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6 ABSTRACT

7 Poro-elasticity is a material concept that expresses the reversible, macro-scale process 

8 interactions that occur in a porous material, such as rocks. These process interactions take 

9 place between the pore fluids, and the rock framework (or ‘skeleton’) which contains the pores. 

10 The phenomenological basis of poro-elasticity is examined via a micro-mechanics analysis, using 

11 a simplified digital-rock model that consists of solid elements in a lattice arrangement, and 

12 which hosts a well-connected, lattice-like network of simply-shaped pore elements. The quasi-

13 static poro-mechanical bulk response of this model is defined fully by closed-form equations 

14 that provide clear understanding of the process interactions, and which allow key effects to be 

15 identified. Several external boundary conditions (non-isotropic strain and stress) are analyzed, 

16 with drained and un-drained pore-fluid conditions, along with arbitrary pore pressure states. 

17 The calculated responses of the pore-scale model, when translated into continuum-scale 

18 equivalent behaviors, indicate significant problems with the existing theories of poro-elasticity 

19 that are rooted in an enriched-continuum perspective. Specifically, the results show that the 
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20 principle of effective stress (and the Biot coefficient alpha) is wrongly attributed to a deficiency 

21 in the role of pore pressure. Instead, the micro-mechanics-based phenomenological 

22 understanding identifies the change of effective stress, in a characteristically-confined setting, 

23 as being the result of changes in the stress components, with a key dependency on the specifics 

24 of the far-field constraints. Poro-elasticity is thus not a material characteristic; instead, it is a 

25 description of a non-linear system operating at the pore scale. The analysis reveals a 

26 discrepancy between the stress states within the model domain and the external stress state. 

27 This yet remains to be addressed, in order to translate the micro-scale behavior into an 

28 equivalent material law. (277 words)

29 Keywords: poro-elasticity, micro-mechanics, upscaling, digital rock

30

31 INTRODUCTION

32 When Biot (1941) undertook his seminal analysis, to create his process model for the 

33 physics of soil/rock consolidation (in parallel with developments of constitutive relationships, 

34 eg Terzaghi 1943), he adopted the conceptual framework of continuum principles, and 

35 imagined that a soil or rock can be treated as an elastic solid that is slightly disrupted by the 

36 presence of connected, fluid-filled holes. Biot assumed that the solid framework (‘skeleton’) 

37 and pore fluid interact in simple ways that allow their effects to be separated, and that the bulk 

38 response is determined as a linear combination of those effects, based on volume fractions. He 

39 expressed his proposed model by scalars that represent the volumetric strain of the bulk 
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40 sample, , and the volumetric strain of the pore fluid, , with these being functions of stress 𝜖 𝛾

41 and pressure:

42  , (1a)𝜖 = 𝐴1𝜎 + 𝐴2𝑃

43  , (1b)𝛾 = 𝐴3𝜎 + 𝐴4𝑃

44 where is the stress, and is the fluid pressure (both figured as positive for compressive stress 𝜎 𝑃 

45 states and fluid pressures). By assuming that the deviatoric parts of the stress and strain 

46 tensors behave in an ideal elastic fashion, and with no dependence on the fluid pressure, the 

47 definition of  (Equations 1a,b) can be taken to be a scalar, the mean stress. Via this idea, the 𝜎

48 coefficients  and  are identified as the reciprocals of the bulk modulus of the solid, and of 𝐴1 𝐴4

49 the fluid, respectively, which are well-understood parameters from continuum descriptions.

50 In order to give physical meaning to the other two coefficients, which express 

51 contributions from process interactions, Biot adopts the principle of virtual work, denoted by 𝑊

52 , to derive a separate relationship between the parameters. Because of the reversibility implied 

53 by the assumption of linearity and separability of the process interactions, the expression for 

54 virtual work is:

55  , (2)𝑑𝑊 = 𝜎𝑑𝜀 +𝑃𝑑𝛾 = 𝜀𝑑𝜎 +𝛾𝑑𝑃

56 (where the double over-bar indicates tensors and implies the usual tensor algebra). Biot (1941) 

57 argues, because of reversibility (and hence conservation), that , and thus that the 𝑑𝑊 ≡ 0

58 coefficients  and  (Equations 1a,b) must be identical. This inference leads to the conclusion 𝐴2 𝐴3

59 that finding the value of this/these coefficient(s) is the only remaining task to transform a 
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60 standard continuum material description into a poro-elastic one. In this sense, Biot’s approach 

61 can be seen as an early example of the idea of an ‘enriched continuum’, or ‘enhanced 

62 continuum’, wherein additional parameters are introduced into a continuum-based material 

63 model to account for observations that depart from those expected of an ideal continuum 

64 material (Mindlin and Eshel, 1968; Aifantis, 1992; Tadmore et al 2002; Moës and Belytschko 

65 2002; Jirásek, 2004; Oliver et al 2004; Madeo et al 2017). 

66 Biot derives expressions for the two coefficients and , which (because they are 𝐴2 𝐴3

67 supposed to be equal) are sometimes jointly called the ‘Biot b’ parameter (Coussy 2004, 2010). 

68 Coefficient  is defined under the condition of constant external stress, which we demonstrate 𝐴3

69 herein to be impossible (in continuum terms) when there is a volumetric strain. Thus, the 

70 assumption of equality (or equivalence) between these coefficients becomes problematic, since 

71  is ill-defined, with implications for the methods that have been developed for laboratory 𝐴3

72 measurements to determine this parameter. Biot expresses directional stress and strain 

73 components by introducing the parameter  into the classical definition of effective stress, with 𝛼

74 that parameter related to the meaning of the coefficient . Using the assumed equivalence 𝐴2 𝐴2

75  , Biot also expresses  as a function involving . Subsequent work by others (e.g. Nur = 𝐴3 𝐴3 𝛼

76 and Byerlee, 1971; Zimmerman et al, 1986) poses modifications of the Biot expressions, mainly 

77 by altering the parameters so that they are written in terms of compressibilities, and by adding 

78 weighting factors that are associated with volume fractions. These adjusted (and extended; see 

79 Zimmerman et al 1986) parameters underlie the laboratory methods aimed at determining the 

80 ‘material constants’ of poro-elasticity. The conceptual framework of an enriched continuum 

81 remains the primary operative model of modern poro-elasticity investigations, and the 
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82 governing equations are denoted in terms of bulk behavior that requires a separate translation 

83 into directional components.

84 A different approach to understanding poro-elasticity, based on the adoption of a pore-

85 scale perspective, involves an examination of the process interactions, between the solid 

86 framework, and the fluids contained in the pore space. Within this contextual framework, the 

87 methods formulate the physics expressions in ways that account for an explicit (or discrete) 

88 arrangement of the pore elements and their surrounding solids. Solving the set of process 

89 equations over a finite volume (containing a suitable arrangement of solid and fluid-filled pore-

90 space elements, with the equations appropriately formulated into discrete forms) determines 

91 the calculated bulk response of that particular model. Such so-called ‘digital rock physics’ 

92 models have been described for cases that calculate the effective elastic stiffness (Saenger et al 

93 2018), acoustic velocity (Saxena et al 2017), fluid flow (Andrä et al 2013; see additional 

94 summaries of similar work later in this paper); and reactive transport (Soulaine et al 2017). The 

95 translation of the numerical outcomes of such models, converting them into effective bulk 

96 responses, is called homogenization or upscaling – which refers to the coarsening from the 

97 pore-scale to the continuum scale. In this paper, the term upscaling will be used for this 

98 translation of information, for reasons that are explained later. 

99 The conceptual framework of the digital-rock perspective demands consideration of 

100 physics interactions that are typically posed in different (explicit) ways than they are in the 

101 continuum-based thinking (like in the framework of Biot). An example of this changed 

102 perspective concerns the expression of virtual work (Equation 2), which is argued to be 
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103 incorrectly formed, because it leaves out a term for the work associated with moving the fluid-

104 solid interface at any pore/solid boundary (Ahmed et al 2017; Müller and Sahay 2017). This 

105 realization means that the arguments for  (as posed by Biot) are not correct, and that 𝐴2 = 𝐴3

106 the related derivations of expressions that introduce the ‘Biot ‘ and ‘Biot b’ parameters, are 𝛼

107 falsely founded. Also, shown herein via a similar digital-rock perspective, the deviatoric parts of 

108 the stress and strain tensors are not independent of the effects of fluid pressure changes, 

109 because of the dependence on the boundary constraints appropriate for subsurface problems. 

110 Furthermore, Biot’s decision to use scalar variables (ie volumetric strains) is an unsuitable 

111 choice for the basis of poro-elasticity theory, because the bulk volume does not have a unique 

112 relationship to the triaxial strain state of a poro-elastic material. Biot’s directional stress/strain 

113 expressions do not account for the point: that there is a difference between an isotropic 

114 loading, and different loadings with some set of positive and negative principal stretches, which 

115 result in the same volumetric strain, but have quite different directional responses. It is not at 

116 all clear how the increments of a non-directional state variable ( ) should be linked to realistic 𝜖

117 deformation increments in the present poro-elastic framework. As shown in this paper, it is 

118 incorrect to relate the directional contributions and the volumetric strain according to any 

119 convenient rule, such as those derived from continuum principles. Instead, the resolution of 

120 these issues requires a consideration of what is actually occurring within the material, which 

121 means an investigation in which the solid and fluid-filled pores are discretely represented, 

122 allowing the micro-mechanical processes to be explicitly considered.
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123 This paper develops a phenomenological explanation of poro-elasticity that is derived from 

124 a physics understanding of the micro-scale processes that operate in porous rocks. In this 

125 sense, it is a bottom-up formulation that determines the poro-elastic response from smaller-

126 scale details. The approach is based on a simplified digital-rock model, which depicts the solid 

127 framework as a regular 3D lattice (equivalent to Biot’s ‘skeleton’), with the pore space arranged 

128 as a well-connected, regular 3D network that is composed of the void spaces between the solid 

129 components. The geometry of the model, and the method of calculating its responses, are 

130 deliberately chosen so that the full poro-elastic behavior of the discrete model can be 

131 determined by analytical, closed-form equations, thus exposing the entire analysis to 

132 convenient examination, requiring only algebra plus the standard equations of continuum 

133 elasticity and hydraulics. The micro-mechanics investigation described herein provides 

134 phenomenological insights into the physical meaning of the poro-elastic parameters that relate 

135 pressure and (mean) stress to the volumetric (and deviatoric) strains of the solid and fluid, and 

136 thus to the bulk poro-elastic behavior of geomaterials. These micro-mechanics-based meanings 

137 for the parameters contrast sharply with those derived from the classical concept of poro-

138 elasticity, especially in that the analysis demonstrates that the parameters are not material 

139 constants.

140 The paper presents three loading cases that involve increasing levels of conceptual 

141 complexity. Each case is selected because it demonstrates a key point of understanding, with 

142 the second and third loading cases extending and reinforcing the insights that are derived. The 

143 analysis reveals that poro-elasticity is not a single response that is easily expressed as a material 

144 law, but instead it is a macroscopic expression of micro-scale process interactions that are 
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145 dependent on the loading situation and constraints, along with the component properties of 

146 the framework and the pore-filling fluid. In this sense, the results imply that poro-elasticity is an 

147 emergent expression of the behavior of a system, and is not, therefore, a well-defined material 

148 response in the sense of continuum mechanics. The conclusion is that the classic Biot 

149 formulation of poro-elasticity (and similar continuum-based extensions of it) does not capture, 

150 or even suitably represent, the macro-scale behaviors that emerge as the upscaled 

151 (homogenized) expressions of micro-mechanical phenomena in porous rocks.

152 Micro-Mechanics Approach

153 The examination of (thermo-)hydro-mechanical processes that occur at the grain/pore 

154 scale is termed ‘micro-mechanics’, so named because the characteristic length-scale is often 

155 less than a millimetre. Micro-mechanics approaches have led to much progress in 

156 understanding the consolidation behavior of soil, and indeed, the broader topic of soil 

157 deformation (Darve et al 2007). These methods seek to understand how micro-scale processes 

158 aggregate into macro-scale (nominally conceived as continuum) behaviors that can be 

159 compared with, and which seek to explain or support, measurements of material properties 

160 undertaken in experimental investigations. 

161 In granular media, micro-mechanics studies have emphasized the development of 

162 mathematical representations of multi-particle interactions. These mainly treat each 

163 particle/grain as a separate entity that behaves only elastically (or even rigidly), with 

164 interactions occurring only where particles touch. Those interactions can be expressed as 

165 normal forces acting along the line joining the particle centers, or shear/friction can be 

Page 8 of 96Geophysics Manuscript, Accepted Pending: For Review Not Production



Micro-Mechanics Basis of Poro-Elasticity

– 9 – 

166 introduced, or moments can be included (Goldhirsch 2010; Godio et al 2015). Using these 

167 simple but local laws, the mechanical behavior of an aggregate system of particles can be 

168 numerically simulated, and the emergent results then homogenized or upscaled into a macro-

169 scale expression, or behavior ‘law’ (Charalambakis 2010; Rattez et al. 2018a, 2018b). 

170 The numerical formulations for granular materials mainly adopt an explicit simulation 

171 approach. Thus,  the answer from each iterative solution is given in terms of a distribution of 

172 forces – which are expressed as normal/shear forces or moments acting at grain contacts, or 

173 equivalently, the local forces acting at nodes if the formulation uses polyhedral ‘elements’ to 

174 discretize the domain (Mahabadi et al 2012; Alruwaili et al 2017). The forces sensu largo are 

175 integrated over the time-step length, to give velocities, and then integrated again to give the 

176 displacements. Each particle/node is moved by its calculated displacement increment, and the 

177 simulation runs again. The iteration is necessary because, at the end of any iteration, 

178 particles/nodes may inter-penetrate adjacent components, which is not physically realistic, so 

179 ‘penalty’ terms are invented to cause them to move apart in the next iteration solution: the 

180 ‘penalty forces’ are conceived as being an equivalent of the reactions that would result from 

181 the strain of the particles as they interact at contacts (and the penetration is accepted as a 

182 numerical approximation of that strain). Convergence of the global set of equations can be a 

183 computational issue, so various methods introduce artificial mass (or equivalent ideas) to 

184 dissipate kinetic energy that can be unrealistically large if the penalty-related repulsion forces 

185 are large due to a large overlap and large penalties. 
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186 Notwithstanding these issues, such discrete simulations provide remarkable insights into 

187 granular-system behavior (Catalano et al 2014), revealing the emergence of evolving force-

188 chains that belie the naïve expectation of stress/strain uniformity across the system of grains 

189 (Tordesillas et al 2015a,b), along with counter-intuitive rotations of some particles. When the 

190 simulations are undertaken in model systems that are comparable to those which can be used 

191 in experiments – which sometimes use analogue materials (such as arrays of disks of photo-

192 elastic plastic: Clark et al 2012; or an assembly of wooden rods: Ibraim et al 2010), or real 

193 quartz sand grains/rocks (whose evolution under load can be observed via in operando x-ray 

194 tomography (Soriano et al 2017), or via pre- and post-mortem tomographic differencing (Andò 

195 et al 2012; Charalampidou et al 2011)) – the physical insights arising from the simulations are 

196 broadly consistent with what can be deduced from the experimental work. It is clear that 

197 micro-mechanics has much potential for informing our continuum-scale understanding of some 

198 types of geomaterials.

199 If we shift attention from a granular soil to rock materials, we find that the idea, of 

200 representing the rock as an assembly of independent particles, is generally not satisfactory. 

201 Sedimentary rocks (which are the type usually imagined when we speak of ‘porous rocks’) have 

202 a natural history going back to their time of deposition as a collection of separate particles or 

203 grains. But, the set of processes that convert those un-cemented grains into a rock often make 

204 profound alterations of the arrangement of the solid components of the rock, mainly by the 

205 introduction of new solids called ‘cements’. We can usefully call the geometric arrangement of 

206 connected material the ‘solid framework’ (equivalent to the ‘skeleton’ of Biot). Often, the 

207 original grains can still be seen within that framework of multi-connected solid, but added solid 
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208 material binds those grains together into a complex configuration that may leave behind a pore 

209 system that is only a remnant of the one that originally existed between the grains (Weinbrandt 

210 and Fatt 1969; see Fig. 1). Complicated geological histories may even obliterate the original 

211 grains and fill in all of original pores, with whatever pore system that later is created from some 

212 removal process (for example) being too complicated to associate with the original deposited 

213 material. These complex rock textures are not suitable to be examined by the particle-type 

214 methods.

215 Meanwhile, digital-rock methods have equally experienced a significant set of advances in 

216 the last two decades, with a primary commercial focus that uses digital rocks as a basis for 

217 calculating fluid-flow behavior (Berg et al 2017). A digital rock is a grain-/pore-scale model, 

218 nominally in 3D, of the micro-scale spatial arrangements (often called the ‘texture’) of the solid 

219 and void (pore) components of a rock. Such digital-rock models can be obtained from so-called 

220 ‘direct’ 3D imaging methods, such as x-ray tomography (XRT), which computes the model from 

221 a series of 2D projections of x-ray absorbance of the sample (Bultreys et al 2016). XRT-derived 

222 digital-rocks can be very good representations of the material, for some rock types, but there is 

223 a trade-off between sample size and spatial resolution with this method, such that small details 

224 of pores and pore connections may be too small to directly image in a representative sample 

225 size, with significant consequences for property determinations (Jiang et al 2010). Other digital-

226 rock approaches make use of 2D images, at any suitable scale, and possibly images from 

227 multiple scales, to reconstruct the desired 3D model via stochastic methods that replicate the 

228 local textures of the input images. In either approach, the dominant present use of digital-rock 
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229 methods is to use the resulting pore-space model as a basis for calculating fluid flow (Blunt et al 

230 2012; Jiang et al 2012).

231 As digital-rock methods for fluid flow have become acknowledged as a complementary 

232 element (in association with established laboratory measurements) in understanding flow 

233 behaviors, there has been increasing attention given to the task of extending these methods for 

234 other property calculations. These approaches include: bulk resistivity (Wang et al 2005; 

235 Corbett et al 2017), NMR responses (Wang and Li 2008), electromagnetic responses (Blanche et 

236 al 2018), and poro-mechanics (Arns et al 2002; Madadi et al 2009; Shulakova et al 2013; Andrä 

237 et al 2013a, b). With some aspects of fluid flow (such as with multi-phase flow in complicated 

238 rock types, or with complex fluid systems, eg Pak et al 2015; Singh et al 2016), there is also a 

239 need for a model of the solid elements. The solid model enables consideration of aspects such 

240 as wettability distribution, or may be used in approaches that undertake reaction-transport 

241 simulations in the digital-rock model (eg Zaretskiy et al 2012; Watson et al 2018; Singh et al 

242 2017). 

243 For many of these tasks, it has been suitable to use the voxellated (‘discrete’) 3D model 

244 that is created either by XRT or by the stochastic 2D-rooted methods. This statement applies 

245 especially to fluid-flow calculations, where the assumption is usually made that the rock 

246 framework is static. In such cases, the voxellated model may be used directly as the input to a 

247 lattice-Boltzmann formulation (Ma et al 2010; Huang and Wang 2018). Alternatively, the 

248 complement of the solid (the voxellated void space) is used as the basis for extracting a pore-

249 network representation (Jiang et al 2007). 
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250 However, for any investigation that involves changes of the solid elements, there is a need 

251 to convert the voxellated model to a 3D mesh for use in a finite-element type, or similar, 

252 numerical formulation (Arns et al 2002; Madadi et al 2009; Shulakova et al 2013). Regardless of 

253 the size of the elements in the mesh, relative to the voxel size, there arise questions concerning 

254 how to ‘smooth’ through the discrete-ness of the voxel configuration, and whether such 

255 smoothing introduces artefacts. There are also issues to consider such as what physical 

256 characteristics might not be captured in the arbitrary-scale voxel model (such as grain-

257 boundary cracks, or intra-cement voids, or material differences between grains and cements), 

258 and how these complications can be addressed (Andrä et al 2013b; Zhu and Ma 2013; Ishutov 

259 et al 2018; Jiang et al 2018). The present FEM approaches for calculating properties in a digital-

260 rock model, in cases involving strain of the bulk rock, remain an open-ended research problem, 

261 in contrast with digital-rock methods that calculate fluid-flow properties in a static rock 

262 framework, which is now an established commercial solution.

263 The research approach described here represents a necessary precursor to underpin the 

264 development of robust digital-rock poro-elasticity simulations via FEM. The concept is to 

265 perform calculations like those that would be involved when using a realistic-geometry digital-

266 rock model, but here they are achieved in a much-simplified geometry that permits the solution 

267 to be obtained by solving the closed-form equations of elasticity within an idealized version of 

268 the solid framework of the rock. Importantly, the model adopted here provides a means of 

269 discovering the micro-mechanics processes that underlie poro-elastic behavior, and it illustrates 

270 how and which parts of the textural arrangement of the solid elements interact with a 

271 pressurized pore fluid. The formulation enables the calculation of a bulk model response in a 
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272 range of mixed boundary conditions, which are not isotropic, enabling the micro-mechanics 

273 behaviors to be used to derive the macro-scopic (up-scaled) continuum-equivalent responses. 

274 The introduction of anisotropic loading proves to be quite significant in that this leads to a 

275 deeper understanding of the role of the rock texture in governing the bulk response. Here, the 

276 consideration of directionality reveals how the Poisson effect within framework elements plays 

277 a central role in poro-elasticity.

278 The design/selection of any generic model, whose purpose is to provide a basis for deriving 

279 general understanding (eg by using the model geometry for performing calculations of the 

280 system response), must always involve trade-offs between realism (to a specific case?) and 

281 simplifications (what aspects are most general?). In terms of fluid flow, the work of Fatt 

282 (1956a,b,c) is perhaps the first example in which a micro-arrangement of pore-system elements 

283 (imagined as a system of parallel, thin tubes transecting the solid rock) is conceived. The 

284 resulting pore system model underpins calculations that provide a phenomenological basis for 

285 the macro-scale (continuum) expression of fluid flow, in terms of the Darcy permeability 

286 parameter. Fatt’s conceptual model embedded ideas such as the role of pore constrictions 

287 (throats) and pore-throat lengths. Fatt’s ideas enabled subsequent modifications of the simple 

288 model that introduced more realism, such as the tortuosity and connectivity of the pore 

289 system. Other modifications of this conceptual model added consideration of the fluid-phase 

290 occupancy of the pore elements, thus providing a link to the macro-scale observations of 

291 saturation dependence in multi-phase flow. Numerical simulation of ‘pore networks’, initially in 

292 a regular 3D lattice arrangement, provided opportunities to explore the role of spatial 

293 variations of the characteristics of the still-tubular pore elements (McDougall and Sorbie 1997). 
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294 As new imaging provided evidence that real pore elements are decidedly non-tubular, and as 

295 the pore-scale physics of multi-phase fluid displacement processes became better known 

296 (Sohrabi et al 2004; Roman et al 2016), the pore network modelling developed numerical 

297 approaches to cope with ever-more-realistic micro-scale aspects (Ryazanov et al 2009). The 

298 strength of modern digital-rock methods for fluid flow simulation highlights the important role 

299 of simplified models that promote deep understanding of the factors that govern the micro-

300 scale processes that aggregate into macro-scale behavior.

301 The model chosen here returns to the idea of simplicity in order to understand the 

302 fundamental, micro-scale process interactions that govern the emergent expressions of poro-

303 elastic behavior. Much like the early pore-network models, the model here has a connected 

304 pore system composed of a regular 3D lattice. The pore elements are square-shaped, leading to 

305 their complement: square-section solid elements comprising the framework, consisting of 

306 hexahedral ‘rods’ that intersect in cuboid ‘junctions’ (Fig. 1). The choice, to adopt the regular 

307 square shapes for the solid framework, is made to keep the mathematical expressions as simple 

308 as possible, with the minimum of directional and geometric notation. The strict lattice-like 

309 arrangement of pores and solids is not directly analogous to any real rock, but it is not greatly 

310 different in character to real rock images, such as those presented in Weinbrandt and Fatt’s 

311 (1969) work. Moreover, the simplifications provide a configuration that has proven to be useful 

312 for allowing a focus on fundamental process physics. Whether these geometric choices lead to 

313 artefacts, or not, will be determined by comparison with subsequent numerical results that will 

314 replicate the design and operation of the model used herein. The model’s purpose is strictly 
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315 limited for use in associating micro-mechanics processes with their continuum-(macro-)scale 

316 material responses.

317 Rods and junctions in the model’s solid framework are composed of the same elastic 

318 material, with the interface of a rod and junction having no contrasting mechanical 

319 characteristics (no gaps or frictional discontinuities), and thus the lattice is treated as a multi-

320 connected continuum. In a unit cell of the model (Fig. 1D), the rods are typically quite short 

321 compared to the dimension of their cross-section, as needed to achieve a model with low 

322 porosity. The relative length of a rod, compared to the relative length of a junction, serves as a 

323 simple parameter that captures here (in a very coarse way) the role of the complex textural 

324 arrangement of the solid framework of a real rock, which would never be as simple as in the 

325 idealized lattice. Subsequently, when the methods developed herein are extended to a 

326 numerical approach, the textural dependence of the behavior (shown below) will remain, but it 

327 will be more complicated and not possible to relate to a single term like the ratio: .𝑤/𝑑

328 The solid lattice is composed of an isotropic elastic material whose strain behavior is 

329 defined by:

330 , (3)∆𝜀𝑖 =
1
𝐸[∆𝜎𝑖 ― 𝑣(∆𝜎𝑖𝑖 + ∆𝜎𝑖𝑖𝑖)]

331 where  are coordinate directions, or via the equivalent expressions giving each 𝑖,𝑖𝑖 𝑎𝑛𝑑 𝑖𝑖𝑖

332 principal stress component as a function of the three principal strains, e.g.:

333  , (4)∆𝜎𝑥 =
𝑣𝐸(∆𝜀𝑥 + ∆𝜀𝑦 + ∆𝜖𝑧)

(1 + 𝑣)(1 ― 2𝑣) +
𝐸∆𝜀𝑥

1 + 𝑣

Page 16 of 96Geophysics Manuscript, Accepted Pending: For Review Not Production



Micro-Mechanics Basis of Poro-Elasticity

– 17 – 

334 where  is a principal stretch (figured positive for a contraction),  is a principal stress (figured 𝜀𝑖 𝜎𝑖

335 positive for compression),  is the Young’s modulus, and  is the Poisson ratio. NOTE: the 𝐸 𝑣

336 material properties relate to the multi-connected continuum elements of the lattice, and NOT 

337 to those of the bulk rock. In this analysis, the coordinate directions are assumed to be principal 

338 directions, so the mechanical expressions in the model do not include shear components. The 

339 principal stresses (in each coordinate direction) are continuous across the interfaces where 

340 junctions and rods meet. The exposed sides of the rods are subjected to the pore fluid pressure 

341 , and this is a critical factor in the poro-elastic behavior. The analysis ignores the potential for 𝑃

342 local stress/strain concentrations at the places where a rod meets a junction – if such 

343 concentrations (these would be a function of the sharp corners, which are not routinely 

344 observed in digi-rock images) emerge in the numerical simulations to be performed in 

345 subsequent work, they will be considered then. 

346 The unit-cell has dimension , where, in the isotropic model adopted here, the 𝑑 = 𝑎 + 𝑤

347 width of each rod is defined as  and its length as  (which is the same as the width of the 𝑤 𝑎

348 adjacent pore channel element). Note than in a model with low porosity, the width of a rod is 

349 much larger than its length. The magnitude of  is ~O(grain size), to reflect the circumstance 𝑑

350 that inspires this model design. The pore space of the unit cell is comprised of three square 

351 pore channels (bonds in the terminology of pore networks) of length  and cross-sectional 𝑤

352 width , plus the cubic pore node of dimension . When the model is strained anisotropically 𝑎 𝑎

353 (see examples later), we introduce directional subscripts for these parameters (as in Fig. 1D). 

354 The parameter  is defined as the fractional length , with larger values of  indicating a 𝑠 𝑠 = 𝑤/𝑑 𝑠

355 more-solid (lower-porosity) model configuration (in realistic models, most of the solid volume is 
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356 contained in the junctions). The parameter  defines the relative length of 𝑡 = 𝑎/𝑑 = 1 ― 𝑤/𝑑

357 the rods (or the cross-sectional extents of the pore elements), with smaller values of  𝑡

358 indicating lesser pore space. The magnitude of the porosity  is expressed as (Fig. 2):𝜑

359  . (5)𝜑 =
𝑎3 + 3𝑎2𝑤

𝑑3 = 𝑡3 +3𝑡2𝑠 = 𝑡3 +3𝑡2(1 ― 𝑡) 

360 The idealized model is not intended to replicate the range of textural characteristics of real 

361 rocks, but it does aim to capture the connectedness of the rock framework, as illustrated in Fig. 

362 1. The textural variability observed in real rocks is complicated, and efforts to express rock 

363 textures in a functional way – meaning to identify a small number of parameters that have clear 

364 relationships to emergent properties – are only making slow progress. We have so far 

365 addressed that challenge only in relation to the characteristics of the pore space , with 

366 attention to the solid elements mainly considered from the perspective of how the local spatial 

367 arrangements of solid components affects the local and global, topological and geometric 

368 characteristics of the pore-space (Fig. 3), and how these are described and quantified (Wu et al 

369 2006; Jiang et al 2007, 2010, 2011, 2013, 2017, 2018; Ma et al 2010; van der Land et al 2013; 

370 Song et al 2017, 2018; Buckman et al 2017). 

371 A large fraction of the lower-porosity rocks that we have examined shows an otherwise-

372 solid domain that is perforated by thread-like pore elements (e.g. Fig. 3) that are connected in a 

373 fashion that is more complicated than would be the case in a regular lattice arrangement, but 

374 the topology of the pore network is nevertheless multi-connected in a way that allows us to 

375 approximate the pore system by a lattice. However, real pore elements usually have more-

376 complicated shapes: typically, the sections of a pore element exhibit highly-rugose, often 
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377 pointed, boundaries, with protrusions and re-entrants that are very significant for multi-phase 

378 fluid flows (van Dijke and Sorbie 2002), and those pore-body shapes vary markedly along the 

379 axis of any pore element. In a pore-network description, the multi-connected pore space is 

380 divided into nodes and bonds, with nodes being the portions of the pore space where multiple, 

381 usually thinner, connecting elements, called bonds, meet. In the lattice model, the relative 

382 proportion of nodes and bonds is strictly governed by the geometry of the model, with the 

383 connections/bonds assuming a larger role as  (linked to increasing ) becomes larger (Fig. 4). 𝜑 𝑡

384 Because of its overly-simplistic geometry for the pore space, the lattice model used here 

385 would be a poor analogue for use in fluid flow studies. However, in the case of a real pore 

386 network, where the network might be extracted from a digital-rock model (Jiang et al 2007) or 

387 created stochastically to match the characteristics of an extracted network (Jiang et al 2011), 

388 the subtraction of that pore system from a solid block would reveal that the remaining porous 

389 solid is also a multi-connected system, similar to the model employed here. The lattice 

390 arrangement of the solid adopted here, both for ease of calculation purposes, and to allow us 

391 to focus on fundamental process interactions, is at least a plausible approximation of realistic 

392 solid-component rock textures (Fig. 1). Future work, in part guided by the results herein, will be 

393 needed to identify which spatial characteristics matter for which property determinations. 

394 Although that work may benefit from the learnings associated with studies of pore-space 

395 topological and geometric characterization, it is likely to be long-term effort that will necessarily 

396 involve considerations of the deformability of the framework and how this is simulated.
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397 The model is assumed to exist in some prior mechanical state (of pressure, and 

398 stress/strain), which is not specified. The stress, strain and pressure states, as used herein, refer 

399 to the CHANGED values of these variables, relative to that prior state, and they are denoted in 

400 the various equations by a Delta-symbol (e.g. ) to emphasise this point. We adopt the ∆𝜎,∆𝜀,∆𝑃

401 usual first-order approximation for strain, but higher-order perspectives could be employed 

402 using the same approach (via additional terms in the equations). The analysis is conducted 

403 assuming isothermal conditions across the model (although we briefly consider thermal loads) 

404 and with quasi-static loadings. Fluid pressure  (positive for an increase) acts on the sides of ∆𝑃

405 all rods, which defines the transverse stress components inside the rod elements. The stress 

406 components are uniform in each coordinate direction, and thus the same within a junction and 

407 its connected rod in that direction. In formulating the expressions, it is important to note that 

408 the coordinate-direction strain within a rod and within the adjacent junction can differ, and 

409 thus the bulk strain in each direction  is figured by weighting the strains of these ∆𝜀𝑥

410 components by their relative lengths, as expressed, for example, in the x-direction:

411 . (6)∆𝜀𝑥 = 𝑡∆𝜀𝑟𝑜𝑑
𝑥 + 𝑠∆𝜀𝑗𝑢𝑛𝑐𝑡𝑖𝑜𝑛

𝑥 = 𝑡∆𝜀𝑟𝑜𝑑
𝑥 +(1 ― 𝑡)∆𝜀𝑗𝑢𝑛𝑐𝑡𝑖𝑜𝑛

𝑥

412 Loading Cases

413 The configuration of the lattice model, and the choice to assume that the model 

414 coordinates lie along the principal directions, permits the formulation of micro-scale 

415 expressions that result in the quasi-static, bulk poro-elastic responses of the model, to a 

416 comprehensive range of loading arrangements. Below, the expressions are written in terms of 

417 state parameters (stress, strain, pressure) that define changes to the prior conditions. If the 
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418 reference condition is an unloaded state, then the expressions give the final state directly, but if 

419 the initial state is already loaded, the expressions give the increments of the state-variable 

420 changes that allow the final state to be derived by superposition of the initial and incremental 

421 components, as a function of the imposed changes in loads. The model is used to derive 

422 characteristic relationships between changes of, for example, stress and pore pressure. More 

423 significantly, the model is used to examine how loadings that differ in direction, and type (eg 

424 stress or displacement/strain boundary conditions), result in responses that reveal problems 

425 with the standard omni-directional poro-elasticity conceptualization.

426 Three loading cases are examined, representing a progression of key concepts that emerge 

427 from the examination of the micro-mechanics basis of poro-elasticity. The first two cases 

428 involve arbitrary changes of pore-fluid pressure, along with mechanical constraints and loads. 

429 The first case has a mechanical loading that is strictly isotropic, while the second one examines 

430 uni-axial strain. The first case emphasizes that fluid pressure changes (normally) result in 

431 changes of stress, and provides a phenomenological understanding of the law of effective 

432 stress. The second case further illustrates the main points derived from the first one, but within 

433 a situation that is not isotropic, revealing a key issue with classic poro-elasticity: the 

434 impossibility of translating the volume-based state parameters into directional mechanical 

435 state parameters. The third case returns to the isotropic loading, using it to examine an un-

436 drained deformation in which the pore fluid is retained in the model, illustrating the process 

437 interactions that occur, and providing an understanding of which textural elements of the rock 

438 govern the response.
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439 Loading Case 1: Constant stress

440 Many geologists analyse deformations using a concept framework within which the state 

441 of stress is taken to be fixed. This point of view links back at least to the work by Anderson 

442 (1951), who is usually credited with inventing the idea of ‘stress regimes’, and for arguing how 

443 those imagined subsurface states are supposed to govern the types of faulting (and other 

444 deformations) that occur. In most aspects of geomechanics, the notion of stress regimes 

445 remains an operative framework to the present day (eg Fjær et al 1992; Jaeger et al 2007; 

446 Zoback 2008). Geoscientists and engineers who assess subsurface reservoirs, and other subjects 

447 that address the roles of pore fluids, acknowledge that changes in fluid pressure do appear to 

448 affect the state of stress, and so the constancy of stress state is not a universal perspective. 

449 However, the framework linked to the idea of stress regimes (and the inferred constancy of 

450 stress) provides a starting point for investigating what can be learned from the micro-

451 mechanics of a coupled porous-solid+fluid model like the one adopted herein.

452 The first loading Case examines a situation in which the far-field (boundary) stress changes 

453 are constant; here, we take the far-field stress component to be equal to the framework stress 

454 component within the model (the validity of this assumed equivalence is examined later). Thus, 

455 the incremental loading is expressed as:

456  , (7)∆𝜎𝑥 = ∆𝜎𝑦 = ∆𝜎𝑧 ≡ 0

457 while there is an arbitrary change in pore pressure . In the lattice model, a change in fluid ∆𝑃

458 pressure necessarily will cause strains in the solid (impervious) rod elements, due to the 

459 alteration of their transverse loading:

Page 22 of 96Geophysics Manuscript, Accepted Pending: For Review Not Production



Micro-Mechanics Basis of Poro-Elasticity

– 23 – 

460  , (8)∆𝜎𝑟𝑜𝑑
𝑡𝑟𝑎𝑛𝑠𝑣𝑒𝑟𝑠𝑒 = ∆𝑃

461 so the strain in the direction of the rod’s axis (equation 3) is generally non-zero when there is a 

462 change in pore pressure:

463  , (9)∆𝜀𝑟𝑜𝑑
𝑎𝑥𝑖𝑎𝑙 =

1
𝐸[∆𝜎𝑎𝑥𝑖𝑎𝑙 ― 𝑣(∆P + ∆P)]

464 with the axial stress in the rod determined by the boundary conditions (either directly, as here, 

465 or indirectly, as illustrated later). Unless the length-change caused by the axial strains of the 

466 rods are cancelled by length-changes caused by the junction strains (we look at that Case later, 

467 where that constraint is the principal feature), there is a net (whole-model-scale) strain in that 

468 axial direction. 

469 In this loading Case, which examines the situation of constant stress , while pore (∆𝜎 = 0)

470 pressure is changed , the three coordinate directions all have the same (incremental) (∆𝑃 ≠ 0)

471 states. We make the assumption of stress continuity, so the change of each principal stress, 

472 acting along each coordinate direction, is both constant and equal to the boundary-condition 

473 change of principal stress, which in this Case is . ∆𝜎 = 0

474 Since the boundary stress changes are all identically zero in this Case, the stress changes 

475 inside the model’s junctions also are identically zero (and so the changes of junction strains 

476 must also be zero), and the change in axial stress in each rod element must also be zero. Thus, 

477 the only deformation to determine is the axial strain of the rods, which is not zero because it 

478 depends on the transverse stresses (which do change, because they are equal to the imposed 

479 pressure change). 
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480 Using equation 3, the axial strains in the rods are given as (here written for the x-direction, 

481 which is the same for both the y- and z-directions in this loading Case):

482  , (10)∆𝜀𝑟𝑜𝑑
𝑥 =

1
𝐸[∆𝜎𝑥 ― 𝑣(∆P + ∆P)] = ―

2𝑣∆𝑃
𝐸

483 which means that the rods elongate (slightly), due to the Poisson effect, when the pressure 

484 increases. The bulk model strain in each direction is determined (equation 6) by weighting the 

485 strain in the rod elements:

486  . (11)∆𝜀𝑥 = 𝑡∆𝜀𝑟𝑜𝑑
𝑥 + (1 ― 𝑡)∆𝜀𝑗𝑢𝑛𝑐𝑡𝑖𝑜𝑛

𝑥 = ―
2𝑡𝑣∆𝑃

𝐸 ―0 = ―
2𝑡𝑣∆𝑃

𝐸

487 The parameter  defines the linear fraction composed of ‘rod’ elements (the remainder of 𝑡

488 the linear fraction  is composed of junction elements). As the model experiences (1 ― 𝑡) = 𝑠

489 strain, the fractions of rod and junction will change, so the value of that fraction is, after the 

490 strain occurs:

491  , or more precisely: (12)𝑡𝑥≅𝑡𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙
𝑥 (1 ― ∆𝜀𝑟𝑜𝑑

𝑥 )

492  , (13)𝑡𝑥 =
𝑎𝑥

𝑑𝑥
=

𝑎𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙
𝑥 (1 ― ∆𝜀𝑟𝑜𝑑

𝑥 )
𝑎𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙

𝑥 (1 ― ∆𝜀𝑟𝑜𝑑
𝑥 ) + 𝑤𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙

𝑥 (1 ― ∆𝜀𝑗𝑢𝑛𝑐𝑡𝑖𝑜𝑛
𝑥 )

493 with the changes in lengths being determined by the element-component strains, compared to 

494 their original lengths in the reference state. High accuracy is not essential in order to achieve 

495 the process understanding sought here, so the first-order approximation of equation 12 is 

496 accepted henceforth, except in one instance later where the accuracy matters to the argument 

497 pursued. The error associated with this simplification is rather small: the change in fractional 

498 length is , which, for example, if , means the error in ~𝑂(∆𝑃
𝐸) ∆𝑃 = 10𝑀𝑃𝑎 𝑎𝑛𝑑 𝐸 = 10𝐺𝑃𝑎
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499 fractional length is , which means that the changed value of  is erroneous by a small ~𝑂(10 ―3) 𝑡

500 amount that mostly can safely be ignored in terms of discovering the primary micro-mechanics 

501 interactions.

502 Since all principal strains are equal in this isotropic Case, the bulk model experiences a 

503 dilation: 

504  , (14)∆𝜀𝑣𝑜𝑙𝑢𝑚𝑒𝑡𝑟𝑖𝑐 = ∆𝜀𝑥 + ∆𝜀𝑦 + ∆𝜀𝑧 = ―
6𝑡𝑣∆𝑃

𝐸

505 when the pressure increases, in the loading situation where there is no change in stress. From 

506 this expression, it is possible to derive one of the Biot parameters (equation 1a):

507  , (15)𝐴2 =
∆𝜀𝑣𝑜𝑙𝑢𝑚𝑒𝑡𝑟𝑖𝑐

∆𝑃 = ―
6𝑡𝑣
𝐸  

508 which expresses the change in the bulk volume as a function of the change of fluid pressure, 

509 under conditions of constant stress. 

510 Does this parameter have any practical use? The common geological viewpoint – of stress-

511 state constancy – does not appear to be associated with a comparable idea that there are 

512 universal, isotropic volumetric strains linked to fluid pressure changes. Thus, it is worth 

513 considering what a no-volume-strain condition might imply, relative to the result obtained 

514 above. 

515 Here we briefly examine what the micro-mechanics perspective implies relative to the 

516 concept of effective stress. The origin of the idea of effective stress is typically attributed to 

517 Terzaghi (1943), who was able to express the observable 1D consolidation (an inelastic 
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518 response) behavior of a water-saturated soil in terms of its dependence on an ‘effective’ 

519 vertical stress that was determined as the axial (in an oedometer, so lateral strains are zero) 

520 normal-stress component minus the pore pressure. That classical version of effective stress – 

521 which can be written in generalized form as:  , where  is the tensor of effective 𝜎′ = 𝜎 ― 𝐼𝑃 𝜎′

522 stress,  is the total stress tensor, and  is the identity tensor – has been (Hubbert and Rubey 𝜎 𝐼

523 1959; Handin et al 1963), and continues to be, widely used (rightly or wrongly) in rock 

524 mechanics and structural geology, as a fundamental principle. 

525 Meanwhile, some topics in soil mechanics found a need to explain observations which 

526 indicated that the classic Terzaghi perspective of effective stress was inadequate, and adopted 

527 the Biot (1941) framework to rationalize the evidence. This line of investigation led to the 

528 development of the poro-elastic version of the effective stress idea that is often written as 𝜎′ =

529  , where  is a parameter that is argued to be smaller than unity (and Biot defines that 𝜎 ―𝛼𝐼𝑃 𝛼

530 parameter as a function of other material parameters, such as volume fractions of solid and 

531 void space). It is common to find that  is referred to as a material constant (as implied by Biot), 𝛼

532 and various laboratory procedures have been devised in an attempt to measure it, although 

533 experimental investigations (Jalahl 2006; De Oliviera et al 2016; Pimienta et al 2017) have 

534 proven to be challenging, with uncertainties that render the  parameter an experimentally-𝛼

535 poorly-constrained quantity. Thermodynamic analysis, such as that by Sahay (2013; and further 

536 work in progress) emphasizes the discrete-ness of a porous rock as a key factor in the 

537 development of alternate explanations for the meanings of Biot’s parameters, and what 

538 measurements in experiments may be more appropriate. Here, we use the micro-mechanics 
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539 lattice model (which is definitely a discrete approach) to gain some further insight into the 

540 physical meaning of the  parameter and other coefficients within the existing theory.𝛼

541 A method used in thermo-elastic problems in continuum mechanics is to ‘invert’ or reverse 

542 the thermal strains, which would be created if the material is heated (or cooled) in an un-

543 confined situation, to determine the stresses that would be created if that 

544 expansion/contraction were to be prevented (Love, 1927). Using that approach here (which is 

545 expressing an idea for some similarity between thermo-elasticity and poro-elasticity; see Norris 

546 1992 for additional comments), we can calculate the changes (increases, if the pressure change 

547 is positive) in the (isotropic) stresses that would be caused if we, instead, made a no-strain 

548 assumption in the drained loading Case examined above:

549  . (16)∆𝜎𝑟𝑒𝑠𝑡𝑜𝑟𝑎𝑡𝑖𝑣𝑒
𝑖 = ―𝐸∆𝜀𝑖 = 2𝑡𝑣∆𝑃

550 In the no-strain idea using the ‘restorative’ approach (which is not valid, as we examine in a 

551 later section), the change  causes a change in lattice stress  , and we can write a ∆𝑃 ∆𝜎𝑟𝑒𝑠𝑡𝑜𝑟𝑎𝑡𝑖𝑣𝑒
𝑖

552 tensor expression (double over-bars indicate a tensor) for effective stress that captures this 

553 effect:

554 , (17)∆𝜎′ = (𝜎 + ∆𝜎𝑟𝑒𝑠𝑡𝑜𝑟𝑎𝑡𝑖𝑣𝑒
𝑖 ) ―∆𝑃𝐼 = (𝜎 + 2𝑡𝑣∆𝑃𝐼) ―∆𝑃𝐼

555 which can be re-arranged as:

556  . (18)∆𝜎′ = 𝜎 ― (1 ― 2𝑡𝑣)∆𝑃𝐼 = 𝜎 ―𝛼∆𝑃𝐼
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557 Algebraically, equations 17 and 18 give the same value for effective stress, but they differ 

558 in terms of what their forms imply about the underlying physics. The Biot  parameter, as 𝛼

559 classically written (modifying the pressure), implies that pore pressure is somehow ‘ineffective’ 

560 in its role within the effective-stress concept, and that its quantitative effect on normal stresses 

561 has to be scaled back compared to classical views of effective stress. The trivial derivation here 

562 (which has some problems that will be discussed later) implies that the discrepancy between 

563 the classical and Biot effective stress concepts is, instead, linked to the changes in stress that 

564 result from pore pressure changes in a confined situation. The assumption about constancy of 

565 stress is inappropriate in a realistic poro-elastic deformation that occurs in the subsurface, 

566 where constraints apply.

567 Given the common geoscience perspective that the stress state is constant, as well as 

568 Biot’s (1941) arguments related to the separability of parameters, it is perhaps easy to see why 

569 the poro-elastic effect has continued to be mis-attributed to the inadequacy of pore pressure, 

570 instead of to anything about the mechanical state of the rock. As will be shown below, the 

571 changes in stress depend on the specifics of the chosen boundary conditions, so the  𝛼

572 parameter (or its equivalent, as a modifier of the mechanical state) cannot be only a material 

573 constant, and instead it is a parameter that combines aspects of the material, and aspects of 

574 the loading situation. It is not a surprise that it has proven difficult to determine its value by 

575 experimentation. 

576 Loading Case 2: Uniaxial strain state
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577 Large-scale human ‘experiments’ that have provoked the subsurface provide important 

578 observations about poro-mechanical processes. For example, deliberate thermal heating of oil 

579 reservoirs (aimed at lowering the viscosity of the trapped hydrocarbons) is known to be 

580 expressed at the ground surface by uplift (Gu et al 2011). The thermo-elastic model (as used 

581 above) is normally adopted to provide an explanation of the ground motion, with the 

582 assumption normally being made that the heated rocks are unable to expand in the horizontal 

583 directions: due to laterally-adjacent rocks also seeking to expand due to the added heat, so the 

584 entirety of the extensional strain is assumed to occur in the vertical direction. In the case of 

585 fluid injection into a subsurface reservoir (eg at In Salah; Rutqvist et al 2010), comparable uplift 

586 of the surface occurs, and is correlated with injection amounts in the operative wells, so the 

587 poro-elastic expansion of this reservoir occurs in an essentially uni-axial way, with no significant 

588 horizontal strains. The uni-axial strain idea also occurs in association with sediment 

589 consolidation processes (going back at least to Terzaghi, of course), prompting the conceptual 

590 design of the oedometer test cell, with other reasons being proposed (Long et al 2011). 

591 However, for all of these, including the example given by Biot (1941), the vertical strains during 

592 consolidation are not recoverable, and so poro-elasticity is not an appropriate explanatory 

593 model, but the point here is that a uni-axial strain situation is a common one.

594 Given that a uni-axial strain situation is often invoked as a basis for calculating poro-

595 mechanics perturbations in the deeper subsurface, we need to consider whether the isotropic-

596 state result, derived in the previous section, can be used to derive a similar answer for the uni-

597 axial case. This could be approached by using equation 14, and substituting the value of zero for 

598 both the horizontal x- and y-direction strains, thus equating the entirety of the necessary 
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599 volumetric strain with the z-direction strain. However, this simplistic method is physically 

600 incorrect, as we demonstrate below, and the point of this Case is to demonstrate that the 

601 correct solution to poro-elastic behavior requires the problem to be formulated with 

602 appropriate directional constraints. The uni-axial strain state induces non-isotropic (hence 

603 deviatoric) stress changes, with changes in directional stress components that differ from those 

604 in the isotropic case. The calculations reveal directional differences linked to the Poisson effect 

605 arising from constraining or loading conditions in other directions. The resulting change of 

606 understanding directly challenges the existing omni-directional formulation of poro-elasticity 

607 theory.

608 The uni-axial strain Case described here illustrates a solution procedure that deals with 

609 mixed-type boundary conditions. It considers a situation where it is assumed that strain can 

610 only occur in the vertical direction, during an arbitrary excursion of pore pressure,  (this Case ∆𝑃

611 was first described in Couples 2017; the treatment below corrects an algebra mistake that 

612 occurred in that conference paper, and re-expresses the equations in a way that emphasizes 

613 the changes of state variables). 

614 For vertical uni-axial strain, the bulk strains in the lateral directions are:

615  . (19)∆𝜀𝑦 = ∆𝜀𝑥 ≡ 0

616 The boundary condition in the z-direction is taken here as  (adopting the ‘no change’ ∆𝜎𝑧 = 0

617 perspective common in geology thinking, especially in the vertical direction where it is typical 

618 for the vertical stress to be calculated as being equal to the weight of the overburden 
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619 rocks/soils). Looking at the y-direction (which is the same as for the x-direction under the 

620 assumptions made for this case), the strains in the rods and junctions are given as: 

621  , and (20)∆𝜀𝑟𝑜𝑑
𝑦 =

1
𝐸[∆𝜎𝑦 ― 𝑣(∆𝜎𝑥 + ∆𝜎𝑧)] =

1
𝐸[∆𝜎𝑦 ― 𝑣(∆P + ∆P)] =

1
𝐸(∆𝜎𝑦 ― 2𝑣∆𝑃)

622  . (21)∆𝜀𝑗𝑢𝑛𝑐𝑡𝑖𝑜𝑛
𝑦 =

1
𝐸[∆𝜎𝑦 ― 𝑣(∆𝜎𝑥 + ∆𝜎𝑧)] =

1
𝐸[∆𝜎𝑦 ― 𝑣(∆𝜎𝑦 + 0)] =

1
𝐸[∆𝜎𝑦(1 ― 𝑣)]

623 Using the definition of the bulk strain (equation 6), we find the relationship:

624  , (22)0 = 𝑡(∆𝜎𝑦 ― 2𝑣∆𝑃) + (1 ― 𝑡)∆𝜎𝑦(1 ― 𝑣)

625  . (23)∴  ∆𝜎𝑦 = ∆𝜎𝑥 =
2𝑡𝑣∆𝑃

1 ― 𝑣 + 𝑣𝑡

626 Thus,  and  both increase with an increase of , and similarly they decrease with a ∆𝜎𝑥 ∆𝜎𝑦 ∆𝑃

627 decrease of . The ratio between stress change, and pressure change, varies as a function of ∆𝑃 𝑣

628  and , and this so-called ‘coupling’ factor, can be expressed as a function: 𝑡

629  , (24)𝑓 =
∆𝜎
∆𝑃 =

2𝑡𝑣
1 ― 𝑣 + 𝑣𝑡

630 whose value depends on  (and thus porosity, and maybe more generally the texture) and  𝑡 𝑣

631 (Fig. 5). This coupling value, derived with the lattice-based poro-elastic model, encompasses the 

632 estimated magnitude of coupling (~0.2-0.4) derived by Swarbrick and Lahann (2016), and 

633 similar values (~0.2) described by Teufel et al (1991), from inferred stress changes during 

634 reservoir depletion, based on subsurface information which allowed them to estimate stress 

635 changes in situations with permanent consolidation strains. Other published work reports 

636 larger estimates (0.7-0.9) for the function  (Hettema et al 2000). Although in the lattice model 𝑓
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637 used here,  is strictly a model geometric factor, it can be generalized to stand for the rock 𝑡

638 texture, which means that a particular, realistic digital-rock model of a rock texture will exhibit 

639 a value of the coupling factor that can only be determined by an appropriate simulation of a 

640 digital-rock model of that material. Thus, the results here are not universal, and are only 

641 indicative in that they demonstrate that the material texture and its solid-component Poisson 

642 ratio play a major role in the bulk response. 

643 Now that we have expressions for the horizontal stress changes caused by pore-pressure 

644 changes, it is possible to calculate the vertical strain. Using the (same) boundary condition, e.g. 

645 , the change of vertical strain in the junctions is given as:∆𝜎𝑧 = 0

646  , so (25)∆𝜀𝑗𝑢𝑛𝑐𝑡𝑖𝑜𝑛
𝑧 =

1
𝐸[∆𝜎𝑧 ― 𝑣(∆𝜎𝑥 + ∆𝜎𝑦)] =

1
𝐸[0 ― 𝑣( 2𝑡𝑣∆𝑃

1 ― 𝑣 + 𝑣𝑡 +
2𝑡𝑣∆𝑃

1 ― 𝑣 + 𝑣𝑡)]

647  . (26)∆𝜀𝑗𝑢𝑛𝑐𝑡𝑖𝑜𝑛
𝑧 = ―

4𝑡𝑣2∆𝑃
𝐸(1 ― 𝑣 + 𝑣𝑡)

648 The vertical strain in the z-direction rods is given as:

649  . (27)∆𝜀𝑟𝑜𝑑
𝑦 =

1
𝐸[∆𝜎𝑧 ― 𝑣(∆𝜎𝑥 + ∆𝜎𝑦)] =

1
𝐸[0 ― 𝑣(∆P + ∆P)] = ―

2𝑣∆𝑃
𝐸

650 The bulk (net) strain in the z-direction is determined by weighting (via equation 6) the 

651 expressions derived in equation 26 and equation 27:

652  , (28)∆𝜀𝑧 = ―
2𝑡𝑣∆𝑃

𝐸 ― 
4𝑡𝑣2∆𝑃

𝐸(1 ― 𝑣 + 𝑣𝑡) = ―
[2𝑡𝑣(1 ― 𝑣 + 𝑣𝑡) + 4𝑡𝑣2]∆𝑃

𝐸(1 ― 𝑣 + 𝑣𝑡) = ―
2𝑡𝑣(1 + 𝑣 + 𝑣𝑡)∆𝑃

𝐸(1 ― 𝑣 + 𝑣𝑡)

653 which shows that the model strictly elongates in the z-direction (for an increased ), under ∆𝑃

654 this loading state. 
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655 This result says that:

656  , (29)∆𝜀𝑧 ≠ 0 , 𝑤ℎ𝑖𝑙𝑒 ∆𝜎𝑧 = 0

657 which is assumed to be an error by those whose experience with elasticity is limited to a 1D 

658 classroom demonstration, where a strictly linear relationship exists between a stress 

659 component and the associated strain component: eg . In a multi-dimensional situation, 𝜎 = 𝐸𝜀

660 where the loading is not isotropic, the role of the Poisson effect causes each principal stress to 

661 depend on the transverse states (equation 3), breaking the strict linearity of stress and strain 

662 derived from the 1D perspective. Perhaps this is the explanation for the conundrum of equation 

663 29? Surprisingly, that is not the answer. If we calculate the apparent macro-scale  from ∆𝜎𝑧

664 equation 4, we find:

665  ,(30)∆𝜎𝑧 =
𝑣𝐸(∆𝜀𝑥 + ∆𝜀𝑦 + ∆𝜖𝑧)

(1 + 𝑣)(1 ― 2𝑣) +
𝐸∆𝜀𝑧

1 + 𝑣 =
𝑣𝐸(∆𝜖𝑧)

(1 + 𝑣)(1 ― 2𝑣) +
𝐸∆𝜀𝑧

1 + 𝑣 =
𝑣𝐸(∆𝜖𝑧) + (1 ― 2𝑣)𝐸∆𝜀𝑧

(1 + 𝑣)(1 ― 2𝑣) =
(1 ― 𝑣)𝐸∆𝜀𝑧

(1 + 𝑣)(1 ― 2𝑣)

666 where Young’s modulus  is the bulk stiffness. Thus, if we perform the substitution for  𝐸 ∆𝜀𝑧

667 (from equation 28), we need to distinguish the macro- and micro- moduli:

668  , (31)∆𝜎𝑚𝑎𝑐𝑟𝑜
𝑧 =

(1 ― 𝑣)𝐸𝑚𝑎𝑐𝑟𝑜∆𝜀𝑧

(1 + 𝑣)(1 ― 2𝑣) = ―
2𝑡𝑣(1 ― 𝑣)(1 + 𝑣 + 𝑣𝑡)∆𝑃𝐸𝑚𝑎𝑐𝑟𝑜

(1 + 𝑣)(1 ― 2𝑣)(1 ― 𝑣 + 𝑣𝑡)𝐸𝑚𝑖𝑐𝑟𝑜

669 which shows that  is never zero. The reduction of macro-scale stress, ie negative ∆𝜎𝑚𝑎𝑐𝑟𝑜
𝑧

670 , is as would be expected if  is the elongation of a continuum (equation 31 shows ∆𝜎𝑚𝑎𝑐𝑟𝑜
𝑧 ∆𝜀𝑧

671 that it is negative for a positive pressure increase of ). This important result shows that the ∆𝑃

672 external (macro) view of the mechanical response:

673  , (32)∆𝜀𝑧 ≠ 0 , 𝑎𝑛𝑑 ∆𝜎𝑚𝑎𝑐𝑟𝑜
𝑧 ≠ 0
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674 is the relationship expected. Note that the macro-scale response is dependent on the stiffness 

675 ratios, along with the change in pressure, and the micro-scale parameters as before. It is not 

676 possible to eliminate the difference between the micro- and macro-scale stress components by 

677 invoking a simple relationship between the stiffnesses; the discrepancy between the micro-

678 scale condition , and the apparent stress component calculated from the ∆𝜎𝑚𝑖𝑐𝑟𝑜
𝑧 = 0

679 assumption of bulk-model elasticity (equation 31), which shows , is linked to the ∆𝜎𝑚𝑎𝑐𝑟𝑜
𝑧 ≠ 0

680 fallacy of assuming that a porous material behaves like a continuum. This important outcome of 

681 the micro-mechanics examination is explored in the Discussion.

682 Perhaps the most important point of understanding that derives from this loading Case is 

683 that changes of pore pressure (which imply additions or subtractions of fluid mass in the pore 

684 space, or changes in density of a fixed fluid mass) provoke the porous rock to attempt to 

685 change its bulk dimensions. In a constrained setting, such as the subsurface, this inducement to 

686 change dimensions is frustrated to some degree, in at least some directions, leading to changes 

687 in the normal-stress components aligned with those directions of constraint, along with 

688 changes in all directions because of the Poisson effect. The notion of stress constancy is in stark 

689 conflict with the behaviors revealed by the micro-mechanics model.

690 Loading Case 3: Undrained deformation

691 Here we investigate the interactions between solid and fluid during an un-drained 

692 deformation, when the fluid mass in the pore space remains constant while the framework 

693 undergoes strain, which alters the volume of the pore space (this is the key point emphasized 

694 by Sahay, 2013) and thus changes the pressure (and density) of the constant mass of fluid. We 
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695 consider a particular Case where the loading is an isotropic contraction specified as three 

696 positive and equal ‘principal’ strains, whose magnitudes are used as the boundary conditions. 

697 The results apply equally to the dilation case, but for simplicity of explanation, we choose 

698 words that express the contraction case. Such an isotropic loading is not realistic for any natural 

699 setting, but it is one that can be used in the laboratory. Here, it serves the purpose of 

700 illustrating the method to determine the process interactions, and more-complicated loadings 

701 (with attendant complications of the expressions) can be calculated by extending the methods 

702 described.

703 This loading provokes process interactions, and feedbacks. In order to gain insight into the 

704 feedback, we approach Case 3 by separating the loadings into single-process incremental steps, 

705 assuming that the processes are individually linear, and thus separable. This is not strictly 

706 correct, as we show, but the approach provides transparency and clarity of the equations as we 

707 develop the argument. And, since we are seeking, via the idealized model, ultimately to identify 

708 the form of the non-linear parameter interactions, it is necessary to first understand the 

709 feedbacks before writing the full expressions (which must differ for each loading arrangement).

710 We start by considering that the isotropic contractional strain of the model occurs under 

711 drained conditions, so  during that loading step. Using the condition of isotropic ∆𝑃 = 0

712 mechanical loading, we derive the increase of the three (equal) principal stresses, and then find 

713 the change (reduction) in pore volume that occurs, by determining the strains within the rods 

714 and junctions, as before. Then, we assume that the original amount of pore fluid volume was in 

715 fact trapped within the contracting pore space, and calculate the change in its pressure as a 
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716 consequence of being compressed into that smaller volume. This approach in effect assumes 

717 that there is no feedback coupling, which we correct in the subsequent step where we calculate 

718 the stress and component-strain changes within the lattice framework associated with this 

719 increase of pore pressure, while preventing any bulk strain (to keep the deformation state that 

720 was imposed in the first step). This last calculation reveals a further small decrease in the pore 

721 space due to the increase in fluid pressure. This outcome may seem counter-intuitive, with a 

722 naïve view that an increase in fluid pressure would cause dilation of the pore space. That view 

723 is linked to the unconstrained situation, where a pressure increase does cause bulk dilation, but 

724 it is incorrect for the constrained case.

725 The naïve first value obtained for the no-feedback pore-pressure change is a slight under-

726 estimate, but not a bad estimate. The small additional increase of pore pressure impacts the 

727 mechanical state of the lattice, as before. The true value for pressure could be obtained by 

728 setting up an iterative solution procedure for this non-linear problem to obtain an acceptable 

729 value. In the example here, and for the purpose of deriving understanding, that is judged un-

730 necessary, as the incremental pressure increase due to the feedback is about 1% of the 

731 pressure that is calculated to be due only to the drained reduction of pore space. In a realistic 

732 digital-rock simulation, there may well be a need to undertake a set of iterative calculations to 

733 achieve sufficient confidence in the resulting values, rather than accepting the single-iteration 

734 estimate. 

735 Drained Loading: Step 1 
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736 Here, we derive first the mechanical state caused by an isotropic contraction of the model 

737 under drained conditions, so , and:∆𝑃 = 0

738  , (33)∆𝜀𝑦 = ∆𝜀𝑥 = ∆𝜀𝑧 ≡ 𝜃

739 where  is the linear (positive for shortening) strain in each coordinate direction. Similar to the 𝜃

740 approach taken with the uniaxial loading example (Case 1, above), we need to express the 

741 stresses within the rods and junctions. Since these are the same in each coordinate direction, 

742 we show the expressions in the y-direction only:

743  , (34)∆𝜀𝑟𝑜𝑑
𝑦 =

1
𝐸[∆𝜎𝑦 ― 𝑣(∆𝜎𝑥 + ∆𝜎𝑧)] =

1
𝐸[∆𝜎𝑦 ― 𝑣(∆P + ∆P)] =

1
𝐸[∆𝜎𝑦 ― 𝑣(0 + 0)] =

∆𝜎𝑦

𝐸

744  . (35)∆𝜀𝑗𝑢𝑛𝑐𝑡𝑖𝑜𝑛
𝑦 =

1
𝐸[∆𝜎𝑦 ― 𝑣(∆𝜎𝑥 + ∆𝜎𝑧)] =

1
𝐸[∆𝜎𝑦 ― 𝑣(∆𝜎𝑦 + ∆𝜎𝑦)] =

∆𝜎𝑦(1 ― 2𝑣)
𝐸

745 By the definition of bulk strain (equation 6), we have:

746  , (36)𝜃 =
𝑡∆𝜎𝑦

𝐸 +
(1 ― 𝑡)∆𝜎𝑦(1 ― 2𝑣)

𝐸

747  . (37)∴  ∆𝜎𝑦 =
𝜃𝐸

1 ― 2𝑣 + 2𝑡𝑣

748 Note that the assumption of isotropy leads to a significant simplification of the expressions, 

749 which aids the understanding that we seek to convey. In a different case (not examined here), 

750 with anisotropic bulk strains, the equations involve thee independent principal stress 

751 components, with non-linear dependencies. The solution procedure for that loading is much 

752 more complicated.

753 Change in Pore Volume
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754 The definition of porosity  , and the expression for porosity in the lattice = 𝑉𝑝𝑜𝑟𝑒

𝑉𝑏𝑢𝑙𝑘

755 model (equation 5), provide the means of expressing the initial, reference-state pore volume in 

756 this symmetric example:

757  . (38)𝑉𝑝𝑜𝑟𝑒
𝑟𝑒𝑓 = 𝜑𝑉𝑏𝑢𝑙𝑘

𝑟𝑒𝑓 = (𝑎3 + 3𝑤𝑎2)/𝑑3 = 𝑡3 +3(1 ― 𝑡)𝑡2 = 𝑡3 +3𝑠𝑡2

758 After the drained, isotropic loading, the lattice becomes strained, such that the rods and 

759 junctions change dimensions (equations 34, 35), thus changing the values of  and . To 𝑡 𝑠

760 determine the after-deformation pore volume, we need to account for these changes in 

761 lengths, resulting from the change in bulk volume:

762  , using: (39)𝑉𝑝𝑜𝑟𝑒
𝑑𝑒𝑓𝑜𝑟𝑚𝑒𝑑 = (1 ― 𝜃)3[𝑡(1 ― ∆𝜀𝑟𝑜𝑑

𝑦 )]3 +3𝑠(1 ― ∆𝜀𝑗𝑢𝑛𝑐𝑡𝑖𝑜𝑛
𝑦 )[𝑡(1 ― ∆𝜀𝑟𝑜𝑑

𝑦 )]2

763  , and (40)∆𝜀𝑟𝑜𝑑
𝑦 =

∆𝜎𝑦

𝐸 =
𝜃

1 ― 2𝑣 + 2𝑡𝑣

764  . (41)∆𝜀𝑗𝑢𝑛𝑐𝑡𝑖𝑜𝑛
𝑦 =

∆𝜎𝑦(1 ― 2𝑣)
𝐸 =

𝜃(1 ― 2𝑣)
1 ― 2𝑣 + 2𝑡𝑣

765 Pressure Changes of Pore Fluid: Step 2

766 When the model is strained as specified, the volume of its pore space is reduced, as just 

767 shown, along with its bulk volume. In the drained loading, we in essence allowed the pore fluid 

768 to leave the model, so the pressure was not affected by the change of pore volume. Now, we 

769 wish to calculate the resultant fluid pressure if the original volume of pore fluid is compressed 

770 so that it fits into the reduced pore space. 
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771 The method of doing this is illustrated here for a fluid with a linear volumetric response to 

772 pressure change, to keep the expressions as clear as possible. We do this by assuming that the 

773 fluid compressibility, C, which is the inverse of its bulk modulus, K, is constant and thus does 

774 not vary with the absolute value of pressure. For an aqueous pore fluid, the fluid type examined 

775 here, this assumption is not far from reality, but other pore fluids, such as liquid hydrocarbons, 

776 or any gas phase, would demand the use of a more-complex calculation method.

777 The reference state of the model has been unspecified so far in this paper, but for fluid 

778 compression, if we wish to describe the fluid state by its pressure, as is the normal way, we 

779 need to assume that the fluid exists in the prior reference state at some finite pressure, 

780 denoted as . If the volume of fluid in the reference state ( , which in combination with 𝑃𝑟𝑒𝑓 𝑉𝑓𝑙𝑢𝑖𝑑
𝑟𝑒𝑓

781 the fluid density defines the fluid mass) is allowed to de-pressurize to surface conditions 

782 (where, by convention ), it will expand by a volumetric strain, and thus will have a lower 𝑃0 = 0

783 density. Because of the way that fluid compressibility is defined, it is necessary to express the 

784 volumetric strain using the surface conditions as the basis state of the fluid, so the combination 

785 of pressure and volume in the reference state are the key variables for determining the 

786 unknown fluid volume at surface conditions: 

787  , (42)𝜀𝑓𝑙𝑢𝑖𝑑_𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑖𝑠𝑒𝑑
𝑣𝑜𝑙 = (𝑉𝑓𝑙𝑢𝑖𝑑

𝑠𝑢𝑟𝑓 ― 𝑉𝑓𝑙𝑢𝑖𝑑
𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑖𝑠𝑒𝑑)/𝑉𝑓𝑙𝑢𝑖𝑑

𝑠𝑢𝑟𝑓 =
𝑃𝑟𝑒𝑓

𝐾 = 𝐶𝑃𝑟𝑒𝑓

788 allowing the de-pressurized (ie surface-conditions) fluid volume to be determined as:

789  , (43)𝑉𝑓𝑙𝑢𝑖𝑑
𝑠𝑢𝑟𝑓 = 𝑉𝑓𝑙𝑢𝑖𝑑

𝑟𝑒𝑓 /(1 ― 𝜀𝑓𝑙𝑢𝑖𝑑_𝑐𝑜𝑛𝑡𝑟𝑎𝑐𝑡𝑖𝑜𝑛
𝑣𝑜𝑙 ) = 𝑉𝑓𝑙𝑢𝑖𝑑

𝑟𝑒𝑓 /(1 ―
𝑃𝑟𝑒𝑓

𝐾 ) 
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790 which calculates an expansion of the fluid volume, as expected. The same relationships are 

791 used to determine the pressure that is created when the fluid volume at surface conditions is 

792 squeezed to fit into a different pore-space volume:

793  , (44)𝜀𝑓𝑙𝑢𝑖𝑑_𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑖𝑠𝑒𝑑
𝑣𝑜𝑙 =

(𝑉𝑓𝑙𝑢𝑖𝑑
𝑠𝑢𝑟𝑓 ― 𝑉𝑓𝑙𝑢𝑖𝑑

𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑖𝑠𝑒𝑑)
𝑉𝑓𝑙𝑢𝑖𝑑

𝑠𝑢𝑟𝑓
= 1 ― 𝑉𝑓𝑙𝑢𝑖𝑑

𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑖𝑠𝑒𝑑/𝑉𝑓𝑙𝑢𝑖𝑑
𝑠𝑢𝑟𝑓

794 again using the surface-conditions volume as the basis for the strain. The new pressure is then 

795 determined as:

796  . (45)𝑃𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑒𝑑 = 𝐾𝜀𝑓𝑙𝑢𝑖𝑑_𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑖𝑠𝑒𝑑
𝑣𝑜𝑙 =

𝜀𝑓𝑙𝑢𝑖𝑑_𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑖𝑠𝑒𝑑
𝑣𝑜𝑙

𝐶

797 Note that the pressures in these expressions are finite (gauge) values, and not differences in 

798 pressure related to some reference state, which are expressed as  in this paper. ∆𝑃

799 The above set of expressions could, instead, be written in terms of the total volumetric 

800 strain of the fluid, which would allow the changes in fluid volume to be simply determined by 

801 the strain increments (referencing the surface-condition volume), but this approach would not 

802 preserve the familiar parameter of pressure in the equations. The expressions could alternately 

803 be written in such a way as to preserve the independence from a reference state (by expressing 

804 the difference between the current pressure and the pressure of the reference state), but they 

805 would become very unwieldy when written like that, and the meaning could be obscured by 

806 complex notations. Instead, to illustrate the impacts on fluid pressure during an undrained 

807 loading, we choose an example reference state, material properties and loading (Table 1) to 

808 serve as an exemplar that allows the principles to be readily grasped.
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809 Feedback Effects on Pore Space and Mechanical State: Step 3

810 The pressure calculated as a result of the squeezing of the fluid into the reduced pore 

811 volume (equation 44) will cause the previously-at-reference-pressure model to deform further, 

812 changing the stress and strain states, and consequently, the pore volume itself. By assuming 

813 separability of processes, the added pressure  can be treated ∆𝑃𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛 = 𝑃𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑒𝑑 ― 𝑃𝑟𝑒𝑓

814 as a new loading step, combined with a no-bulk-strain mechanical constraint. This loading will 

815 further reduce the pore space (slightly), which means that the value of  calculated 𝑃𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑒𝑑 

816 by equation 45 is an under-estimate of the correct value for the undrained response. 

817 Depending on the accuracy desired, the calculation cycle could be repeated until a satisfactory 

818 result is obtained.

819 Here, we outline the new loading sub-Case that will give the alterations of mechanical 

820 state and pore volume that are associated with the increased pressure . The ∆𝑃𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛

821 method here approaches the problem in a different way to that used in the first loading Case, 

822 by formulating the no-strain conditions directly. This contrasts with the no-stress-change 

823 method described earlier (Case 1), which was followed by the calculation of a ‘restorative’ 

824 stress to negate the resulting macroscopic strains. The expressions for the element strains in 

825 the rods and junctions are formulated as before, here illustrated in the y-direction, using the 

826 appropriate model loads:

827  , (46)∆𝜀𝑟𝑜𝑑
𝑦 =

1
𝐸[∆𝜎𝑦 ― 𝑣(∆𝜎𝑥 + ∆𝜎𝑧)]

828  , (47)∆𝜀𝑟𝑜𝑑
𝑦 =

1
𝐸[∆𝜎𝑦 ― 𝑣(∆P𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛 + ∆P𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛)] =

1
𝐸(∆𝜎𝑦 ― 2𝑣∆𝑃𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛)
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829  . (48)∆𝜀𝑗𝑢𝑛𝑐𝑡𝑖𝑜𝑛
𝑦 =

1
𝐸[∆𝜎𝑦 ― 𝑣(∆𝜎𝑦 + ∆𝜎𝑦)] =

1
𝐸[∆𝜎𝑦(1 ― 2𝑣)]

830 Again using the definition of bulk strain (equation 6), we see that:

831  , (49)∆𝜀𝑦 = 𝑡∆𝜀𝑟𝑜𝑑
𝑦 + (1 ― 𝑡)∆𝜀𝑗𝑢𝑛𝑐𝑡𝑖𝑜𝑛

𝑦 =
𝑡
𝐸(∆𝜎𝑦 ― 2𝑣∆𝑃𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛) +

1 ― 𝑡
𝐸 [∆𝜎𝑦(1 ― 2𝑣)]

832  . (50)∴  ∆𝜎𝑦 =
2𝑣𝑡∆𝑃𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛

1 ― 2𝑣 + 2𝑣𝑡

833 The expression for the stress change in this loading condition indicates that this isotropic, 

834 no-strain sub-Case has a larger (by approximately 2.5X) value for the  ratio (Fig. 6), ∆𝜎
∆𝑃

835 compared to the ratio in the isotropic no-stress loading Case 1, which was determined by the 

836 method in which we ‘restored’ the resulting strains (similar to what is done in thermo-elasticity) 

837 by calculating a macro-scale stress to negate those strains. It is clear that the coupling between 

838 stress and pressure is dependent on the way that the system is loaded/constrained, along with 

839 the Poisson ratio of the framework material, and a textural or fabric dependency. The result in 

840 the present loading sub-Case also differs from the coupling ratio that was calculated for the 

841 horizontal stresses under uni-axial loading, further reinforcing the point that the poro-elastic 

842 response is dependent on material characteristics (its texture and the Poisson ratio of its 

843 constituent material), along with the context of the loading.

844 Equation 50 allows us to determine the element strains in the rods and junctions for this 

845 feedback loading:

846  , (51)∆𝜀𝑟𝑜𝑑
𝑦 =

1
𝐸(∆𝜎𝑦 ― 2𝑣∆𝑃𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛) =

1
𝐸(2𝑣𝑡∆𝑃𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛

1 ― 2𝑣 + 2𝑣𝑡 ― 2𝑣∆𝑃𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛)
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847  , and (52)∆𝜀𝑟𝑜𝑑
𝑦 =

∆𝑃𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛2𝑣(𝑡 ― 1 + 𝑣 ― 2𝑣𝑡)
𝐸(1 ― 2𝑣 + 2𝑣𝑡)

848  . (53)∆𝜀𝑗𝑢𝑛𝑐𝑡𝑖𝑜𝑛
𝑦 =

1
𝐸[∆𝜎𝑦(1 ― 2𝑣)] =

1
𝐸[2𝑣𝑡∆𝑃𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛

1 ― 2𝑣 + 2𝑣𝑡 (1 ― 2𝑣)] =
∆𝑃𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛(2𝑣𝑡 ― 4𝑣2𝑡)

𝐸(1 ― 2𝑣 + 2𝑣𝑡)

849 Now, we have the information needed to calculate the additional reduction of void-space 

850 volume created by the feedback of this pressurization loading, which modifies the (reduced) 

851 pore volume expressed in equation 45:

852 𝑉𝑝𝑜𝑟𝑒
𝑝𝑜𝑠𝑡 ― 𝑓𝑒𝑒𝑑𝑏𝑎𝑐𝑘 = (1 ― 𝜃)3[𝑡(1 ― ∆𝜀𝑟𝑜𝑑

𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑖𝑠𝑒𝑑)(1 ― ∆𝜀𝑟𝑜𝑑
𝑓𝑒𝑒𝑑𝑏𝑎𝑐𝑘)]3

853  . (54)+3𝑠(1 ― ∆𝜀𝑗𝑢𝑛𝑐𝑡𝑖𝑜𝑛
𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑖𝑠𝑒𝑑)(1 ― ∆𝜀𝑗𝑢𝑛𝑐𝑡𝑖𝑜𝑛

𝑓𝑒𝑒𝑑𝑏𝑎𝑐𝑘)[𝑡(1 ― ∆𝜀𝑟𝑜𝑑
𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑖𝑠𝑒𝑑)(1 ― ∆𝜀𝑟𝑜𝑑

𝑓𝑒𝑒𝑑𝑏𝑎𝑐𝑘)]2

854 Using the methods outlined above, we are thus able to calculate the increase of the pressure 

855 that is due to the additional reduction of pore space. 

856 Calculations for undrained isotropic case: Step 4

857 Using the exemplar reference case values for state parameters and material properties 

858 (Table 1), the consequences of an undrained, isotropic contractional strain can be calculated. 

859 The change in pressure  scales (in a power law way) with the magnitude of strain (Fig. 7). ∆𝑃

860 There is a tiny dependency of that relationship on the absolute value of , but the 𝑃𝑟𝑒𝑓

861 dependence on pressure is too small to show on the plot. The values of  are smaller by about ∆𝑃

862 6% if  is increased to , which is equivalent to . The values of  increase by 𝑡 𝑡 = 0.35 𝜑 = 0.28 ∆𝑃

863 about 4% when , and the dependency on  is . Almost all of  is due to the 𝑣 = 0.4 𝐸 ~𝑂(10 ―5) ∆𝑃

864 contraction of the pore space as calculated in the drained condition, and the pressurization of 

865 the original fluid volume into that space. Only about 1% of its value is due to the feedback as 
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866 we calculate the model’s pore-space response to the imposition of the new pressure loads 

867 (equation 54). In practical terms, the relationship is essentially independent of the 

868 characteristics and properties of the medium for this loading condition.

869 As the value of the imposed strain increases, this ‘external’ contraction causes the stresses 

870 in the model to increase. The stress-component magnitudes increase at a faster rate than does 

871 the rate of pressure increase, so the effective stress (eg ) increases as the strain 𝜎′ = 𝜎 ― 𝐼𝑃

872 magnitude becomes larger (Fig. 8), with a significant change in the rate of increase when the 

873 isotropic linear strains exceed . The implication of these relationships is that an isotropic, ~10 ―3

874 un-drained loading does not progress towards low effective stresses that might lead to 

875 dilational types of failure modes, as have sometimes been proposed to be the result of the 

876 increase in pore pressure; that false thinking is again related to the notion that stress is 

877 constant. In fact, the stresses increase at a more rapid rate than the pressure, and so the failure 

878 mode (if the straining continues) would be expected to be of a compactional type. That failure 

879 or yielding would terminate the validity of the poro-elastic behavior calculations, with plastic 

880 mechanisms needing to be addressed (via models of a completely different type).

881 In the loading situation examined here, the poro-elastic response to straining in undrained 

882 conditions is ‘benign’ in the sense that the pressure and stress evolutions follow monotonic and 

883 continuous pathways, without any sign of reversals or jumps. This statement applies equally, of 

884 course, to the case of extension (which could be called an unloading) strain condition, only with 

885 the need to change the signs. However, the benign behavior of the poro-elastic model does not 

886 mean that such loadings never cause failure, which if it occurs would provoke a major 
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887 departure from the continuous and monotonic paths. The introduction of potential 

888 failure/yielding conditions, into the lattice model, is conceptually possible, but beyond the 

889 scope of this paper, and it would at any rate involve some problematic representations of how 

890 failures affect the subsequent mechanical responses. It is probably preferable to focus future 

891 attention on the use of numerical approaches, starting with a close examination of how well 

892 they calculate the same lattice model examined here.

893 Discussion

894 The Discussion examines several topics in sequence, starting with a set of comments 

895 relating to the phenomenological understanding developed in this paper. The next sub-section 

896 summarizes and expands on a list of issues that need to be addressed in the transformation of 

897 micro-mechanical understanding to the continuum scale. This is followed by an analysis of the 

898 conceptual basis for translating micro-mechanical results into a continuum-equivalent material 

899 law. Finally, a sub-section compares the approach adopted in this paper with a range of 

900 practices where numerical upscaling is well established.

901 Phenomenological Understanding

902 The micro-mechanical analysis presented here enables us to derive phenomenological 

903 understanding of the process interactions, occurring within a porous geomaterial, that lead to 

904 its composite poro-elastic response. In particular, the behavior of the micro-scale model reveals 

905 that there are different roles for the parts of the rock framework that can be classified as the 

906 load-carrying ‘beams’ (or rods as used herein) that span between points where the beams 

907 connect (called junctions herein). The beams/rods of the framework are quasi-linear elements 
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908 (they could be of uniform section, but more-complicated shapes, such as conical changes of 

909 section, should also have a similar response) that are exposed to fluid pressure directly on their 

910 exposed surfaces. The connecting junctions are less directly exposed to fluid pressure, and 

911 receive some of their loading from the elongations or shortening of the rod-like elements, so 

912 they have both direct loading from the external setting, and loads arising from the strains 

913 induced in the rods by fluid energy. The beams/rods change their lengths due to the Poisson 

914 effect of the elastic material that comprises the framework, while the Poisson effect in the 

915 junctions is essentially limited to that caused by the framework itself, since they are not much 

916 exposed to the fluid. In a lesser- or non-cemented granular material, the rods are small or non-

917 existent (Fig. 1A), and the grains themselves are subjected to the fluid loads, along with their 

918 role in reacting to imposed bulk strain. The analytical formulation used herein cannot be simply 

919 applied to the granular case, due to the extreme local variations (‘force chains’) that emerge in 

920 such systems, which render the lattice model invalid. Any extension of the understanding 

921 obtained here, to granular materials, requires suitable numerical formulations in order to be 

922 tested. The adoption of a grain-based perspective for rocks is perhaps tempting (for example, 

923 see Miller 1995, who emphasizes the shrinkage of isolated grains due to pressure increase, and 

924 then applies that understanding to the issue of hydraulic fracturing and maintenance of 

925 fracture openings). Unfortunately, that approach completely misses the role of the rods and 

926 their predominant role in governing the bulk poro-elastic response.

927 A bulk external strain, imposed onto our model, but with no change in fluid pressure 

928 (hence a ‘drained’ situation), causes the framework to experience strain (Case 3). The strains 

929 are not uniform in the two types of framework elements (rods and junctions), and they differ in 
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930 the coordinate directions of the model if the external loading is non-isotropic. These local 

931 inhomogeneities of states are similar to what is appreciated to be the common situation in 

932 granular systems, and which is becoming understood as applying to fractured systems also. 

933 Experimental and simulation studies of real or realistic geomaterials and analogue materials 

934 reveal that internal state heterogeneities are almost universal during the response of a bulk 

935 sample to loading, especially as the end of elasticity is approached, and afterwards as the bulk 

936 material experiences plastic strain and localizations (Andò et al 2012). Such work shows that 

937 geomaterials (systems of particles, and cemented rocks) develop concentrations within the 

938 model domain where textural or architectural components carry disproportionate fractions of 

939 the load, with other sets of particles or finite cemented regions that carry little or no loads. The 

940 same auto-organization into loaded and not-loaded regions seems to apply equally to systems 

941 of discontinuity-bounded blocks of rock (Hall et al 2007; Baghbanan and Jing 2008; Scholtès and 

942 Donzé 2012). Along with the results herein, this growing appreciation highlights an issue with 

943 the tendency to treat discrete models and continuum models as being equivalent.

944 The micro-mechanics analysis undertaken here highlights the significance of recognizing 

945 the emergent spatial variations of local states, possibly over many length-scales, and that these 

946 are associated with particular geometric and topological aspects of the rock framework that 

947 respond differently to the loading. This identification of the internal heterogeneities of state is a 

948 step in the progressive evolution of understanding the physics basis of poro-elasticity. That 

949 investigation has been rooted in Biot’s modified-continuum concept. The continuum idea 

950 dominated thought for decades, in which attempts were made to identify the meaning of Biot’s 

951 parameters. More recently the progression has begun to consider the pore space behavior as a 
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952 discrete component that needs to be included in the (still dominantly continuum) theory (eg 

953 Sahay 2013; Müller and Sahay 2016a,b), and explicit pore-space+framework models are starting 

954 to be used in the derivation of elastic and acoustic responses (Eng et al 2016; Saxena et al 2017; 

955 Das et al 2018; Ahmed et al 2019). The present work is the first, apparently, to extend this line 

956 of thinking to the point of identifying the specific roles for the types of textural elements in the 

957 framework, and how they manifest their role in the bulk poro-elastic response. 

958 In the model used herein, the parameter  relates to porosity, as well as in some loose way 𝑡

959 to what can be called the rock texture. No single parameter will capture the essential texture 

960 aspects of a real digital rock model, although work in granular geomaterials shows much 

961 promise for capturing textural roles via a small number of descriptors (e.g. Li and Dafalias, 

962 2015). Thus, we have to infer here that the role of  is only as a proxy parameter for complex 𝑡

963 textures, and that a more-complex relationship will emerge when realistic textures are 

964 considered in subsequent numerical work.

965 In the lattice model, the orthogonal elements are composed of a single material, and there 

966 are no defects to consider (eg interfaces, or even gaps, between original grains and the 

967 surrounding, possibly different-material, cements). This simplicity of the model configuration 

968 means that the local variations in mechanical state are due only to the conditions imposed 

969 (fluid pressure and the external loads), and the reaction and interaction of the framework 

970 elements. The implication is that variation of local (micro-scale) states is an inherent aspect of a 

971 multi-connected framework comprised of differing types of parts (this appears to be almost the 

972 same idea that is described by Sahay (2013) as a ‘micro-inhomogeneous’ deformation). This 
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973 remains true even when there is no geometric irregularity that could be used as an excuse to 

974 explain the heterogeneity of resulting states. In contrast, geometric complexity is an 

975 inescapable feature of realistic digital rock models. The work reported here is important 

976 because it identifies a fundamental source of state heterogeneities that are associated with the 

977 degree to which a textural component is directly exposed to the fluid pressure. That 

978 understanding must be carried forward into the interpretation of numerical simulations of 

979 realistic rock textures.

980 Issues in Deriving Continuum-Scale Responses

981 As demonstrated via the three Cases examined herein, it is possible to employ a micro-

982 mechanics model to calculate the bulk response of that model to a given loading, along with 

983 the changes in the local states within the framework, and the state of the pore fluid. However, 

984 the analysis reveals that there are some problems with approaches that have been considered 

985 as acceptable for many decades. The notion of calculating a ‘restorative’ stress, which negates 

986 the strain associated with a fluid pressure change, is determined by assuming that the model 

987 behaves like a continuum. In this method, the bulk (or component) strain is reversed by the 

988 invention of a continuum-equivalent set of stress components – normally in a 1D fashion for 

989 each direction, without a consideration of the constraints related to the other coordinate axes. 

990 We showed, via the results obtained in the first step of the derivation of Case 3, that the 

991 ‘restoration’ method (as used in Case 1) gives a false answer. The reason for this is related to 

992 the assumption that continuum rules apply in a porous material, which the results here show to 

993 be a false assumption. We examine this matter further in the following section.
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994 Another issue that we have identified is related to the use of stress boundary conditions in 

995 the micro-mechanics model. In the uniaxial strain conditions of Case 2, we assigned the micro-

996 scale change of vertical stress to be identically zero (ie constant framework stress). The result of 

997 the calculation reveals a vertical elongation of the model domain. We then derive an expression 

998 (equation 31) for the apparent or ‘effective’ macro-scale vertical stress component, which has a 

999 dependency on the macro-scale stiffness .This ‘property’ could be taken as the 𝐸𝑚𝑎𝑐𝑟𝑜

1000 ‘unknown’ parameter which provides a link between scales, in a situation where the micro-

1001 scale stress component was non-zero (see more on this in the next section). However, it is very 

1002 clear that there is no single, non-zero, macro-scale stiffness that will allow equivalence between 

1003 the zero-value micro-scale, and non-zero-value macro-scale, stress components. Nor will any 

1004 ratio of stiffnesses allow the micro- and macro-scale stress components to be related in a fixed 

1005 ratio, such as by ratioing them via the effective cross-sectional area of the solid elements in the 

1006 micro-scale model. These issues point to a fundamental conceptual problem with the very 

1007 notion of stress in a porous material. The examination of that conundrum is a much larger task 

1008 than can fit within the scope of this paper, and will be addressed in a following publication.

1009 Based on the demonstration herein, a micro-mechanics approach can be used to 

1010 determine the continuum-scale poro-elastic response of a suitable model that represents the 

1011 micro-scale geometric complexity of a porous material. This claim assumes that a numerical 

1012 simulation can be employed to replicate the essence of the calculation approaches employed 

1013 herein, but which will necessarily involve model configurations that are not in a regular lattice 

1014 arrangement. Those envisaged numerical methods are not the subject of this paper, although it 
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1015 is worth noting that they will have to address some concerns that were avoided in the present 

1016 work. These include: 

1017  testing and selecting appropriate algorithms for converting a (typically) voxellated 

1018 digital-rock model into a discretized form (such as a finite element mesh) – such 

1019 considerations arise because the voxels are too coarse to use directly, and the 

1020 conversion involves choices about how to fit smooth (but still meshed) surfaces 

1021 through the boundaries of solids and void spaces – with associated schemes for 

1022 deriving quality meshes that suit the simulation needs; 

1023  considerations in regard to whether it is necessary to assign different materials to 

1024 parts of the model – this could be for the local regions composed of quartz and 

1025 feldspar grains, and for the cements that bind those grains together;

1026  considerations about introducing grain/cement interface characteristics, or the 

1027 possibility of cracks along contacts between grains or between grain and cement;

1028  deciding what to do about ‘additional’ materials, such as clay coatings on grains 

1029 (which might play little role in the poro-elastic response), or ‘floating’ particles that 

1030 are imaged within pores, or even intra-grain voids.

1031 None of these points is unique to the poro-elastic simulation task, because these concerns 

1032 also arise in other digital-rock work where imaging methods impose limitations that make it 

1033 difficult or impossible to obtain an ‘exact’ model of a real material. However, the needs of a 

1034 poro-mechanical simulation involve matters that are usually ignored in the use of digital rocks 

1035 for fluid flow calculations. An example is the question of whether the model will be 
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1036 appropriately constrained if the boundary conditions are applied along the planar ‘cut’ face of a 

1037 solid element (such as a grain) that intersects the margin of the model domain. If the particular 

1038 edge face is both large (as a fraction of the model size) and poorly connected to the remainder 

1039 of the domain, this could well be problematic. The point here is that there are many issues 

1040 which cause the task to be significantly challenging, with a significant research effort being 

1041 required to address questions about possible artefacts introduced because of choices that have 

1042 to be made. The progress towards performing poro-elastic simulations on a routine basis 

1043 demands finding answers to many outstanding questions.

1044 Translation of Micro-Scale to Continuum

1045 Irrespective of those listed concerns, which are yet to be addressed and resolved, the 

1046 recommendation that is made possible by the present outcomes is to perform the eventual 

1047 numerical simulations using strain boundary conditions. The purpose of such a micro-

1048 mechanics simulation is to derive a macro-scale response. As we have seen earlier in this paper, 

1049 a stress (or traction) boundary condition leads to a model response that contains 

1050 contradictions, between the imposed traction value (which is imagined to relate to the external 

1051 or macro-scale), and the equivalent macro-scale stress component that matches with the 

1052 model strains. If strain boundary conditions are imposed, those strains have a clear relationship 

1053 with the far-field strain state, because the micro-scale model boundary is also a virtual surface 

1054 within the coarse-scale setting, and we can plausibly impose a consistency of displacement. The 

1055 bulk strain can be translated into equivalent macro-scale stresses, by assuming that the domain 

1056 is a behaving as a continuum equivalent, via identification of a suitable set of macro-scale 
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1057 elastic properties. In this way, the upscaled material properties form an equivalent ‘material 

1058 law’ for use within that larger continuum setting (see additional comments below).

1059 Presuming that, at some point in the future, a qualified numerical simulation toolset 

1060 becomes available for running micro-mechanics process simulations on a suitable spectrum of 

1061 digital-rock models, the simulator could be used (Fig. 9) to develop an extensive database of 

1062 poro-elastic responses, from which new generalizations could be extracted. The workflow 

1063 illustrated in Figure 9 includes provision for addressing variations in the digital-rock models, to 

1064 account for unknowns, and to enable speculative features (eg diagenetic and deformation 

1065 effects) to be included in ‘this’ sample. Based on the arguments outlined above, the model 

1066 outcomes, for the suite of variants of ‘this’ sample, will be expressed as internal states (of strain 

1067 and stress, in the framework elements of that digital-rock model) that are associated with the 

1068 bulk-strain boundary conditions, and the imposed changes of fluid pressure. 

1069

1070 How can the information contained in that database be translated into ‘laws’ describing 

1071 macro-scale poro-elastic behavior? We noted, above, that the state of internal stress (in a 

1072 micro-mechanics model) is both heterogeneous, and that there is no characteristic site in the 

1073 model where the local state of stress has a simple relationship with the continuum-equivalent 

1074 external stress that can be derived from treating the model domain as an elastic material. 

1075 Performing physical experiments is one potential approach to discovering a suitable 

1076 equivalence: such an experiment provides a set of stress-strain data points during the loading 

1077 and unloading, along with measurement(s) of the pore pressure. However, there are some 

Page 53 of 96 Geophysics Manuscript, Accepted Pending: For Review Not Production



Micro-Mechanics Basis of Poro-Elasticity

– 54 – 

1078 issues relating to experimental methods which need to be considered. The sample in the 

1079 experiment is (typically) much larger than the volume of the digital-rock model, so there is 

1080 potential for textural variations inside the sample that would complicate the association of the 

1081 digital-rock model with the larger sample. When the sample is loaded, using the usual 

1082 experimental design that involves confinement via a pressurized fluid exerting loading onto the 

1083 membrane-surrounded sample, the sample does not exhibit uniform strain, even when in the 

1084 initial part of the loading. The sample develops a barrel shape, which cannot trivially be linked 

1085 to a single state of uniform strain. Moreover, the strain state in the experiment has, nominally, 

1086 a radial symmetry, which precludes exploration of true-triaxial strain states in the usual axi-

1087 symmetric configuration. Even true-triaxial apparatus designs (eg McDermott et al 2018) have 

1088 issues in terms of demonstrating the achievement of a truly-uniform state of strain. Thus, 

1089 undertaking experiments, aimed at achieving a precise suite of strain states, is problematic. 

1090 And, in those rocks with very low permeabilities, it is very challenging to achieve control over 

1091 pore pressure, or to ensure that the pore pressure is uniform over the sample volume. And, as 

1092 was mentioned earlier, experimental determination of poro-elastic parameters is not viewed as 

1093 a robust approach, and such work attracts many questions. Moreover, even if it is possible to 

1094 resolve all of these concerns, the number of experiments that can practically be undertaken is 

1095 small in comparison to the number of digital-rock models likely to be seen as needed to 

1096 develop comprehensive knowledge.

1097 Although some well-designed experimentation is clearly necessary, to provide what ground 

1098 truth is achievable, a different and complementary approach is required in order to translate 

1099 the potentially vast set of simulation outcomes into poro-elastic behavior laws. The method 
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1100 needs to be numerical, so that it can be applied to every digital-rock simulation outcome that is 

1101 located in that database of results. More importantly, the method needs to derive equivalent 

1102 stress-strain relationships that can be used in coarse simulations to correctly represent the 

1103 physics, translating the micro-scale processes to their representation at the continuum scale. 

1104 This approach also provides, in principle, a means of ‘down-scaling’, from any point (this could 

1105 mean space or time) in a coarse-scale continuum simulation, to infer micro-scale conditions and 

1106 local interaction processes at the small scale – as revealed by the behavior of the specific micro-

1107 scale model which is the source of that process understanding.

1108 As we demonstrated in the analysis of Case 2 (equation 31), an internal stress component 

1109 may have no simple functional relationship to the equivalent macro-scale stress component – 

1110 indeed, in the Case examined, there is no functional relationship at all. So the external 

1111 equivalent stress has to be determined via different reasoning. The parameters in equation 30 

1112 are dominantly the characteristics that relate to the micro-mechanics model, but, importantly, 

1113 the macro-scale apparent stiffness  is also needed to determine the macro-scale 𝐸𝑚𝑎𝑐𝑟𝑜

1114 apparent stress . What is needed is an independent way to determine the macro-scale 𝜎𝑚𝑎𝑐𝑟𝑜

1115 equivalent stress-strain relationship:

1116  , (55)𝜎𝑒𝑞𝑢𝑖𝑣 = 𝐶𝑒𝑞𝑢𝑖𝑣∷𝜀𝑚𝑎𝑐𝑟𝑜

1117 where  is a tensor that may well look (somewhat?) like an isotropic elastic model, with 𝐶𝑒𝑞𝑢𝑖𝑣

1118 parameters like  and . As revealed herein, the tensor  is dependent on the 𝐸𝑒𝑞𝑢𝑖𝑣
𝑥 𝑣𝑒𝑞𝑢𝑖𝑣

𝑥 𝐶𝑒𝑞𝑢𝑖𝑣

1119 constraints, along with the fluid energy state (and maybe other factors that will emerge), so it is 
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1120 not a true material characteristic in the continuum sense. Instead, this tensor is only a cross-

1121 scaling device that connects the micro-scale to the continuum-scale. 

1122 A suggestion, for the ‘independent way’, is to enforce a constraint that the energy content 

1123 of the macro-scale equivalent material law (which has to be expressed as values or functions, 

1124 and not as simple fixed ‘material’ parameters) is equal to the energy contained in the micro-

1125 mechanics system. The adoption of continuum laws ensures this energy consistency when 

1126 scales change within a true continuum. But, that consistency is not guaranteed when we 

1127 acknowledge heterogeneity of local states within the system that is being upscaled: ie the 

1128 micro-mechanics digital-rock model. The resulting ‘law’ will involve the need to accept that the 

1129 state of stress within the framework of a rock is not the same as the equivalent stress used in a 

1130 continuum representation of that porous rock. This departure from continuum thinking will 

1131 involve many changes to the ways that problems are addressed. 

1132 Acknowledgement of, or evidence for, energy discrepancies across scales, is emerging in 

1133 several geomaterial investigations, in cases where the ‘material’ is recognized as being a system 

1134 of multiple parts, with internal states exhibiting non-uniformity (Tordesillas et al 2015a,b; Hu et 

1135 al 2016; Hurley et al 2016, 2017; Soriano et al 2017; Polsky et al 2017; Desrues et al 2018). 

1136 Together, and reinforced by the results herein, these realizations are pointing towards the need 

1137 to re-consider what may be missing or wrong when we adopt a continuum-based frame of 

1138 reference for geomaterials. A full discussion of those challenges is beyond the scope of the 

1139 present paper. However, the point is made that an acknowledgement of discrete-ness, in a 
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1140 micro-mechanics digital-rock analysis, has substantial knock-on implications for the methods 

1141 and conceptual frameworks used in large-scale simulations.

1142 Upscaling: Why This Term Is Suitable

1143 A common approach in the subsurface analysis of fluid flow is to perform numerical 

1144 simulations of the processes. The length-scales involved can be large, ranging from ~(O)km to 

1145 10s of km. In order to achieve satisfactory results, the model domains often require 

1146 consideration of small-scale heterogeneities. The computational challenge of using a fine grid, 

1147 but a large domain, are considerable. A common approach to this problem is to derive 

1148 equivalent or ‘effective’ properties to be used in the coarse solution grids to achieve the 

1149 required computational efficiency. The transformation of detailed information into an 

1150 equivalent representation is usually called ‘upscaling’ (Christie and Blunt 2001). 

1151 In fluid-flow problems, such as arise in hydrogeology or petroleum engineering, it is 

1152 sometimes possible to achieve acceptable results by deriving upscaled property values on the 

1153 coarse-scale grid, by means of simple averaging of the smaller-scale permeability 

1154 heterogeneities, using arithmetic, geometric or harmonic averages to suit the spatial 

1155 arrangement of those heterogeneities (Jensen et al 1997). Such averaging may not work well 

1156 for situations with multi-phase fluids, where the flow process involves non-linearities relating to 

1157 the dependence of the relative permeabilities on saturations (Corbett et al 1998; Arbogast 

1158 2002; Pickup and Hern 2002; Pickup et al 2005; Zehe et al 2006). The averaging method may 

1159 also be unsatisfactory in single-phase problems, especially if the spatial arrangements are 

1160 complicated and/or include large variations in the property involved (Ma et al 2006), or if the 
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1161 problem requires additional process considerations, such as solute transport (Geiger et al 

1162 2010). The use of smaller-scale models, which retain details of the spatial heterogeneity, to 

1163 derive effective responses for use at coarser-scales, is particularly important in problems 

1164 involving strong process interactions, such as with geomechanics interacting with fluid flow, 

1165 where cases with fractured-rock masses exhibit simulation responses that are non-monotonic 

1166 functions of the governing variables (Reynolds et al 2007; Couples 2014). 

1167 The approach used to address these issues is numerical upscaling, which involves the 

1168 creation of a model of a part of the global domain which captures the smaller-scale distribution 

1169 of materials and thus their properties and processes, and then performing a simulation using 

1170 that small-scale discretization. The simulation response of the fine-scale model is converted 

1171 into an ‘effective’ coarse-scale ‘property’ that – when used in a coarse-scale model composed 

1172 of an array of cells, each capturing the upscaled ‘property’ of their fine-scale contents – gives 

1173 almost the same global simulation outcome as would have been obtained with a 

1174 computationally-costly, fine-scale model of the entire large domain. Upscaling methods have to 

1175 be aware of issues related to inappropriate choices in boundary conditions, which can render 

1176 their outcomes to have little practical value, but multi-scale methods are an example of the 

1177 developments that seek to overcome the known issues associated with numerical upscaling.

1178 The work described herein uses the idea of upscaling to transform the micro-mechanics 

1179 process interactions, operating in a porous medium, to an equivalent or ‘effective’ bulk 

1180 response (eg Fig. 9 and related discussion). The pore-scale model expresses the smaller-scale 

1181 heterogeneity of the arrangement of solids and voids. The model domain represents the 
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1182 coarse-scale, which is a scale that allows a continuum-equivalent response to be derived. In the 

1183 simplified geometry chosen here, that coarse-scale can be as small as the unit cell, or any larger 

1184 size of domain, since the model repeats the same unit cell ad infinitum. If (or rather, when) the 

1185 approach is applied to more-realistic digital-rock models, with internal geometric irregularities, 

1186 the coarse-scale will be identified as the REV of the digital-rock modelling method, or some 

1187 other appropriate scale. That may require a multi-stage upscaling process to be able to fully 

1188 capture the heterogeneity and to retain the physics of the process interactions. In the examples 

1189 herein, the calculation at the fine-scale is deliberately formulated as analytical expressions, so 

1190 numerical methods are not required to accomplish the upscaling to the continuum scale. Full 

1191 numerical methods will be needed to achieve similar outcomes when using digital-rock models 

1192 that have complex spatial arrangements of solids and voids.

1193 Because the calculations described in this paper involve processes, and especially because 

1194 the process involves movements of the model’s components, we prefer to adopt the term 

1195 upscaling to describe the translation from the micro-scale to the macro-scale. This choice 

1196 relates to the similarity with the upscaling work mentioned in this section, where the 

1197 motivation is to appropriately capture process outcomes.

1198 We contrast the upscaling of the micro-mechanics digital-rock models presented herein, 

1199 with the approach pioneered by Biot, who formulated his poro-elasticity concept by a method 

1200 that amounts to a weighted-averaging of state variables, with the weighting factors primarily 

1201 being linked to volume fractions. The ‘process’ in Biot’s model is only implicit, which means that 

1202 a change of state is deemed as defining the continuum process. The discrete approach adopted 
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1203 herein highlights that the resulting states inside the model domain are strongly partitioned. We 

1204 choose to employ the term ‘upscaling’ for our approach because the heritage of that term is 

1205 strongly associated with recognition of small-scale heterogeneities and their role in processes.

1206 Implications for Current Approaches in Poro-Elasticity

1207 The utility of continuum-based solution methods for a poro-elastic problem (or a problem 

1208 including poro-elasticity) is not under imminent threat of extinction. There is no alternative 

1209 approach that can now be envisaged for achieving the simulation of large-scale and complex 

1210 problems. What is under threat is the un-examined assumption that the upscaled material laws 

1211 must obey the traditional rules associated with continuum mechanics. Interesting 

1212 developments have recently been described that replace the continuum material law with the 

1213 outputs of discrete model simulations at smaller scale, in what is called a two-scale approach 

1214 (Andò et al 2013; Nguyen et al 2013; Desrues and Ando 2015; Desrues et al 2015, 2017). These 

1215 demonstrations prove that there is a robust future for continuum methods in geomechanical 

1216 subjects, but that the descriptions of material behaviors can (and must) be extended, but with 

1217 that enrichment being well-grounded in rigorous micro-mechanics physical understanding. This 

1218 apparent ‘problem’ is best viewed as a great opportunity to provide a formal link across the 

1219 scales, thus allowing the continuum geomechanics simulations to be robustly down-scaled in a 

1220 way that captures the actual micro-scale changes that govern important emergent properties. 

1221 These emergent phenomena include the transport of: fluids, electrical current, electromagnetic 

1222 waves, acoustic waves, heat, and, especially, how these are affected by the deformation 

1223 processes, and how the deformation affects the transport.
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1224 As an example of the challenges when considering interactions, consider the example 

1225 described earlier. The use of ideas associated with the continuum elasticity perspective is 

1226 shown to lead to a contradiction between the notion of a ‘restorative’ stress, compared with 

1227 the micro-scale formulation of the problem with a no-strain boundary condition (compare 

1228 equation 16 with equation 50). The same contradiction arises with a thermo-elastic problem (eg 

1229 Love 1927), even if fluids are not involved, and where the materials are treated simply as a 

1230 classical continuum (Couples et al 2018). The notion of addressing process interactions (e.g. 

1231 fluids or thermal processes affecting an elastic continuum; see Norris 1992) via the use of a 

1232 ‘restorative’ stress, as has been standard practice for a long time, is clearly problematic. 

1233 Perhaps the most significant outcome of this study is what it says about the Biot (1941) 

1234 formulation of poro-elasticity, and how that theory has been adapted and applied up until now. 

1235 Biot implicitly assumed that the bulk material is described by continuum behavior, and that 

1236 energy balance occurs, naturally, within the frame of continuum principles. He added new 

1237 responses to that basic behavior to account for the pore fluid pressure, and asserted that he 

1238 had correctly captured the energy contributions of that interaction within his formulation. From 

1239 today’s perspective, we might call Biot’s concept an ‘enriched’ formulation. Unfortunately, 

1240 Biot’s approach did not prompt him to consider the micro-mechanical details, and in particular, 

1241 he did not allow for the work associated with movement of the solid/pore walls (Muller and 

1242 Sahay 2017; Ahmed et al 2019). So, Biot’s energy-conservation arguments, which form the basis 

1243 for his derivation of the interaction parameters, are in fact written in a way that does not 

1244 conserve energy, because they leave out an important contribution. 

Page 61 of 96 Geophysics Manuscript, Accepted Pending: For Review Not Production



Micro-Mechanics Basis of Poro-Elasticity

– 62 – 

1245 The majority of prior work on poro-elasticity is framed within the perspective of 

1246 continuum. This outlook does not entertain the notion that the state within a domain may 

1247 differ from the far-field state – since the consistency of states across scales is the defining 

1248 characteristic of the continuum idea. The introduction of voids/pores into the continuum, and 

1249 even the consideration of connected pores, did not lead to a widespread questioning of the 

1250 validity of the continuum concept. Instead, it was assumed, as is common in continuum 

1251 methods, that the roles of such ‘defects’ could be addressed by the addition of new 

1252 parameters. To account for the role of pressurized fluid in the pores, the continuum perspective 

1253 allowed the formulation of interactions of the sort first suggested by Biot (eg equations 1a, 1b). 

1254 Continuum-focused reasoning enabled Biot (and others) to pose arguments concerning the 

1255 relationships between the parameters in those expressions. And that outlook has governed the 

1256 majority of work since, with efforts focused on deriving other ways of expressing the 

1257 parameters (in terms of accessible properties), and thus indicating what experimental 

1258 approaches were needed. 

1259 In contrast, the approach adopted herein is to derive the effective poro-elastic response of 

1260 a model in which we explicitly represent the sort of micro-scale arrangements of solid and void 

1261 that are typical of rocks. We do not assume that the far-field state exists inside the model, and 

1262 refer to the far-field only in terms of establishing the boundary constraints for the problem. We 

1263 find that the response of the model, which is treated like a system, exposes differences 

1264 between the internal states and those which might be expected from the far-field perspective. 

1265 This is a fundamental difference in comparison to the continuum-based thinking which assumes 

1266 (usually only implicitly) that the far-field and internal states are consistent. Indeed, without the 
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1267 micro-mechanics analysis, there would be no reason to expect any differences. But, differences 

1268 there are. And that poses a challenge for the whole basis of the idea of poro-elasticity.

1269 The short-term perspective for poro-elasticity research may well be one that involves some 

1270 disruption of established methods, and a re-examination of central concepts. More, and better, 

1271 micro-mechanics simulations are very likely to appear. Although it is appropriate for those 

1272 studies to compare their results with the established framework of poro-elasticity, there is also 

1273 a need to examine the outcomes carefully, and to be prepared to acknowledge when they 

1274 differ from what would be predicted from the classical theory. Differences do not necessarily 

1275 mean that the simulations are erroneous, and may, instead, be showing the importance of 

1276 adopting a new perspective on poro-elasticity: it is not a material law, but instead is the 

1277 composite response of a micro-system that is not a smaller-scale version of a continuum.

1278

1279

1280 Conclusions

1281 The analysis documented in this paper reveals that poro-elasticity is not a material 

1282 property. Instead, poro-elastic behavior at the continuum scale is the response of a pore-scale 

1283 system of rock framework and pore fluid, with a critical dependence on the constraints. While it 

1284 is possible, in principle, to translate the behavior of the pore-scale system into an effective 

1285 continuum behavior ‘law’, that derived response does not follow the same relationships as does 
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1286 a continuum material law. This conclusion has profound implications for poro-mechanics 

1287 research. 

1288 The micro-mechanics analysis undertaken herein, of the coupled behavior of a fluid-filled 

1289 porous geomaterial, leads to new phenomenological insights. The results indicate that local 

1290 mechanical states inside the rock framework are heterogeneous – because of its geometry and 

1291 topology, and because of the way that the pore fluid directly impacts only parts of that 

1292 framework. The outcomes reported here confirm – as expected – that a bulk strain changes the 

1293 pore volume, but the pore-volume change is dependent upon the strains in the framework 

1294 components that combine to achieve the bulk strain. The so-called compressibility of the pore 

1295 volume is similarly dependent on the model constraints, and so is not a material characteristic.

1296 In a coordinate direction with a no-strain boundary condition, a change of pore pressure 

1297 causes a change in the framework stress. More-complicated strain boundary conditions reveal 

1298 interactions between directions, relating to the Poisson effect within elements of the 

1299 framework. Stress (traction) boundary conditions are associated with bulk strains in that 

1300 coordinate direction that cannot be reconciled with the imposed far-field stress value. 

1301 The change in stress components, caused by the elastic strains of the framework 

1302 components, is the real process that has historically been expressed by the law of effective 

1303 stress. The insights gained here demonstrate that the role of the classic ‘Biot ‘ parameter is 𝛼

1304 incorrectly identified in previous works, due to an algebraic reorganization of the coordinate-

1305 direction expressions of stress and pressure. 
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1306 The micro-scale poro-elastic responses of geomaterials cannot be inferred, simply, by 

1307 partitioning of the bulk changes derived from a continuum perspective. Rather than being a 

1308 material characteristic only, poro-elasticity depends on the strain boundary conditions. The 

1309 derivation of poro-elastic behavior must be derived from consideration of discrete micro-

1310 mechanics interactions. 
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1665 Figure Captions

1666 Figure 1. (A) SEM image of a lightly-cemented sandstone, where the original grains are still 

1667 the prominent textural features. (B) SEM image of a lower-porosity sandstone with more 

1668 cement than in (A). Note how the cements lead to long ‘rod-like’ textural elements. (C) Lattice 

1669 digital-rock model of a porous rock, constructed from repeated unit cells (D). Here the model is 

1670 shown with high porosity for clarity, but the typical model has a much-lower porosity. (D) Unit-

1671 cell, whose size is ‘d’ (see (C)), and the linear dimension of a unit-cell that is solid is ‘w’. The 

1672 linear dimension of the pore space is ‘a’. The three plate-like elements are called the ‘rods’, and 

1673 they surround the cubic element, which is called the ‘junction’. The dark-shaded face in (C) can 

1674 be interpreted as the external boundary of the model, where external loads or constraints 
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1675 affect the axial state of a set of rods, but never (directly) the state in their transverse directions, 

1676 which are loaded by the fluid pressure.

1677

1678 Figure 2. Functional relationship between model texture parameter ‘t’ and porosity.

1679

1680 Figure 3. Illustration of a typical digital-rock model. The solid components (‘framework’) 

1681 are depicted in dark grey, while the exposed pore network is shown in lighter grey.

1682

1683 Figure 4. Depiction of the ratio of the pore space comprised of ‘nodes’ compared to the 

1684 space in ‘bonds’. Note that as ‘t’ becomes larger (> 0.4), the relative contribution from nodes is 

1685 reduced, which is unlike real rocks. This change is an artefact of the strictly-geometric 

1686 construction of the pore system, which in a real rock (Fig. 3) often does not show a good 

1687 relationship with grain size or porosity. The lattice version of a digital-rock is unsuited for 

1688 calculating transport properties.

1689

1690 Figure 5. Ratio between  and P in the uni-axial loading configuration, as a function of 

1691 the Poisson ratio ‘v’. The ratio of / P is plotted for several values of the textural parameter 

1692 ‘t’. Note that the ratio has a value of about 0.2 when t=0.2 (~10% porosity), and compare this 

1693 with the ratio in Fig. 6.
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1694

1695 Figure 6. Ratio between  and P in the isotropic loading configuration, as a function of 

1696 the Poisson ratio ‘v’. The ratio of / P is plotted for several values of the textural parameter 

1697 ‘t’. Note that the ratio has a value of about 0.8 when t=0.2 (~10% porosity), compared to the 

1698 value of about 0.3 in the uni-axial case (Fig. 6).

1699

1700 Figure 7. Plot of log  against log strain, for the isotropic, undrained case.

1701

1702 Figure 8. Change of vertical effective stress as a function of log strain. The parameter 

1703 Lambda defines the value of Pref as a function of the vertical principal stress, v. When Lambda = 

1704 0.5, this is a hydrostatic fluid pressure, and when Lambda = 0.9, this is a highly over-pressured 

1705 reference state, with low values of the effective stresses in the reference situation.

1706

1707 Figure 9. Design of workflow for generating a large database of poro-elastic responses 

1708 calculated from digital rock models. Section 1 describes current state-of-the-art in the use of 

1709 digital rock methods that lead to the calculation of fluid flow behaviors. Section 2 summarizes 

1710 the key elements in performing the calculations of poro-elastic responses, on a digital-rock 

1711 model. The analytical method used in this paper must be transformed into suitable numerical 

1712 methods that address the issues listed. Section 3 describes the translation of the large set of 

1713 numerical results, arising from Section 2, into practical uses.
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1714

1715 Table 1. Material Properties and Reference-Condition State Variables

1716

1717 Table 1

Parameter 

(unit)

Value Description

E (GPa) 18.0 Young’s modulus

v (-) 0.17 Poisson ratio

t (-) 0.15 Fractional length of rods

K (GPa) 2.0 Bulk modulus of water

Pref (MPa) 17.0 Fluid pressure in reference state

vert (MPa) 34.0 Vertical stress

H (MPa) 33.0 Maximum horizontal stress

h (MPa) 33.0 Minimum horizontal stress

1718
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Figure 1. (A) SEM image of a lightly-cemented sandstone, where the original grains are still the prominent 
textural features. (B) SEM image of a lower-porosity sandstone with more cement than in (A). Note how the 
cements lead to long ‘rod-like’ textural elements. (C) Lattice digital-rock model of a porous rock, constructed 

from repeated unit cells (D). Here the model is shown with high porosity for clarity, but the typical model 
has a much-lower porosity. (D) Unit-cell, whose size is ‘d’ (see (C)), and the linear dimension of a unit-cell 
that is solid is ‘w’. The linear dimension of the pore space is ‘a’. The three plate-like elements are called the 
‘rods’, and they surround the cubic element, which is called the ‘junction’. The dark-shaded face in (C) can 
be interpreted as the external boundary of the model, where external loads or constraints affect the axial 
state of a set of rods, but never (directly) the state in their transverse directions, which are loaded by the 

fluid pressure. 
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Figure 2. Functional relationship between model texture parameter ‘t’ and porosity. 
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Figure 3. Illustration of a typical digital-rock model. The solid components (‘framework’) are depicted in dark 
grey, while the exposed pore network is shown in lighter grey. 
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Figure 4. Depiction of the ratio of the pore space comprised of ‘nodes’ compared to the space in ‘bonds’. 
Note that as ‘t’ becomes larger (> 0.4), the relative contribution from nodes is reduced, which is unlike real 
rocks. This change is an artefact of the strictly-geometric construction of the pore system, which in a real 
rock (Fig. 3) often does not show a good relationship with grain size or porosity. The lattice version of a 

digital-rock is unsuited for calculating transport properties. 
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Figure 5. Ratio between  and P in the uni-axial loading configuration, as a function of the Poisson ratio 
‘v’. The ratio of /P is plotted for several values of the textural parameter ‘t’. Note that the ratio has a 

value of about 0.2 when t=0.2 (~10% porosity), and compare this with the ratio in Fig. 6. 
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Figure 6. Ratio between  and P in the isotropic loading configuration, as a function of the Poisson ratio 
‘v’. The ratio of /P is plotted for several values of the textural parameter ‘t’. Note that the ratio has a 

value of about 0.8 when t=0.2 (~10% porosity), compared to the value of about 0.3 in the uni-axial case 
(Fig. 7). 
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Figure 7. Plot of log  against log strain, for the isotropic, undrained case. 
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Figure 8. Change of vertical effective stress as a function of log strain. The parameter Lambda defines the 
value of Pref as a function of the vertical principal stress, v. When Lambda = 0.5, this is a hydrostatic fluid 

pressure, and when Lambda = 0.9, this is a highly over-pressured reference state, with low values of the 
effective stresses in the reference situation. 
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Figure 9. Design of workflow for generating a large database of poro-elastic responses calculated from 
digital rock models. Section 1 describes current state-of-the-art in the use of digital rock methods that lead 

to the calculation of fluid flow behaviors. Section 2 summarizes the key elements in performing the 
calculations of poro-elastic responses, on a digital-rock model. The analytical method used in this paper 

must be transformed into suitable numerical methods that address the issues listed. Section 3 describes the 
translation of the large set of numerical results, arising from Section 2, into practical uses. 
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