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Abstract

The paper studies the performance of a novel generator, consisting of a ball tightly sandwiched between two dielectric
elastomeric membranes for energy harvesting. The membranes are built into a housing subjected to external ambient
random vibrations, so that the relative motion between the ball and the membranes deforms the latter allowing energy
conversion. Dynamic model of the nonlinear mechanical and electrical behaviour of the device is presented, and a
novel approach for estimating the mean output energy of the device is developed. An explicit analytical formula for the
mean output power, derived and presented for the first time, allows comparing the generator performance depending
on the level of nonlinearity and the membranes deformation rate. A comparison of the generator performance for
the linear and nonlinear device properties is demonstrated. The numerical results of the Monte-Carlo simulations are
presented and agreed well with the derived analytical estimation.

Keywords:
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1. Introduction1

Ambient vibrations, vibrations in machines and structures, as well as vibrations due to human activities have nowa-2

days been thought of as an excellent source of renewable energy for wireless sensor networks, embedded electronics3

for human health monitoring, Internet of Things (IoT), etc. A significant body of work has been done in this field4

[1–4], with a focus on both enhancing the transduction methods and improving the efficiency of generators. Four5

main techniques for vibration energy harvesting (EH) have been employed: piezoelectric [5–7], electromagnetic [8],6

triboelectric and electrostatic, with most efforts being focused on the former two due to their relative simplicity and7

well established theoretical background. However, there have been issues with these techniques when they were re-8

quired to be scaled down in volume for embedded applications [3, 9, 10]. Because of this, more recently, electrostatic9

energy harvesting (EEH) has attracted research attention. EEH is based on the electrostatic principle, wherein a vari-10

able capacitor has two plates vibrating with respect to each other. Following the basic definition of a capacitor, its11

capacitance, C, depends on the following parameters:12

C =
εε0A

h
(1)

where ε is the relative dielectric constant of the medium between the two conductive plates (in the conventional case13

of air ε = 1), ε0 the dielectric permittivity of free space (ε0 = 8.854 × 10−12Fm−1), A the overlapping area of the two14

plates and h the distance between the plates. It is well-known that the charge Q of a capacitor is proportional to the15

applied voltage U:16

Q = CU (2)

Cyclically varying capacitance can be used to increase the electrical potential of a bias voltage or charge to produce a17

net gain in electrical energy and, in the case of an applied constant voltage, it can be expressed as:18

∆Q = U∆C (3)

Although EEH suffers from poor power density compared to the conventional transduction methods [2], it is actively19

researched in the area of micro-electro-mechanical systems (MEMs) [11, 12]. Moreover, the recent development of20

soft electro-active polymers (EAPs) has allowed for a significant increase in the power density. Dielectric elastomers21

(DEs) are a type of EAPs and have advantageous properties that benefit their use instead of a traditional parallel plate22

capacitor such as softness, low weight, low cost and relatively high permittivity (the dielectric constant of a widely23

used VHB 4910 by ’3M’ is ε = 3.4). In addition, DEs can undergo large strain deformations [13–15] and with24

proper prestretching their dielectric breakdown limit can be significantly increased to avoid electrical failures [16, 17].25
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Because of these properties DEs may be used not only in energy harvesters but also as sensors, actuators and soft26

robots [18–25].27

The original work on DE EH was conducted by Pelrine et al. in 2001 [26]. General theory describing the electro-28

mechanical behaviour of DEs was presented a few years later [27, 28]. Since then significant work has been carried out29

on both DEs’ properties and electrical circuitry for DE EH. DE materials have been investigated and their properties30

have been reported in [29–31], including those of the most commonly used DE material - VHB 4910 (3M) [32, 33].31

Reviews have also been published outlying recent developments in the area of DEs [18, 19, 34]. On the electrical32

front, various electrical schemes have been devised such as the constant voltage, constant charge, constant field and33

the ’triangular’ scheme, which have all been extensively compared [35–37]. EEH requires some initial voltage to start34

operating, which has always been an argument against its use, but the higher the initial voltage the higher the energy35

gain. To benefit from the latter the self-priming electrical circuit has been designed [38–40], which is capable of36

increasing the initial voltage by running it continuously through the harvesting device. A few DE generators (DEGs)37

exploiting EEH have been proposed, in particular wave energy harvesters [30, 41–45], while some other potential38

applications have been discussed in review papers [46–48]. Information on most recent developments in the area of39

DE EH can be found in [22, 49].40

It should be noted that majority of studies on DE EH have been conducted with a sinusoidal excitation input,41

whereas a stochastic input can often be encountered in natural environments. EH from random vibrations has been42

investigated for some systems and the issue of random and broadband frequencies found in nature was considered in43

[4]. However it should be noted that DE systems have not been studied under stochastic excitation.44

In previous works the authors have proposed a concept of a vibro-impact DEG consisting of a cylindrical capsule45

with an internal free moving ball. The capsule was externally excited and engaged the ball through the vibro-impact46

interaction against the DE membranes (DEMs) covering both ends of the capsule. The impacts between the ball47

and the DEMs, which act as variable capacitance capacitors, deform the latter enabling to convert mechanical energy48

into electrical one [50–52]. These studies have investigated the DEG’s dynamic behaviour in order to determine its49

optimal design for various values of the amplitude and frequency of a harmonic excitation. Then a novel DEG design50

has been proposed in [53] where the ball is tightly sandwiched between two DEMs thereby shifting the design from a51

vibro-impact to a smooth nonlinear interaction between the ball and the DEMs.52

The present work is based on the design proposed in [53] and investigates a challenging problem of estimating53

analytically the DEG’s response when subjected to a random excitation. It is well known that when a dynamic system54

is subjected to a random excitation, which has a constant spectral density over a frequency range around the natural55

frequency of the system, it is often approximated by a Gaussian white noise model, which is easy to deal with analyti-56

cally. Thus the DEG’s dynamic response under a zero mean Gaussian white noise is studied in this paper. It should be57

stressed that it is the first time when a stochastic analysis is applied to the proposed type of DEGs. In fact, a handful58

of papers discussing a stochastic response of DE-based systems, actuators and energy generators, have so far been59

published [54, 55]. In order to develop an analytical formula for predicting the mean response power of the DEGs60

the nonlinear material behaviour is approximated by a polynomial. This allows deriving of an explicit formula for the61

mean output power as a function of the membranes’ deformation rate and the nonlinearity order. This formula, derived62

for the first time, allows a comparison of the performance of the nonlinear and linear DEG’s responses.63

In the next section numerical and analytical modelling of the generator’s response is described. The third section64

provides a brief validation of the numerical model based on the consideration of the free vibration response of the DEG.65

The fourth section presents and discusses results of numerical simulations of the DEG’s performance and compares66

them with analytical results. The paper ends with brief conclusions.67

2. System analysis68

The generator design is shown in Figure 1a, where one can see two DEMs, represented by two orange lines, and a69

rigid ball between them. The ball of mass m and radius rb has a positive downwards displacement, zm, and is subject to70

the component of gravity force mg sin β, when the DEG has a non-horizontal orientation. This system is placed within71

a rigid hollow tube with mass M and an inner radius Rin, which is slightly larger than rb, subjected to an external force72

F(t). The distance, d, between the DEMs can be varied along the z axis as 0 ≤ d ≤ 2rb.73

2.1. Dynamic analysis74

The excitation F(t) = σξ(t), where ξ(t) is zero mean Gaussian white noise, and the gravity are the two external75

forces applied to the DEG. Therefore, the equation of the DEG’s motion, using a free body diagram is:76

Mz̈M = −F(t) + Mg sin β + FR + FD (4)

where FR and FD are the net internal restoring and damping forces acting onto the structure from the ball through the77

membranes deformation. In the following analysis it is assumed that the DEG motion is dominated by the external78
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(a) DEG design. (b) Relation between DEM’s de-
flection and angle ψ.

Figure 1: The generator design.

excitation (the noise intensity is much greater than other terms in the above equation), thus the influence of other terms79

is neglected, so that the equation of motion of the outer structure can be simplified:80

z̈M = −
σξ(t)

M
+ g sin β +

FR

M
+

FD

M
≈ −

σξ(t)
M

(5)

where σ2 = D is the noise intensity. The governing equation of the ball motion is:81

z̈m = mg sin β − FR − FD (6)

where β is the angle of the DEG’s inclination. A variable describing the relative displacement of the ball with regard82

to the housing unit is then introduced:83

∆z = zm − zM (7)

This variable is convenient for studying the DEMs’ deformation, which is important for a quantitative estimation of84

gained energy. The deflection of the DEMs is considered as an absolute value of the displacement of the centre of the85

DEM (point on the z-axis) from the equilibrium position. When the ball is moving towards one of the DEMs, this86

DEM deflects. This condition has to be included into the equations of motion of both upper and lower DEMs and can87

be formulated as:88

δu =

−∆z + rb − d/2, −∆z + rb − d/2 > 0

0, −∆z + rb − d/2 < 0
(8)

δl =

∆z + rb − d/2, ∆z + rb − d/2 > 0

0, ∆z + rb − d/2 < 0
(9)

where δu and δl are the deflections of the upper and lower membranes, respectively. It is well-known that a DEM89

behaves nonlinearly and this nonlinearity has been experimentally examined in [50]. It is important to note that this90

nonlinear behaviour depends not only on properties of the DE material but also on dimensions of the membrane and91

its prestretch, i.e. its stretching before assembling it into the generator. Another property of DEs that has a major92

influence on the DEG performance is viscoelasticity, e.g. it causes energy dissipation. Thus, it is assumed that a DEM93

can be treated as a parallel combination of a nonlinear spring and a linear damper. The restoring force in the spring is94

expressed as:95

fus = Kδn
u, fls = −Kδn

l (10)

where K and n are the membrane constants; in particular, in [50] their values were K = 4.0847 × 105 and n = 2.6. It96

should be noted that the two DEMs are identical and, therefore, when the DEG is in a horizontal position the DEMs97

in equilibrium have the same deformations. However, when the DEMs are not in equilibrium, the net restoring force98

exerted by them on the ball is always in the opposite direction to the ball movement.99

Since the ball and the DEMs are not rigidly connected the energy dissipation due to viscoelasticity is taken into100

account only in the DEM that undergoes further stretching. Thus, the viscous damping component is active only when101

the ball is moving towards the DEM, but inactive otherwise. This leads to the following conditions regarding the102

dissipative forces exerted by the DEMs on the ball:103
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δ′u =

δ̇u, −∆z + rb − d/2 ≥ 0 and ∆ż < 0

0, otherwise
(11)

δ′l =

δ̇l, ∆z + rb − d/2 ≥ 0 and ∆ż > 0

0, otherwise
(12)

where δ̇u and δ̇l are the deflection rates of the upper and lower DEMs, respectively. The corresponding forces on the104

ball are then:105

fud = αδ′u, fld = −αδ′l (13)

where α is the damping coefficient.106

Combining equations (5), (6), (10) and (13) will give the equation of the ball’s motion:107

m∆z̈ = mgsin(β) + Kδn
u + αδ′u − Kδn

l − αδ
′
l +

m
M
σξ(t) (14)

which should be solved jointly with the conditions from (8), (9), (11) and (12). The main focus of this study is on108

the case when the distance between the two membranes does not exceed the ball diameter to avoid the vibro-impact109

motion between the ball and the DEMs. However, the ball may lose contact with one of the DEMs when the magnitude110

of the excitation force is sufficiently large. The loss of contact with one of the DEMs can be determined based on the111

following conditions:112 ∆z > d/2 − rb contact loss with upper DEM

−∆z > d/2 − rb contact loss with lower DEM
(15)

Since after the loss of contact with a DEM, the next contact of the ball with it will be an impact, which has to be113

appropriately modelled. In this study a soft impact model is assumed, i.e. using a stiffening type nonlinearity of114

the DEMs. The equations derived in this section, which describe the dynamics of the nonlinear system with viscous115

damping representing the DEG, can be solved numerically.116

2.2. Power output117

The proposed electrical analysis of the DEG is based on the constant voltage scheme, which begins by stretching one118

of the DEMs mechanically (stretching mode) by the moving ball until the ball stops and the membrane’s stretching119

reaches its local maximum. Once this has been achieved the DEM is supplied with a charge at a constant voltage.120

The ball then starts moving in the opposite direction so that the DEM’s stretching decreases (unstretching mode),121

ideally to its initial prestretch level. Throughout this process the DEM is kept connected to a constant voltage supply.122

Obviously, the corresponding decrease in the DEM area and increase in the DEM thickness lead to a change in the123

DEM’s capacitance and, in accordance to equation (3), to energy gain. In a case of a random excitation the DEM can124

undergo stretching or unstretching with a certain probability within two consequent time instances. In this situation it125

is proposed that in this uncertain environment the energy should be harvested every time the DEM is in the unstretching126

mode. This can be done using the circuit shown in Figure 2, which consists of a constant high voltage supply, a resistor,127

a rectifier diode and a load. The rectifier diode will not allow current to pass back, so that any harvested charge will128

flow to the load. It should be stressed that the electro-mechanical coupling, i.e. the effect of an electrical field applied129

to a DEM’s mechanical properties, is not considered here. It can be seen from published experimental results [56, 57]130

that for a high loading rate (a high rate of the membrane deformation), which is considered in this work, the difference131

between a purely mechanical response and that with the electro-mechanical coupling is relatively low.132

To predict the amount of harvested energy it is important to establish a relationship between the deformation of the133

DEM and its capacitance. In other words the area and the thickness of the DEM should be known for a given deformed134

state. Knowing the area and thickness of the DEM at one time instance and the area at the next, the new thickness of135

the DEM can be recalculated based on the incompressibility condition:136

Aihi = V = constant (16)

where A, h, and V represent the area, thickness and volume of the DEM, respectively, and the subscript i denotes137

the time instances. To derive an analytical expression describing the area of the deformed DEM it is assumed that138

the ball’s diameter is slightly smaller than the DEM’s diameter. The stretched area depends on the deflection of the139

DEM’s centre point along the z-axis and can be expressed as the sum:140

A = As + Ac (17)
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Figure 2: A constant voltage energy harvesting circuit for a DE.

where As is the spherical cap and Ac the conical frustum, as shown in Figure1b. Based on geometric considerations,141

these two can be found as:142

As = 2πrb(rb − rb cosψ) = 2πr2
b(1 − cosψ)

Ac = [πR2
in − π(rb sinψ)2]/cosψ

(18)

where everything is known apart from the angle ψ, which is the angle between the tangential to the conical frustum143

and the plane perpendicular to the z-axis. The angle ψ is related directly to the DEM’s deflection and can be derived144

geometrically as [50]:145

cosψ =
−2rb(δ − rb) + 2Rin

√
R2

in + δ2 − 2δrb

2
[
R2

in + (δ − rb)2
] (19)

where δ is the central deflection of the DEM along the z-axis. Thus, for a given position of the ball the combination of146

equations (17), (18) and (19) allows recalculating the DEM capacitance at each time step. The energy gain of a DEM,147

Ek,i, is defined as:148

Ek,i =
1
2

Uin∆Q =
1
2

Uin(Qmax − Qmin) (20)

where Uin denotes the input voltage, the subscripts max and min correspond to the points of maximum and minimum149

stretch, respectively. This relationship can be rewritten taking into account equation (2):150

Ek,i =
1
2

U2
in(Cmax −Cmin) =

1
2

U2
in∆C (21)

To determine the instantaneous power of the system the time derivative of energy should be taken, but in the case of151

discrete-time analysis both sides of (21) can simply be divided by ∆t:152

Pi =
1
2

U2
in

∆C
∆t

(22)

To numerically obtain the expected energy gain Ek and power, P, averaging needs to be done, i.e.:153

Ek =

N∑
i=1

Ek,i/N =

N∑
i=1

1
2

U2
in∆C/N

P =

N∑
i=1

Pi/N =

N∑
i=1

1
2

U2
in

∆C
∆t

/N

(23)

where N is the number of time steps. The above expressions are valid for each DEM. It should be mentioned that each154

DEM is treated electrically as a separate DEG and influences the other DEM only mechanically. Moreover, since the155

two DEMs deform in anti-phase the output of the whole system is continuous and combined so that Ptotal = Pu + Pl.156
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Figure 3: Relationship between the inverse square thickness of a DEM and its relative deflection.

2.3. Analytical results157

It was shown above that the presented system is nonlinear and an analytical expression for predicting the device158

energy harvesting potential is highly desired. To derive it one can begin with substituting equation (22) into equation159

(1) so that the power can be rewritten as:160

Pi =
1
2

U2
in

∆C
∆t

=
1
2

U2
in∆

(
εε0A

h

)
/∆t =

1
2

U2
inεε0∆

(A
h

)
/∆t =

1
2

U2
inεε0V∆

(
1
h2

)
/∆t

∆

(
1
h2

)
=

1
h2

1

−
1
h2

2

(24)

where ∆(1/h2) represents the change within one time step of the inverse square of the thickness of a DEM when the161

latter is unstretching, i.e. h1 < h2. The complicated relationship between the inverse square thickness of the DEM162

and the DEM deflection, presented by equations (18) and (19), can be well approximated by a quadratic relationship,163

as shown graphically in Figure 3, i.e. (1/h2) ≈ a1δ
2 + b1δ + c1. In this figure a non-dimensional parameter µ = δ/rb164

has been used to relate the membrane displacement and the ball’s radius. It is worth noting that this expression is165

independent of K and n and is derived based on the DEM’s deformation geometry only, but the range of values for166

µ significantly depends on the system dynamics. In other words b1 is governed by the geometry of the deformation167

whereas n influences the amount of deformation, and therefore the amount of energy gained. Thus, the variation of168

the inverse squared thickness for a nonlinear membrane can be estimated as:169

∆

(
1
h2

)
= (2a1δ + b1)∆δ (25)

where a1 and b1 are constants. This allows equation (24) to be rewritten based upon the change in the DEM deflection170

as shown:171

Pi =
1
2

U2
inεε0V(2a1δ + b1)

∆δ

∆t
(26)

At this point it is important to remind that the system is subjected to a zero mean Gaussian white noise. Thus, to172

estimate the power it is required to take an average of both sides of (26) arriving to the expression for the expected173

power of the DEM:174

P̄ =
1
2

U2
inεε0V

(2a1δ + b1)
∆δ

∆t

 =

=
1
2

U2
inεε0Vb1δ̇

(27)

In simplifying the above expression it was assumed that the ratio ∆δ/∆t = δ̇ can be treated as the velocity of the175

membrane deflection in the unstretching mode and then taking into account the well-known fact that δδ̇ = 0. The176

value of b1 varies greatly depending on n and is equal to was calculated and found to be equal to b1 = 4.2 × 109. The177

derived analytical expression (27) for the DEG’s power output can be used for estimating the DEG’s performance.178
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The above expression is semi-analytical since it requires a value of the mean velocity of the membrane deflection179

in the unstretching mode. To make equation (27) fully analytical it is required to establish an analytical methodology180

for predicting the mean velocity of the membrane. We note that the restoring forces of both the membranes act in the181

opposite directions, therefore from the mechanical point of view this layout can be considered as a ball sandwiched182

between two preloaded (compressed from their equilibrium position) nonlinear springs. Thus, such a mechanical183

layout can be modelled as a single-degree-of-freedom (SDOF) system subjected to an external white noise under the184

following assumptions: a) the membrane deformation velocity is equal to the ball velocity, b) the ball does not lose the185

contact with both membranes at all time, c) the mechanical behaviour of each membrane is represented by a nonlinear186

spring, as before, with a power law γδn describing the force-deformation relationship. For n = 1 this expression187

represents a linear spring, and n , 1 represents a nonlinear spring. The governing equation of motion of the SDOF188

system subjected to an external Gaussian white noise excitation can be written as:189

z̈ + 2α1ż + g(z) = σ1ξ(t) (28)

where 2α1 and σ1 are positive equivalent constants. Then, the joint probability density of the response p(z, ż) can be190

represented in the form [58]:191

p(z, ż) = B exp
(
−

2α1

D1
ż2

)
exp

(
−

4α1

D1
Π(z)

)
g(z) = γzn,Π(z) =

∫
g(z)dz = γ

zn+1

n + 1

(29)

where B is the normalisation constant, D1 = σ2
1 - the equivalent noise intensity. For values n > 1 this integral can be192

expressed through a combination of tabulated functions, like Bessel or modified Bessel functions, however it can easily193

be evaluated for n = 1. To estimate the mean harvesting velocity of the membrane the mean positive ball velocity has194

to evaluated since ¯̇δ = ¯̇z when ż(t) > 0.195

Following the derivations provided in Appendix for n = 1 the mean velocity of the membrane deflection in the196

unstretching (harvesting) mode in this case is:197

¯̇δ =
σ

2M

√
m
απ

(30)

Thus, when no loss of contact between the ball and the DEM is observed, equations (27) and (30) can be combined to198

produce the following analytical expression:199

P̄ =
U2

inb1σ

4M
εε0V

√
m
απ

(31)

This expression gives the mean power produced by the DEG in the linear case (n=1) and will be referred to later as200

analytical.201

3. Free vibrations202

To validate the numerical code, free vibration simulations have been run for various values of the system parameters203

and initial conditions. Unless stated otherwise, the values of the parameters were: m = 31.5g, M = 77g, rb = 11mm,204

Rin = 24mm, α = 7.6, d = 0, and the device is vertically orientated (i.e. β = 90o). Several parameters characterising205

the system response to the ball’s initial positive relative displacement (four times the ball’s radius downwards) are206

presented in Figure 4. The magnitude of the initial displacement was large enough for the ball to lose contact with the207

top DEM. In Figure 4, the upper left plot shows the relative displacement of the ball over time, with the two horizontal208

red lines indicating the range of the relative displacement within which the ball remains in contact with both DEMs209

(i.e. when the blue line, representing the relative displacement, is above the top red line the ball loses its contact210

with the top (right) DEM, below the bottom red line - with the bottom (left) DEM). It should be noted that due to211

the gravity the ball displacement at a steady state is slightly above zero, however the plot resolution does not allow212

clearly show that obvious effect. The upper right plot shows the relative velocity, which initially decreases as the ball213

moves upward relative to the housing unit, then the velocity increases as the ball starts to move downward and after214

that decreases to almost zero as the ball direction reverses once again. The four plots below present the deflection215

(two middle plots) and capacitance (two bottom plots) of the lower (left column) and upper (right column) DEMs,216

respectively. The deflection plots show the out-of-phase behaviour of the DEMs, i.e. the deflection of the lower DEM217

initially decreases, while the upper DEM remains undeformed due to the loss of contact with the ball, the upper DEM218

then starts to deform while the deflection in the lower DEM becomes equal to zero as the ball loses its contact with219

this membrane. The time intervals of zero deflections are correlated with the ’loss of contact’ intervals in the upper220

left plot. The two bottom plots present the change in the capacitance of the DEM. There is correlation between the221
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Figure 4: Time history of the DEG’s response to initial displacement (d = 0).

values of the DEM’s capacitance and the deflections. So that the maximum capacitance corresponds to the maximum222

capacitance of the DEM. The capacitance of each DEM in the unstretched state is C = 122.5pF, shown by the dashed223

red line.224

The presented results demonstrate the decaying oscillatory motion of the ball between two membranes, which work225

in anti-phase. The ball’s motion practically stops after one oscillation cycle which was expected given the large value226

of the damping coefficient (α = 7.6). This provides an indication that the presented model is capable of describing227

the dynamic behaviour of the DEG and will be used in the following to simulate the DEG dynamics under random228

excitation.229

4. Random vibrations230

Figure 5 shows results of a numerical simulation of the DEG system subjected to a zero-mean Gaussian white noise231

for D = 1, β = 0, d = 0 and n = 2.6. To obtain a reasonably accurate value of the generator mean power the averaging232

was done over 100 simulations each of which was 100 seconds long.233

For illustrative purpose, results of one simulation for the time duration of 1 s are shown in Figure 5. As can be seen234

in this figure, the amplitude of the relative velocity is much larger than that of the relative displacement. The ball does235

not lose its contact with any of the two DEMs that means the relative displacement the ball remains within the two236

horizontal red lines shown in both Figure 4 and Figure 5. Since the ball is in contact with both DEMs throughout the237

time the DEMs’ deflections remain positive, while changes in the deflections result in the varying capacitance.238

Results presented in this section demonstrate the properties of the DEG and its potential for energy harvesting.239

Figure 6 shows the average power output for two orientations of the DEG - horizontal (β = 0o) and vertical (β = 90o),240

over a range of the intensities of the stochastic excitation (expressed in terms of the standard deviation, σ, of the241

stochastic process); other parameters used in the analysis: Uin = 2000 V and d = 0.242

The lines showing the average power output for the two DEG’s orientations are almost parallel for smaller values243

of σ. Both lines are almost identical for the presented range of σ values indicating almost no difference in energy244

harvesting between the vertical and horizontal orientations. However, for very small values of noise intensities the line245

corresponding to the vertical orientation is slightly over the on for the horizontal orientation. This implies that at very246

low noise intensities the vertical orientation of the DEG may be preferable.247

The next set of results demonstrate the influence of the nonlinearity of the DEM’s mechanical response, represented248

by the order n in equation (10), on the amount of harvested energy. Figure 7 presents the results of numerical simu-249

lations of equation (23) and demonstrates average power of the DEG calculated numerically over a range of n values,250

three values of the excitation intensity D = 1, 3, 5 and for two cases of d = 0 and d = 2rb. It is worth to note that to251
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Figure 5: Example of the DEG’s response to stochastic vibration.

Figure 6: The average power vs. the excitation intensity (d = 0).

maintain the same level of accuracy throughout the analyses, in the simulations where n < 1.8 the time step, ∆t, was252

reduced to 10−5 s.253

As can be seen in Figure 7, one can observe a gain in the harvested power as the white noise intensity increases.254

Figure 7 also demonstrates that the power output depends on the DEM’s nonlinearity, in particular it increases with255

an increase in n especially for n ≥ 2.6 when d = 0 (Figure 7a) until it reaches its peak value. A similar trend can256

be observed in Figure 7b for D = 3 and D = 5 however for D = 1 the peak vale is reached at n = 4. Based on the257

presented results, the DEG with no gap between the DEMs produces higher power output than the one with d = 2rb,258

therefore, this design is more efficient for energy harvesting. This is mainly due to the fact that the DEG with d = 0259

produces power continuously, whereas with d = 2rb there are time intervals during which no power is produced (which260

occurs when one DEM is stretching and there is no contact between the other DEM and the ball).261

Figure 8a demonstrates the comparison of results of the numerical simulations for d = 0 and n = 2.6 and different262

values of the damping coefficient. The numerical results for the lighter damping indicate higher power output, as263

expected. In Figure 8b, numerical results for different values of n (i.e. DEM’s nonlinearity) are presented. The264

numerical results for the linear case n = 1 are compared with the corresponding analytical results obtained using265

equation (31). As can be seen, there is an excellent agreement between the numerical and analytical results. Similar266

to the results in Figure 7, the results in Figure 8b show higher energy gain for higher values of n. It should be noted267
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(a) d = 0 (b) d = 2rb

Figure 7: Effect of nonlinearity of the DEM’s mechanical response on the power output.

(a) n = 2.6 (b) Different values of n

Figure 8: (a) Effect of damping on the power output; (b) Comparison of numerical and analytical results.

that Figure7 and Figure 8 present the results of the excess or harvested power produced by the DEG due to mechanical268

vibrations, therefore with no noise applied the averaged power values starts from zero.269

5. Conclusions270

This paper studies the stochastic dynamic response of a DEG for energy harvesting from ambient vibrations based271

on the fundamental principle of electrostatic energy harvesting. The DEG consists of a hollow cylinder, with a ball272

sandwiched between two dielectric membranes inside, subjected to an external Gaussian white noise. The studied273

design is based on the relative motion between the ball and the membranes, which harvest energy in anti-phase. The274

paper presents a novel analytical approach that allows describing an out-of-plane deformation of a DEM, thereby275

expressing changes in the DEM thickness as a polynomial function of the ball’s displacement. This substitution276

allowed deriving an explicit analytical formula for the mean power of the device as a function of its parameters and277

the noise intensity.278

A numerical code has been developed and validated to study the behaviour of the DEG under various values of279

design parameters, including different values of the material nonlinearity, and excitation. The numerical results for280

vertical and horizontal orientation have shown no significant difference in average harvested power for values σ >281

10−3. It has been observed that an increase in this nonlinearity increases the power output. Moreover the numerical282

results have shown that the DEG layout with closely placed DEMs (d = 0) is more efficient in terms of energy283

conversion than the one in which the DEMs were placed further away from each other (d = 2rb). Two different284

values of the damping coefficient have been tested and the lower damping coefficient has shown a larger mean energy285

output, as expected. Finally, an excellent agreement between numerical results and analytical predictions have been286

observed. Future work based off of this model should investigate common realistic vibration sources, such as human287

walking with the aim of building an experimental prototype. Such an excitation can be modelled as a combination of288

a harmonic and random excitation, thereby partially relying on the work presented in the paper.289
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Appendix400

401

Following a standard analytical analysis for a stochastic system described by (28) we follow [58]. According to this402

approach the stationary joint probability density function of the response is:403

p(z, ż) = B exp
(
−

2α1

D1
ż2

)
exp

(
−

4α1

D1
Π(z)

)
(32)

where D1 = σ2
1 - the noise intensity, B is the normalisation coefficient calculated as:404

B−1 =

∫ +∞

−∞

exp
(
−

2α1

D1
ż2

)
dż

∫ +∞

−∞

exp
(
−

4α1

D1
Π(z)

)
dz (33)

Here Π(z) is defined by equation (29). In the general case of n , 1 the expression (33) is possible to integrate in405

tabulated functions.406

For the linear case of n = 1407

g(z) = γz,Π(z) =

∫
g(z)dz = γ

z2

2

B−1 =

∫ +∞

−∞

exp
(
−

2α1

D1
ż2

)
dż

∫ +∞

−∞

exp
(
−

2α1γ

D1
z2

)
dz =

2α1
√
γ

πD1

(34)

This allows us to calculate the mean harvesting velocity of the membrane ¯̇δ, which is equal to the mean value of the408

positive ball velocity, in other words, ¯̇δ = ¯̇z when ż(t) > 0. Evaluating the integrals and substituting the following409

expressions 2α1 = α/m and σ1 = σ/M, from (14) one gets:410

¯̇δ = B

∞∫
0

ż exp
(
−

2α1

D1
ż2

)
dż

∞∫
−∞

exp
(
−

2α1γ

D1
z2

)
dz =

σ

2M

√
m
απ

(35)
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