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Abstract 

In an uncertain oil price environment, brownfield redevelopment is becoming an increasingly attractive option 

to manage production decline. One of the essential strategies in brownfield redevelopment is optimally placing 

the infill well to maximize recovery from the field and minimize operational expenditure. Optimal decisions are 

the ones that maximize the recovery and keep the cost down. Robust optimal decisions are the ones that would 

hold in the presence of geological uncertainty, such as when the realization of reservoir setting deviates from 

the base case. The decision optimized for the base case would still be optimal for the updated reservoir condition. 

Hence, optimization across multiple realizations is required. While attempts on the optimization across multiple 

realizations have been conducted in the literature, the computational cost involved in performing the task and 

resulting in the proper estimation of uncertainty remains a great challenge. 

This paper introduces a new workflow for robust and reliable well placement optimization under geological 

uncertainty. The proposed workflow combines multi-objective assisted history matching, Bayesian posterior 

inference, and well placement optimization in multi-objective setting across multiple geological models. It is 

applied to an industry-standard reservoir benchmark case study and compared with several uncertainty 

quantification approaches conventionally used for decision making. 

The proposed workflow provides robust and reliable optimal decisions in placing the infill well over multiple 

history match models. The workflow results in a good estimation of uncertainty in respect of the optimized 

decision. Increase in the number of flow simulations due to the optimization over the multiple realizations to 

cover the geological uncertainty is reduced to a manageable size. 

Keywords: 

Reservoir development optimization under uncertainty, Multi-objective optimization, Model selection, History 

matching, Posterior approximation, Economic risk evaluation. 
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1 Introduction 

In an uncertain and volatile oil price environment, mature field rejuvenation or brownfield redevelopment is 

becoming an increasingly attractive option to manage the production decline. At this stage, the assets are already 

owned, understood to a certain extent, and offer diverse enhanced oil recovery opportunities. 

One of the essential strategies in brownfield redevelopment is optimally placing infill wells to maximize oil 

recovery from the field and to minimize the operational expenditure. This strategy ensures the company will 

gain a positive cash flow to sustain the financial performance. Due to an extensive period of low oil price this 

strategy can accommodate the company portfolio on cutting the operational budget, including the field 

development cost, while keep on improving the oil recovery from the field. 

Infill well drilling is a substantial capital investment decision. For instance, an estimated cost to drill and 

complete an offshore oil well can be up to thirty million dollars or more. Hence, well-informed and robust 

decision-making on infill well placement has always been a critical component in a reservoir development and 

needs to account the available knowledge and uncertainty about the reservoir. 

Companies use reservoir model flow simulation as a standard tool to justify the decision to achieve their 

objectives. At brownfield life stage, the reservoir model is calibrated to match flow simulation response closely 

to the production data. Uncertainty in the model parameters arises due to the limitations in the understanding of 

the reservoir properties. A proper uncertainty quantification strategy is needed to account for these factors in 

decision-making processes. This uncertainty prediction is used to manage the expectation of returns within the 

company portfolio. The forecast optimization of the recovered oil that justifies the infill well location decision 

should be robust and reliable to avoid any disappointment from the outcome. 

Well placement optimization problems are affected not only by the design variables, such as well location but 

also by often unmanageable stochastic parameters, such as noise and sparse nature of reservoir and well data 

(i.e. core data, well logs, seismic data) that are used to construct a reservoir model. Hence, uncertainty is an 

inherent characteristic of any reservoir model and the unique true distribution of reservoir properties will remain 

unknown. 

In the present paper, we deal with optimization problem under geological uncertainty that is propagated to the 

decision based on optimization through the variation of objective function evaluation across the ensemble of 

model realizations. The main reason behind this as pointed out by (Demirmen, 2007), one of the most difficult 

factors to account for in decision-making is geological uncertainty.  
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In general, the decision-making under geological uncertainty workflow to identify the optimal well location 

begins with the generation of finite number of model realizations 𝜃  to represents the unknown uncertainty 

space Θ. Then, a small set of representative realizations 𝜃  are selected for optimization across multiple model 

realizations to reduce the computational cost, i.e. the number of flow simulations to run. 

 𝜃 = 𝜃 , 𝜃 , … , 𝜃 ∈ 𝜃 = 𝜃 , 𝜃 , … , 𝜃 ∈  Θ Eq. (1) 

Where 𝑁  is the total of generated model realizations and 𝑁  is the number of representative realizations (𝑁 ≪

𝑁 ). Afterwards, the optimal solutions are selected for further risk analysis and decision-making process. 

Five challenges are identified in the general workflow of optimization under uncertainty to justify the decision 

on where to place the infill well in a brownfield: (i) how to generate the model realizations given the abundance 

of production data; (ii) how to select the models for the development optimization task to make the computation 

feasible and how to quantify the range of uncertainty from all the selected models to get a reliable and accurate 

range of uncertainty estimation; (iii) how to perform the optimization across multiple-model realizations; (iv) 

how to select the optimal well locations; and finally (v) how to perform risk analysis and decision-making that 

depends on the project portfolio, the behaviour of decision-maker, and the decision criteria. 

In this paper, we propose a workflow for optimization of well placement under geological uncertainty for a 

brownfield development stage. The outcome of the workflow is a viable decision with respect to the chosen 

economic threshold. We tested our workflow on the infill well placement optimization problem and the 

decision-making process in PUNQ-S3, a benchmark reservoir case, and evaluated the consistency of the output 

from the workflow across different history matching runs. We validated our proposed technique for selecting 

the representative optimal well locations with exhaustive flow simulation runs and “truth” case scenario.  

2 An Overview of Well Placement Optimization 

In the last few decades, many works have been published in well placement optimization exercises to help 

decision makers. Methods have shifted gradually from the traditional use of quality maps (Badru and Kabir, 

2003; da Cruz et al., 1999; Martini et al., 2005) to automated processes using either gradient based (Sarma and 

Chen, 2008; Wang et al., 2007; Zandvliet et al., 2008), local optimization method (Forouzanfar and Reynolds, 

2013), or global optimization search strategies such as genetic algorithm (GA) (Artus et al., 2006; Bangerth et 

al., 2006; Bittencourt and Horne, 1997; Carter and Matthews, 2008; Emerick et al., 2009; Güyagüler and Horne, 

2004; Yeten et al., 2003; Zarei et al., 2008) and particle swarm optimization (PSO) (Onwunalu and Durlofsky, 

2011, 2010), and ensemble-based data assimilation (Bukshtynov et al., 2015; Chen et al., 2009; Shirangi and 

Durlofsky, 2015; Wang et al., 2009). 
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The gradient-based technique has the advantage of converging to the optimal solutions very quickly but suffers 

from problems of high-nonlinearity as it can easily get trapped in the local optimum solutions. Recent studies 

in the area of optimization using the gradient-based techniques can be found in (Liu and Reynolds, 2016, 2015; 

Volkov and Bellout, 2018) . In (Liu and Reynolds, 2015), gradient-based multi-objective optimization was 

applied to waterflooding optimization. In (Liu and Reynolds, 2016), the same authors demonstrated a multi-

objective steepest descent method applied to well control optimization. Both studies suggested the usage of 

multi-objective optimization for handling multiple conflicting objectives in the optimization and demonstrated 

the superior efficiency of the algorithm compared to other competing multi-objective optimization algorithms. 

The global search capability has the significant advantage in stochastic approaches over gradient-based 

approaches, given the often significantly non-smooth objective functions associated with the well placement 

optimization problem. Several studies have dealt with the combination of this technique with others in the area 

of well placement optimization (Bouzarkouna et al., 2012a; Ding et al., 2014; Nwankwor et al., 2013). 

Bouzarkouna et al. (2012a) applied the derivative-free optimizer covariance matrix adaptation evolution strategy 

(CMA-ES) and meta models. Nwankwor et al. (2013) hybridised the differential evolution (DE) and PSO for 

well placement optimization, while Ding et al. (2014) combined the modified PSO with the quality map 

technique. These combinations and modifications were successfully implemented and demonstrated 

improvements in the performances either in the optimization process itself or the outcome from the optimization. 

Extensions of global search optimizer to multi-objective optimization in the well placement optimization have 

also been implemented successfully in the literature (Awotunde and Sibaweihi, 2014; Chang et al., 2015a, 

2015b; Demyanov et al., 2014; Hutahaean et al., 2014; Isebor and Durlofsky, 2014; Schulze-riegert et al., 2011). 

The multi-objective optimization approach overcomes the difficulty of the single objective optimization to 

address objectives with differing data types, to accommodate multiple objectives, and to handle conflicts 

between objectives. 

Ensemble-based optimization has gained popularity recently due to its ability to capture uncertainty represented 

by multiple realizations of the reservoir model. Instead of deterministic optimal objective function values, 

optimization based on multiple realizations provides a probability of the expected optimal objective function 

value. History matching, as a model calibration process, can be used to generate an ensemble of model 

realizations consistent with the prior geological information and able to provide flow simulation response that 

matches with observed production data. The combination of history matching with reservoir management has 

been studied previously in (Bukshtynov et al., 2015; Chen et al., 2009; Shirangi and Durlofsky, 2015; Wang et 

al., 2009) to update the model for optimization in the closed-loop reservoir development framework. In (Chen 

et al., 2009; Wang et al., 2009), history matching is done by ensemble Kalman filter (EnKF) whereas in 

(Shirangi and Durlofsky, 2015), the authors accomplished the history matching with an adjoint-gradient-based 

“randomised maximum likelihood”. In (Bukshtynov et al., 2015), the authors developed and applied a unified 

adjoint-based data assimilation in the history matching component of the workflow. 
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There have been several published attempts to account for uncertainty in well placement. Li et al. (2013) 

considered simultaneous optimization of well locations and dynamic rate allocations under geological 

uncertainty using a variant of the simultaneous perturbation and stochastic approximation (SPSA). Aanonsen et 

al. (1995) presented a method for optimizing well location while taking into account uncertainty in geological 

modelling. Güyagüler and Horne (2004) assessed the uncertainties associated with different well placement 

using the utility theory framework. They used 23 realizations of history-matched models and truth case of the 

synthetic reservoir model to demonstrate the applicability of the utility framework. Ozdogan and Horne (2006) 

included time-dependent information in the well placement optimization to achieve better decisions in terms of 

reduced uncertainty and increased probable net present value (NPV). van Essen et al. (2009) studied a robust 

optimization from two different sets of 100 realizations of reservoir models in the waterflooding. They compared 

the results with the reactive and nominal optimization. Bouzarkouna et al. (2012b) presented an approach to 

handle geological uncertainty, represented by 20 geological realizations, for the well placement with a reduced 

number of reservoir simulations by using simulated well configurations in the neighbourhood of each well 

configuration. They combined this approach with the stochastic optimizer CMA-ES. 

However, all these noted optimization studies account for uncertainty by using the assumption of equally 

probable multiple realizations, which is most likely not the case. In the recent paper, Fonseca et al. (2018) 

provides an overview of the Olympus field development optimization benchmark challenge. An ensemble of 50 

realizations was generated wherein the facies are regenerated by altering the random seed. However, since the 

task in the challenge was detached from history matching, there were no prior assumption about the probability 

of the model ensemble to optimize over. In real life, we know that we are not certain about the likelihood of 

each model, but we can constraint each model to the observed data to obtain the likelihood based on the 

discrepancy between model responses to observed data. Then, posterior probability can be calculated by 

multiplying the likelihood to the prior. Hence, assigning an equal probability for each model in the optimization 

is rather a “naïve” approach that may lead to unreliable uncertainty prediction.  

Another challenge in the optimization under uncertainty is the high computational cost, as the optimization 

involves simulating many model realizations. Various approaches for the model selections out of large set of 

models have been carried out in previous studies within a different context. Scheidt and Caers (2009) used 

kernel k-means clustering from the equally probable model realizations. The representative models are weighted 

based on the number of members in each cluster. They used this technique for uncertainty estimation with 

streamline simulation. Wang et al. (2012) also applied k-means clustering on selecting model realizations for 

well placement optimization and assigned an equal probability to each model realization. In their study, the 

weight for each selected model depends on the number of models in each cluster. Yang et al. (2011) selected 

the models by ranking all realizations (which are assigned as equally probable) in terms of the NPV for a base 

case and then selecting nine realizations corresponding to P10, P20, P30, …, P90 of the NPV distribution. They 

applied this technique in the optimization of steam-assisted gravity drainage (SAGD) operations. 
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There are some remaining challenges that have been identified from all of these noted studies which motivates 

this study: (a) how to select a diverse set of models for optimization; (b) how to approximate posterior 

probability for the reliability of optimization uncertainty prediction; and (c) how to reduce high CPU costs 

without compromising uncertainty quantification. 

3 Material and Methods 

3.1 Multi-Objective Optimization 

In the present work, we use multi-objective approach both in history matching and well placement optimization. 

Multi-objective approach in the history matching allows us to obtain a diverse set of the model realizations 

which should lead to better forecasting as shown in (Christie et al., 2013; Hajizadeh et al., 2011; Hutahaean et 

al., 2015; Mohamed et al., 2011). In the well placement optimization, multi-objective approach allows us to 

maximize recovery and to minimize cost, or to maximize the expected oil recovery over multiple-model 

realization and to minimize its variance. These objectives are the key factors in the successful brownfield 

development. 

Multi-objective optimization works by splitting the objective function into several components, which are 

optimized simultaneously. Without loss of generality, this technique can be defined as: 

Minimize 𝐹(𝐱) = {𝑓 (𝐱), 𝑓 (𝐱), … , 𝑓 (𝐱)} Eq. (2) 

Subject to 𝑔 (𝐱)  ≤  0      𝑘 = 1,2, … , 𝐾 

Eq. (3) 
 ℎ (𝐱)  =  0      𝑙 = 1,2, … , 𝐿 

where 𝐹(𝐱) = {𝑓 (𝐱), 𝑓 (𝐱), … , 𝑓 (𝐱)}: ℝ → ℝ , 𝐱 = {𝑥 , 𝑥 , … , 𝑥 , … , 𝑥 } is the vector of the 𝑁 

parameters, 𝑀 is the number of objective functions, 𝑔  and ℎ  are the inequality and equality constraints of the 

problem. 

Multi-objective algorithms use the concepts of Dominance and Pareto optimality (Deb, 2001). A solution, 𝐱( ), 

dominates a solution, 𝐱( ), (denoted 𝐱( ) ≺ 𝐱( ))  if and only if the two conditions below are satisfied: 

1. 𝐱( ) is no worse than 𝐱( ) in all objectives, i.e., 𝑓 (𝐱( )) ≤ 𝑓 (𝐱( )), ∀𝑖 = 1, 2, … , 𝑀, and 

2. 𝐱( ) is strictly better than 𝐱( ) in at least one objective, i.e., ∃𝑖 = 1,2, … , 𝑀: 𝑓 𝐱( ) < 𝑓 𝐱( )  

The striped area shown in Figure 1 illustrates the concept of dominance for a two-objective function in which 

the solutions inside this area are dominated by solution 𝐱( ). A solution vector 𝐱∗ ∈ 𝐹 (where 𝐹 is the feasible 
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region) is Pareto optimal if it is non-dominated with respect to 𝐹. That is there does not exist a solution vector, 

𝐱 ≠ 𝐱∗ ∈ 𝐹, that dominates it, i.e., ∄𝑖: 𝑓 (𝐱) < 𝑓 (𝐱∗). The set of Pareto optimal solutions is called the Pareto 

optimal set (𝑃∗) and defined as 𝑃∗ = {𝐱∗ ∈ 𝐹|∄𝐱 ∈ 𝐹: 𝐱 ≺ 𝐱∗}. The Pareto optimal front or Pareto front is 

defined by the set which contains all the objective vectors corresponding to parameter vectors which are non-

dominated by any other parameter vector, i.e., 𝑃𝐹∗ = 𝑓 = 𝑓 (𝐱∗), 𝑓 (𝐱∗), … , 𝑓 (𝐱∗) |𝐱∗ ∈ 𝑃 . 

Figure 1 

Multi-objective algorithms are designed to search for a set of well-distributed non-dominated solutions that 

approximate the entire Pareto front very well. These algorithms balance the trade-off between different 

objectives optimization to get optimal solutions for all objectives. We use the multi-objective variants of original 

PSO (J. Kennedy and R. Eberhart, 1995), so-called MOPSO (Raquel and Naval Jr, 2005), both in the history 

matching and in the well placement optimization. 

3.2 The Proposed Workflow 

Figure 2 

Figure 2 shows the general diagram of the proposed workflow for the optimization under uncertainty used in 

the present paper. The numbers in orange correspond to the steps number as described in the following sections. 

3.2.1 Step 1: History Matching and Bayesian Analysis 

The objective in the first step is to generate 𝑁  model realizations along with their posterior probability 

distribution (PPD) approximation. Given production data at the mature stage of a field, we perform history 

matching to get an ensemble of well-matched models. We use a multi-objective approach in the history matching 

as it will result in a diverse set of matched models. These models are more likely to produce different flow 

responses, leading to a better and more robust optimization forecast (Christie et al., 2013; Hajizadeh et al., 2011; 

Hutahaean et al., 2015; Mohamed et al., 2011). The standard way is to compute a posterior probability which 

may be computationally expensive, e.g. with Markov chain Monte Carlo (Mosegaard and Tarantola, 2002). In 

this paper, we perform Bayesian analysis to approximate the PPD for each matched-model. We use 

neighbourhood algorithm coupled with Bayesian (NAB) (Sambridge, 1999) to construct the PPD for each 

matched-model and filter out the low quality models with low likelihood i.e., high misfit value and zero PPD. 

3.2.2 Step 2: Models Selection and Probability Estimation 

The objective of the second step is to select a small subset of 𝑁  representative history-matched model 

realizations. The non-dominated solutions located on the Pareto front in the objective space are selected from 
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multi-objective history matching outcomes to provide diverse solutions, which are important for robust 

uncertainty forecasting.  Pareto optimality and non-dominance mechanisms balance match quality between 

production variables and ensure diversity of the selected history matched models. 

The range of uncertainty estimates in the optimization forecasting is evaluated by assigning a posterior 

probability for each selected model. A proper posterior probability estimation for each model used in the 

optimization is essential to get a reliable uncertainty estimate of the optimal solutions. In the present paper, we 

use Bayesian framework for this task which involves three steps: 

1. Compute posterior probability for each matched model through sampling the posterior with NAB. This 

step is done in Step 1 of the proposed workflow. 

2. Cluster the resampled NAB models in a standardized parameter space between the Pareto non-

dominated solutions. 

3. Approximate the probability for each Pareto model by calculating a sum of posterior probabilities in 

each cluster. 

The re-approximation of PPD for each Pareto model is done by clustering the resampled posterior NAB models 

in the standardized parameter space as defined in Eq. (4). This standardization is required because the ranges of 

values in each model parameters are not necessarily the same (i.e. one parameter can have a range of value from 

0 to 1 whereas the other from 0 to 10). The standardization ensures that the distance calculation to cluster center 

from each model will have the same scale. 

 
𝑍 =

𝑋 − 𝜇

𝜎
; 𝑖 = 1,2, … , 𝑛 , 𝑗 = (1,2, … , 𝑁 ) Eq. (4) 

where 𝑍  is the standardized value of a particular parameter 𝑖 in a model 𝑗, 𝑋  is the original value of a particular 

parameter 𝑖 in a model 𝑗 that is being standardized, 𝜇  and 𝜎  is the mean and the standard deviation, respectively, 

of the distribution of a particular parameter 𝑖 in all 𝑁  models, and 𝑛  is the number of model parameters. 

The center of each cluster is fixed to Pareto models. The members of each cluster are classified by computing 

the Euclidean distance between the Pareto models to the other models in the standardized parameter space as 

defined in Eq. (5). Then, the nearest neighbour model will be allocated to each cluster based on the closest 

Euclidean distance of Eq. (5), as in Eq. (6).  

 
𝑑 𝑃 , 𝑄 = (𝑃 , − 𝑄 , )  Eq. (5) 
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𝑃 = 𝐼 | argmin

∈( , ,…, )

𝑑 𝑃 , 𝑄  Eq. (6)  

where 𝑃  is the Pareto model as the fix center of a cluster, 𝑐 is the number of cluster, i.e. 𝑐 = (1,2, . . , 𝑁 ), 𝑄  is 

the models other than the Pareto model, 𝑗 = (1,2, … , 𝑁 − 𝑁 ), 𝑛  is the number of model parameters, and 𝐼  

denotes the 𝐼-th model allocated to a cluster with the center of 𝑃 . Then, the sum of probabilities in each cluster 

will be assigned as the new probability to each cluster center (i.e. the Pareto model) as defined in Eq. (7). 

 
ℙ = ℙ , (𝑚|𝑂) Eq. (7)  

where ℙ  is the re-calculated posterior probability for the Pareto model 𝑃 , 𝑛  is the number of models in cluster 

𝑐, and ℙ , (𝑚|𝑂) is the posterior probability of each model in cluster 𝑐. 

Figure 3 shows how the model clustering and the PPD re-calculation is done in a one-dimensional case. This 

clustering and probability re-calculation will be done in multi-dimensional parameter space, where history 

matching is performed. The output from Step 2 are the selected models (i.e. Pareto models) with the re-calculated 

PPD assigned to each of them. 

Figure 3 

3.2.3 Step 3 and 4: Optimization across Multiple Models and Optimal Solutions 

We describe two different ways of conducting optimization across multiple model realizations, i.e. extended 

nominal optimization and robust optimization. 

3.2.3.1 Extended Nominal Optimization 

The nominal optimization is based on a single model realization. After 𝑁  model realizations are generated and 

ranked, usually a “P50 realization” is selected as the best guess. Then, the objective function is calculated based 

on the simulation results of the “P50 realization” only. Afterwards, the resulting optimal solutions are 

subsequently applied to the 𝑁  realizations resulting in 𝑁  predictions. These 𝑁  predictions can be further used 

for risk analysis of the decision-making, see for example (van Essen et al., 2009; Yang et al., 2011) where the 

nominal optimization is used and compared with the robust optimization. 
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However, the “P50 realization” is non-unique. As this realization is obtained by a ranking process based on a 

particular production data, i.e. oil rate, different production data may result in the different rank of models, and 

consequently different “P50 realization”. 

In the present paper, we extend the nominal optimization which is based on several selected model realizations 

from history matching, hence, the extended nominal optimization. After 𝑁  model realizations are generated by 

multi-objective history matching and the Bayesian analysis is performed, we select 𝑁  Pareto models. Then, we 

perform a multi-objective optimization individually for each selected Pareto models. Afterwards, the resulting 

Pareto front solutions as the optimal solutions are selected and subsequently applied to the other 𝑁  model 

realizations. These 𝑁  predictions can be further used for risk analysis of the decision-making. Figure 4 shows 

the workflow diagram of the extended nominal optimization for the optimization across multiple model 

realizations. 

Figure 4 

Challenge 

One of the challenges in the optimization across multiple model realizations with the extended nominal 

optimization is that the optimal solutions found by the optimizer are not always the same across different model 

realizations, as illustrated in Figure 5. From Figure 5, we can see that both model realizations (i.e. model 1 at 

the left and model 2 at the right) have some common optimal solutions at grids (11,25), (16,23), and (17,23). 

However, optimal solutions at grids (11,20) and (12,10) from model 1 are not found in the set of optimal 

solutions from model 2. Similarly, the optimal solution at grid (7,22) from model 2 is not found in the optimal 

solutions on model 1. 

Figure 5 

A straightforward way of solving this problem is by re-running all optimal solutions found for each model with 

the other models which have different solutions. However, this approach can potentially lead to an exhaustive 

flow simulations effort across all optimum solutions across all the models that can be computationally 

expensive. As an illustration, if there are 5 geological model realizations in the optimization and each of them 

has 10 different optimal solutions between each model, in total there are 50 different optimal solutions. All of 

these must then be run for each model realization to avoid sub-optimal solutions. For instance, in one model we 

need to run the simulation for another 40 optimal solutions, and the same optimal solutions with the next models. 

In total, we need to run an additional 200 flow simulations, a total of which may increase if we have more model 

realizations and more optimal solutions. 

Solution: Part and Select Algorithm (PSA) 



11 

 

To tackle this issue, we use Part and Select Algorithm (PSA) (Salomon et al., 2013) to select a small set of 

optimal solutions to be re-run across all models, which will be representative of the optimal solutions as if they 

are run exhaustively. PSA works by partitioning a given set of points in the objective space into smaller subsets. 

PSA performs (𝑚 − 1) divisions of one single set into two subsets to partition a set into 𝑚 subsets. At each step, 

the set with the biggest dissimilarity among its members is the one that is divided. This is repeated until the 

stopping criteria is met, i.e. a predefined number of subsets. 

Let 𝐴 ≔ {𝐟 = [𝑓 , … , 𝑓 ], … , 𝐟 = [𝑓 , … , 𝑓 ]} ∈ ℝ  (i.e., 𝑛 objective vectors 𝐟 = 𝐹(𝑥 ) for points 𝑥 ∈

𝑄), and denote 

 
𝑎 ≔ 𝑚𝑖𝑛

,…
𝑓 , 𝑏 ≔ 𝑚𝑎𝑥

,…
𝑓 , ∆  ≔ 𝑏 − 𝑎 , 𝑗 = 1, … , 𝑘 Eq. (8) 

 ∅𝐴 ≔  𝑚𝑎𝑥
,…

∆  Eq. (9) 

The pseudocode of PSA for a fixed value of 𝑚 (i.e. the size of the representative subset) is shown in the 

Algorithm 1. Once the set 𝐴 has been divided into 𝑚 subsets, the representative from each subset is chosen by 

the closest Euclidean distance to the center of hyper rectangle circumscribing 𝐴 . If there is more than one 

member closest to the center, one of them is chosen randomly. 

Algorithm 1—Partitioning a set 𝐴 into 𝑚 subsets by PSA (Salomon et al., 2013). 
1: 𝐴 ← 𝐴 
2: Evaluate ∅𝐴  according to Eq. (9) and store ∅𝐴  in an archive 
3: 𝑖 ← 2 
4: while 𝑖 < 𝑚 do 

i) Find 𝐴  and coordinate 𝑝  such that ∅𝐴 = ∆ = max
,…

∅𝐴  

ii) Part 𝐴  to subsets 𝐴 , 𝐴 : 

𝐴 ← {𝐟 = 𝑓 , … , 𝑓 , … , 𝑓 ∈ 𝐴 , 𝑓 ≤ 𝑎 + ∅𝐴 /2}  

𝐴 ← {𝐟 = 𝑓 , … , 𝑓 , … , 𝑓 ∈ 𝐴 , 𝑓 ≤ 𝑎 + ∅𝐴 /2}  

iii) Evaluate ∅𝐴  and ∅𝐴  according to Eq. (9), and replace in the archive ∅𝐴  and 

𝑝  with the pairs ∅𝐴 , ∅𝐴  and 𝑝 , 𝑝  accordingly. 

iv) 𝑆 ← {𝐴 , … , 𝐴 , 𝐴 , … , 𝐴 } 

v) 𝑖 ← 𝑖 + 1 
5: end while 

3.2.4 Robust Optimization 

The robust optimization is based on multiple model realizations with expected measures as the objective 

functions. After 𝑁  model realizations are generated, 𝑁  model realizations are selected for robust optimization. 

In the robust optimization, the objective function is replaced by the expected outcome over the set of selected 
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model realizations to account for the uncertainty as defined in Eq. (10). Afterwards, the resulting optimal 

solutions are selected, and the risk analysis is performed for decision-making. 

 
𝐽 (�⃗�) =  

1

𝑁
𝐽(�⃗�, 𝜃 ) Eq. (10) 

where 𝐽(�⃗�, 𝜃 ) is the objective function of solution parameters �⃗� and model realizations 𝜃 , 𝑁  is the number of 

selected model realizations, and 𝐽  is the objective function from robust optimization. 

Without loss of generality, extending the robust optimization to the multi-objective optimization of: 

 maximize  𝐽 (�⃗�), 𝐽 (�⃗�), … , 𝐽 (�⃗�)

subject to �⃗� ∈ 𝑆
 

Eq. (11) 

where 𝐽 (�⃗�) is the objective function, 𝑖 = (1,2, … , 𝑀), 𝑀 is the number of objective functions, 𝑆 is the parameter 

search space, all the 𝑀 objective functions are replaced by the expectation measure as defined in Eq. (10). 

Hence, in the robust multi-objective optimization, the objective functions formulation becomes: 

 
maximize  𝐽 , (�⃗�), 𝐽 , (�⃗�), … , 𝐽 , (�⃗�)

subject to �⃗� ∈ 𝑆
 Eq. (12) 

where 𝐽 , (�⃗�) is the robust optimization objective function as defined in Eq. (10). 

Figure 6 shows the workflow diagram of the robust optimization used in this paper. Multi-objective history 

matching and Bayesian analysis are used to generate 𝑁  model realizations. 𝑁  Pareto models are then selected 

to represent the geological uncertainty for optimization. The robust multi-objective optimization across these 

selected models are conducted based on the expected measure as defined in Eq. (10). Then, Pareto front solutions 

are selected as the optimal solutions which can be further analysed for decision-making. 

Figure 6 

The extended nominal optimization and the robust optimization have similarities and differences. Both 

optimization approaches are based on multiple realizations to account for the uncertainty, and in this paper, both 

of them are used with the multi-objective setting. The main difference between them is in the objective functions 

definition. In the extended nominal optimization, objective functions are evaluated separately from each 

optimization model and then re-evaluated across all optimization models based on found optimal solutions. In 

the robust optimization, objective functions are evaluated across all optimization models simultaneously based 

on found optimal solutions, and the expectation measure is computed. Another difference is, in the extended 
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nominal solutions there is an extra step to account for different optimal solutions found by each optimization 

model (i.e. PSA), whereas in the robust optimization this step is not required as all the found optimal solutions 

are common to all optimization models. 

3.2.5 Step 5: Risk Analysis and Decision-Making 

The last step in the workflow is to perform the risk analysis for each selected optimal solution. In the present 

paper, the risk analysis relies on the P10-P50-P90 Bayesian credible interval on the optimization forecast. PPD 

inference is used to construct this credible interval. Then, based on decision’s criteria, such as an economic 

threshold or trade-off between objectives, the optimal infill well locations can be confidently decided. 

3.3 PUNQ-S3 Field 

PUNQ-S3 is a synthetic reservoir model based on a real field operated by Elf Exploration and Production (Bos, 

2000). It has 5 layers with a top depth of 2430 m, 1.5 degrees’ dip angle and is bounded by a fault to the east 

and south and has a relatively strong aquifer on the north and west. The model has 19x28x5 grid blocks (2660 

grid blocks), of which 1761 are active. The grid blocks have an equal side in the x and y directions of 180 m. It 

has been modelled using corner point geometry and Carter-Tracey aquifer. The reservoir has a dome shape 

where initially there is a gas cap and oil rim at the center of the structure. There are existing six production wells 

which are located near the initial gas-oil contact as shown in Figure 7. A full description of the model and the 

dataset used in the paper can be found in (Carter, 2015). The truth case scenario from (Carter, 2015) is also used 

as a reference and for validation in both case studies. 

Figure 7 

4 Case Study 1: An Infill Well Placement 

4.1 Production and Optimization Setup 

In the first case study, the PUNQ-S3 mature field is further developed by drilling a new vertical infill well after 

been produced for 16.5 years to increase oil recovery. The setup of production schedule in the reservoir for 

optimization will be as follows: 

 Additional one vertical infill well to be put on production for the next 10 years; 

 Oil will be produced with continuous condition (without any periodic shut-in as in history) with a 

maximum oil production rate of 150 SM3/day. There is only one-time shut-in period for 14 days for all 

wells before the new well is put on the production; 
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 Each producer well will produce with the maximum gas-to-oil ratio (GOR) 200 SM3/day as the limiting 

factor, and when this limit is reached, the oil rate will be reduced with a factor of 0.75 with minimum 

120 bars of grid block pressure. 

The optimization will be a two-objective problem, whose objectives are set to maximize the cumulative oil 

production from the field (a variable that is related to value) and to minimize the maximum value of the water 

production rate from the field (a variable that is related to cost). The objective functions are scalar-valued 

functions on a given model realization as formulated in Eq. (13). These objective functions will be evaluated 

across all the selected models for optimization. The constraint in the optimization is the new infill well could 

not be drilled in the inactive cells of reservoir model nor overlap with the current existing wells. These 

constraints ensure that the proposed new well will not be drilled outside the reservoir of interest and through the 

same well head with the existing well in the field. 

 
𝐽 = 𝑞 ( , ) . ∆ ,  

Eq. (13) 

 
𝐽 = argmax 𝑞 ( , ) 

where 𝐽  and 𝐽  are the first and second objective function values to be maximized and minimized, respectively, 

𝑞 ( , ) and 𝑞 ( , ) represents the oil and water rate from a producer well at the simulation time step 𝑘, 

respectively, ∆ ,  represents the period of time from time step 𝑘 to 𝑘 + 1, 𝑁  is the number of producer wells, 

and 𝑁  is the number of timestep at the end of simulation time. 

4.2 Experimental Results 

Two experiments are conducted to test the applicability of the proposed workflow with regard to decision 

making and its robustness towards variation in history matching outcomes. Experiments 1 and 2 are related to 

the extended nominal optimization and robust optimization workflows, respectively and are presented in the 

following sections. The other experiments to test the consistency of the decision-making outcome with the 

different history matching runs and to validate the use of PSA as the optimal solutions selection method are 

presented in Appendices A and B, respectively. 

4.2.1 Experiment 1: Simulation Results by the Extended Nominal Optimization 

4.2.1.1 Multi-Objective History Matching and Bayesian Analysis 

We performed multi-objective history matching to generate model realizations. We use parameterization Set-1 

as in (Hutahaean et al., 2015) and 16.5 years of production history data including bottom hole pressure (BHP), 
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water cut (WCT) and the gas-oil ratio (GOR) from all wells are used for the history matching. Briefly, the 

reservoir model is parameterised as follows: 9 sand channels (3 channels each in layer 1, 3, and 5), 1 floodplain, 

1 homogeneous layer 2, and 1 homogeneous layer 4. In total, there are 24 parameters to tune in history matching 

consisting of 12 parameters for porosity (∅) and 12 parameters for horizontal permeability multiplier (𝑀𝑢𝑙𝑡) 

which are related as in Eq. (14) and Eq. (15). Table 1 shows the prior ranges of these parameters with the implied 

horizontal and vertical permeability ranges for each layer. 

 ln(𝑘 ) = ln(𝑀𝑢𝑙𝑡) + (0.77 + 9.03∅) Eq. (14) 

 𝑘 = 3.124 + 0.306𝑘  Eq. (15) 

Table 1 

The misfit to be minimized is defined in Eq. (16). 

 𝑀 =
1

𝑛

1

𝑛

1

𝑛
𝑤

(𝑜𝑏𝑠 − 𝑠𝑖𝑚 )

𝜎
 Eq. (16) 

where 𝑛  is the number of evaluated wells with 𝑖 runs over it, 𝑛  is the number of observed production data 

with 𝑗 runs over it, 𝑛  is the number of time steps for the 𝑗  history data with 𝑘 runs over it, 𝑜𝑏𝑠 is the observed 

history, 𝑠𝑖𝑚 is the simulated value, σ  is the variance of the measurement errors, and 𝑤 is the weight factor, 

with runs over 𝑖, 𝑗 and 𝑘. We can see from Eq. (16) that there are 18 misfit components in PUNQ-S3 (misfits 

from 6 production wells with 3 production data from each well to match). 

We formulated the multi-objective history matching to two objective functions by decomposing the misfit 

function in Eq. (16) based on geo-engineering judgement (Hutahaean et al., 2015), as presented in Eq. (17). As 

demonstrated in (Hutahaean et al., 2015), this decomposition leads to better uncertainty estimation and improved 

misfit convergence rate, i.e. better matched-models. 

 𝑀𝑖𝑠𝑓𝑖𝑡 = 𝑀 + 𝑀 + 𝑀  

Eq. (17) 

 𝑀𝑖𝑠𝑓𝑖𝑡 = 𝑀 + 𝑀 + 𝑀  

where 𝑀  corresponds to the misfit from production wells PRO-𝑖, 𝑖 = (1, 4, 5, 11, 12, 15), that are summed 

up on all production data (BHP, WCT, GOR) over all time steps with unity weights. 
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We performed 2000 flow simulations in the multi-objective history matching as described in Eq. (17) by 

MOPSO algorithm (Mohamed et al., 2011) with the parameter setting as below (Trelea, 2003). 

 Number of particles  : 20 

 Inertia weight, 𝑤   : 0.729 

 Cognitive component, 𝑐   : 1.494 

 Social component, 𝑐   : 1.494 

Afterwards, we ran the NAB to approximate the posterior probability for each matched-model resampled from 

the PPD. NAB resamples all the matched models and infers the posterior probability for each model without 

further solving the forward simulation. Figure 8a shows all the generated 2000 models from multi-objective 

history matching and the 745 NAB models in the objective space. We can see from Figure 8a that NAB filter 

out the models with high misfit values that have a posterior probability of 0. This procedure ensures that the 

models selected for optimization are the models that are plausible and not the ones with low likelihood given 

the production data. 

4.2.1.2 Models Selection and Probability Estimation 

The models with low misfit values will tend to have high likelihood and consequently may have high posterior 

probability given a uniform prior. However, in the case of sparse clustering, a lower likelihood model may get 

higher posterior probability value, and when high likelihood models are over-refined or clustered in parameter 

space, their posterior probability may get decreased. This problem is rectified by re-approximating the PPD for 

Pareto models which are sparse and consequently ensuring the diversity.  

We select the models for optimization based on the Pareto models from multi-objective history matching. 

Initially, there are 11 Pareto models out of 2000 history matched models and after running NAB, there are only 

7 good match Pareto models out of 745 NAB models. These 7 Pareto models are then selected for optimization 

as shown in Figure 8b. We can see from Figure 8b that Pareto models have a wide spread to approximate the 

front in the objective space of multi-objective history matching to ensure the diversity of models for 

optimization. 

Figure 8 (a) and (b) 

We re-calculated the PPD for the selected 7 Pareto models (PMs) based on 745 NAB models. First, these 745 

models are clustered in the standardized parameter space as described by Eq. (4) around 7 cluster centers, i.e. 

the PMs. Then, the NAB posterior probability for each cluster is summed up to be assigned to the 7 PMs as 

described in Eq. (5) and Eq. (6). Table 2 shows the re-calculated probability for each PM. We can see from 
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Table 2 that the probability estimations for PM1, PM7, PM2, and PM3 have a relatively higher probability than 

the others. This result is expected as those solutions are relatively close to the origin in the objective space. 

Table 2 

4.2.1.3 Extended Nominal Optimization 

We ran the multi-objective optimization for each of the selected 7 PMs to place an infill well with the objective 

functions defined by Eq. (13). We performed 500 flow simulations for each optimization on each PM by 

MOPSO with the same algorithm’s parameter setting as in history matching. 

Figure 9 shows the Pareto front solutions as the optimal solutions from each optimization on each PM in the 

objective space along with the optimization result from the truth case as a reference. Each point in one Pareto 

front in Figure 9 represents one set of optimal solutions (i.e. the infill well location) found by the optimizer, and 

the number on each Pareto front indicates the number of optimal solutions found by each selected Pareto history 

matched model. In total there are 58 different optimal solutions from the optimization across all 7 selected PMs. 

Figure 9 

The results shown in Figure 9 indicate that the model selection based on Pareto models from multi-objective 

history matching is a good method to select the model realizations for optimization. The range of objective 

values from the optimal solutions found from Pareto models’ optimization encapsulates the optimized case from 

the truth case scenario. We can also see from Figure 9 that the optimization from three PMs (i.e. PM1, PM6, 

and PM7) are economically better than the truth case (i.e. models are optimistic) and from four PMs (i.e. PM2, 

PM3, PM4, and PM5) are economically worse than the truth case (i.e. models are pessimistic). 

In the extended nominal optimization, we re-evaluated objective functions based on all optimal solutions found 

by each Pareto history matched model. However, to run all of these optimal solutions will require high CPU 

costs. Hence, we only select representative optimal solutions from the results of each Pareto model’s 

optimization and apply to all 7 PMs. 

PSA is used to select three representatives from each Pareto front solutions to represent the high-mid-low case 

from each Pareto front to keep the computational effort manageable. The three representative optimal locations 

from one PM are then applied to the other PMs. Figure 10a shows all the optimal solutions from the optimization 

of all 7 PMs on a grid. The number on each grid cell is the location index to represent an optimal well location. 

Figure 10a shows that the optimal well locations are predominantly located in the southern and eastern part of 

the field. There are two possible reasons for this. First, this is possibly due to the fact of there is strong aquifer 
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from the western and the northern parts of the field to sweep the remaining oil towards the east bounding sealing 

fault. Second, as one of the objective in the optimization is to minimize the water production rate from the field, 

the optimizer tries to find the trade-off from maximising the oil recovery and minimising the water production 

rate from the field. Hence, the optimal locations should be further away from the aquifer drive. Figure 10b 

shows the representative of the optimal solutions from the optimization of all 7 PMs. We can see from Figure 

10b that PSA reasonably preserves the optimal solutions to cover a different part of optimal well location in the 

field. All of these representative optimal solutions are applied to all 7 PMs and will be further analysed in the 

decision-making. 

Figure 10 (a) and (b) 

4.2.1.4 Risk Analysis and Decision Making 

The final step in the workflow is to conduct the probabilistic risk analysis and to choose the optimal solution 

accordingly. Risk analysis can be performed by evaluating the expected upside (P10) and downside (P90) of oil 

recovery from each optimal solution. There are few different criteria to choose the optimal decision, such as the 

infill well location should provide the oil recovery that exceeds an economic threshold, the highest possible oil 

recovery both in the upside and downside or the smallest possible spread between the expected upside and 

downside of the uncertainty estimation.  

In the present case study, we define the optimal decision as the one that satisfies both of the following conditions: 

1. The expected P50 of the total oil production with the optimal infill well location is above a given economic 

threshold. 

2. There is a small variation (i.e. a smaller spread of P10-P90 is preferred) in the total oil production due to 

geological uncertainty. 

Economic Threshold 

The economic threshold is determined by the minimum incremental of oil recovery required to ensure a positive 

(or at least zero) cash flow during the next period of ten years. We used a typical cash flow calculation in the 

production sharing contract scheme (i.e. 80:20 between the government and operator) and excluded the 

produced gas in the calculation as generally described in Eq. (18). 

 𝐶𝐹 = (1 − 𝐺)
𝑝 𝑄 − 𝐶

(1 + 𝑟)
− 𝐶  Eq. (18) 

where 𝑇 is the total production time in years; 𝑟 is the annual discount rate; 𝐺 is the government share; 𝑝  

represents the oil price ($/STB); 𝑄  represents the total volumes of oil (STB) produced at time 𝑡; 𝐶  
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represents the operational expenditure ($), and 𝐶  is the capital expenditure ($) which represents the total 

cost to drill a new well, build a new facility and add additional flowline. 

Table 3 shows the input parameter used for the cash flow calculation. Assuming all of these input parameters 

are fixed and considering the oil depreciation on each year in the form of a discount factor, the field should be 

producing oil at the rate of 5.1 MBBLS/day for the next 10 years to achieve positive cash flow as depicted in 

Figure 11. At this production rate, the minimum incremental of oil recovered from the field is 2.98 x 106 SM3 

from the reference case (i.e. truth case) that gives an economic threshold of 6.85 x 106 SM3 of which should be 

produced at the end of production time as illustrated in Figure 12. 

Table 3 

Figure 11 

Figure 12 

Decision on Optimal Location 

The decision on optimal well location is based on the risk analysis of each solution. The risk analysis itself is 

based on the probability of each obtained solutions of either achieving or not achieving the imposed economic 

threshold. We used the P50 value from each solution and compared with the economic threshold. 

We use the re-calculated probability for each PM in Table 2 to generate the P10-P50-P90 credible interval on 

each representative of the optimal solution shown in Figure 10b for the risk analysis and decision-making. 

Figure 13 shows the box plot of all 18 representative optimal solutions in Figure 10b along with the economic 

threshold (i.e. this becomes our decision panel). We can see from Figure 13 that there are only 4 locations 

(indices 3, 6, 11, and 18) that have P50 of the recovered oil above the economic threshold. These location indices 

will be taken further for analysis. 

The P50 and the spread of the expected oil production (P10-P90) of location indices 6, 11 and 18 are slightly 

smaller than location index 3. A risk-taker decision maker will tend to choose location index 3, where there is 

an opportunity to have a slightly higher expected recovery with a risk of larger downside. A risk-averse decision 

maker will tend to choose either location index 6 or 11 where there is a smaller downside of expected recovery 

even though the expected P50 is slightly lower than location index 3. Location index 18 is not a better choice 

than the others as it has a slightly lower expected P50 oil recovery and a larger downside than location indices 

3, 6, and 11, hence it would not be considered later on. 
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Figure 13 

Validation with the Truth Case 

The validation of the uncertainty estimation is performed with the truth case to see the reliability of the 

optimization forecast. Note, that the truth case is the geostatistical stochastic model, which features  more 

complex heterogeneity than the simplified geology of the history matched solutions. We evaluated each location 

index as if the new infill well is drilled in the  truth case reservoir reference (Carter, 2015; Floris et al., 2001). 

We aim to check how reliable the calculated expected oil recovery at the end of field production time is at each 

location (i.e. the encapsulation of the truth case within P10-P90 range). 

We can see from Figure 13 that the “true” values of the total recovered oil at the end of field production time 

are encapsulated within P10-P90 range for all location indices. This result demonstrates that the proposed 

workflow in uncertainty estimation of optimization forecast is reliable to support the decision-making process. 

This validation also shows that location 3 selected by risk-taker decision maker is proved to be risky, i.e. the 

truth case value is below the economic threshold. The locations 6 and 11 selected by risk-averse decision-maker 

is proved to be economically sustainable, i.e. the truth case optimized production to match the P50. 

4.2.1.5 Computational Cost 

Due to the potential high computational cost of a model flow simulation, one of the considerations for choosing 

a proper optimization workflow is the number of simulations required for the optimization process. Table 4 

compares the number of flow simulation runs between the proposed workflow and the conventional approach 

(where the simulations are run exhaustively for each history matched model). Even though we run history 

matching with 2000 flow simulations, realistically we only select the models with low misfit for optimization 

(see Figure 8). The first row of Table 4 shows the number of good matched-models (i.e. 745 NAB models with 

low misfit) and the 7 selected PMs along with their respective number of simulation runs for the optimization. 

The numbers on the second row are calculated manually based on the number of optimal solutions from the 

selected PM comparing conventional (i.e. exhaustive simulations run) and the proposed workflow (i.e. optimal 

solutions selection by PSA). Conventional optimization workflow using the full set of 745 realizations is 

unrealistic at the current level of computing resources. Therefore, the proposed optimization workflow with a 

small set of representative realizations can be recommended for an infill well placement optimization because 

it provides more confident decision-making process at affordable computational cost, i.e. total of 3,518 flow 

simulation runs. 

Table 4 
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4.3 Experiment 2: Simulation Results by Robust Optimization 

We applied robust optimization workflow shown in Figure 6 to the same optimization job in the previous section 

(i.e. an infill well placement). The objective is to compare the results of robust optimization with the extended 

nominal optimization shown in Figure 4. The objective functions in the robust optimization are the same i.e. to 

maximize the oil recovery and minimize the water production rate from the field as defined in Eq. (13). 

However, in robust optimization, the objective functions are the expectation values of each objective function 

in Eq. (13) across all the selected models as formulated in Eq. (10). We used the same 7 PMs as in the previous 

section, as described in Table 2. We also used the same algorithm setting and number of flow simulations for 

each PM’s optimization, i.e. 500 simulations each. 

Figure 14 shows the results of the robust optimization for placing an infill well in PUNQ-S3 reservoir. The 

Pareto front solutions are selected as the optimal solutions and further analysed as shown in Figure 14a. Figure 

14b shows the corresponding location of each optimal solutions in a grid. The number on each grid is the location 

index to represent an optimal well location. We can see from Figure 14b that the optimal well locations are 

predominantly located in the southern part of the field and only one location in the mid-eastern part of the field. 

The optimal well locations are reasonably similar to the ones from the extended nominal optimization workflow 

as depicted in Figure 10b. 

Figure 14 (a) and (b) 

As the objective functions in the robust optimization are the expected objectives values across all the models, 

all the optimal solutions will be the same for all the models. Hence, further application of optimal solutions 

found by a model’s optimization to the other models is not required as in the extended nominal optimization. 

Consequently, the selection of optimal solutions by PSA is not required in the robust optimization. This implies 

that robust optimization requires a lesser number of flow simulations than the extended nominal optimization, 

i.e. only 3,500 flow simulations (7 x 500) for the optimization job compared to 3,518 flow simulations on the 

extended nominal optimization. 

We use the re-calculated probability for each PM as given in Table 2 to generate the P10-P50-P90 credible 

interval on each optimal solution shown in Figure 14b for the risk analysis and decision-making. Figure 15 

shows the box plot of all 12 optimal solutions along with the same economic threshold as before (i.e. P50 > 6.85 

x 106 SM3). We can see from Figure 15 that there is no location that has P50 of the recovered oil above the 

economic threshold. However, the closest P50 of FOPT to the economic threshold is the results from drilling a 

new well at the location indices 12 or 10. A risk-taker decision maker will tend to choose location index 10 

where there is an opportunity to have a slightly higher P10 value of recovery with a risk of larger downside. A 

risk-averse decision maker will tend to choose location index 12 where there is a smaller downside of expected 

recovery even though the P10 value is slightly lower than location index 10. 
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Figure 15 

We compared the results of the robust optimization workflow shown in Figure 15 and the extended nominal 

optimization shown in Figure 13. We used the truth case value as the validation for the comparison. We can see 

from Figure 13 that there are 4 location indices from the extended nominal optimization that have a P50 value 

of FOPT larger than the economic threshold (i.e. location indices 3, 6, 11, and 18). Out of these 4 locations, 

there are 2 location indices that the truth case values are larger than the economic threshold which aligns with 

the result from the optimization (i.e. location indices 6 and 11). The other 2 locations (i.e. location index 3 and 

18) are the unfortunate events where the risk-taker decision maker choose either of these locations as the final 

solution. On the other hand, there is one location (i.e. location 12) from the truth case that the oil recovery is 

more than the economic threshold but was not found by the robust optimization as shown in Figure 15. 

Nonetheless, both optimization approaches favour eastern part of the field as the optimal location for an infill 

well drilling. 

Furthermore, if the decision maker decided to use P10 instead of P50 value (i.e. P10 value of FOPT > 6.85 x 

106 SM3) as the economic threshold reference, both of the results from the extended nominal and robust 

optimization are also comparable. For instance, there are 6 (i.e. locations 2, 3, 6, 8, 11 and 18) and 7 solutions 

(i.e. locations 6 to 12) that satisfy this criterion from the extended nominal optimization and robust optimization, 

respectively, as shown in Figure 13 and Figure 15. The locations of these solutions are also similar from both 

optimizations workflow, i.e. located in the eastern part of the field across from mid to south. 

The validation of uncertainty estimation from the robust optimization is also performed with the truth case to 

see the reliability of the optimization forecast. We can see from Figure 15 that the truth values of the total 

recovered oil at the end of field production time are encapsulated within P10-P90 range for all location indices. 

This result demonstrates that the proposed methods (i.e. models selection based on the Pareto models and 

posterior inference based on the NAB clustering) in uncertainty estimation of optimization forecast in the robust 

optimization workflow is reliable to support the decision-making process. 

5 Case Study 2: Three Infill Wells Placement 

A key feature in the robust optimization workflow is its viability to handle complex cases, i.e. more than one 

well to be placed. As the number of wells or decision variables increases, the robust optimization can evaluate 

an objective function(s) simultaneously across all the model realizations, i.e. in the form of expectation measure, 

for all the found common solutions. 

Another robustness criterion can be considered in the robust optimization workflow by using the flexibility of 

multi-objective optimization to add another objective. For instance, variance measure can be added as the 
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additional objective function which measures the variation of the original objective function across the selected 

model realizations at the solution parameter. This approach will be demonstrated in the case study presented in 

this section. 

5.1 Optimization Setup 

In the second case study, the PUNQ-S3 mature field is further developed by drilling 3 new vertical infill wells 

to be produced for the next 10 years after been produced for 16.5 years to increase oil recovery. The setup of 

production schedule is similar with the first case study. 

The optimization will be a two-objective problem, whose objectives are set to maximize the expected cumulative 

oil production and to minimize the variance cumulative oil production from the field across all model 

realizations as given in Eq. (19). The constraint in the optimization is the new infill well could not be drilled in 

the inactive cells of reservoir model nor overlap with the current existing wells. These constraints ensure that 

the proposed new well will not to be drilled outside the reservoir of interest and nor through the same well head 

with the existing well in the field. 

 𝐽 = 𝐽( : ) =  
1

𝑁
𝐽(𝜃 ) 

Eq. (19) 
 

𝐽 =
1

𝑁
(𝐽(𝜃 )) −

1

𝑁
𝐽(𝜃 ) , where 

 
𝐽( ) = 𝑞 ( , ) . ∆ ,  

where 𝐽  and 𝐽  are the first and second objective function values to be maximized and minimized, respectively, 

𝑞 ( , ) represents the oil rate from a producer well at the simulation time step 𝑘, ∆ ,  represents the period 

of time from time step 𝑘 to 𝑘 + 1, 𝑁  is the number of producer wells, 𝜃  is the model realization 𝑖 (𝑖 = 1, 2, 

…, 𝑁 ), and 𝑁  is the number of time step at the end of simulation time. 

5.2 Optimization Results 

We applied the robust optimization workflow to place 3 new vertical infill wells with the objective functions 

defined in Eq. (19). We used all 8 selected PMs described in Table A.1 for the optimization. The algorithm 

setting is the same with the previous optimization runs with 500 flows simulations for each PM which results 

in 4000 (i.e. 8 times 500) flow simulations in total. 
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Figure 16 shows the results of the robust optimization of placing 3 new vertical wells on PUNQ-S3 reservoir in 

the objective space. We selected the Pareto front solutions as the optimal locations and these locations are 

analysed further. There are 3 selected scenarios, i.e. scenario 1, 2, and 3 to represent three types of decision-

maker behaviour, i.e. risk averse, risk neutral, and risk taker, respectively, as shown in Figure 16. The risk-

averse decision maker tends to be more conservative in terms of lower expected oil recovery and its variance, 

whereas the risk-taker one is more aggressive on expecting a higher oil recovery with the higher risk of larger 

variance. The risk-neutral decision maker tends to be in between risk-averse and risk-taker. 

Figure 16 

Figure 17 shows the corresponding locations of the selected 3 scenarios in a grid. We can see from this figure 

that drilling wells in both northern and southern part result in low expected oil recovery with low variance as 

shown in green boxes. Well locations at the middle across from the western to the eastern part of the field result 

in high expected oil recovery with high variance as shown in red boxes. 

Figure 17 

The validation of uncertainty estimation from the robust optimization is also performed with the truth case to 

check the reliability of the optimization forecast as shown in Figure 18. Figure 18 shows that the truth values of 

the total recovered oil at the end of field production time are encapsulated within P10-P90 range for all location 

indices. This result demonstrates that the proposed methods (i.e. models selection based on the Pareto models 

and posterior inference based on the NAB clustering) in uncertainty estimation of optimization forecast in the 

robust optimization workflow is reliable to support the decision-making process. 

Figure 18 

6 Conclusion 

In this paper, we have presented new workflows to support infill drilling decisions that increase the oil recovery 

with economic risk awareness under geological uncertainty. The workflows combine multi-objective history 

matching, posterior inference and optimization over multiple geological model realizations to capture 

uncertainty. We use multi-objective history matching to generate multiple-model realizations and Bayesian 

analysis for uncertainty quantification with credible P10-P90 intervals. We select the Pareto models as the 

diverse set of good matched models and perform multi-objective well placement optimization across these 

selected models (i.e. by extended nominal optimization or robust optimization). The Pareto front solutions are 

selected as the optimal solutions and analysed for the decision-making with respect to the calculated probability 

associated with each model. We applied these workflows to find the optimal infill well location(s) in a 
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brownfield with a benchmark data set. This workflow enables us to reduce the computational cost to a 

manageable amount while still obtaining representative and reliable optimal solutions. 

The multi-objective approach in the history matching provides diverse sets of calibrated models that should lead 

to better forecast of the optimization outcomes. Both case studies demonstrate that the forecasting optimization 

based on the Pareto history matched models results in P10 – P90 range that encapsulates the truth case optimized 

values. 

The paper emphasizes that uncertainty estimation with posterior inference approximation based on multi-

objective history matching produces more robust optimal development solutions. We applied the proposed 

workflow to an industry standard benchmark reservoir model. Different optimal infill drilling regions found 

with variable uncertainty ranges can accommodate a different type of decision maker behaviour: risk-averse or 

risk-taker, which offers flexibility to the decision maker. 

The paper shows that the proposed extended nominal optimization under uncertainty workflow can be used to 

obtain robust and reliable decisions regarding locations of new infill wells with a high oil recovery and a low 

range of uncertainty at a manageable computational cost. This was achieved by the introduction of the Part and 

Select algorithm (PSA) application in the extended nominal optimization, which enables us to obtain 

representative optimal solutions while reducing the computational cost. The representativeness of the selected 

optimal solutions from the PSA is then validated by running all optimal solutions across all models exhaustively. 

The paper also shows that the proposed robust optimization workflow can be used to obtain comparable results 

with the ones from the extended nominal optimization in an infill well placement optimization. The robust 

optimization addresses the limitation of the extended nominal optimization to cope with the objective functions 

such as expectation and variance measures. Both objective functions can be optimized within the multi-objective 

approach that is able to obtain a group of optimized solutions, and the decision-makers could make decisions 

based on their risk attitude. Again, coupled with the proposed model selection and the posterior inference, the 

forecasting optimizations are validated with the truth case optimal solutions and demonstrated to be reliable. 
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Appendix A—Experimental Results on Decision Consistency between History 

Matching Runs 

The nature of history matching powered by the stochastic optimizer is known for its randomness in generating 

the solutions which give us a different set of matched models. The question arises whether the decision in the 

optimal well location from one history match run holds for different history match runs. This section describes 

the same workflow as before (see Figure 4) with different history matching runs for decision-making on optimal 

solutions to drilling a new infill well. For easier explanation, we defined the previous Experiment 1 results in 

Section 4.2.1 as Run 1 whereas the results presented in this section as Run 2. 

We used the same setup on both history matching and optimization as described in Eq. (17) and Eq. (13), 

respectively. We also used the same algorithm setting and number of simulations, i.e. 2000 flow simulations in 

history matching and 500 flow simulations per each selected model in optimization. In the risk analysis and 

decision-making, we used the same criteria as before, i.e. an economic threshold of P50 > 6.85 x 106 SM3 and 

low variance of the expected oil recovery. 

A.1 Models Selection and Posterior Inference 

We selected the models for the optimization based on the Pareto models of multi-objective history matching. 

Figure A.1 shows the selected PMs from the history matching and NAB analysis out of all generated history 

matched models. We can see from Figure A.1a that the NAB is able to filter out the low-quality models and 

assign a posterior probability for the rest of models (there are 830 NAB models in total). Then, 8 PMs from the 

NAB models are selected for optimization as shown on Figure A.1b, from which we can see that higher misfit 

value in misfit 1 (i.e. well PRO1, PRO4 and PRO12) does not help to decrease significantly misfit value 2 (i.e. 

well PRO5, PRO11, PRO15). 

Figure A.1 (a) and (b) 

We re-calculated the probability for the selected 8 PMs based on 830 NAB models clustering. Table A.1 shows 

the re-calculated probability for each PM. We can see from Figure A.1b and Table A.1 that the re-calculated 

posterior probabilities for most of the models closer to the origin are relatively larger than the others, as 

expected. For instance, PM8, PM7, and PM4, which are the closest three to the origin, have a larger assigned 

probability than the others. 
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Table A.1 

A.2 Optimization and Optimal Solutions Selection 

In Run 2, the multi-objective optimization for each of selected 8 PMs was conducted with the same setup as in 

Run 1. Figure A.2 shows the Pareto front solutions from each PMs optimization in the objective space along 

with the truth case optimization as a reference. We can see from Figure A.2 that model selection based on the 

PMs provides a good estimation of the objective values (oil recovery and water production rate from the field) 

as it encapsulates the optimized case from the truth case. The number attached to each Pareto front is the number 

of optimal solutions from the optimization from each Pareto model. 

Figure A.2 

We select representative optimal solutions from the results of each Pareto model’s optimization by PSA and 

apply to all 8 PMs. Out of 57 optimal solutions in total, there are 20 optimal solutions selected across all the 

Pareto models’ optimization as shown in A.3a and A.3b, respectively. Comparing Figure A.3a and Figure 10a, 

we can see that the optimal well locations are consistent between different history match run, i.e. the solutions 

are predominantly located in the southern and eastern part of the field. From Figure A.3b we can see that PSA 

reasonably preserves the optimal solutions to cover a different part of optimal well location in the field. All of 

these representative optimal solutions are applied to all 8 PMs and will be further analysed in the decision-

making. 

Figure A.3 (a) and (b) 

A.3 Risk Analysis and Decision-Making 

As in Run 1, the final step in the workflow is to conduct risk analysis and to choose the optimal solutions based 

on the economic threshold (i.e. P50 of FOPT > 6.85 x 106 SM3) and the range of P10-P90 to evaluate the upside 

and downside of each optimal solution. Figure A.4 shows the box plot of all 20 representative optimal solutions 

in Figure A.3b along with the economic threshold (i.e. our decision panel). We can see from Figure A.4 that 

there are 5 location indices, i.e. 3, 4, 6, 15, and 20, that have P50 of the recovered oil above the economic 

threshold. These location indices will be further analysed. 

The P50 and the spread of expected oil recovery (P10-P90) of location indices 3, 6 and 20 are slightly smaller 

than location indices 4 and 15. A risk-taker decision maker will tend to choose location index 4 or 5 where there 

is an opportunity to have a slightly higher expected recovery with a risk of larger downside. A risk-averse 

decision maker will tend to choose either location index 3, 6 or 20 where there is a smaller downside of expected 

recovery even though the expected P50 is slightly lower than location index 4 or 15. 
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Figure A.4 

The results presented in this section demonstrate the consistency of the decision outcome between stochastic 

history matching runs from the proposed optimization workflow. Location indices 6 and 11 from Run 1 

(Experiment 1 in Section 4.2.1) are comparable with location indices 3, 6, and 20 from Run 2 (Experiment in 

this section) in terms of the expected oil recovery. The region for these wells is consistently found in the mid-

eastern part of the field as shown in Figure 10 and Figure A.3. On the other hand, location indices 3 and 18 from 

Run 1 are comparable with location indices 4 and 15 from Run 2 in terms of the expected oil recovery. The 

region for these wells is also consistently found in the south-eastern part of the field. These results also give 

flexibility to the decision maker given constraints that they might have, such as pipeline route, well platform, 

and the environment. The consistency of the decision output, as demonstrated, ensures that decision maker 

associated with their risk behaviour (i.e. risk-averse or risk-taker) can be more confident of the expected result. 

The validation of uncertainty estimation is performed with the truth case to see the reliability of the optimization 

forecast as shown in Figure A.4 for the oil recovery at the end of field production time. We can see from this 

figure that the truth values of the total recovered oil from the field are encapsulated within P10-P90 range for 

all location indices. This result demonstrates that the proposed workflow in uncertainty estimation of 

optimization forecast is reliable to support the decision-making process. 

Appendix B—Validation on PSA as a Method for Optimal Solutions Selection 

We validated the representativeness of selected optimal solutions by PSA with the ones based on optimizing 

over the exhaustive sets of Pareto front solutions. To do this, all the joint optimal solutions shown in Figure 10a 

and Figure A.3a are run exhaustively to each Pareto history matched-model, for Run 1 and Run 2, respectively. 

There are 58 and 57 joint optimal solutions from Run 1 and Run 2, respectively, which are applied to 7 and 8 

Pareto models’ optimizations for Run 1 and Run 2, respectively. Afterwards, the probability distribution 

functions (PDFs) are constructed based on the respective posterior probability of each Pareto model. 

Figures B.1 and B.2 show the PDFs of the expected total oil production from the exhaustive runs across all the 

optimal locations from Run 1 and Run 2, respectively. We can see from Figures B.1a and B.2a that the PDFs of 

the expected total oil production from the PSA’s subset selection are well represented as shown in Figures B.1c 

and B.2c. The validation on exhaustive runs is then extended to all optimal locations that satisfy the economic 

threshold. We can see from Figures B.1b and B.2b that the PDFs of the expected recovery from the PSA’s subset 

selection are well represented as shown in Figures B.1d and B.2d. 

Figure B.1 (a), (b), (c) and (d) 
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Figure B.2 (a), (b), (c) and (d) 
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Figure 1—Dominance and Pareto optimality concept in objective space for two objective minimization problem. All solutions 
inside the striped area are dominated by the solution 𝐱(𝟏). The Pareto optimal set of non-dominated solutions are shown as 

green circles. 
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Figure 2—General diagram of the proposed workflow for the optimization under uncertainty. 

  



36 

 

 

Figure 3—An illustration of NAB model clustering and posterior probability re-calculation in the one-dimensional case. 
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Figure 1—Workflow diagram of the extended nominal optimization. 
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Figure 2—An illustration of different and common optimal infill well location solutions found two independent optimizations on 

two different model realizations. 
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Figure 6— Workflow diagram of the robust optimization. 
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Figure 7— PUNQ-S3 reservoir model and location of wells in top structure map. 
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Figure 8—(a) All the generated history matched models and the NAB models in the objective space; (b) Seven selected models 

(coloured green) for optimization based on the Pareto models from multi-objective history matching and NAB analysis. 
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Figure 9—Pareto front solutions from the optimization of the 7 selected PMs in the objective space (FOPT: total cumulative 

produced oil from the field, FWPR: field water production rate). Optimized case from the truth is plotted as a reference. 
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(a) All optimal solutions on a grid (b) PSA’s representatives of optimal solutions 

Figure 10—(a) Joint optimal solutions from the optimization of 7 Pareto models on a grid; (b) The representative optimal 
solutions selected by PSA. The number in each grid represents the location index. 
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Figure 11—Yearly and cumulative cash flow at the average field oil production rate of 5.1 MBBLS/day. 
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Figure 12—Production profile of the truth case to determine the minimum incremental oil recovery from the field for the next 10 
years to achieve positive (or at least zero) cash flow (i.e. the economic threshold of total oil recovered at the end of production 

time is 6.85 x 106 SM3). 
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Figure 13—Box plot of total oil recovery on 18 representative optimal solutions from the optimization across all 7 Pareto history 
matched models with the truth case as a reference for each location index. Location indices that result P50 of FOPT more than 

the economic threshold are highlighted in blue. 
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(a)  (b)  

Figure 14—(a) Robust optimization results depicting all solutions and the optimal solutions in the objective space; (b) The 
corresponding location of the optimal solutions in a grid for an infill well placement optimization on PUNQ-S3 reservoir. The 

number in each grid represents the location index.  
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Figure 15—Box plot of total oil recovery on 12 optimal solutions from the robust optimization across all 7 Pareto history 

matched models with the truth case as a reference for each location index. No location results in P50 of FOPT more than the 
economic threshold. 
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Figure 16—Robust optimization results of placing 3 new vertical wells in PUNQ-S3 depicting all solutions and the optimal 

solutions in the objective space. The number on each blue dot represents solution index. Three scenarios are selected based 
on different type of decision-maker behaviour, i.e. scenario 1 – risk averse, 2 – risk neutral, 3 – risk averse. 
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Figure 17—The corresponding well locations for the selected three scenarios in Figure 16. 
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Figure 18—Box plot of total oil recovery on 17 optimal solutions from the robust optimization across all 8 Pareto history 

matched models with the truth case as a reference for each solution index. 
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(a) (b) 

Figure A.1—(a) All the generated history matched models and the NAB models in the objective space; (b) Eight selected models 
(coloured green) for optimization based on the Pareto models from multi-objective history matching and NAB analysis. 
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Figure A.2—Pareto front solutions from the optimization of the 8 selected PMs in the objective space (FOPT: total cumulative 

produced oil from the field, FWPR: field water production rate) from Run 2. Optimized case from the truth is plotted as a 
reference. 
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(a) All optimal solutions on a grid (b) PSA’s representatives of optimal solutions 

Figure A.3—(a) Joint optimal solutions from the optimization of 8 PMs on a grid on Run 2; (b) The representative optimal 
solutions selected by PSA. The number in each grid represents the location index. 

  



55 

 

 
Figure A.4—Box plot of total oil recovery on 20 representative optimal solutions from the optimization across all 8 PMs on Run 
2 with the truth case as a reference for each location index. Location indices that result P50 of FOPT more than the economic 

threshold are highlighted in blue. 
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Figure B.1—Run 1 results: (a) Estimated PDF of expected recovery for each location index for all 56 optimal locations; (b) All 
optimal locations satisfying the economic threshold; (c) PSA’s subset optimal locations; (d) PSA’s subset optimal locations 

satisfying the economic threshold. 
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Figure B.2—Run 2 results: (a) Estimated PDF of expected recovery for each location index for all 57 optimal locations; (b) All 
optimal locations satisfying the economic threshold; (c) PSA’s subset optimal locations; (d) PSA’s subset optimal locations 

satisfying the economic threshold.  
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Layer Porosity 
𝑘  

Multipliers 

Horizontal 

Permeability (mD) 

Vertical 

Permeability (mD) 

1 0.15 – 0.30 0.1 – 10 133 – 3013 44 – 925 

2 0.05 – 0.15 0.1 – 10 16 – 133 8 – 44 

3 0.15 – 0.30 0.1 – 10 133 – 3013 44 – 925 

4 0.05 – 0.15 0.1 – 10 47 – 376 17 – 118 

5 0.15 – 0.30 0.1 – 10 133 – 3013 44 – 925 

Table 1—Prior ranges of porosity and 𝒌𝒉 multipliers with the implied horizontal and vertical permeability in the parameterisation 
of PUNQ-S3.  
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Cluster # of models Center Probability 

C1 145 PM1 0.3602 

C2 89 PM2 0.1176 

C3 146 PM3 0.1010 

C4 68 PM4 0.055 

C5 71 PM5 0.0718 

C6 48 PM6 0.0372 

C7 178 PM7 0.2567 

Total 745 7 1.0 

Table 1—Re-calculated posterior probability for the 7 Pareto models (PMs) from NAB clustering process. 
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Parameter Value Unit 

Oil price, 𝑝  50 $/STB 

Drilling cost, 𝐶  25 $mm 

Additional facility, 𝐶  5 $mm 

Additional flowline cost, 𝐶  5 $mm 

Operational cost, 𝐶  1 $mm/year 

Discount rate, 𝑟 0.1 - 

Government share, 𝐺 0.8 - 

Table 2—Economic parameters for the cash flow calculation. 
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Step 

Conventional Workflow Proposed Workflow 

NAB models 
Optimization 

flow simulation 
runs 

Selected from 
multi-objective 

(PMs) 

Optimization 
flow simulation 

runs 

1.PPD approximation (NAB) 745 372,500a 7 3,500a 

2. Optimal Solution 100 425b 21 18b 
a: 500 flow simulations per optimization run; b: flow simulations of all optimal solution across 7 Pareto history 
matched models. 

Table 3—Comparison of the number of flow simulation runs between proposed and conventional workflow. 
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Cluster # of models Center Probability 

C1 19 PM1 0.0545 

C2 48 PM2 0.0473 

C3 69 PM3 0.0995 

C4 141 PM4 0.1783 

C5 133 PM5 0.1264 

C6 63 PM6 0.0808 

C7 196 PM7 0.1952 

C8 161 PM8 0.2178 

Total 830 8 1.0 
 

Table A.1—Re-calculated posterior probability for the 8 PMs from NAB clustering process on Run 2. 

 


