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THREE-LAYER ANALYTICAL SOLUTION FOR WAVE ATTENUATION BY SUSPENDED 

AND NONSUSPENDED VEGETATION CANOPY 

Long-Huan Zhu1 and Qing-Ping Zou* 

A generalized three-layer analytical solution for the wave attenuation by suspended and non-suspended vegetation 

canopy is developed in this study. The analytical solution reduces to the two-layer analytical solution by Kobayashi et 

al. (1993) for the non-suspended vegetation canopy rooted at the sea bed. The present theory is verified using 

laboratory experiments and field observations of a suspended and non-suspended as well as emerged and submerged 

vegetation canopy. The wave attenuation increase with the drag coefficient, blade diameter and length, canopy 

density and length, the elevation of the bottom of the canopy and the incident wave height. The influences of wave 

frequency and water depth on wave attenuation are more complex. They affect the wave attenuation mainly by 

changing the wave flow velocity encountered by the vegetation canopy. As a result, the canopy vertical position has 

significant impact on the relationship between the wave attenuation and wave frequency. 

Keywords: wave attenuation; suspended vegetation canopy; vegetation; analytical solution; wave and vegetation 

interaction 

INTRODUCTION  

Aquatic canopy can serve as natural breakwaters due to its effects on wave attenuation. The 

vegetation canopy may be categorized as submerged or emerged, and rooted or suspended based on the 

its height relative to the water depth and vertical location in the water column (Plew, 2011; Huai et al., 

2012; Chen et al., 2016).  

During the past decades, most researchers focused on the wave attenuation by the submerged and 

emerged vegetation canopy rooted at the bottom, using field observation (e.g., Knutson et al., 1982; 

Mӧller et al., 1999; Bradley and Hauser, 2009; and Horstman et al., 2014), lab experiments (e.g., 

Fonseca and Cahalan, 1992; Augustin et al., 2009; Stratigaki et al., 2011; Koftis et al., 2013; Anderson 

and Smith, 2014; Hu et al., 2014; Ozeren et al., 2014; Wu and Cox, 2015; Wang et al., 2016), 

numerical methods (e.g., Li and Xie, 2011; Ma et al., 2013; Maza et al., 2013; Marsooli and Wu, 2014; 

Zhu and Chen, 2015; Chakrabarti et al., 2016), and analytical study. 

For the analytical studies, Dalrymple et al. (1984) developed the analytical expression of the 

regular wave height reduction over vegetation based on the wave energy conservation equation. On the 

other hand, Kobayashi et al. (1993) obtained a similar solution by solving the momentum equations 

assuming that wave height decays exponentially through the vegetation canopy. These two models have 

been used widely by the other researchers. Dalrymple et al.’s (1984) formulation was extended for 

random waves by Mendez and Losada (2004) and for wave and current conditions by Losada et al. 

(2016) while Kobayashi et al.’s (1993) solution was extended for flexible vegetation by Dubi and 

Torum (1994) and for wave and current conditions by Otta et al., (2004). Recently, Chen and Zhao 

(2012) and Liu et al. (2015) proposed an analytical model for submerged and emergent vegetation 

canopy.  

However, suspended vegetation canopy has received little attention in comparison to the 

submerged and emerged vegetation canopy rooted at the bottom. Only recently did researchers start to 

pay attention to the wave attenuation by the suspended canopy (Plew 2005; Chen et al. 2016). 

Theoretical work for the wave attenuation through suspended vegetation canopy is scarce in literature.  

In this study, a generalized three-layer analytical solution is obtained for wave attenuation through 

all these types of canopies in present paper. The theory is validated using the experiment by Ozeren et 

al. (2014) and field observations by Plew et al. (2005). The wave and vegetation parameters that 

influence the capacity of the canopy to attenuate the wave are investigated using the analytical solution.  

METHODOLOGY 

Kobayashi et al. (1993) developed a 2-layer model to solve 2-D problem of small-amplitude waves 

propagating over submerged rigid vegetation rooted at the bottom. This 2-layer model is formulated by 

using the continuity and linearized momentum equations for the regions above and within vegetation. 
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The effect of vegetation is considered as drag forces adding to the momentum equations within 

vegetated region. An analytical solution is obtained on the assumption that wave height decays 

exponentially in horizontal plane within canopy region. 

The present study extends the 2-layer model by Kobayashi et al. (1993) to a generalized 3-layer 

model for suspended vegetation canopy at any position in the water column, illustrated in Fig. 1, in 

which the horizontal coordinate x is positive in the direction of wave propagation, the vertical 

coordinate z is positive upward, with z=0 at the still water level, d1 denotes the distance from the still 

water surface to the top of the canopy, d2 denotes the height of canopy and d3 denotes elevation of the 

bottom of the canopy bottom relative to seabed. When d3=0 and d1≠0, it is the submerged canopy 

rooted at the bottom; when d3=0 and d1=0, it is the emerged canopy rooted at the bottom and when 

d3≠0, it is the suspended canopy case (floating on surface when d1=0 and suspended in water when 

d1≠0). The sea bed located at z=-(d1+d2+d3) is assumed to be horizontal. 

 

 
Figure 1. Definition sketch of variables and coordinate system for the three-layer analytical model of waves 

propagating over a vegetation canopy. 

 

The continuity and linearized momentum equations are given by 
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for the layer 1 at the surface;  
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for the  layer 2 in the middle of the water column where the canopy is; and 
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for the layer 3 at the bottom, where t is time.  nnn wuu ,


 is the water particle velocity vector with 

horizontal and vertical components, un and wn, in the layer n (n=1, 2, 3). pn is the dynamic pressure due 

to wave action in the layer n. The total pressure should include both the dynamic pressure pn and the 

hydrostatic pressure -ρgz below still water line. ρ is the water density and g is the gravitational 

acceleration.  zx FFF ,


 is the drag force per unit volume with the horizontal and vertical 

components Fx and Fz. We treat each blade in the canopy as a rigid vertical cylinder with a small 

diameter and apply the Morison equation to obtain the drag force exerted on the canopy per unit 

volume: 
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in which CD is the drag coefficient for a representative blade in the suspended canopy, b is the projected 

area per unit height of each blade normal to the horizontal velocity, N is the number of blades per unit 

horizontal area. 

The linearized boundary and matching conditions at the free surface:  
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at the interface between layer 1 and layer 2:  
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at the interface between layer 2 and layer 3:  
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  2123 ddzatpp  , (15)  

  2123 ddzatww  , (16) 

at the bottom:  

  3213 0 dddzatw  , (17) 

where η1 denotes the elevation of free surface above still water line, η2 denotes the vertical displacement 

of the interface between layer 1 and layer 2, and η3 denotes the vertical displacement of the interface 

between layer 2 and layer 3. The horizontal velocities u1, u2, and u3 do not match at the interfaces 

because the horizontal momentum equation changes abruptly from Eq. 2 to Eq. 4 and from Eq. 4 to Eq. 

6 in which Fx given by Eq. 7 is nonzero. Thus, the shear stress at the interfaces would need to be 

considered in Eq. 2, Eq. 4, and Eq. 6 to match u1 u2, and u3. 

We assume an exponential decay in wave height and the wave height at distance x into the canopy 

is related to the incident wave height H0 at x=0 by 

 
xkveHH


 0  (18) 

where kv is the exponential decay coefficient (m-1). Accordingly, the free surface elevation η1 may be 

expressed as 

  tkxe
H xkv  


cos

2

0
1  (19) 

where k is the wave number and σ is the angular frequency. 
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Assuming weak damping and relatively small drag force, the governing equations (Eq. 1-6) can be 

solved with the boundary conditions (Eq. 9-17). We obtain the generalized analytical solution of the 

exponential decay coefficient kv for a vegetation canopy at any position in the vertical direction 
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in which, h is the total water depth, h=d1+d2+d3. When d3=0, Eq. 20 reduces to the 2-layer solution by 

Kobayashi et al. (1993) for a vegetation canopy rooted at the bottom 
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The wave attenuation through the vegetation canopy can be evaluated using the wave height 

transmission coefficient, TH, which is the ratio of transmitted wave height Ht to the incident wave height 

H0 
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where Lv is the length of the suspended vegetation canopy. Similarly, the wave energy transmission 

coefficient, TE, the ratio of the transmitted wave energy to the incident wave energy is equal to the 

square of wave height transmission coefficient 
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MODEL VALIDATION 

Wave propagation through a submerged and emergent canopy 

The 3-layer analytical solution is validated against the laboratory experiments by Ozeren et al. 

(2014) for regular waves propagating over submerged and emerged vegetation canopy. The wave height 

is 0.06 m, the wave period is 1 s, and the water depth is 0.5 m. The diameter of the rigid model 

vegetation is 9.4 mm, the vegetation density N is 350 m-2, and the length of the canopy Lv is 3.66 m. For 

the submerged case, the model vegetation stem height hv is 0.48 m and the drag coefficient CD is 1.97, 

while hv is 0.63 m (larger than the water depth) and CD is 2.49 for the emerged case. 

The comparison between the present model and the experiment data is shown in Fig. 2 and Fig. 3 

for submerged and emerged canopy respectively. It can be seen that the analytical solution of the wave 

height agrees well with the measurements by the wave gauges. 

 
Figure 2. Wave transmission (ratio of the local wave height H to the incident wave height H0) as a function of 

the distance into the canopy normalized from the total length of the canopy Lv: triangles denote the gauge 

data without vegetation; circles denote the gauge data with vegetation; solid line denotes the present 

analytical solution. Dash-dotted lines denote the edges of vegetation canopy. 
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Figure 3. Same as Fig. 2 except for the emerged vegetation canopy. 

Wave propagation through a suspended canopy 

The present analytical solution is validated using the field observations for a suspended canopy by 

Plew et al (2005). During this field experiment, the random wave with a peak wave period of 12.5 s 

propagates through a mussel farm with a size of 2450 m by 650 m, at a water depth varying from 9 to 

12 m and approximately 2.5 km away from the shoreline, which can be considered as a suspended 

canopy. The significant wave height varies from averaging 0.063 m to a peak value of 0.25 m at the 

offshore side of the farm during the field experiment. We use the same incident wave height of 0.1 m, 

0.2 m and 0.5 m as Plew et al. (2005). The energy transmission coefficient TE is calculated at a distance 

of 650 m into the canopy. The key vegetation parameters are: the dropper length d2=8 m, dropper 

diameter b=0.14 m, water depth is h=10 m, CD=1.7 and density N=0.06 m-2. 

Fig. 4 demonstrate that the present analytical solution is in an improved agreement with the field 

observations in comparison with the model predictions (thick lines) by Plew et al (2005). 

 
Figure 4 Wave energy transmission coefficient TE (same as ETR by Plew et al. (2005)) vs. wave frequency. 

The incident wave height is 0.1 m, 0.2 m and 0.5 m given in the legend. The vertical bars denote the 95% 

confidence interval of the field observations of energy transmission coefficient. The thin lines represent the 

present analytical solution and the thick lines represent the model predictions by Plew et al. (2005).  

MODEL RESULTS AND DISCUSSIONS 

The wave attenuation is quantified by the wave height transmission coefficient TH, which is the 

exponential function of the product of decay coefficient kv and the length of the canopy Lv, as shown in 

Eq. 22. Obviously, the larger canopy with higher decay coefficient kv attenuate more wave energy. 

According to Eq. 20, the decay coefficient kv is linearly proportional to the drag coefficient CD, each 

blade diameter b, canopy density N, and the incident wave height H0. It also increases with increasing 

blade length d2 and the elevation of the canopy d3.  But kv is a non-monotonic function of the wave 

number k and water depth h since d2+d3=h-d1. k is a function of water depth h for a given wave period, 

so that both the numerator and the denominator include h in Eq. 20. We will next discuss about the 

influence of these parameters. 
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The wave attenuation by a vegetation canopy at different elevations including that floating on the 

surface, suspended in the water column, and rooted at bottom, is examined following the experiments 

by Ozeren et al. (2014). The vegetation stem height d2=0.2 m.  

 
Figure 5. Wave energy transmission coefficient TE vs. wave frequency for an aquatic canopy at different 

vertical locations. d3=0 indicate the canopy rooted at bottom, d1=0 denotes canopy floating at the water 

surface and other values of d1 represents the canopy suspended in the middle of the water column. 

Comparison in Fig. 5 indicates that the wave energy transmission coefficient TE by the canopy at 

different locations are nearly the same at low frequency. However, as wave frequency increases, wave 

attenuation by canopies at different locations behaves differently. With increasing wave frequency, TE 

decreases to 0 when the canopy is floating on the surface while increases towards 1 when the canopy is 

situated at the bottom. It is also found that when the canopy is located at the upper half of the water 

column (d1<d3), TE first decreases and then increases to 1. The frequency range for TE less than 0.6 

extends as well when the canopy moves upwards, indicating that the canopy can effectively dissipate 

wave energy for a wider frequency range as it moves upwards.  

CONCLUSIONS 

In this paper, a 3-layer analytical model has been developed to study wave attenuation by 

vegetation canopy at different locations in the water column. The analytical solution is in good 

agreement with both laboratory and field observations.  

The major parameters that influence the wave attenuation over a suspended canopy has been 

discussed. The wave attenuation increase with the drag coefficient CD, each blade diameter b, each 

blade length d2, canopy density N, canopy length Lv, the elevation of the bottom of the canopy d3 and 

the incident wave height H0. The influence of wave frequency and water depth on the wave attenuation 

is more complex. They affect the wave attenuation mainly by changing the wave flow velocity 

encountered by the vegetation canopy, which is dependent on the vertical distance from the free surface 

normalized by the wave length (Zou et al., 2003). As a result, the canopy vertical position has 

significant impact on the relationship between the wave attenuation and wave frequency. The wave 

attenuation increases with the flow velocity encountered by the canopy. At relatively low frequency or 

over a relatively shallow water, the water orbital motion remains nearly the same through water column, 

thus the canopy location has little effect on wave attenuation. At high frequency or over a relatively 

deeper water, however, the water orbital motion decays rapidly with depth, resulting in decreasing wave 

attenuation when canopy moves downward towards the bottom. 
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