
 
 
 
 

Heriot-Watt University 
Research Gateway 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 

 

Coarse-graining in retrodictive quantum state tomography

Citation for published version:
Scerri, D, Gauger, E & Knee, GC 2019, 'Coarse-graining in retrodictive quantum state tomography', Journal
of Physics Communications, vol. 3, no. 7, 075003. https://doi.org/10.1088/2399-6528/ab0aa9

Digital Object Identifier (DOI):
10.1088/2399-6528/ab0aa9

Link:
Link to publication record in Heriot-Watt Research Portal

Document Version:
Publisher's PDF, also known as Version of record

Published In:
Journal of Physics Communications

General rights
Copyright for the publications made accessible via Heriot-Watt Research Portal is retained by the author(s) and /
or other copyright owners and it is a condition of accessing these publications that users recognise and abide by
the legal requirements associated with these rights.

Take down policy
Heriot-Watt University has made every reasonable effort to ensure that the content in Heriot-Watt Research
Portal complies with UK legislation. If you believe that the public display of this file breaches copyright please
contact open.access@hw.ac.uk providing details, and we will remove access to the work immediately and
investigate your claim.

Download date: 23. May. 2023

https://doi.org/10.1088/2399-6528/ab0aa9
https://doi.org/10.1088/2399-6528/ab0aa9
https://researchportal.hw.ac.uk/en/publications/c6ff440f-8047-4b8d-9315-a0384986fec2


Journal of Physics Communications

PAPER • OPEN ACCESS

Coarse-graining in retrodictive quantum state tomography
To cite this article: Dale Scerri et al 2019 J. Phys. Commun. 3 075003

 

View the article online for updates and enhancements.

This content was downloaded from IP address 137.195.8.61 on 22/07/2019 at 15:46

https://doi.org/10.1088/2399-6528/ab0aa9


J. Phys. Commun. 3 (2019) 075003 https://doi.org/10.1088/2399-6528/ab0aa9

PAPER

Coarse-graining in retrodictive quantum state tomography

Dale Scerri1,3 , ErikMGauger1 andGeorgeCKnee2

1 SUPA, Institute of Photonics andQuantumSciences, Heriot-Watt University, David Brewster Building, Edinburgh, EH14 4AS,United
Kingdom

2 Department of Physics, University ofWarwick, Coventry, CV4 7AL,United Kingdom
3 Author towhomcorrespondence should be addressed.

E-mail: ds32@hw.ac.uk

Keywords: quantum state tomography, quantummeasurements, retrodiction, quantum retrodictive tomography, phase errors, quantum
mechanics, quantumphysics

Abstract
Quantum state tomography (QST) is a combination of experimental and data-processingmethods for
complete characterisation of a quantum system.However, it often operates in the highly idealised
scenario of assuming perfectmeasurements. The errors implied by such an approach are entwined
with other imperfections relating to the information processing protocol or application of interest.
We consider the problemof retrodicting the quantum state of a system, existing prior to the
application of randombut known phase errors, allowing those errors to be separated and removed.
The continuously randomnature of the errors implies that effectivemeasurement operators are never
repeated. This is a feature ofmany physical scenarios such as photonic cluster state generation and has
a drastically adverse effect on data-processing times. Utilising state-of-the-art approaches to quantum
state tomography, we describe a novel and effectivemethod to account for these errors, resulting in
improved reconstruction fidelities. Furthermore, we showhow the use of ‘coarse-graining’ introduced
in this work can substantially reduce the computation time in severalmaximum likelihood
algorithms, for onlymodest sacrifices infidelity.

1. Introduction

Accurate quantum state reconstruction from finite data is a fundamental tool in quantum information science,
as it allows for the calculation of any desired physical property of interest (such as coherence or entanglement),
and is themost complete approach to the characterisation of quantum systems including atomic,molecular, and
engineered platformsContinued development of experimental tomography protocols and data-processing
algorithms has improved both the accuracy and computational time required to produce state estimates in the
face of the exponential complexity of quantum systems.Despite being amaturefield of research, quantum state
tomography suffers fromoutstanding problems, such asmeasurement errors caused, for example, by noisy
detector readout or bymis-calibratedmeasurement apparatuses.Measurement errorsmay be systematic or
random, andwill tend to reduce the fidelity of the tomogram,with respect to the true state ρ. If errors are known
in a general quantum information processing protocol on a shot-by-shot basis, theymay generally be
compensated for by additional quantum control. The irreversible nature of the quantumdetection process,
however,means that post-measurement knowledge of errors is insufficient for such compensation.

A concrete example of such a situation comes from the field of photonic cluster state generation. A single
emitter—e.g. a natural atomor quantumdot—will spontaneously undergo radiative decay at a randomdelay
after excitation. The emitted photons are entangledwith the emitter in such away that repeated resonant control
of the emitter’s spin state and further excitations causes the subsequent emission of a chain of photons to be
generated in a linear cluster state [1–3]: a key resource [4] formeasurement based quantum computation [5].
Such schemes rely on an externalmagnetic field orthogonal to the optical axis [1–3]. Due to the non-zero
lifetime τd of the emitter, the spin precesses at an angular frequencyωl for a random interval.Wemay thus think
of nature applying a randomphase to the spin, which is then transferred to the emitted photon but revealed to
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the experimenter immediately upon detection. The task of estimating the densitymatrix ρ of the photonic
cluster state in the limit of t  0d is an instance of whatwe term ‘retrodictive quantum state tomography’. Aswe
show, retrodiction ismade possible by re-defining the effectivemeasurement operators using post-
measurement knowledge of the randomphases.

The situationmay bemodelledmore generally by a semi-malevolent agent intervening in the experiment,
applying random evolutions r r q q

†U U that are only revealed to the experimenter after they havemade their

measurements. For concreteness, we take  s= +q
q qU icos sin z2 2

forσz the usual Pauli operator, and ρ as the

systemdensitymatrix when no errors occur. Although the errors cannot be corrected in the sense of a fault
tolerant quantumprotocol, it is possible to retrodict the quantum state which existed before the errors were
applied. Since the success probability of a fixedmeasurement operatorM is r r=q q q q( [ ]) ([ ] )† †M U U U MUtr tr ,
moving from the Schrödinger toHeisenberg pictures, the situation becomes equivalent to performing
tomography on an ideal preparation ρwith randommeasurements—see figure 1. The retrodiction is useful
because ρmay still contain other sources of error, whichmay then be separately estimated [6, 7].

For the technique towork, it is necessary that the effectivemeasurement operators are known: in the
precessing spin example, this information is revealed by the arrival time of the photon, the angular precession
frequencyωl, and the time-of-flight of the photon to the detector. Because of the continuous nature of the
distribution over θ, themeasurement record has the following ‘sparsity’ feature:measurement operators will
never be repeated,meaning that atmost one click is attributed to each outcome. In this paper we show that
retrodictive tomography is successful in spite of this feature; indeed, we showhow standard tomographic
techniques can bemodified in order to account for these errors, resulting in accurate state reconstruction, which
we characterise by thefidelity of the reconstructed densitymatrix. Furthermore, we go on to investigate the
merits and demerits of coarse-graining—a techniquewhich removes sparsity by introducing afinite number of
discrete binswhich themeasurement results are aggregated into. Our numerical simulations reveal that fidelity
degradesmonotonically as the number of bins is reduced, but that this is accompanied by a drastic improvement
in algorithm run-time. Aswell as being a choice available to the tomographer, coarse-graining can also be
considered as oneway of simulating imperfect knowledge about the errors θ. Intuitively, a Bayesian shot-by-shot
approach is a natural paradigm to tackle the sparse tomography problem,making use of prior knowledge to
process additional data obtained asmoremeasurements are performed.However, the binning approach
(discussed in section 2) cannot be applied to this technique straightforwardly. Thus, the Bayesian approachwill

Figure 1.Bloch sphere representation of the problem in the context of a precessing qubit. (a) In the Schrödinger picture, the state
(purple) gains a randomphase (dots) prior to everymeasurement, with themeasurement bases given by the arrows. (b) In the
Heisenberg picture, the state is static while themeasurement operators are distributed randomly. The detector clicks can then be
gathered in several bins on the Bloch sphere (coloured segments) to be used for coarse grained state reconstruction. Graphical
depiction of (c) exponentially distributed and (d)normally distributed phases, for various distributionwidths. The distributions are
sketched in polar coordinates, with different colours indicating different widths, controlled by the distribution parametersμ andσ.
Distributions are un-normalised to aid visual emphasis.
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serve as a (in our case)more computationally expensive benchmark for theMaximumLikelihood techniques
whichwill follow.

In section 2, we describe qualitatively how the sparse and coarse-grainedQSTmethodswork, outlining our
methods for simulating tomographic datasets and assessing the performance of reconstruction algorithms. In
section 3we introduce Bayesian estimation, alongwith an algorithm relying on aMonte Carlo implementation,
followed by an outline of theMaximumLikelihood (ML) principle in section 4, and an assessment of two
distinct implementation algorithms. Section 5 treats normally distributedmeasurement operators, andwe draw
our conclusions in section 6. Finally, we give the full details of the algorithms used, alongwith some additional
results, in the Appendix.

2. Sparse and binned tomography

Define p(θ) as the distribution of randomphases (supported on [0, 2π)), which dictates the distribution of
effectivemeasurement operators. This distribution depends on the physical scenario: in the example of
frequency-encoded cluster-state generation in the hole-spin system in [2], when the precession time ismuch
shorter than the emission time, p(θ)≈1/(2π). In such a case, the coherences of the reconstructed statewould be
completely washed out by conventional QST techniques (notmaking use of the knowledge of the errors θ). For
themore general case of photon emission from spin-bearing emitters, however, the exponential distribution
q µ q m-( )p e (with themeanμ=λ−1, whereλ is the rate parameter) ismore adequate to describe the spread of

operators. Other distributionsmay be similarly treated—meaning that our analysis applies to awider range of
physical scenarios— although themeasurement operatorsmay then be clustered to a greater or lesser degree,
having an affect on the accuracy of the retrodicted tomogram. In appendixDwe give the phase distribution and
corresponding parameters for some quantum information and computation schemes. The normal distribution
q µ q s-( )p e 22 2 (σ being the standard deviation) is considered in section 5, while as m  ¥, we recover the

uniformdistribution limit, i.e. q p( ) ( )p 1 2 .
In the Schrödinger picture, wefix the fourmeasurement operators ñá∣ ∣, ñá∣ ∣and f fñá∣ ∣, where
fñ = ñ + ñf∣ ∣ ∣e2 i and f pÎ { }0, . Since emitted photons aremeasured independently,m-qubit states are

tomographed by formingm-fold tensor products of all combinations of these projectors.
By using theHeisenberg picture (as in the previous section), the tomographic protocol is equivalent to

reconstructing some unknown state ρwith the following set of positive (projective)measurement operators

 f f= ñá  ñá  = ñáq q q{∣ ∣ ∣ ∣ ∣ ∣ } ( )†M U U, , 1i i i

where f f qñ = + ñq ∣ ∣†U ii
for θi (i=1,K,N/2) drawn from p(θ). Note that ñá = ñáq q   ∣ ∣ ∣ ∣†U U

i i , and that the
values off play less of a role as the spread of θ increases. Because f f f p f pñá + + ñá + =∣ ∣ ∣ ∣ , this setmay
be considered a POVM (PositiveOperator ValuedMeasure) upon appropriate normalisation (in the sense that
the sumof all operators is proportional to the identity).

We generated pseudo-tomographic data for afixed ρ by drawingN/2 unique values of q pÎ [ )0, 2 from p
(θ).We then simulate a single Bernoulli trial for eachmeasurement operator, assigning the event to qM

i
with

probability r= q( )p Mtri i
, and to the orthogonal operatorwith the complementary probability. A furtherN/2

Bernoulli trials are assigned to ñá ∣ ∣or ñá ∣ ∣ in the same fashion. Themeasurement record then consists of
amultiset ofN/2+2 distinctmeasurement operators with (for theN/2 operators perpendicular to the
‘precession’ axis)multiplicities ni=1 (i.e. it is ‘sparse’). The pair of orthogonal operators parallel to the
‘precession’ axis have a jointmultiplicity ofN/2.

Optionally, wemodify themeasurement record by a process of coarse-graining or ‘binning’, resulting in a
lower numberNb<N/2 of coarse-grainedmeasurement operators perpendicular to the precession axis. Non-
overlappingmeasurement bins are indexed by Î ¼{ }j N1, 2, , b , and havemultiplicities defined by

å q
p

= - +⎜ ⎟⎛
⎝

⎞
⎠˜ ( )n n

N
jrect

2

1

2
, 2j

i
i

b i

where rect(x)=1 if <∣ ∣x 1

2
and 0 otherwise, i.e. we simply accumulate the events according to the bin that they

fall within, with the bins being intervals centred on - p( )j2 1
Nb
andwithwidth 2π/Nb (as shown graphically in

figure 1). Each bin is assigned ameasurement operator defined by:

f f= ñáq q q∣ ∣ ( )˜ ˜
† ˜M U U 3j j j
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where the angle q̃j is themean of the random angles in the jth bin (that is  q- <p p( ) ˜j j1
N j N

2 2

b b
), that is

åq q
q
p

= - +⎜ ⎟⎛
⎝

⎞
⎠˜

˜
( )

n

N
j

1
rect

2

1

2
, 4j

j i
i

b i

Other binning schemes are possible [8].We then run different reconstruction algorithms (to be introduced
below) on the coarse-grainedmeasurement record, to give a quantum state estimate or ‘tomogram’ ρest. The
running time of the algorithm is noted, and the fidelity of the tomogram computed: r r rr r=( )F , trest est .
The infidelity is 1−F, and is ameasure of the distance between the true state and the retrodicted tomogram.
The procedure was then repeated for distinct, randomly generated (but full rank) ρ, andwe collected statistics to
summarise the typical performance.

Counter to intuition, using sparse tomographywithout any binningworks remarkably well. However,
algorithm running time tends to scale badlywithN (since the calculation of the cost function and its gradient
involves a contribution from each of theN distinct operators). Hence our proposed coarse-grained approach.
The remainder of the paper is dedicated to investigating the dependence offidelity and run time onNb, for
different reconstruction algorithms. As  ¥N N,b , the sparse and coarse grained approaches are expected to
give the samefidelities.

3.Non-adaptive Bayesian tomography

The Bayesian approachwas introduced in the field of quantum tomography [9–14], and is an ongoing
theoretical and experimental research topic [15–17]. This approach offers numerous advantages over other
techniques, such as use of online information available to the experimentalist after eachmeasurement.
Furthermore, Bayesian inference was also shown to be optimal with respect to any strictly proper scoring rule
derived fromBregman distances [15, 18, 19] (near-optimal if the infidelity is used as a loss function instead [20]),
with the ability to track fidelity bounds online [20] (allowing for feedback tominimise number of required
measurements), as well as giving robust region estimates [21] and allowing formodel selection/averaging. Thus
the Bayesian approach shall be used as a benchmark for the other techniques discussed in this work.

Our implementation follows closely the approaches used in [16] and [22]. For a Bayesian update scheme, we
start with an initial prior probability density p(ρ) over feasible state space (usually uninformed due to the absence
of additional knowledge, resulting in a uniformprior). After obtaining a newmeasurement datumD, the
posterior distribution r( ∣ )p D is then built using the likelihood function  r( )D; as

r r rµ( ∣ ) ( ) ( ) ( )p D D p; . 5

Typically, Bayesian tomography schemeswould thenmake use of the narrower posterior and additional criteria
(for example, Shannon information [22]) to infer the next optimalmeasurement setting [16, 22]. However,
when considering afinite lifetime for the emitter, anymeasurement basis predictionwould be futile for the next
measurement due to the randomphase gained knownonly post-detection. Althoughwe do notmake use of any
criteria to track the narrowing of the sample, one could still use the covariance of the the narrowed posterior, in
this case, to indicate when a sufficiently precise estimate has been found.

Despite the simple formof equation (5), the analytical evaluation of the posterior is seldom feasible, and
hence the latter is typically replacedwith an approximation. To this end, severalMarkovChainMonte Carlo
techniques (MCMC) have been adopted, including theMetropolis-Hastings algorithm [15]. However, these
MCMC techniques tend to be computationally expensive, with decreasing acceptance probabilities at each
sampling step, leading tomore samples being discarded as additional data is obtained. Furthermore, these
methods require the assumption of a normal posterior, which is not always the case in state tomography. The
SequentialMonte Carlo technique (SMC) [23, 24], on the other hand, only requires the computation of a single
termof the likelihood to update theweights of the approximate distributionwith eachmeasurement [22]. In this
approach, adopting the notation in [22], the posterior after the ithmeasurement is approximated by a numberP
of randomly sampled particles, r{ }p , and their correspondingweights { }( )wp

i as

år d r r» -
=

( ∣{ }) ( ) ( )( )p D w . 6i
p

P

p
i

p
1

Suppose our current (prior) knowledge is given by the dataset  a a= Î{ } { }D j i: 1 ,i j j , where the
set  is defined in equation (1). If the next projection phase is, without loss of generality, θi+1, (that is,
a = q+ +Mi 1 i 1

), then, following [22] and using Bayes’ rule (equation (5)), we canwrite the approximation for the
next posterior as

Èr r= q+ +( ∣{ }) ( ∣{ } { }) ( )p D p D M 7i i1 i 1
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å

å
r

r
d r r» -

q

q= =

+

+

( ∣ )

( ∣ )
( ) ( )

( )

( )

M w

M w
8

p

P
p p

i

q

P
q q

i p
1 1

i

i

1

1

å d r r-
=

+≔ ( ) ( )( )w , 9
p

P

p
i

p
1

1

where  r r=q q+ +( ∣ ) ( )M MTrp pi i1 1
. In our numerical simulations, we do thefirstN/2measurements along the z-

axis (that is, using projection operators ñá ñá{∣ ∣ ∣ ∣}, ), followed by the remainingN/2measurements along
the Bloch equatorial plane. Asmoremeasurements are performed, narrowing the particle distribution,most of
theweights drop to zero, which can be remedied by resampling using the newposterior distribution [22]. Finally,
the Bayes estimator ρest can be extracted from themean of thefinal posterior approximation. Infigure 2we show
the above steps graphically, emphasising the use of resampling to obtain an accurate posterior.

We numerically benchmarked the Bayesian technique, using a uniformprior4. An example is shown in
figure 2. and further results are summarised infigure 3 5. Despite the fact that we cannot decidewhich
measurement to performnext, our randombasismeasurement can be seen to give a good convergence after
2000measurements with 1000 particles.

4.Maximum likelihood estimation

A common, alternative, approach to state estimation is producing a tomogram ρestwhichmaximises the
likelihood function.Naive approachesmay result in an invalid tomogram (having, for example, negative
eigenvalues). The search for the best fit to the data, therefore, should be constrained to the allowed state space of
trace-one positive semidefinitematrices [27–29]). Previously (in the Bayesianmethod) this was ensured by
choosing a prior distribution supported only in the allowed state space.Here, the prior is notmodelled, butwe
consider two alternative approaches: (A) the constraints are enforced by a non-linear parametrization of the
densitymatrix and (B) the constraints are enforced periodically in the course of an iterative gradient descent
procedure, allowing for temporary violations [29–31]. Given a densitymatrix ρ, the likelihood function to be
maximised has the form

Figure 2. (a) Initial uninformed prior (orange), with themean of the distribution shown in green, and the true state to be reconstructed
in red. (b) Final posterior (orange) after 2000measurements, where themarker size indicates the relative particle weights. (c) and (d)
show the s sá ñ á ñ[ ],x z projection of the prior and posterior, respectively, as a visual aid. Asmoremeasurements are performed,most of
the original particle weights drop to zero, requiring resampling for amore accurate predictionwithout requiring an excessive number
of particles to beginwith.

4
Samples are drawn from aGinibre ensemble (randommatrices with normally distributed entries), and subsequentlymultiplied by their

correspondingHermitian conjugates to give positivematrices. Finally, these are normalised to unit trace [25, 26]
5
The data follow a skewed distribution due to thefidelity being capped by unity, and thus cannot be described by the use of symmetrical

error bars. The use of box plots was thus preferred over the standard approach ofmean and error bars.
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 r =
=

( ) ( )p , 10
j

N

j
n

1

b
j

with equality holding up to an irrelevant proportionality constant. For sparse tomography, the product would be
overN exponentiated probabilities pj, with each nj taking a binary value of either 0 or 1. Due to themonotonicity
of the logarithm,maximising the likelihood function is identical tominimising the negative of its logarithm
[whichwe refer to as the cost function  r( )], given by

  år r- = -
=

( ) ≔ ( ) ( ) ( )n plog log , 11
j

N

j j
1

b

wherewe took the normalising constant to identity. Recall that the sparse tomography limit is recoveredwhen
Nb=N and nj=1. In the limit of a large number of detections permeasurement, the probability of obtaining
the jthmeasurement can be approximated by aGaussian distribution [32, 33], with the estimated number of
detections for the jthmeasurement given by =n̄ Npj j. Since this approximation clearly fails for the sparse case
due to the binary nature of the njʼs, we do notmake it.

4.1. Cholesky factorisation
In this sectionwe implement aCholesky-like decomposition of the densitymatrix in order tominimise
equation (11) [32–34], allowing us to use Python’s SciPy least-squares solver on a 1D array6. One can easily show
that any qubit densitymatrix ρ allows for a decomposition of the form

r = [ ] ( )† †T T T TTr , 12

whereT is the lower triangularmatrix given by

=
+

⎛
⎝⎜

⎞
⎠⎟( ) ( )T

t
t it t

t
0

, 131

3 4 2

with = ( )t t t tt , , ,1 2 3 4 being the array overwhich theminimisation search is performed. In particular, we can
use this decomposition to calculate f q f qµ = + ñá +¯ [∣ ∣ ] [ ]† †n p T T T TTr Trj j j j . Generalising this
parametrisation tom qubits, we get

= +

+ +

+ +

- - -

⎛

⎝

⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟
( ) ( )T

t
t it t

t it t it t

t

0 ... 0
... 0

... ... ... 0
...

, 14

1

2 1 2 2 2

4 1 4 4 3 4 2 2

m m

m m m m m

and hence the search needs to be done over a real array of length 4m.
Having formulated a decomposition guaranteeing a valid densitymatrix, the problem can be recast to a least-

squaresminimisation problem [32, 33] in order tofind theminimumof the negative log likelihood, as the latter

Figure 3. First and third quartile box plots for full rank, single qubit reconstruction using the non-adaptive Bayesian approach, with
exponentially distributedmeasurement operators, averaged over 1000 trials using 1000 particles for sampling. The performance
improves with the rate parameterμ. Unless otherwise stated, all box plot error bars will display first and third quartiles. Otherwise,
error bars used correspond to one sigma uncertainty. Inset: algorithm running times for the Bayesian approach. For all values ofμ, the
computation time scales linearly with number ofmeasurement repetitions (or, equivalently, the number of operators used for the
reconstruction)due to the sparse nature of our Bayesian reconstruction.

6
More formally, this least-squares solver uses the Trust RegionReflective technique (involving searching along directions reflected from the

trust region bounds).
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may bewritten down as

 år =
=

( ) [ ( )] ( )f t , 15
i

N

i
1

2

where, for the general case of amultinomial probability distribution, we get using equation (11)

=( ) ( ) ( )f n pt log 16j j j

f f= ñá( { [∣ ∣ ( ) ( )]} ( )†n T Tt tlog Tr 17j j j

- { [ ( ) ( )]}) ( )†T Tt tlog Tr . 18
1
2

Despite havingmultiple localminima, this optimization problemwas shown to have a single global solution
[34], meaning that all localminimizers lead to the same solutionminimizing the negative log likelihood.

Infigure 4we show the results for single qubit reconstruction. As expected, the fidelity of the reconstructed
densitymatrix increases with number of Bloch sphere partitions. This is also the case for a two-qubit
reconstruction, as we show in appendix A.

4.2. Projected gradient descent
Gradient descent algorithms rely on following the path of steepest descent of the cost function, in this case
equation (11), starting from awell chosen initial estimate. If left unconstrained in the convex space of d×d
matrices (where d is theHilbert space dimension), the resulting estimate ρestmight lie outside the convex
subspace of unit-trace, positive semidefinitematrices, leading to an unphysical estimate.Hence, projection back
to the physical subspace,minimising distance asmeasured through of amatrix norm (such as projection of the
spectrumonto the unit simplex [30, 31, 34]) is employed, giving rise to projected gradient descent (PGD)
algorithms. Iterating this process leads to a convergence of the cost function to aminimumbelow a predefined
threshold. A unique solution satisfying the appropriate constraints andminimising the cost function is then
guaranteed as long as the latter is a continuously differentiable convex function of the densitymatrix.
Equation (11) is convex but not continuously differentiable, but this tends to not pose a problem in practice, as
discussed in [29]. Choosing the projection of ρ to be of its spectrumonto the unit simplex (whichwe refer to as
S), the PGDalgorithmupdate can bewritten as

 r r r= - - -[ ( )] ( ). 19k S k k1 1

As is commonplace, we supplement the PGDalgorithmwith a backtracking line search (PGDB) based on the
Armijo–Goldstein condition to losely optimise themaximum step size for each descent iteration [30, 31, 34].
The estimate at the kth PGDB iteration can thus bewritten as

 r a r a r r= - + - - - -( ) [ ( )] ( )1 , 20k k S k k1 1 1

Figure 4. Full rank, single qubit reconstruction using theCholesky decompositionmethod, averaged over 1000 trials. The random
phases were sampled from an exponential distributionwithμ=π/8. As expected the coarse grained approach returns slightly higher
infidelities (shown on the x-axis). The algorithm running times (y-axis) for the sparse approach scales linearly with number of
measurement repetitions. On the other hand, the computation times for the binned approach, within error bars, remain the same
with increased repetitions, as the number of projective operators used for reconstruction is the same for all repetition numbers. The
results from the Bayesianmethod are also shown for comparison.While the Bayesian approach offers higher fidelity estimates for
lowermeasurement numbersN (star), the infidelity is higher compared to the sparse PGDB for higherN, and the corresponding
computation time heavily offsets any advantages gained infidelity by the Bayesian approach. The black arrow indicates the direction of
the trend as the number ofmeasurement events increases; infidelity decreasing at the expense of higher computation time, whilst the
grey arrows on the axes point towards the ideal region of low infidelity and computation time.
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where a Î [ ]0, 1 is the line search parameter to be roughly optimised at each step.We assess the impact of
binning on the PGDB algorithm,figure 5(a) showing the trade-off between computation time andfidelity for
m p= 8. Figure 5(b), on the other hand shows the relation between computation time and infidelity for various
number of binsNb and eventsN for normally distributed phases, showing a similar trend to the exponentially
spread phases. Appendix C shows a closer analysis of the exponential data, withfirst and third quartiles for the
infidelity, and standard deviation errorbars for computation times.

As expected, within standard deviation error, the binned approach gives slightly lowerfidelities than the
sparse one. This difference, however, is well justifiedwhen considering the significant reduction in computation
time shown infigure 5(a). The trends infigure 5(a), both for computation time and infidelity, are similar to those
shown infigure 4 for theCholeskymethod.However, our numerical simulations clearly show lower
reconstruction times achieved using the PDGB technique. Infigure 6, we showhow the infidelity varies with
increasingmeanμ for various values of the bin numberNb.

5. Condition numbers

Using a single basis for reconstruction along the plane of precession, we see that the higher the spread of the
distribution, the higher thefidelity one expects, as the effective rotated bases sample larger portions of the Bloch
plane, whereas for lower spreads, the additional phase knowledge does not contribute considerably, and hence
incomplete Pauli tomography (inwhich only x- and z- basismeasurements are performed) is recovered. This
can be seen infigure 7, showing the behaviour of the condition numberκ(A) of themeasurementmatrixA for
increasingN, whereA is given by

=
q

q +



⎛

⎝

⎜⎜⎜

⎞

⎠

⎟⎟⎟

( )

( )
( )A

M

M

vec

vec
, 21

T

T
N

1

2 2

where the projectors P̂i make up the set  in equation (1) [31, 35]. The condition number decreases significantly
with increasing standard deviation of the distribution,meaning that sampling distributions with larger spreads
results in a better conditionedmeasurementmatrix.

6. Conclusion

QST is still an active area of experimental and theoretical research, allowing the reconstruction of quantum
states from finite experimental data. In this work, we implemented several QST algorithms in the presence of
phase errors which are only known after the system ismeasured.We showed, with a simplemodification, how
the unaffected statemay be retrodicted using such knowledge. In appendixD,wemake a connection between
dimensionless parameters used in ourwork to characterise the randomphase distributions, and the physical

Figure 5. Full rank, single qubit reconstruction using gradient descent, averaged over 1000 trials. (a)The randomphases were sampled
from an exponential distributionwithμ=π/8. The results follow a similar behaviour as theCholeskymethod, except that the PGDB
algorithm (for the given exit criteria in appendix B) shows lower computation times both for the sorted and binned approaches. For
comparison, we also show the Bayesian result for the exponentially distributed phases. (b)The randomphaseswere sampled from a
normal distributionwith standard deviationσ=π/8. For lowerN, going fromNb=4 toNb=8 or fromNb=16 to sparse
tomography does not reduce the infidelity as significantly as when increasing the number of bins from8 to 16.
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parameters involved in some recent quantum information processing and computation protocols.
Furthermore, we demonstrated that, at a small cost infidelity, the reconstruction time can be significantly
decreased. All data in this workwas generated and visualised using Python andQuTiP package [25, 26].
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Figure 6. (a) Full rank, sparse single qubit reconstruction infidelities for phases sampled from exponential distributionwith various
values ofμ and experiment repetitionsN. (b) Infidelities for various segment numbersNb. In both (a) and (b), averages were
performed over 1000 trials.

Figure 7. Sparse tomography condition number (shown above forN=2×104) decreases (improves) as the standard deviation of
the normally distributed phases (σ) increases. The red bars indicate one sigma uncertainty.Whenσ is high, we recover the limit of
manymeasurements distributed evenly around the equator of the Bloch sphere. In this situation, we obtain the same condition
number,κ(A)=2, as in the case of complete Paulimeasurements [35].
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AppendixA. Two-qubit results

Figures A1 andA2 show the effect of particle filter sample sizes on a Bayesian two-qubit reconstruction, and the
performance of theCholeskymethod for a two-qubit reconstruction, respectively.

Appendix B. Pseudocodes

In this sectionwe present the pseudocodes for the PGDB algorithm, and some subroutines used for the Bayesian
approach taken from [19].

Algorithm1.PGDB

1:k=0,μk=0=1
2:Initial estimate r Î=k 0 .

3:Given δ=10−4, γ=10−3, m = -10min
4, m = 10max

4

4:While  å r r d- >
= -∣ ( ) ( )∣

i i i1

20
1 do

5:Calculate probability estimates

Figure A1.Bayesian reconstruction of random two-qubit state against particlefilter sample sizes, averaged over 50 trials. In each case
the number ofmeasurements was taken to beN=100 due to the computation time taken for higher sample sizes.

Figure A2. Full rank two-qubit reconstruction infidelity using theCholeskymethod results for 4, 8 and 16 segments, with increasing
number ofmeasurements and averaged over 50 trials.
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(Continued.)
6:Calculate log likelihood  r = -å( ) ( )n plogk i i i

7:Calculate gradient  r f f = -å ñá( ) ( )∣ ∣n pk i i i i i

8:  r m r= -  --( )Dk S k k k
1

9:  r r g r= +˜( ) ( ) [ ( )]DTrk k k k

10:Initialise line search parameterα=1
11:While  r a r+ >( ) ˜( )Dk k k do

12:α=α / 2

13:  r r ga r= +˜( ) ( ) [ ( )]DTrk k k k

14:endwhile
15:r r a= ++ Dk k k1

16:
 m m m= r r r r

r r+
á -  - ñ

-
- -

- { }{ }( ) ( )
min max , ,k 1

,
min max

k k k k

k k

1 1

1
2 ▹Update scale factor for step in gradient direction [30]

17: = +k k 1

18:endwhile
19:return r r= +( )end S k 1

Algorithm2. SMCupdate algorithm

1:Initial distribution for particle positions { }xj andweights { }wj ▹Chosen to be both uniform
2:for Î ( )i Nrange do

3:Newdatum a m= { }D ,i i i ismeasured

4:for Î ( )j nrange part do

5: a m= ({ }∣ )w w P x,j j i i j

6:end for
7:Renormalise { }wj

2:end for

Algorithm3. SMC resampling algorithm

1:function RESAMPLE ({ } { }wx ,j j , a)
2:m = ({ } { })wxMEAN ,j j ▹Weightedmean of { }xj

3: = -h a1 2

4:S = ({ } { })wxCOV ,j j ▹Find covariance
5:for Î ( )i nrange part do

6:Select particle xj with probabilitywj

7:m m= + -( )a ax 1i j ▹Mean for new particle location

8:Pick ¢x i randomly from  m S( ),i ▹Drawnew, shifted, particle

9: ¢ = -w ni part
1 ▹Reset weights to uniform

10:end for
11:return ¢ ¢{ } { }wx ,j j

12:end function

Algorithm3 can then be added to algorithm2, conditioned on the value of the effective sample size
= ån w1eff i i. If neff is less than some threshold value (taken to be 0.5 [19]), then the distribution is resampled.

Details on theMEANandCOV functions can be found in [19].

AppendixC. Alternative summary of PGDBperformance, with error bars

In this sectionwe re-state the performance of PGDB for the exponential distribution, but in an alternative
format with error bars: see figure C1.

AppendixD. Phase distributions for state-of-the art protocols

In tableD1, we give the phase distributions that can be applied to various quantum computation and
information schemes, alongwith the relevant parameters used to calculate their effectivemeanμ. For all
distributions shown,μ is given by m = w

p g2

1 , whereω and γ are parameters to be defined shortly.

For the last four schemes in tableD1,ω denotes the emitter’s precession frequency, whereas for the Barrett
andKok protocol [36],ω represents the local phase picked up by one of the two spins which spends additional
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time in the excited state. For a typical GaAs quantumdotwith excitonic energy∼1.35eV, this leads to an
excitonic frequency ofω≈3.265×105 GHz. Assuming a similar setup is used for the Lim et al scheme [37], we
arrive at a similar phase distribution. On the other hand, for thefirst four schemes, γ represents the decay rate of
the emitter due to spontaneous emission, whereas for the Scerri et al scheme [2] (whichmakes use of photon-
scattering), 1/γ is the loosely-optimised time betweenY-rotations duringwhich the emitter probabilistically
scatters a photon. For the Lindner andRudolph scheme [1],μwas calculated using parameters which give an
error rate of 0.2%,whereas for theDenning et al scheme [38], themeanwas calculated based on values suggested
for highQ-factor cavities.

ORCID iDs

Dale Scerri https://orcid.org/0000-0003-3640-2389

References

[1] LindnerNHandRudolph T 2009 Proposal for pulsed on-demand sources of photonic cluster state strings Phys. Rev. Lett. 103 113602
[2] Scerri D,Malein RNE,Gerardot BD andGauger EM2018 Frequency-encoded linear cluster states with coherent Raman photons

Phys. Rev.A 98 022318
[3] Schwartz I, CoganD, Schmidgall E R,DonY,Gantz L, KennethO, LindnerNHandGershoni D 2016Deterministic generation of a

cluster state of entangled photons Science 354 (6311) 434–37
[4] BriegelH J andRaussendorf R 2001Persistent entanglement in arrays of interacting particles Phys. Rev. Lett. 86 910–3
[5] Raussendorf R, BrowneDE andBriegel H J 2003Measurement-based quantum computation on cluster states Phys. Rev.A 68 022312
[6] Barnett SM, PeggDT and Jeffers J 2000 Bayes’ theorem and quantum retrodiction J.Mod.Opt. 47 1779–89
[7] Barnett SM, PeggDT, Jeffers J, JedrkiewiczO and LoudonR 2000Retrodiction for quantumoptical communications Phys. Rev.A 62

022313

FigureC1. (a) Full rank, single qubit reconstruction using gradient descent, averaged over 1000 trials. The randomphaseswere
sampled from an exponential distributionwithμ=π/8. As expected the coarse grained approach returns slightly higher infidelities.
(b)Algorithm running times for the unsorted, and coarse grained approaches. The unsorted approach scales linearlywith number of
measurement repetitions. The coarse grained approaches, within the standard deviation, do not scale with increased repetitions as the
number of projective operators used for reconstruction is the same for all repetition numbers.

TableD1.Table showing the phase distributions for various state-of-the-art
protocols, whereQUandE stand for ‘quasi-uniform’ and ‘exponential’,
respectively. Themean varies fromprotocol to protocol, with some schemes
having quasi-uniformphase distributions. For the latter, we expect
retrodiction to significantly improve the reconstruction fidelity.

Protocol

w p2
(GHz) g1 (ns) q( )p m

Barrett andKok [36] 3×105 0.100 QU ¥
Lim et al [37] ´3 105 0.100 QU ¥
Lindner and

Rudolph [1]
0.105 0.100 E 0.011

Schwartz et al [3] 0.200 0.330 E 0.066

Denning et al [38] 0.955 0.167 E 0.159

Scerri et al [2] 0.420 500 QU ¥

12

J. Phys. Commun. 3 (2019) 075003 DScerri et al

https://orcid.org/0000-0003-3640-2389
https://orcid.org/0000-0003-3640-2389
https://orcid.org/0000-0003-3640-2389
https://orcid.org/0000-0003-3640-2389
https://doi.org/10.1103/PhysRevLett.103.113602
https://doi.org/10.1103/PhysRevA.98.022318
https://doi.org/10.1126/science.aah4758
https://doi.org/10.1126/science.aah4758
https://doi.org/10.1126/science.aah4758
https://doi.org/10.1103/PhysRevLett.86.910
https://doi.org/10.1103/PhysRevLett.86.910
https://doi.org/10.1103/PhysRevLett.86.910
https://doi.org/10.1103/PhysRevA.68.022312
https://doi.org/10.1080/09500340008232431
https://doi.org/10.1080/09500340008232431
https://doi.org/10.1080/09500340008232431
https://doi.org/10.1103/PhysRevA.62.022313
https://doi.org/10.1103/PhysRevA.62.022313


[8] Silva J L E, Glancy S andVasconcelosHM2018Quadrature histograms inmaximum-likelihood quantum state tomography Phys. Rev.
A 98 022325

[9] Jones KRW1991 Principles of quantum inferenceAnn. Phys., NY 207 170
[10] Jones KRW1991Quantum limits to information about states for finite dimensional hilbert space Journal of Physics A:Mathematical

andGeneral 24 121
[11] Slater P B 1995Quantum coin-tossing in a Bayesian Jeffreys framework Phys. Lett.A 206 72
[12] Derka R, BužekV, AdamGandKnight P L 1997 FromquantumBayesian inference to quantum tomography arXiv:quant-ph/9701029
[13] BužekV,Derka R, AdamGandKnight P L 1998Reconstruction of quantum states of spin systems: fromquantumbayesian inference

to quantum tomographyAnn. Phys., NY 266 496
[14] Schack R, BrunTA andCaves CM2001QuantumBayes rulePhys. Rev.A 64 014305
[15] Blume-Kohout R 2010Optimal, reliable estimation of quantum statesNew J. Phys. 12 043034
[16] GranadeC,Combes J andCoryDG2016 Practical Bayesian tomographyNew J. Phys. 18 033024
[17] StruchalinG I, Pogorelov I A, Straupe S S, KravtsovK S, Radchenko I V andKulik S P 2016 Experimental adaptive quantum

tomography of two-qubit states Phys. Rev.A 93 012103
[18] Blume-Kohout R andHayden P 2006Accurate quantum state estimation via Keeping the experimentalist honest arXiv:quant-ph/

0603116
[19] GranadeCE, Ferrie C,WiebeN andCoryDG2012Robust onlineHamiltonian learningNew J. Phys. 14 103013
[20] KuengR and Ferrie C 2015Near-optimal quantum tomography: estimators and boundsNew J. Phys. 17 123013
[21] Ferrie C 2014High posterior density ellipsoids of quantum statesNew J. Phys. 16 023006
[22] Huszár F andHoulsbyNMT2012Adaptive Bayesian quantum tomography Phys. Rev.A 85 052120
[23] Liu J S andChenR 1998 Sequentialmonte carlomethods for dynamic systems J. Am. Stat. Assoc. 93 1032–44
[24] Liu J andWestM2001Combined parameter and state estimation in simulation-based filtering SequentialMonte CarloMethods in

Practice edADoucet, NDe Freitas andN JGordon (NewYork: Springer)
[25] Johansson J R,Nation PD andNori F 2012QuTiP: an open-source Python framework for the dynamics of open quantum systems

Comput. Phys. Commun. 183 1772
[26] Johansson J R,Nation PD andNori F 2013QuTiP 2: a Python framework for the dynamics of open quantum systemsComput. Phys.

Commun. 184 1240
[27] KaznadyMS and JamesDFV2009Numerical strategies for quantum tomography: alternatives to full optimization Phys. Rev.A 79

022109
[28] TeoY S 2016 Introduction toQuantum-State Estimation (Singapore:World Scientific PublishingCo)
[29] KneeGC, Bolduc E, Leach J andGauger EM2018Maximum-likelihood quantumprocess tomography via projected gradient descent

Physical ReviewA 98 (6) 062336
[30] GonçalvesD S, Gomes-RuggieroMA and LavorC 2016Aprojected gradientmethod for optimization over densitymatrices

OptimizationMethods and Software 31 328–41
[31] Bolduc E, KneeGC,Gauger EMand Leach J 2017 Projected gradient descent algorithms for quantum state tomographyNpjQuantum

Information 3 44
[32] JamesDFV,Kwiat PG,MunroW J andWhite AG 2001Measurement of qubitsPhys. Rev.A 64 052312
[33] Altepeter J B, Jeffrey ER andKwiat PG2005 Photonic state tomographyAdvances In Atomic,Molecular, andOptical PhysicsVol 52

(NewYork: Academic) pp 105–59
[34] GonçalvesD S, Gomes-RuggieroMA, Lavor C, Jiménez FaríasO and Souto Ribeiro PH2011 Local solutions ofmaximum likelihood

estimation in quantum state tomographyQuantum Information&Computation 12 775–90
[35] Miranowicz A, BartkiewiczK, Peřina J, KoashiM, ImotoN andNori F 2014Optimal two-qubit tomography based on local and global

measurements:maximal robustness against errors as described by condition numbers Phys. Rev.A 90 062123
[36] Barrett SD andKokP 2005 Efficient high-fidelity quantum computation usingmatter qubits and linear optics Phys. Rev.A 71 060310
[37] LimYL, Beige A andKwek LC 2005Repeat-until-success linear optics distributed quantum computing Phys. Rev. Lett. 95 030505
[38] Denning EV, Iles-Smith J,McCutcheonDP S andMork J 2017 Protocol for generatingmultiphoton entangled states fromquantum

dots in the presence of nuclear spin fluctuationsPhys. Rev.A 96 062329

13

J. Phys. Commun. 3 (2019) 075003 DScerri et al

https://doi.org/10.1103/PhysRevA.98.022325
https://doi.org/10.1016/0003-4916(91)90182-8
https://doi.org/10.1088/0305-4470/24/1/021
https://doi.org/10.1016/0375-9601(95)00601-X
http://arxiv.org/abs/quant-ph/9701029
https://doi.org/10.1006/aphy.1998.5802
https://doi.org/10.1103/PhysRevA.64.014305
https://doi.org/10.1088/1367-2630/12/4/043034
https://doi.org/10.1088/1367-2630/18/3/033024
https://doi.org/10.1103/PhysRevA.93.012103
http://arxiv.org/abs/quant-ph/0603116
http://arxiv.org/abs/quant-ph/0603116
https://doi.org/10.1088/1367-2630/14/10/103013
https://doi.org/10.1088/1367-2630/17/12/123013
https://doi.org/10.1088/1367-2630/16/2/023006
https://doi.org/10.1103/PhysRevA.85.052120
https://doi.org/10.1080/01621459.1998.10473765
https://doi.org/10.1080/01621459.1998.10473765
https://doi.org/10.1080/01621459.1998.10473765
https://doi.org/10.1016/j.cpc.2012.02.021
https://doi.org/10.1016/j.cpc.2012.11.019
https://doi.org/10.1103/PhysRevA.79.022109
https://doi.org/10.1103/PhysRevA.79.022109
https://doi.org/10.1080/10556788.2015.1082105
https://doi.org/10.1080/10556788.2015.1082105
https://doi.org/10.1080/10556788.2015.1082105
https://doi.org/10.1038/s41534-017-0043-1
https://doi.org/10.1103/PhysRevA.64.052312
https://doi.org/10.1103/PhysRevA.90.062123
https://doi.org/10.1103/PhysRevA.71.060310
https://doi.org/10.1103/PhysRevLett.95.030505
https://doi.org/10.1103/PhysRevA.96.062329

	1. Introduction
	2. Sparse and binned tomography
	3. Non-adaptive Bayesian tomography
	4. Maximum likelihood estimation
	4.1. Cholesky factorisation
	4.2. Projected gradient descent

	5. Condition numbers
	6. Conclusion
	Acknowledgments
	Appendix A.
	Appendix B.
	Appendix C.
	Appendix D.
	References



