PM with CBP can be reduced to the same set of three equations (8) regardless
of the number of legs (n > 2). Therefore, all the n-RER (n > 2) PMs with CBP
have the same operation modes.

Using Euler parameters to represent the orientation of the moving platform,
the unit vectors along XP -, XP -, and ZP -axes are

w1 =

 e20 + e21 − e22 − e23
2(e1e2 + e0e3)
2(e1e3 − e0e2)

 (9)
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w2 =

2(e1e2 − e0e3)
e20 − e21 + e22 − e23
2(e2e3 + e0e1)

 (10)

w3 =

2(e1e3 + e0e2)
2(e2e3 − e0e1)
e20 − e21 − e22 + e23

 (11)

where

e20 + e21 + e22 + e23 = 1 (12)

Substituting Eqs.(9)–(11) into Eq. (8), we obtain e0e1x + e0e2y + e1e3y − e2e3x = 0
2a2e2e3 = 0
2e3(a3e2 − b3e1) = 0

(13)

Equations (13) and (12) are the equations for the operation mode analysis
of the n-RER PM with ETBP.

4 Operation mode analysis of a n-RER PM with CBP

Equation (13) can be reduced to e0e1x + e0e2y + e1e3y − e2e3x = 0
e2e3 = 0
e3(a3e2 − b3e1) = 0

(14)

i.e.,  e0e1x + e0e2y + e1e3y − e2e3x = 0
e2e3 = 0
e1e3 = 0

(15)

It is quite straightforward to obtain that Eq. (15) leads to the following three
cases

{
e0 = 0
e3 = 0

(16)

{
e1 = 0
e2 = 0

(17)

{
e1x + e2y = 0
e3 = 0

(18)
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The above three sets of equations, together with Eq. (12), represent three
operation modes of the n-RER PM with CBP: (a) Operation mode 1 satisfying
Eqs. (16) and (12), (b) Operation mode 2 satisfying Eqs. (17) and (12), and (c)
Operation mode 3 satisfying Eqs. (18) and (12). It is noted that operation mode
1 has no practical use due to link interference.

It is noted that Eqs. (16), (17), (18), and (12) are independent from link
parameters. Therefore, the n-RER PM with CBP has three 4-DOF operation
modes regardless of the link parameters and the number of legs (n > 2).

(a) (b)

I3
I1 I2

(c)

Fig. 2: 4-DOF n-RER PM with CBP in: (a) Operation mode 1, (b) Operation
mode 2, and (c) Operation mode 3.

The three operation modes are the same as those of the 3-RER PM with
congruent equilateral triangular base and platform [6]. The motion of the moving
platform in operation modes 1 and 2 are 3T1R motion [1–3], while the motion
of the moving platform in operation mode 3 is a 4-DOF spatial motion different
from the 4-DOF 3T1R motion.

The geometric characteristics of the n-RER PM with CBP are:

In a regular configuration in operation mode 1 or operation mode 2, all the
axes of the R joints on both the base and moving platform are parallel. leg i
(i=1, 2, · · ·, n) imposes a constraint couple, which is perpendicular to all the
axes of R joints within the leg and parallel to the plane of motion of the E joint.
The constraint couples of all the legs are perpendicular to the axes of R joints
on the base and platform.

In a regular configuration in operation mode 3, the planes of motion of the n
E joints are parallel. Let Ii denote the intersection of the axes of two R joints in
leg i (i=1, 2, · · ·, n). The plane defined by I1, I2, · · ·, and In are perpendicular
to the planes of motion of the E joints. Leg i imposes a constraint force along a
line passing through Ii and perpendicular to the plane of motion of the E joint.
All the lines of action of these constraint forces are parallel and coplanar.
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5 Conclusions

The analysis of a 4-DOF n-RER PM with CBP shows that the PM has three
4-DOF operation modes regardless of (a) the number of legs (n > 2) and (b)
link parameters.

This work provides a solid foundation for exploring further motion modes of
the 4-RER multi-mode mobile robot [7] and is a step forward to reveal condi-
tions for 4-DOF n-RER PMs to have only PPPR= operation modes as well as
conditions for variable n-RER PMs to have only both PPPR= and E= operation
modes.
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