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Abstract

We study AKSZ-type BV constructions for the topological A- and B-models within a double field
theory formulation that incorporates backgrounds with geometric and non-geometric fluxes. We
relate them to a Courant sigma-model, on an open membrane, corresponding to a generalized
complex structure, which reduces to the A- or B-models on the boundary. We introduce S-
duality at the level of the membrane sigma-model based on the generalized complex structure,
which exchanges the related AKSZ field theories, and interpret it as topological S-duality of
the A- and B-models. Our approach leads to new classes of Courant algebroids associated to
(generalized) complex geometry.
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1 Introduction

The topological A- and B-models were introduced originally by Witten [1–3] as twists of two-
dimensional N = 2 supersymmetric sigma-models, and were subsequently used to construct topo-
logical string theory [4] by coupling them to two-dimensional topological gravity through integration
over the moduli space of the target Calabi-Yau manifold. In this paper we reformulate the AKSZ
constructions of the A- and B-models in the framework of double field theory as a single membrane
sigma-model, and study its relation to generalized complex geometry and S-duality.

AKSZ formulations provide natural geometric methods for constructing BV quantized sigma-
models [5–8], and they produce examples of topological field theories of Schwarz-type in arbitrary
dimensionality such as the Poisson sigma-model, Chern-Simons theory and BF-theory; special
gauge fixing action functionals also yield examples of topological field theories of Witten-type, such
as the A- and B-models. One motivation for studying them comes from flux compactifications
of type II string theory, where fluxes appear as twists of the Courant algebroid on the T-duality
inspired generalized tangent bundle [9–12]. Courant algebroids are in one-to-one correspondence to
three-dimensional AKSZ sigma-models with target QP-manifold of degree 2, called Courant sigma-
models [13–19], which geometrize fluxes in the sense that they are uplifts of string sigma-models to
one higher dimension that can accomodate the fluxes [7, 8, 20–22] (see [23] for a review). A more
natural framework for describing fluxes is double field theory (DFT) [24–26], where the original
coordinates conjugate to closed string momentum modes are extended with dual coordinates con-
jugate to winding modes, and the continuous version of T-duality becomes a manifest symmetry
of the theory (see [27–29] for reviews). The algebroid structure of double field theory was studied
in [12, 30–36]; in particular, the notion of DFT algebroid was introduced in [35] whose derived
bracket is the C-bracket of double field theory, and whose corresponding membrane sigma-model
naturally captures the T-duality orbit of geometric and non-geometric flux backgrounds in a single
unified description.

The topological A- and B-model string theories in backgrounds with H-flux are captured by gener-
alized complex geometry [37–39]. They have been extensively studied by introducing AKSZ string
and open membrane sigma-models with generalized complex structures, which reduce upon gauge
fixing to the A- and B-models [40–44]. The novelty of our approach is that their AKSZ sigma-
models are reformulated within double field theory on both the string and membrane levels, which
gives a more natural explanation of how their AKSZ constructions are related to generalized com-
plex structures. It also highlights some new aspects, such as how topological S-duality appears on
the level of AKSZ sigma-models and can be traced back to generalized complex geometry.

Based on our observation that the Poisson sigma-model on doubled spaces captures both the A-
and B-models with different choices of the doubled Poisson structure, we propose an open AKSZ
membrane sigma-model, inspired by the approach of [45] to T-duality between geometric and
non-geometric fluxes, which gives back the doubled Poisson sigma-model on the boundary in a
specific gauge. Then we reduce the fields in a way which can be interpreted as the same reduction
performed in [35], where it was called a DFT projection. The resulting AKSZ membrane sigma-
model captures a particular class of generalized complex structures given by an initial Poisson and
complex structure. It therefore corresponds to a Courant algebroid for the generalized complex
structure with the identities of its integrability condition; to the best of our knowledge this is a
new example of Courant algebroid. We also show that the AKSZ membrane theory can be reduced
through gauge fixing to the A- or B-models on the boundary if the generalized complex structure is
given by a purely Poisson or complex structure respectively. Furthermore, we find a realization of
topological S-duality, which exchanges the weakly and strongly coupled sectors of the topological
A- and B-model string theories [46], on the level of the AKSZ construction. Our result is based on
an S-duality which maps Poisson and complex structure Courant algebroids into each other, and
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Figure 1: Schematic presentation of the different reductions and connections between the AKSZ string and
membrane sigma-models related to the topological A- and B-models.

lies within the Courant algebroid for the generalized complex structure. This duality is promoted
to the AKSZ membrane sigma-model and interpreted as S-duality which relates the couplings gA

and gB of the A- and B-models in the usual way: gA = 1/gB.

In Figure 1 we summarize the relations between the different AKSZ string and membrane sigma-
models appearing in this paper. In the following we also discuss some additional new results:
We introduce a gauge fixing method which is a natural way to perform boundary reductions, and
we show that the contravariant Courant sigma-model of [45] reduces to the Poisson sigma-model
in this gauge; we also relate its twisting by (geometric) R-flux to the membrane sigma-model
introduced in [21] which describes the nonassociative deformations of (locally non-geometric) R-
flux backgrounds. We further show that the standard Courant sigma-model [8] twisted by H-flux
is related to the B-model in a particular gauge.

This paper is organized as follows. In §2 we give a relatively detailed overview of the AKSZ
construction, together with two techniques for dimensional reduction: the first method is new and is
specific to boundary reductions, whereas the second method is based on the more general reductions
through effective actions discussed in [43,47]. In §3 we survey some aspects of string sigma-models
constructed by the AKSZ method, and in particular the various AKSZ formulations of the A-
and B-models. In §4 we review Courant sigma-models together with two relevant examples, the
standard and the contravariant Courant sigma-model, and we describe their boundary reductions.
In §5 we recall the DFT projection which we use in later sections to derive the Courant sigma-
model for generalized complex geometry. In §6 we describe how to reformulate the A- and B-models
within double field theory, and apply the DFT projection to show how it reduces to the A- and B-
models on the boundary. In §7 we introduce the duality between the Poisson and complex structure
Courant algebroids, and connect it to topological S-duality. In §8 we close with some concluding
remarks, and directions for further study of our geometrical structures and constructions, while in
Appendix A we summarize some key formulas from the differential calculus of graded functionals
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relevant for the AKSZ construction which we have not found in the literature.

2 AKSZ constructions and dimensional reductions

The AKSZ construction is a BV quantized sigma-model formulation which produces a geometric
solution to the classical master equation, called the AKSZ action. In this section we survey some
pertinent background about the AKSZ construction and BV quantization; a more complete review
can be found in [8]. We then introduce a new boundary reduction method using a BV gauge fixing
procedure, and review another known dimensional reduction technique based on effective actions
by integration over one coordinate direction which is not specific to boundary reductions.

2.1 AKSZ sigma-models

The basic ingredients of AKSZ theory consists of two classes of supermanifolds. The ‘source’
(W, QW , µ) consists of a differential graded (dg-)manifold, which is a graded manifold W equiped
with a cohomological vector field QW , i.e. QW is of degree 1 and its Lie derivative LQW squares
to zero, and a measure µ which is invariant under QW . In this paper we take W = T [1]Σd,
the tangent bundle of a d-dimensional oriented worldvolume manifold Σd with the degree of its
fibers shifted by 1, which is isomorphic to the exterior algebra of differential forms (Ω(Σd),∧). We
choose the cohomological vector field QW corresponding to the de Rham differential, which in local
affine coordinates ẑµ̂ = (σµ, θµ) ∈ T [1]Σd, with degree 0 coordinates σµ on Σd and degree 1 fiber
coordinates θµ, has the form QW = θµ ∂

∂σµ =: D, where repeated upper and lower indices are
always implicitly understood to be summed over. The measure in local coordinates can be written
in the form µ = ddẑ := ddσ ddθ.

The ‘target’ (M, Qγ , ω) is a symplectic dg-manifold, which is a graded manifoldM with a cohomo-
logical vector field Qγ , and a graded symplectic form ω for which Qγ is a Hamiltonian vector field:
ιQγω = dγ for some Hamiltonian function γ on M, where ιQ denotes contraction of a differential
form along the vector field Q. In order to reproduce the BV formalism, the symplectic structure ω
is taken to be of degree d+ 1, so that the Hamiltonian function γ is of degree d. A common choice
of target for the AKSZ construction is to takeM to be an N-manifold, which is a graded manifold
with no coordinates of negative degree. In this case the triple (M, Qγ , ω) is called a QP-manifold
of degree n = d− 1, or QPn-manifold for short. They typically arise from n-graded vector bundles
over the degree 0 body M =M0 ofM [8], and in particular functions of degree n− 1 can be iden-
tified with sections of a vector bundle E → M equiped with the structure of a Leibniz algebroid.
In subsequent sections we describe the AKSZ topological field theories associated with the first
two non-trivial members in the hierarchy of QP-structures on the target manifold for dimensions
d = 2, 3, in the context of the string and membrane sigma-models of interest in this paper.

The AKSZ space of fields is the mapping space

M = Map
(
T [1]Σd ,M

)
(2.1)

consisting of smooth maps from (T [1]Σd,D, µ) to (M, Qγ , ω), which we refer to as superfields in
the following. We can introduce local coordinates on M via the superfields

X̂ ı̂(ẑµ̂) = φ∗(X̂ ı̂ )(ẑµ̂) , (2.2)

for local coordinates ẑµ̂ ∈ W, X̂ ı̂ ∈M and φ ∈M. The cohomological vector fields QW = D and
Qγ induce a cohomological vector field Q on M in the following way. For φ ∈M and ẑ ∈ W, use
local coordinates to define

Q0 =

∫
T [1]Σd

ddẑ DX̂ ı̂(ẑ)
δ

δX̂ ı̂(ẑ)
and Qγ =

∫
T [1]Σd

ddẑ Qı̂γ
(
X̂(ẑ)

) δ

δX̂ ı̂(ẑ)
, (2.3)
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where Qı̂γ(X̂) ∂/∂X̂ ı̂ is the local form of the vector field Qγ onM; relevant definitions and formulas
in differential calculus on mapping superspaces are summarized in Appendix A. Then M is a dg-
manifold with the cohomological vector field

Q = Q0 +Qγ . (2.4)

We note that Q0 has ghost number1 |D| − d = 1 − d and Qγ has ghost number |Qγ | − d = 1 − d
as well, where |Qγ | denotes the degree of Qγ . If a vector field on M acts as a derivative, its ghost

number is shifted by d − 1, because a vector field based with coordinate X̂ ı̂(ẑ) has ghost number
|X̂ ı̂| − 1, but a functional derivative with respect to X̂ ı̂(ẑ) has ghost number |X̂ ı̂|+ d.

Given an n-form α ∈ Ωn(M), we can lift it to an n-form α ∈ Ωn(M) by transgression to the
mapping space as

α =

∫
T [1]Σd

ddẑ ev∗(α) , (2.5)

where ev : T [1]Σd ×M →M is the evaluation map. As we see, α is an n-form functional of the
fields in M, and due to the integrationα has ghost number |α|−d, where |α| denotes the total degree
of α (i.e. the form degree coming from the grading of δ plus the degree of the graded coordinates).
In particular, since transgression is a chain map, from the degree d + 1 symplectic form ω on M
and a Liouville potential ϑ, such that ω = dϑ, we get the symplectic form ω of ghost number 1 and
Liouville potential ϑ on M, such that ω = δϑ. Furthermore, the cohomological vector field Q on
M is also Hamiltonian with Hamiltonian function −ιQ0

ϑ+ γ of degree 0: ιQγ
ω = δγ, where ιQ0

and ιQγ
have ghost number 0, while γ has ghost number |γ| − d = 0. In other words, the mapping

space of superfields M is itself a symplectic dg-manifold.

The BV bracket ( · , · )BV is the graded Poisson bracket of ghost number 1 on M defined from ω,
and it corresponds to the graded Poisson bracket { · , · } of degree −d + 1 on M defined from ω,
since the transgression map

∫
T [1]Σd

ddẑ ev∗ is a Lie algebra homomorphism from (M, { · , · }) to

(M, ( · , · )BV). The cohomological vector fields as derivatives can be represented through derived
brackets as

Qγ = {γ, · } and
�
Q = (S, · )BV , (2.6)

where the Hamiltonian S on M is defined to be the AKSZ action, which is the desired BV action.
To explicitly specify it, we choose a Liouville potential ϑ onM, and consider its zero locus L which
is a Lagrangian submanifold of M. We pick a submanifold L′ ⊆ L and restrict the space of fields
M to the subspace ML′ ⊂M consisting of maps that send the boundary ∂W = T [1]∂Σd into L′.
This assigns boundary conditions on our fields, and now we can write the degree 0 AKSZ action S
on ML′ in the form

S = S0 + γ , (2.7)

where
S0 = −ιQ0

ϑ (2.8)

is the kinetic term and the Hamiltonian function

γ =

∫
T [1]Σd

ddẑ ev∗(γ) (2.9)

is the interaction term. The cocycle conditions Q2
γ = 0 and

�
Q2 = 0 are equivalent to {γ, γ} = 0 and

(γ,γ)BV = 0, hence the AKSZ action is a solution of the classical master equation (S,S)BV = 0.

In the BV formalism, the cohomological vector field
�
Q corresponds to the BRST charge.

1We use the terminology ‘ghost number’ for the degree of a superfield φ in M.
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A canonical transformation is associated to a degree d − 1 function α on M. We use the no-
tation δα for the corresponding Hamiltonian vector field, and e δα and e δα for the respective
canonical transformations. The action of the canonical transformation on γ is given by e δαγ =∫
T [1]Σd

ddẑ ev∗( e δαγ), which preserves the classical master equation as

{ e δαγ, e δαγ} = e δα{γ, γ} = 0 , (2.10)

due to {γ, γ} = 0. If α|L′ = 0, then the AKSZ action S0 + γ is equivalent to S0 + e δαγ up to a
canonical transformation. The canonical transformation e δα is an example of a duality transfor-
mation, which in the AKSZ formalism is defined to be a symplectomorphism, i.e. a diffeomorphism
between underlying symplectic manifolds which preserves the symplectic structures.

We can then introduce a boundary term in the AKSZ action using the ingredients of a canonical
transformation. Let β be a degree d−1 function onM as before, and further assume that {β, β} = 0
and e δβγ

∣∣
L′ = 0. Then the AKSZ action S0 + γ on ML′ is equivalent to the AKSZ action

S = S0 + γ −
∮
T [1]∂Σd

dd−1ẑ ev∗(β) (2.11)

on ML′β , which is given by shifting the Liouville potential ϑ to ϑ− dβ with L′β = e δβL′ the new

zero locus of the shifted Liouville potential.

2.2 Dimensional reduction by gauge fixing

In AKSZ constructions the fields and antifields are not distinguished from the onset. The theory
is specified once the antifields are assigned in the entire field content, and different choices yield
different field theories. In [48] we also studied the gauge fixings of AKSZ theories from a different
perspective.

In the usual BV quantized theories, the fields and antifields are distinguished from the start, with
the former including the physical and ghost fields from the BRST picture, while the latter define
canonically conjugate variables with respect to the symplectic phase space structure on the space
of all fields M. Gauge fixing is then equivalent to a choice of a Lagrangian submanifold L of M.
The Batalin-Vilkovisky theorem [49] ensures that the path integral over L is independent of the
choice of representative for the homology class of the Lagrangian submanifold L. The Lagrangian
submanifold intersects the gauge orbits transversally, i.e. the action of the BV–BRST charge
(S, · )BV vanishes on Lagrangian submanifolds, as the BV bracket acts as zero there. Thus the BV
gauge symmetry is completely fixed on Lagrangian submanifolds.

In the following we introduce a particular gauge fixing as a dimensional reduction technique which
reduces a given AKSZ theory on the superworldvolume W = T [1]Σd to an AKSZ theory on its
boundary ∂W = T [1]∂Σd. We consider the case when the fields (but not the antifields) occur in
even number and can be paired: a superfield φa(ẑ) with ghost degree |a| is paired with another
superfield χa(ẑ) with ghost degree d− 2− |a|, and vice versa. The BV symplectic form is written
in the canonical form

ω =

∫
T [1]Σd

ddẑ
(
(−1)d+|a| δφ+

a (ẑ) δφa(ẑ) + (−1)|a| δχa+(ẑ) δχa(ẑ)
)
, (2.12)

where we chose a convenient ordering of antifields φ+
a ,χ

a+ and fields φa,χa in this way. The ghost
degrees of the antifields φ+

a and χa+ are d−1−|a| and |a|+1 respectively. An arbitrary superfield
φa can be expanded in terms of the degree 1 fiber coordinates θµ of W = T [1]Σd in the form

φa(ẑ) = φ(0) a(σ) +

d∑
p=1

1

p!
φ

(p) a
µ1···µp(σ) θµ1 · · · θµp , (2.13)

6



where φ(p) a are the degree |a|−p coefficients of φa which can be identified with p-forms on Σd.

We choose a submanifold as gauge fixing on the space of superfields M. It is given by the con-
straints2

φ+
a = Dχa and χa+ = (−1)|a| (d+1)+1Dφa , (2.14)

which reduces the BV symplectic form to

ωgf =

∮
T [1]∂Σd

dd−1ẑ (−1)d+|a|+1 δχa(ẑ) δφ
a(ẑ) . (2.15)

In the following we refer to this gauge as the exact gauge. If the worldvolume has no boundaries or
the boundary conditions give ωgf = 0, the submanifold is a Lagrangian submanifold as well, and
hence it gives a full gauge fixing. Otherwise the submanifold is not Lagrangian, and therefore it
only gives a full gauge fixing in the bulk W \ ∂W but not on the boundary ∂W.

If the Liouville potential is chosen as

ϑ =

∫
T [1]Σd

ddẑ
(
(−1)d+|a|φ+

a (ẑ) δφa(ẑ) + (−1)(d+1) |a|χa(ẑ) δχ
a+(ẑ)

)
, (2.16)

then the kinetic part of the AKSZ action is given by

S0 = −ιQ0
ϑ =

∫
T [1]Σd

ddẑ
(
(−1)d+|a|+1φ+

a (ẑ)Dφa(ẑ) + (−1)(d+1) |a|+1χa(ẑ)Dχ
a+(ẑ)

)
.

(2.17)
We have not specified any boundary conditions yet. They are needed in order to derive consistent
equations of motion. The variation of the action S0 gives

δS0 =

∫
T [1]Σd

ddẑ
(
(−1)d+|a|+1 δφ+

a (ẑ)Dφa(ẑ) + (−1)d+|a|+1φ+
a (ẑ)Dδφa(ẑ)

+ (−1)(d+1) |a|+1χa(ẑ)Dδχ
a+(ẑ) + (−1)(d+1) |a|+1χa(ẑ)Dδχ

a+(ẑ)
)
.

(2.18)
The equations of motion for φa and χa are obtained via integration by parts. The boundary terms
of the variation

δS0

∣∣
T [1]∂Σd

=

∮
T [1]∂Σd

dd−1ẑ
(
φ+
a (ẑ) δφa(ẑ) − (−1)d (|a|+1)χa(ẑ) δχ

a+(ẑ)
)

(2.19)

must vanish on their own. The straightforward boundary conditions φ+
a |T [1]∂Σd = 0, χa+|T [1]∂Σd =

0 and δφa|T [1]∂Σd = 0, δχa|T [1]∂Σd = 0 result in a vanishing reduced kinetic action on the boundary,
so they are not suitable for us. On the other hand, the boundary variation term δS0

∣∣
T [1]∂Σd

in the

partial exact gauge fixing reduces to

δS0,gf

∣∣
T [1]∂Σd

=

∮
T [1]∂Σd

dd−1ẑ
(
Dχa(ẑ) δφ

a(ẑ) + (−1)d+|a|φa(ẑ)Dδχa(ẑ)
)

=

∮
T [1]∂Σd

dd−1ẑ D
(
χa(ẑ) δφ

a(ẑ)
)

= 0 .

(2.20)

As we see, the exact gauge is consistent with the necessary boundary conditions, which means
the equations of motion are well-defined in this gauge, and the master equation also holds be-
cause the interaction term reduces to the boundary as well. This is not true without the exact

2It is important to note that the fields and antifields in this gauge are assigned in the bulk W \ ∂W.
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gauge or suitable boundary conditions. Hence the exact gauge fixing appears here as a boundary
condition.

The gauge fixed kinetic action

S0,gf =

∮
T [1]∂Σd

dd−1ẑ (−1)d+|a|+1χa(ẑ)Dφ
a(ẑ) (2.21)

can be derived from the Liouville potential

ϑb =

∮
T [1]∂Σd

dd−1ẑ (−1)d+|a|+1χa(ẑ) δφ
a(ẑ) , (2.22)

with ωgf = δϑb, but with the opposite sign:

S0,gf = ιQ0,b
ϑb , (2.23)

where Q0,b is the cohomological vector field on T [1]∂Σd. The interaction term enters into the
picture in a simpler way. Let us assume that the Hamiltonian functional γ =

∫
T [1]Σd

ddẑ ev∗(γ),
which satisfies the equation ιQγ

ω = δγ, reduces to the boundary in the exact gauge as

γgf = −
∫
T [1]Σd

ddẑ D ev∗(β) = −
∮
T [1]∂Σd

dd−1ẑ ev∗(β) =: −β (2.24)

for a function β on the target graded manifold M with degree d − 1. Then the full action (2.7)
reduces in the exact gauge to

Sgf = ιQ0,b
ϑb − β , (2.25)

which satisfies the BV master equation, and thus gives an AKSZ action on the boundary.

2.3 Dimensional reduction by effective actions

In this paper we shall also apply another dimensional reduction method, called ‘Losev’s trick’ [50],
which is not specific to boundary reductions. We briefly recall the technique following [47], see
also [43] where a similar technique is employed.

The symplectic structure ω on the target supermanifold M induces a natural second order differ-
ential operator ∆, which in local coordinates is given by

∆ =
1

2
ωı̂̂

�
∂

∂X̂ ı̂

�
∂

∂X̂ ̂
, (2.26)

where ωı̂̂ is the inverse of ωı̂̂. This pulls back to give the BV Laplacian ∆ for the BV bracket
( · , · )BV on the space of AKSZ fields M. The AKSZ action S satisfies the BV quantum master
equation ∆ e−S/~ = 0 on M, which is equivalent to 1

2 (S,S)BV = ~∆S. This ensures indepen-
dence of the BRST-invariant quantum field theory on the choice of gauge fixing, provided we define
the path integral by equiping M with a measure µ which is compatible with ω [49].

Borrowing standard terminology from renormalization of quantum field theory, let us now assume
that the space of AKSZ fields can be decomposed into a direct product M = MUV ×MIR

of ultraviolet (UV) and infrared (IR) degrees of freedom, with a compatible decomposition of
the canonical symplectic form ω = ωUV + ωIR. Then the BV Laplacian also decomposes as
∆ = ∆UV + ∆IR. One now ‘integrates out’ the ultraviolet degrees of freedom to get an effective
action. The integration requires a gauge fixing on the ultraviolet sector MUV of the space of
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superfields, which means a choice of a Lagrangian submanifold L ⊂MUV. Then the effective BV
action Seff in the infrared sector is defined as

e−Seff/~ :=

∫
L

√
µL e−S/~ , (2.27)

where
√
µL is the measure on L induced by µ. Therefore the effective action satisfies the quantum

master equation ∆IR e−Seff/~ = 0. A change of gauge fixing in the ultraviolet sector only changes
e−Seff/~ by a ∆IR-exact term. Similarly, the value of the partition function is independent of the
particular choice of splitting M = MUV ×MIR by the Batalin-Vilkovisky theorem [49]. In the
following we use this method to reduce three-dimensional AKSZ sigma-models to AKSZ sigma-
models in two dimensions.

3 String sigma-models

In this section we describe several relevant examples of two-dimensional AKSZ sigma-models which
are related to the topological A- and B-models.

3.1 Poisson sigma-model

In dimension d = 2, the AKSZ theory with target space a degree 1 QP-manifold describes the
topological sigma-model for strings in an NS–NS B-field background, whose first order formalism is
the Poisson sigma-model [51,52] whereby BV quantization yields the Cattaneo-Felder path integral
approach [53]. The AKSZ formulation of the Poisson sigma-model is studied in [6]. We take
W = T [1]Σ2 for an oriented Riemann surface Σ2, andM = T ∗[1]M with degree 0 base coordinates
Xi on the target space M and degree 1 fiber coordinates χi. The canonical symplectic form onM
is

ω2 = dχi ∧ dXi , (3.1)

which leads to the canonical graded Poisson bracket {Xi, χj} = δij on the local coordinates of
M. We choose the Liouville potential to be ϑ2 = χi dXi. Its zero locus is L2 = {χi = 0}. The
most general form of a degree 2 Hamiltonian function γπ on M is given by a (0, 2)-tensor π on M
as

γπ =
1

2
πij(X)χi χj . (3.2)

Compatibility of the corresponding cohomological vector field Qγπ with ω2 and the classical master
equation {γπ, γπ} = 0 implies that π must be a Poisson bivector on M , i.e. [π, π]S = 0, where [ · , · ]S
denotes the Schouten bracket on multivectors. In other words, a QP1-manifold is the same thing
as a Poisson manifold (M,π), which by construction is also a Lie algebroid on the cotangent bundle
T ∗M . The Hamiltonian function determines a derived bracket which defines a Poisson bracket on
C∞(M) through

{f, g}π = π(df ∧ dg) = −{{f, γ}, g} . (3.3)

The kinetic part of the AKSZ action is inherited from the cohomological vector field QW on W =
T [1]Σ2, and is given by

S(2)
0 =

∫
T [1]Σ2

d2ẑ χiDX
i , (3.4)

where as before the superworldsheet differential is D = θµ ∂
∂σµ = QW . Together these ingredients

give the AKSZ action for the Poisson sigma-model as

S(2)
π =

∫
T [1]Σ2

d2ẑ
(
χiDX

i +
1

2
πij χiχj

)
, (3.5)
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where f = φ∗(f) = f(φ) for a function f onM and φ ∈M. Integrating over the odd coordinates
θµ and restricting to the degree 0 fields in (3.5) yields the first order string sigma-model action∫

Σ2

(
χi ∧ dXi +

1

2
πij χi ∧ χj

)
, (3.6)

and if π is non-degenerate it is classically equivalent to the topological bosonic string B-field
coupling ∫

Σ2

X∗(B) =
1

2

∫
Σ2

Bij dXi ∧ dXj , (3.7)

where the flat Kalb-Ramond two-form field B on M is the inverse of the bivector π.

3.2 AKSZ formulations of the A-model

The topological A- and B-models coupled to gravity are the topological A- and B-model string
theories, which have been widely studied for more than 20 years. They were also one of the
first examples of the AKSZ construction in [5]. In the following we review their relevant AKSZ
constructions, which reduce to the A- or B-model in a particular gauge. The reader can find details
about their field-antifield choices and gauge fixing in the indicated references, and therefore we only
define their AKSZ sigma-models.

We begin with the A-model, whose AKSZ constructions were mostly related to the Poisson sigma-
model or the B-field coupling. Recently a different approach related to the AKSZ sigma-model of
topological membranes on G2-manifolds appeared in [48].

A1. The original AKSZ construction [5] is formulated in the same way as the Poisson sigma-
model in §3.1 but with zero kinetic term. Thus it has the same target QP1-manifold with the same
symplectic structure and Hamiltonian as those of the Poisson sigma-model, where the Poisson
bivector π is given by the inverse of the Kähler form on the target Calabi-Yau manifold. The
AKSZ action thus constructed is

S(2)
A1 =

1

2

∫
T [1]Σ2

d2ẑ πij χiχj . (3.8)

A2. A complete Poisson sigma-model formulation for the A-model with kinetic term (3.5) appeared
in [42] as

S(2)
A2 = S(2)

π =

∫
T [1]Σ2

d2ẑ
(
χiDX

i +
1

2
πij χiχj

)
. (3.9)

The equation of motion for χi reduces it to the AKSZ action (3.8) up to a sign, so they are
classically equivalent.

A3. The BV quantized topological NS–NS B-field coupling is not strictly speaking constructed
by the AKSZ formalism, but it is nevertheless worth mentioning as a BV action which gives the
A-model [40] with the same field definitions as those of the Poisson sigma-model:

S(2)
A3 =

1

2

∫
T [1]Σ2

d2ẑ BijDX
iDXj , (3.10)

where the two-form B is the Kähler form, and the flat condition dB = 0 is equivalent to the Poisson
condition of its inverse π. It is of course not surprising that the B-field coupling is classically
equivalent to the Poisson sigma-model as well.
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A4. In [40, 44] an AKSZ Poisson sigma-model together with the topological B-field coupling is
used as an AKSZ formulation of the A-model with action

S(2)
A4 =

∫
T [1]Σ2

d2ẑ
(
χiDX

i +
1

2
πij χiχj +

1

4
BijDX

iDXj
)
, (3.11)

where Bij is the inverse of πij . The last term has no effect in the BV bracket since dB = 0.

A5. Another simple construction also gives the A-model [48]. Let the target supermanifold be
M = T ∗[1]T [1]M where the local coordinates are given by (Xi, χi, ζ

i, yi) with degrees (0, 1, 1, 0).
The symplectic form is

ωA5 = dχi ∧ dXi + dyi ∧ dζi . (3.12)

The Hamiltonian
γA5 = χi ζ

i (3.13)

gives an AKSZ action with zero kinetic term as

S(2)
A5 =

∫
T [1]Σ2

d2ẑ χi ζ
i . (3.14)

An interesting feature of this AKSZ construction is that it can be reproduced from an AKSZ
membrane theory, namely the standard Courant sigma-model which we discuss in §4. The reduction
can be performed by taking all fields to be independent of the extra coordinate direction.

A6. A somewhat different construction was proposed in [48], which uses degree −1 target space
coordinates. Thus the target space is not strictly speaking a QP-manifold anymore, and this takes
us out of the realm of graded geometry into derived geometry, but its AKSZ construction is still
applicable wherein using negative degree fields such as ghosts and antifields is natural. The target
derived manifold is M = T ∗[1]T [−1]T [1]M on which the local coordinates of T [−1]T [1]M are
(Xi, ζi, bi, ηi) with degrees (0, 1, 0,−1), and Xi associated to M . The cotangent fiber coordinates
are (χi, yi, ni, hi) with degrees (1, 0, 1, 2), and the symplectic structure is

ωA6 = dχi ∧ dXi + dyi ∧ dζi + dhi ∧ dηi + dni ∧ dbi . (3.15)

The Hamiltonian
γA6 = χi ζ

i + bi hi (3.16)

gives the AKSZ action

S(2)
A6 =

∫
T [1]Σ2

d2ẑ
(
χi ζ

i + bi hi
)

(3.17)

with zero kinetic term. This construction can be obtained from a similar reduction of the standard
Courant sigma-model as in the previous construction. These latter two AKSZ constructions can be
obtained by dimensional reductions of AKSZ built topological membrane theories on G2-manifolds,
which can be reformulated as an AKSZ threebrane theory related to exceptional generalized geom-
etry of M-theory [48].

Zucchini model. The BV sigma-model of [40] is not strictly speaking given by an AKSZ construc-
tion, since it involves BV quantized kinetic terms which do not arise from a Louville potential of
the BV symplectic form. It has the same field content and BV symplectic form as those of the
Poisson sigma-model, and the BV action is given by

S(2)
Z =

∫
T [1]Σ2

d2ẑ
(
χiDX

i +
1

2
πij χiχj +

1

2
ωijDX

iDXj + J ij χiDX
j
)
, (3.18)
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where π is a bivector and ω is a two-form, and together with the (1, 1)-tensor J they satisfy the
identities

J ik J
k
j + πik ωkj + δij = 0 ,

J ik π
kj + J jk π

ki = 0 ,

ωik J
k
j + ωjk J

k
i = 0 .

(3.19)

The master equation imposes further constraints

π[i|l ∂lπ
jk] = 0 ,

J li ∂lπ
jk + 2πjl ∂[iJ

k
l] + πkl ∂lJ

j
i − J j l ∂iπ

lk = 0 ,

2 J l[i| ∂lJ
k
|j] − 2 Jkl ∂[iJ

l
j] + 3πkl ∂[lωij] = 0 ,

J li ∂[lωjk] + J lj ∂[lωki] + J lk ∂[lωij] − ∂[i

(
ωj|l J

l
|k]

)
= 0 ,

(3.20)

where ∂i = ∂/∂Xi, which are the same identities as the integrability condition of a generalized
complex structure J in the form

JIJ =

(
J ij πij

ωij −J j i

)
, (3.21)

where the doubled indices I, J have been introduced. The Zucchini model reduces to the Poisson
sigma-model upon setting J = 0 and ω = 0, which is the A-model. If in addition ω is non-zero it
adds a B-field coupling, which is just another copy of the A-model.

3.3 AKSZ formulations of the B-model

AKSZ constructions for the topological B-model are more diverse and have different superfield
contents. We do not enumerate all of them here, nor the original construction from [5], since they
are similar to the ones described below.

B1. The base degree 0 manifold of the target QP-manifold, which is a Calabi-Yau threefold M ,
is equiped with a complex structure which splits the local coordinate indices to i = (a, a), where
a = 1, 2, 3. The target QP-manifold M is defined by its coordinates: Xa, Xa, X̃a have degree 0,
and χa, χa, χ̃

a have degree 1. The symplectic form on M is

ωB1 = dXa ∧ dχa + dXa ∧ dχa + dX̃a ∧ dχ̃ a . (3.22)

The B-model is constructed in [54] by the AKSZ action

S ′ (2)
B1 =

∫
T [1]Σ2

d2ẑ
(
χaDX

a + χaDX
a + X̃aDχ̃

a + χa χ̃
a
)
. (3.23)

We can enlarge its field content with the addition of new coordinates χ̃ a and X̃a whose contribution
to the symplectic structure is defined by the term

dX̃a ∧ dχ̃ a , (3.24)

and furthermore we also add the term X̃aDχ̃
a + χa χ̃

a to the AKSZ action (3.23) which can be
set to zero with gauge fixing χ̃a = 0. Introducing the new fields leads to an extended AKSZ action
for the B-model given by

S(2)
B1 =

∫
T [1]Σ2

d2ẑ
(
χiDX

i + X̃iDχ̃
i + χi χ̃

i
)
. (3.25)
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B2. The AKSZ construction of the B-model with an explicit complex structure J was studied
in [43], see also [8]. It has the same field content as the first construction of the B-model: Xi, X̃i

are degree 0 coordinates and χi, ζ
i are degree 1 coordinates. The symplectic structure only differs

in a sign from the first construction:

ωB2 = dXi ∧ dχi − dX̃i ∧ dχ̃ i . (3.26)

The AKSZ action is given by

S(2)
B2 =

∫
T [1]Σ2

d2ẑ
(
χiDX

i − X̃iDχ̃
i + J ij χi χ̃

j
)
, (3.27)

where J ij is a constant complex structure on the target manifold. The first construction is just a

special case of this: If we take J ij = i δij , and rescale the fields X̃i and χ̃i by i , then the action

(3.27) reduces to S(2)
B1 .

The case of non-constant complex structure J was also studied in [43], and an AKSZ sigma-model
was proposed, of which the master equation gives the integrability condition

J l[i| ∂lJ
k
|j] − Jkl ∂[iJ

l
j] = 0 , (3.28)

and the condition
J ik J

k
j = − δij (3.29)

is added by hand. The field content is the same as that of the constant case, and the action
constructed by the AKSZ formalism is given by

S(2)
J =

∫
T [1]Σ2

d2ẑ
(
χiDX

i − X̃iDχ̃
i + J ij χi χ̃

j + ∂jJ
i
k X̃i χ̃

j χ̃k
)
. (3.30)

4 Courant sigma-models

In this section we review the three-dimensional Courant sigma-model, and its specific examples
which are relevant for us: the standard and the contravariant Courant sigma-models. We also
study their boundary reductions in the exact gauge.

4.1 Courant algebroids

In dimension d = 3, the corresponding AKSZ sigma-model with source dg-manifold W = T [1]Σ3

is defined on membrane worldvolume superfields with target space a QP-manifold of degree 2,
which corresponds to a Courant algebroid [16]. In this paper we work only with the QP2-manifold
M = T ∗[2]T [1]M . We choose local Darboux coordinates (Xi, ψi, χi, Fi) with degrees (0, 1, 1, 2) in
which the graded symplectic structure is given by

ω3 = dXi ∧ dFi + dχi ∧ dψi . (4.1)

The graded Poisson brackets of the coordinates are canonical in the sense that {Xi, Fj} = δij
and {χi, ψj} = δi

j . For the Liouville potential we choose ϑ3 = Fi dXi − χi dψi. Its zero locus
is L3 = {Fi = 0, ψi = 0}. The most general form of the degree 3 Hamiltonian function is given
by

γρ,T = ρiI(X)Fi ζ
I +

1

3!
TIJK(X) ζI ζJ ζK , (4.2)
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for degree 0 functions ρiI and TIJK on M , where we introduced a doubled index notation for the
local degree 1 coordinates ζI = (ψi, χi). The three-form TIJK encodes the allowed geometric and
non-geometric supergravity fluxes for given ρiI .

We now define three operations given by taking derived brackets defined by γρ,T and the graded
Poisson bracket through

[e1, e2]D = {{e1, γρ,T }, e2} , 〈e1, e2〉 = {e1, e2} and ρ(e) = {e, {γρ,T , · }} . (4.3)

These operations are defined on degree 1 functions e with local expression e = fI(X) ζI , where fI
is a degree 0 function on the body M = M0 of M, which are identified as local sections of the
generalized tangent bundle

E = TM ⊕ T ∗M (4.4)

over M ; symbolically

Ai χi + αi ψ
i ←→ Ai

∂

∂Xi
+ αi dXi . (4.5)

The classical master equation {γρ,T , γρ,T } = 0 then implies that they endow E with the structure
of a Courant algebroid: A Courant algebroid on a manifold M is a vector bundle E over M equiped
with a symmetric non-degenerate bilinear form 〈 · , · 〉 on its fibers, an anchor map ρ : E → TM ,
and a binary bracket of sections [ · , · ]D, called the Dorfman bracket, which together satisfy

[e1, [e2, e3]D]D = [[e1, e2]D, e3]D + [e2, [e1, e3]D]D ,

ρ(e1)〈e2, e3〉 = 〈[e1, e2]D, e3〉 + 〈e2, [e1, e3]D〉 ,

ρ(e1)〈e2, e3〉 = 〈e1, [e2, e3]D + [e3, e2]D〉 ,

(4.6)

where e1, e2, e3 are sections of E. In this paper we consider two particular examples of Courant
algebroids.

Standard Courant algebroid. The simplest Hamiltonian function with ρiI = δiI and TIJK = 0 is
given by

γ0 = Fi ψ
i . (4.7)

Its derived brackets on degree 1 functions (4.5) gives the standard Courant algebroid on the gen-
eralized tangent bundle E = TM ⊕ T ∗M , which features in generalized geometry [55, 56]. It is
an extension of the Lie algebroid of tangent vectors by cotangent vectors with the three opera-
tions

〈A+ α,B + β〉 = ιAβ + ιBα ,

ρ(A+ α) = A ,

[A+ α,B + β]D,0 = [A,B] + LAβ − ιB dα ,

(4.8)

where the sections of E = TM ⊕ T ∗M are composed of vector fields A,B and one-forms α, β.
The antisymmetrization of the standard Dorfman bracket in (4.8), called the Courant bracket, is
the natural bracket in generalized geometry which is compatible with the commutator algebra of
generalized Lie derivatives [55,56].

Only the simplest case of pure NS–NS flux TIJK = Hijk is consistent with the choice of anchor
map ρiI = δiI of the standard Courant algebroid, which is necessarily closed by the classical master
equation. Given a Kalb-Ramond two-form field B on M , with H = dB, canonical transformation
of the Hamiltonian function (4.7) by the degree 2 function B = 1

2 Bij(X)ψi ψj on M yields the
twisted Hamiltonian function

γH := e δBγ0 = Fi ψ
i +

1

3!
Hijk ψ

i ψj ψk . (4.9)
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The NS–NS H-flux thus appears as a twisting of the standard Courant algebroid, which gives rise
to a deformation of the Dorfman bracket through an extra term as

[A+ α,B + β]D,H = [A,B] + LAβ − ιB dα + ιAιBH . (4.10)

Poisson Courant algebroid. Consider the Hamiltonian defined through a bivector π and a three-

vector R on M by setting ρiI = πij , TIJK = (∂iπ
jk, Rijk) to give

γπ,R = πij Fi χj −
1

2
∂iπ

jk ψi χj χk +
1

3!
Rijk(X)χi χj χk . (4.11)

The master equation {γπ,R, γπ,R} = 0 gives the constraints

[π, π]S = 0 and [π,R]S = 0 . (4.12)

Note that the R-flux also enters here as a twist: The Hamiltonian (4.11) can be regarded as a
canonical transformation γπ,R = e δβγπ,0 by a degree 2 function β = 1

2 β
ij(X)χi χj with R = dββ

where dβ = [β, · ]S, regarded as a bivector β on M which is T-dual to the B-field of the H-flux
frame. The corresponding Courant algebroid is the Poisson Courant algebroid [57], for which the
identities are equivalent to the Poisson condition for π if R = 0: The Poisson Courant algebroid is
the Courant algebroid on the generalized tangent bundle E = TM ⊕T ∗M over a Poisson manifold
(M,π) with the operations

〈A+ α,B + β〉 = ιAβ + ιBα ,

ρ(A+ α) = ιαπ ,

[A+ α,B + β]D;π,R = [α, β]π + LπαY − ιβ dπX − ιαιβR ,

(4.13)

where Lπα = ια dπ + dπ ια and [ · , · ]π is the Koszul bracket on one-forms given by

[α, β]π = Lιαπβ − Lιβπα − d
(
π(α ∧ β)

)
. (4.14)

4.2 Standard Courant sigma-model

It is evident from the general construction that Courant algebroids are uniquely encoded (up to
isomorphism) in the corresponding AKSZ topological membrane theories, which are called Courant
sigma-models [19]. In the particular example of the standard Courant algebroid on E = TM⊕T ∗M
twisted by a closed NS–NS three-form flux H, the mapping space M of superfields supports the
canonical BV symplectic structure

ω3 =

∫
T [1]Σ3

d3ẑ
(
δXi δF i + δψi δχi

)
, (4.15)

where the ghost number 2 superfields F i and ghost number 0 superfieldsXi, as well as the conjugate
pairs of ghost number 1 superfields χi and ψi, contain each other’s antifields respectively. The
AKSZ construction leads to the action

S(3)
H =

∫
T [1]Σ3

d3ẑ
(
F iDX

i − χiDψi + F iψ
i +

1

3!
H ijk ψ

iψj ψk
)
, (4.16)

which solves the classical master equation
(
S(3)
H ,S(3)

H

)
BV

= 0. Integrating over θµ and restricting
to degree 0 fields in (4.16) yields the first order membrane sigma-model action∫

Σ3

(
Fi ∧

(
dXi − ψi

)
− χi ∧ dψi +

1

3!
Hijk ψ

i ∧ ψj ∧ ψk
)
, (4.17)
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which is classically equivalent to the topological bosonic membrane Wess-Zumino coupling∫
Σ3

X∗(H) =
1

3!

∫
Σ3

Hijk dXi ∧ dXj ∧ dXk . (4.18)

The standard Courant sigma-model on an open worldvolume is well-defined if, as usual, one specifies
its boundary conditions. Instead we consider it in exact gauge as an illustration. The exact gauge
defined in §2.2 reads here as

F i = Dχi and ψi = −DXi . (4.19)

It gives the gauge fixed BV symplectic structure

ω3,gf =

∮
T [1]∂Σ3

d2ẑ δXi δχi , (4.20)

and reduces the AKSZ action (4.16) without H-flux to zero. With H-flux, the AKSZ action leads
to a pure Wess-Zumino coupling

S(3)
H,gf = − 1

3!

∫
T [1]Σ3

d3ẑ H ijkDX
iDXjDXk (4.21)

which is no longer an AKSZ action, as there are no BV gauge degrees of freedom in the bulk. This
is reminescent of the fact that the equation of motion for F i also gives the same action (4.21) up
to a sign. If Hijk = ∂[iBjk] is exact, then we obtain the boundary AKSZ action

− 1

2

∮
T [1]∂Σ3

d2ẑ BijDX
iDXj , (4.22)

which is the quantization of the NS–NS B-field coupling. Hence the exact gauge is nicely applicable
for boundary reductions of topological membranes describing flux deformations of string sigma-
models.

Relation to the B-model. We will now show that the standard Courant sigma-model is related
to the B-model on its boundary via the exact gauge. Although we have found that the standard
Courant sigma-model has a trivial boundary reduction in the exact gauge, we can obtain a non-
trivial boundary theory if we extend its field content and then set the extra fields to zero with
gauge fixing.

The standard Courant sigma-model without H-flux is given by the Hamiltonian γ0 in (4.7) and the
symplectic form ω3 in (4.1). The AKSZ action is

S(3)
0 =

∫
T [1]Σ3

d3ẑ
(
F iDX

i − χiDψi + F iψ
i
)
. (4.23)

We double its fields with the introduction of degree 0 coordinates X̃i, degree 1 coordinates χ̃ i,
ψ̃i and degree 2 coordinates F̃ i on the target QP2-manifold. The extra term in the symplectic
structure is

dX̃i ∧ dF̃ i + dχ̃ i ∧ dψ̃i , (4.24)

which together with the extended Hamiltonian

γ0 + γ̃0 = Fi ψ
i − ψ̃i F̃

i (4.25)
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defines the AKSZ action

S̃
(3)

0 =

∫
T [1]Σ3

d3ẑ
(
F iDX

i − χiDψi + F iψ
i − ψ̃i F̃ i

)
, (4.26)

where we did not introduce all the possible kinetic terms. This extended standard Courant sigma-
model is comparable to the membrane sigma-model in [43], which was introduced in order to uplift
the AKSZ construction of the B-model in (3.27) to an AKSZ membrane theory with generalized
complex structure. Our construction arrives at a different B-model construction and uses less fields,
but does not include the generalized complex structure.

The last term in (4.26) decouples from the original standard Courant sigma-model. To see this we
can choose a different gauge than that we will choose for the boundary reduction, but we use the
same field-antifield decomposition. For example, if we set F̃ i = 0 and χ̃i = 0 as a partial gauge
fixing, we can trivially integrate out the fields X̃i and ψ̃i, which gives the action of the standard
Courant sigma-model in (4.23). Alternatively, we can arrive at the same conclusion if we rescale
the fields by a real parameter λ in a way which leaves the symplectic structure invariant:

χ̃i −→ λ χ̃i and ψ̃i −→
1

λ
ψ̃i , (4.27)

which is a duality transformation given by a symplectomorphism at the BV level. Then we take
the λ → ∞ limit: the term ψ̃i F̃

i in the action tends to zero and we get the standard Courant
sigma-model in this way as well. Later on we will employ a similar rescaling technique.

Now we reduce the extended standard Courant sigma-model to its boundary with the previously
defined exact gauge from §2.2. In this case it means the specific gauge choice

χ̃i = −DXi , F i = Dψ̃i , χi = −DX̃i and F̃ i = Dψi . (4.28)

The BV symplectic form becomes∮
T [1]∂Σ3

d2ẑ
(
δXi δψ̃i + δX̃i δχ̃

i
)
, (4.29)

which is the same BV symplectic form induced by (3.22) and (3.24) with the relabelling ψ̃i → χi.
Our gauge fixing also reduces the AKSZ action in (4.26) to the boundary action

S̃
(3)

0,gf =

∮
T [1]∂Σ3

d2ẑ
(
ψ̃iDX

i + X̃iDχ̃
i + ψ̃i χ̃

i
)

= S(2)
B1 , (4.30)

which is the same action as that of the B-model in (3.25) with the same relabelling ψ̃i → χi as
before.

4.3 Contravariant Courant sigma-model

The contravariant Courant sigma-model was introduced in [45] as the Courant sigma-model corre-
sponding to a Poisson Courant algebroid. It is defined by the AKSZ action

S(3)
π,R =

∫
T [1]Σ3

d3ẑ
(
F iDX

i − χiDψi + πij F iχj −
1

2
∂iπ

jk ψiχj χk +
1

3!
Rijk χiχj χk

)
.

(4.31)
In the absence of R-flux the master equation gives the Poisson condition for the bivector π, so we
can expect that the contravariant Courant sigma-model is closely related to the Poisson sigma-
model. This relation turns out to be the exact gauge boundary reduction. We use the same gauge
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fixing as we used for the standard Courant sigma-model in (4.19) which gives the boundary BV
symplectic form (4.20). The resulting boundary AKSZ action is that of the Poisson sigma-model
in (3.5):

S(3)
π,0;gf =

∮
T [1]∂Σ3

d2ẑ
(
χiDX

i +
1

2
πij χiχj

)
= S(2)

π . (4.32)

Relation to the sigma-model for non-geometric R-flux. In the degenerate limit where the anchor
of the contravariant Courant sigma-model is set to zero, we show that, in the exact gauge, it
coincides precisely with the membrane sigma-model of [21] which quantizes the nonassociative
phase space and geometry of the R-flux background [58–60]. This clarifies more precisely the
geometrical meaning of the model of [21] in terms of a Courant algebroid structure. An alternative
geometric description as a certain reduction of the standard Courant sigma-model for the target
space of double field theory is discussed in [35], which we study in §5. A vanishing anchor map ρ
with non-zero R-flux means that the bivector field π is identically zero, and the Dorfman bracket
is given solely by the three-vector R in the simple form

[X + α, Y + β]D;0,R = − ιαιβR , (4.33)

so that the tangent bundle TM decouples completely from this structure.

We choose the exact gauge (4.19). In this case our gauge choice is not compatible with boundary
conditions, because the BV master equation forces the flux term to be zero on the boundary, which
means χi = 0 on T [1]∂Σ3 if R 6= 0. This can be circumvented by adding a non-topological boundary
term to the action as in [21]. We introduce this as a strictly classical term after the full gauge fixing,
and for brevity avoid here issues concerning its quantization. Hence the AKSZ action (4.31) with
π = 0 reduces to

S(3)
0,R;gf =

∮
T [1]∂Σ3

d2ẑ χiDX
i +

1

3!

∫
T [1]Σ3

d3ẑ Rijk χiχj χk . (4.34)

There is still a gauge degree of freedom on the boundary fields remaining, therefore we choose

χ
(0)
i = χ

(2)
i = Xi (1) = 0. The bulk fields are not antifields in the BV sense, so we cannot set any

of them to zero. Instead we eliminate the non-zero parts in the bulk by their equations of motion.
The gauge fixed action for constant R in the superfield expansion (2.13) is

S(3)
0,R;gf =

∮
∂Σ3

d2σ χi∧dXi +
1

3!

∫
Σ3

d3σ
(
Rijk χi∧χj∧χk −Rijk fi χj∧φk +Rijk fi fj Ck

)
(4.35)

where χ
(1)
i = χi is a degree 0 one-form, χ

(0)
i = fi is a degree 1 function, χ

(2)
i = φi is a degree

−1 two-form and χ
(3)
i = Ci is a degree −2 three-form. Both fi and φi vanish on the boundary,

due to the boundary gauge fixing. The equations of motion of the three non-zero degree fields
sets the last two bulk terms to zero, and they are consistent with each other. Now we introduce a
boundary term given by the inverse of a target space metric gij since we need χi to be non-zero on
the boundary. Finally we arrive at the action containing only degree 0 fields:

S(3)
0,R;gf =

∮
∂Σ3

d2σ χi ∧ dXi +
1

3!

∫
Σ3

d3σ Rijk χi ∧ χj ∧ χk +

∮
∂Σ3

d2σ gij χi ∧ ∗χj , (4.36)

where ∗ is the Hodge duality operator corresponding to a chosen metric on the membrane worldvol-
ume Σ3. This is precisely the string sigma-model derived in [21] which quantizes the non-geometric
R-flux background.
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5 DFT membrane sigma-models

Double field theory is a manifestly T-duality invariant theory, in which non-geometric backgrounds
can be described naturally. It has its spacetime doubled, where the original coordinates conjugate
to momentum modes are supplemented by dual coordinates conjugate to winding modes of closed
strings. On the other hand, flux backgrounds and generalized geometry in closed string theory
can be studied within the context of open topological membrane sigma-models, which uplift string
theory on their boundary to bulk membrane theories. These membrane sigma-models fit nicely into
the framework of the AKSZ construction of membrane sigma-models: the Courant bracket structure
of generalized diffeomorphisms corresponds to the derived bracket of Courant sigma-models. The
introduction of an analogous correspondence in double field theory appears in [35], where DFT
algebroids are defined as the appropriate double field theory analogues of Courant algebroids in
generalized geometry; they have the C-bracket as their bracket operation, and reduce to a Courant
algebroid after imposing the strong section constraints. DFT algebroids can be implemented within
topological membrane sigma-models, which can be obtained by reducing (or projecting) larger
AKSZ sigma-models. In this section we describe the construction of DFT membrane sigma-models
in AKSZ theory.

5.1 DFT algebroids

The definition of DFT algebroid starts with the large Courant algebroid which is a straightforward
doubled version of a general Courant algebroid. We formulate the definition from the graded sym-
plectic geometry viewpoint, since this is explicitly relevant in AKSZ constructions. For simplicity
we consider the case when the large Courant algebroid is a Courant algebroid corresponding to
the QP2-manifold T ∗[2]T [1]T ∗M , where the doubling of the original base manifold M appears as
the total space of the cotangent bundle T ∗M . We use the doubled index I = 1, . . . , 2d to label
coordinates on the base space T ∗M , which can be split into the first d indices I = 1, . . . , d, which
are the original indices labelling coordinates on M , and the second d dual indices I = d+ 1, . . . , 2d
labelling the covectors of T ∗M ; both sets of indices are labeled by i = 1, . . . , d.

The symplectic form coming from (4.1) is

ωDFT = dXI ∧ dFI + dχI ∧ dψI

= dXi ∧ dFi + dX̃i ∧ dF̃ i + dχi ∧ dψi + dχ̃ i ∧ dψ̃i ,
(5.1)

where the splitting of a general doubled coordinate φI has been used: φI = (φi, φ̃i). As we know
from (4.5) a degree one function AI χI + αI ψ

I corresponds to a section of T (T ∗M) ⊕ T ∗(T ∗M)
symbolically as

Ai χi + Ãi χ̃
i + αi ψ

i + α̃ i ψ̃i ←→ Ai
∂

∂Xi
+ Ãi

∂

∂X̃i

+ αi dXi + α̃ i dX̃i , (5.2)

and the derived brackets (4.3) with a given general Hamiltonian (4.2):

γDFT = ρIJ FI ψ
J + βIJ FI χJ +

1

3!
T (0)

IJK ψ
I ψJ ψK

+
1

2
T (1)

IJ
K ψI ψJ χK +

1

2
T (2)

I
JK ψI χJ χK +

1

3!
T (3) IJK χI χJ χK ,

(5.3)

define a Courant algebroid on T (T ∗M)⊕ T ∗(T ∗M).
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The DFT algebroid is based on the projection to DFT vectors, which halves the number of degree 1
coordinates. We introduce a new basis for the subspace of degree 1 fields spanned by χI and ψI

given as

τ I± =
1

2

(
ψI ± ηIJ χJ

)
, (5.4)

where ηIJ is the O(d, d)-invariant constant metric

ηIJ =

(
0 δij
δi
j 0

)
. (5.5)

The projection p+ to the subspace L+ spanned by τ I+ yields the projection to DFT vectors,
which are vectors under O(d, d). The corresponding sub-bundle of T (T ∗M) ⊕ T ∗(T ∗M) is also
denoted L+.

For the symplectic structure ωDFT the projection means

dχI ∧ dψI = ηIJ dτ I+ ∧ dτJ+ − ηIJ dτ I− ∧ dτJ−
p+−−−→ ηIJ dτ I+ ∧ dτJ+ . (5.6)

The coordinates τ I+ are counted twice in the symplectic structure compared to the original (5.1),
so we halve their contribution in the symplectic structure solely:

ωDFT,+ = dXI ∧ dFI +
1

2
ηIJ dτ I+ ∧ dτJ+ . (5.7)

For the Liouville potential we take ϑDFT,+ = FI dXI − 1
2 ηIJ τ

I
+ dτJ+. To specify its zero locus

LDFT,+ as a Lagrangian submanifold, we choose a polarisation which is defined by a projector P
on L+ of rank d that is maximally isotropic with respect to the O(d, d) metric (5.5):

P iK ηKL PjL = 0 . (5.8)

It acts on the basis τ I+ to give degree 1 coordinates

τ i = P iJ τJ+ (5.9)

which span a d-dimensional subspace of L+; then LDFT,+ := {FI = 0, τ i = 0}. Different polar-
izations define different Lagrangian submanifolds which are all related by O(d, d) transformations:
Acting with O ∈ O(d, d) changes the polarization as( P

P̃

)
7−→

( P ′

P̃ ′

)
=
( P
P̃

)
O , (5.10)

where P̃ = 1− P is the complementary projector.

The Hamiltonian is projected to the subspace L+ as

γDFT,+ = (ρ+)IJ FI τ
J
+ +

1

3!
(T+)IJK τ

I
+ τ

J
+ τ

K
+ , (5.11)

where the new structure functions are defined by

(ρ+)IJ = ρIJ + βIK ηKJ , (5.12)

and
(T+)IJK = T (0)

IJK + 3T (1)
[IJ

K′
ηK]K′ + 3T (2)

[I|
J ′K′

ηJ ′|J | ηK′|K]

+ T (3) I′J ′K′
ηI′[I| ηJ ′|J | ηK′|K] .

(5.13)
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The Hamiltonian γDFT,+ defined by these functions does not necessarily satisfy the master equation,
despite the fact that the original Hamiltonian γDFT of the large Courant algebroid defined by ρIJ ,
βIJ , T (0)

IJK , T (1)
IJ
K , T (2)

I
JK and T (3) IJK does.

The C-bracket is defined on DFT vectors of L+, which correspond to the degree 1 functions A in
the subspace spanned by eI = ηIJ τ

J
+:

A = AI eI =
1

2
AI
(
χI + ηIJ ψ

J
)
. (5.14)

It can be obtained from derived brackets of the QP2-manifold together with the symmetric pairing
and anchor map as

JA1, A2KL+ = − 1

2

(
{{A1, γDFT,+}, A2} − {{A2, γDFT,+}, A1}

)
,

〈A1, A2〉L+ = {A1, A2} ,

ρ+(A) = {A, {γDFT,+, · }} ,

(5.15)

for DFT vectors A, A1 and A2. Since the master equation does not hold for γDFT,+, the algebraic
structure is not that of a Courant algebroid, but called a DFT algebroid in [35]: A DFT algebroid
on T ∗M is a vector bundle L+ of rank 2d over T ∗M equiped with a non-degenerate symmetric
form 〈 · , · 〉L+ on its fibres, an anchor map ρ+ : L+ → T (T ∗M), and a skew-symmetric bracket of
sections J · , · KL+ , called the C-bracket, which together satisfy

〈D+f,D+g〉L+ =
1

4
〈df, dg〉L+ ,

JA, f BKL+ = f JA,BKL+ +
(
ρ+(A)f

)
B − 〈A,B〉L+ D+f ,

ρ+(C)〈A,B〉L+ =
〈
JC,AKL+ + D+〈C,A〉L+ , B

〉
L+

+
〈
A , JC,BKL+ + D+〈C,B〉L+

〉
L+

,

(5.16)

for all sections A,B,C ∈ C∞(T ∗M,L+) and functions f, g ∈ C∞(T ∗M), where D+ : C∞(T ∗M)→
C∞(T ∗M,L+) is the derivative defined through 〈D+f,A〉L+ = 1

2 ρ+(A)f .

5.2 AKSZ construction of DFT membrane sigma-models

The large Courant sigma-model constructed by AKSZ theory corresponds to the large Courant
algebroid in the spirit of §4. Then we execute the projection by p+ on the level of AKSZ fields,
which means selecting a special submanifold (by projection to DFT vectors) containing half of
the ghost number 1 fields. This method is quite natural, because fields with identical properties
appear twice, and we keep only one field of each identical pair. Note that there are infinitely
many possibilities to perform the reduction on ghost number 1 fields, but only this projection to
DFT vectors gives the right C-bracket structure of double field theory. One can think of the other
reductions as a class of duality transformations, which leads out of the realm of the original physical
double field theory.

The AKSZ action of the large Courant sigma-model corresponding to (5.3) is defined by

S(3)
DFT =

∫
T [1]Σ3

d3ẑ
(
F IDX

I − χIDψI + ρIJ F I ψ
J + βIJ F I χJ +

1

3!
T (0)

IJK ψ
I ψJ ψK

+
1

2
T (1)

IJ
K ψI ψJ χK +

1

2
T (2)

I
JK ψI χJ χK +

1

3!
T (3) IJK χI χJ χK

)
.

(5.17)
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The BV symplectic structure coming from (5.1) is given by

ωDFT =

∫
T [1]Σ3

d3ẑ
(
δXI δF I + δχI δψ

I
)

=

∫
T [1]Σ3

d3ẑ
(
δXI δF I + ηIJ δτ

I
+ δτ

J
+ − ηIJ δτ

I
− δτ

J
−
)
,

(5.18)

where we performed a duality transformation originating from (5.4):

τ I± =
1

2

(
ψI ± ηIJ χ

J
)
. (5.19)

Now we restrict the superfields to the submanifold τ I− = 0. This is not a partial gauge fixing, since
both fields and antifields are set to zero. The corresponding action is given by

S(3)
DFT,+ =

∫
T [1]Σ3

d3ẑ
(
F IDX

I − ηIJ τ
I
+Dτ

J
+ + (ρ+)IJ F I τ

J
+ +

1

3!
(T+)IJK τ

I
+ τ

J
+ τ

K
+

)
.

(5.20)

The reason we do not define this action directly from a DFT algebroid is that the action S(3)
DFT,+

does not satisfy the BV master equation, so it cannot be constructed by AKSZ theory, nor does it
define a BV quantized sigma-model. In order for it to define a BV quantized theory or an AKSZ
theory we have to impose additional conditions on the structure functions (ρ+)IJ and (T+)IJK
coming from the BV master equation for the reduced action. We will use this method below in our
study of the topological A- and B-models within the framework of double field theory.

6 Double field theory for the A- and B-models

There have been several attempts to find an AKSZ sigma-model for both the topological A- and
B-models, which unifies them within the framework of generalized geometry. These were based
on AKSZ constructions for generalized complex geometry, which describes the Kähler structure of
A-model and the complex structure of the B-model within one generalized complex structure. In
the remainder of this paper we continue their study within the context of double field theory.

6.1 Doubled Poisson sigma-model

We shall start by proposing an AKSZ Poisson sigma-model with doubled target space coordinates,
which gives the A- and B-models separately. Let us consider an AKSZ Poisson sigma-model with
target QP1-manifold T ∗[1]T ∗M with degree 0 and degree 1 coordinates

XI =

(
Xi

X̃i

)
and χI =

(
χi
χ̃ i

)
(6.1)

respectively. The doubled Poisson structure is denoted by ΩIJ , and it depends on both degree 0
coordinates Xi and X̃i. The symplectic form and AKSZ action are as introduced in §3.1:

ωD2 = dχI ∧ dXI , (6.2)

and

S(2)
Ω =

∫
T [1]Σ2

d2ẑ
(
χIDX

I +
1

2
ΩIJ χI χJ

)
. (6.3)

The master equation imposes the Poisson condition for ΩIJ :

Ω[I|L ∂LΩJK] = 0 , (6.4)
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where the doubled derivative ∂I is defined by

∂I =

(
∂/∂Xi

∂/∂X̃i

)
. (6.5)

We will now show that particular choices of ΩIJ give the A- or B-models.

A-model. The A-model is obtained by using the doubled Poisson structure

ΩIJ
A =

(
πij 0
0 0

)
, (6.6)

where the bivector πij only depends on Xi. The AKSZ action S(2)
ΩA

defined by ΩIJ
A is given by

S(2)
ΩA

=

∫
T [1]Σ2

d2ẑ
(
χiDX

i + χ̃iDX̃i +
1

2
πij χiχj

)
, (6.7)

where the additional term χ̃iDX̃i can be removed with a partial gauge fixing. Thus it yields the
original Poisson sigma-model, which is the AKSZ construction of the A-model (3.9). Then the
constraint (6.4) reduces to the original constraint that π defines a Poisson structure on M .

B-model. The B-model cannot be obtained simultaneously with the A-model, as it arises from a
different doubled Poisson structure. The AKSZ construction given by a constant complex structure
in (3.27) can be obtained using

ΩIJ
B =

(
0 J ij
−J j i 0

)
. (6.8)

It gives the AKSZ construction of the B-model after the sign flip X̃i → −X̃i. The AKSZ construc-
tion of the B-model in (3.25) can be derived directly with the choice J ij = i δij from the doubled
Poisson sigma-model using

Ω′ IJB =

(
0 δij
−δj i 0

)
. (6.9)

The AKSZ formulation of the B-model for an arbitrary complex structure J ij , which only depends
on Xi, is given in (3.30). Our doubled Poisson sigma-model also includes this construction and it
is given by choosing

ΩIJ
J =

(
0 J ij
−J j i −2 ∂[iJ

k
j] X̃k

)
(6.10)

after the sign flip X̃i → −X̃i. The constraint (6.4) gives the same constraint as in the original
construction, which is the integrability condition (3.28).3

General doubled Poisson structure. We write a general doubled Poisson structure in the block
matrix form

ΩIJ
G =

(
Pij Jij
−Jj i Qij

)
, (6.11)

where the blocks Pij , Jij and Qij are constrained by (6.4), and they depend on both Xi and X̃i.
The corresponding AKSZ action is

S(2)
ΩG

=

∫
T [1]Σ2

d2ẑ
(
χiDX

i + χ̃iDX̃i +
1

2
Pij χiχj + Jij χi χ̃

j +
1

2
Qij χ̃

i χ̃j
)
. (6.12)

3Since the complex structure appears as a Poisson structure on doubled space, it can be quantized using the
Cattaneo-Felder approach [53]. In particular, the case of a constant complex structure can be quantized in closed
form analogously to the Moyal star-product.
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It is tempting to try to relate ΩIJ
G to the general complex structure JIJ in (3.21), but the identities

(3.20) are not equivalent to (6.4). We will return to this problem later. It is also interesting

to note that the action S(2)
ΩG

gives the Zucchini model (3.18) if we replace χ̃i with DXi, and

nothing depends on X̃i. But they are different BV theories with different constraints on their block
structures.

6.2 Large contravariant Courant sigma-model

We have seen that the A- and B-models on the AKSZ level appear to be two different particu-
lar cases of the same two-dimensional AKSZ theory on a doubled target space. These Poisson
sigma-models can be uplifted to the membrane level as a contravariant Courant sigma-model from
§4.3, which gives them back on the boundary in the exact gauge. The novelty of the membrane
description is that one can introduce flux terms in the bulk. We shall now study the doubled con-
travariant Courant sigma-model with doubled Poisson structures introduced in §6.1. These AKSZ
constructions will play a similar role in the study of the A- and B-models within double field theory
as the large Courant sigma-model in §5.

The BV symplectic form of the contravariant Courant sigma-model in doubled space with QP2-
manifold T ∗[2]T [1]T ∗M is given by (5.18). The AKSZ action comes from (4.31) and is given
by

S(3)
Ω,R =

∫
T [1]Σ3

d3ẑ
(
F IDX

I − χIDψI + ΩIJ F I χJ

− 1

2
∂IΩ

JK ψI χJ χK +
1

3!
RIJK χI χJ χK

)
,

(6.13)

with the definition of a general three-vector fluxRIJK on T ∗M , which is allowed in the contravariant
Courant sigma-model.

A-model. The doubled Poisson structure ΩIJ
A in (6.6) gives the original contravariant Courant

sigma-model action (4.31) on M after the gauge fixing F̃ i = 0 and χ̃i = 0, which leaves only the
R-flux Rijk = Rijk. One needs to assume that Rijk only depends on Xi in order to reduce the
action purely to M . We have already seen that the contravariant Courant sigma-model in the exact
gauge further reduces to the Poisson sigma-model formulation of the A-model in §4.3.

B-model. The doubled Poisson structure Ω′ IJB defined in (6.9) with vanishing flux R = 0 gives
the standard Courant sigma-model and a ‘dual’ standard Courant sigma-model with action

S(3)
Ω′

B,0
=

∫
T [1]Σ3

d3ẑ
(
F iDX

i + F̃ iDX̃i − χiDψi − χ̃iDψ̃i + F i χ̃
i − F̃ iχi

)
. (6.14)

It can be seen that the standard and the dual standard Courant sigma-models are decoupled from
each other (in both the action and the symplectic form), so they can be separately gauge fixed. For
example, the gauge F̃ i = 0 and ψi = 0 yields the standard Courant sigma-model, which is related
to the B-model as described in §4.2. The exact gauge defined in §2.2 reads here as

F i = Dχi , ψi = −DXi , F̃ i = Dχ̃i and ψ̃i = −DX̃i , (6.15)

and it gives the action of the B-model (3.25) on the boundary:

S(3)
Ω′

B,0;gf
=

∮
T [1]∂Σ3

d2ẑ
(
χiDX

i + X̃iDχ̃
i + χi χ̃

i
)

= S(2)
B1 . (6.16)
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The B-model construction with general constant complex structure is similar: the doubled Poisson
structure ΩIJ

B in (6.8) leads to the AKSZ action

S(3)
ΩB,0

=

∫
T [1]Σ3

d3ẑ
(
F iDX

i + F̃ iDX̃i − χiDψi − χ̃iDψ̃i + J ij F i χ̃
j − J j i F̃

iχj
)
. (6.17)

The exact gauge (6.15) gives the B-model construction (3.27) on the boundary:

S(3)
ΩB,0;gf =

∮
T [1]∂Σ2

d2ẑ
(
χiDX

i + X̃iDχ̃
i + J ij χi χ̃

j
)

= S(2)
B2 . (6.18)

Finally, we consider the choice of doubled Poisson structure ΩJ from (6.10) which is associated to
a non-constant complex structure. The corresponding AKSZ action is given by

S(3)
ΩJ ,0

=

∫
T [1]Σ3

d3ẑ
(
F iDX

i + F̃ iDX̃i − χiDψi − χ̃iDψ̃i + J ij F i χ̃
j − J j i F̃ iχj

− 2∂[iJ
k
j] X̃k F̃

i χ̃j − ∂iJ jk ψiχj χ̃k + ∂[iJ
k
j] ψ̃k χ̃

i χ̃j

+ ∂i∂jJ
l
k X̃ lψ

i χ̃j χ̃k
)
.

(6.19)
The master equation does not give the integrability condition (3.28) for J ij this time. We will use
the DFT projection later to obtain the right Courant algebroid whose relations give the integrability

condition. In the exact gauge (6.15), the action S(3)
ΩJ ,0

reduces to the boundary action for the non-
constant complex structure defined in (3.30) after a sign flip:

S(3)
ΩJ ,0;gf =

∮
T [1]∂Σ3

d2ẑ
(
χiDX

i + X̃iDχ̃
i + J ij χi χ̃

j − ∂jJ ik X̃i χ̃
j χ̃k

)
= S(2)

J . (6.20)

General doubled Poisson structure. The general AKSZ action (6.13) can be expanded in block
form using the general doubled Poisson structure ΩIJ

G from (6.11) as

S(3)
ΩG,0

=

∫
T [1]Σ3

d3ẑ
(
F iDX

i + F̃ iDX̃i − χiDψi − χ̃iDψ̃i + Pij F iχj + Qij F̃
i χ̃j

+ Jij F i χ̃
j − Jj i F̃

iχj −
1

2
∂iP

jk ψiχj χk −
1

2
∂iQjk ψ

i χ̃j χ̃k

− ∂iJjk ψiχj χ̃k −
1

2
∂̃iPjk ψ̃iχj χk −

1

2
∂̃iQjk ψ̃i χ̃

j χ̃k − ∂̃iJjk ψ̃iχj χ̃k
)
,

(6.21)
where the dual derivative is defined by ∂̃i = ∂/∂X̃i. As expected it reduces in the exact gauge

(6.15) on the boundary to the action S(2)
ΩG

given by (6.12).

Fluxes in the A- and B-models. Introducing R-flux in (6.13) gives four different terms

1

3!
RIJK χI χJ χK =

1

3!
Rijk χiχj χk +

1

2
Qi

jk χ̃iχj χk +
1

2
F ij

k χ̃i χ̃j χk +
1

3!
H ijk χ̃

i χ̃j χ̃k .

(6.22)
Both geometric and non-geometric fluxes can appear in the membrane formulations of the A- and
B-models, but the gauge fixings leave only Rijk in the case of the original contravariant Courant
sigma-model and H ijk in the case of the standard Courant sigma-model. One of the main features
of our new construction for the A- and B-models is that it allows for the introduction of four
different fluxes. The compatibility condition [Ω,R]S = 0 between the fluxes and the doubled
Poisson bivector Ω can be derived from the master equation (4.12). The same fluxes (6.22) can be
defined in the AKSZ theories (6.21) as well.
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6.3 Courant sigma-model for generalized complex geometry

So far we have introduced a contravariant Courant sigma-model on doubled space, which reduces
to the topological A- and B-models in the exact gauge. We shall now treat it as a large Courant
sigma-model and use the projection to DFT vectors from §5, which halves the number of degree 1
coordinates. Explicitly, the degree 1 coordinates χI and ψI are transformed to τ I± in (5.4), which
in components can be written as

τ I± =
1

2

(
ψi ± χ̃ i

ψ̃i ± χi

)
. (6.23)

The coordinates τ I− are projected out by 1
2 p+ in the same way they were in (5.7), hence in Darboux

coordinates

τ I+ =

(
qi

pi

)
(6.24)

the symplectic structure ωDFT from (5.1) becomes

ωDFT

1
2
p+−−−−→ ωDFT,+ = dXi ∧ dFi + dX̃i ∧ dF̃ i + dqi ∧ dpi . (6.25)

In the Hamiltonian (5.3) we substitute

χi −→ pi , ψi −→ qi , χ̃ i −→ qi and ψ̃i −→ pi , (6.26)

which together with the symplectic form ωDFT,+ reduces the AKSZ action S(3)
ΩG,0

from (6.21) to
the action

S(3)
ΩG,+

=

∫
T [1]Σ3

d3ẑ
(
F iDX

i + F̃ iDX̃i − piDqi + Pij F i pj + Qij F̃
i qj

+ Jij F i q
j − Jj i F̃

i pj −
1

2
∂iP

jk qi pj pk −
1

2
∂iQjk q

i qj qk + ∂iJ
k
j q

i qj pk

− 1

2
∂̃iPjk pi pj pk −

1

2
∂̃kQij q

i qj pk − ∂̃jJki qi pj pk
)
,

(6.27)
where for simplicity we imposed the O(d, d)-invariant boundary condition (pi q

i)
∣∣
T [1]∂Σ3

= 0.4

We reduce the dual coordinates in (6.27) with a gauge fixing F̃ i = 0 and assume that none of
the blocks Pij , Jij or Qij depend on X̃i. The resulting action is not necessarily an AKSZ action
as it does not satisfy the master equation. Instead we impose the master equation as a further
constraint on the blocks in order to satisfy the quantization condition, and we define the reduced
action with the constrained blocks, which we write symbolically as

Pij
master−−−−−→ πij , Jij

master−−−−−→ J ij and Qij
master−−−−−→ ωij . (6.28)

The reduced AKSZ action is given by

S(3)
Z =

∫
T [1]Σ3

d3ẑ
(
F iDX

i − piDqi + πij F i pj + J ij F i q
j

− 1

2
∂iπ

jk qi pj pk −
1

2
∂iωjk q

i qj qk + ∂iJ
k
j q

i qj pk

)
.

(6.29)

4This boundary condition will be compatible with our further reduction to the B-model, but not to the A-model.
To be compatible with the latter reduction we need to start with a different kinetic term for the large Courant
algebroid, in order to obtain the right kinetic term of the Courant sigma-model for the generalized complex structure.
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The special property of this AKSZ action is that in the exact gauge

F i = Dpi and qi = −DXi (6.30)

it gives the Zucchini action (3.18):

S(3)
Z,gf =

∮
T [1]∂Σ3

d2ẑ
(
piDX

i +
1

2
πij pi pj +

1

2
ωijDX

iDXj − J ij piDXj
)

= S(2)
Z , (6.31)

on the boundary after the sign flip J ij → −J ij .

One may naturally expect that the master equation for S(3)
Z will give the constraints of a generalized

complex structure (3.20) as the Zucchini model does, but this is not precisely true. If ωij vanishes
then we get the same identities as those of a generalized complex structure with ω = 0, or if we set
ω = π−1 then dω = 0 and the term involving ω vanishes, thus we arrive at the same AKSZ action.
Otherwise the ω term generally prevents the constraints from being the identities of a generalized
complex structure.

Thus we propose a Courant sigma-model

S(3)
π,J =

∫
T [1]Σ3

d3ẑ
(
F iDX

i − piDqi + πij F i pj + J ij F i q
j

− 1

2
∂iπ

jk qi pj pk + ∂iJ
k
j q

i qj pk

) (6.32)

for the generalized complex structure

JIJ =

(
J ij πij

0 −J j i

)
. (6.33)

In the language of symplectic dg-geometry this means that the master equation for the Hamilto-
nian

γπ,J = πij Fi pj + J ij Fi q
j − 1

2
∂iπ

jk qi pj pk + ∂iJ
k
j q

i qj pk (6.34)

with the symplectic form
ω3 = dXi ∧ dFi + dqi ∧ dpi (6.35)

gives the conditions

π[i|l ∂lπ
jk] = 0 ,

J li ∂lπ
jk + 2πjl ∂[iJ

k
l] + πkl ∂lJ

j
i − J j l ∂iπ

lk = 0 ,

J l[i| ∂lJ
k
|j] − Jkl ∂[iJ

l
j] = 0 .

(6.36)

The first identity says that πij satisfies the Poisson condition, the third says J ij satisfies the
integrability condition of the original complex structure, and the second identity is an additional
compatibility condition needed to combine them into a generalized complex structure.

The Hamiltonian γπ,J defines a Courant algebroid over the target space M for the generalized
complex structures (6.33) with the Dorfman bracket and anchor

[e1, e2]D;π,J = {{e1, γπ,J}, e2} and ρ(e) = {e, {γπ,J , · }} (6.37)

where the functions e, e1 and e2 have degree 1. It would be interesting in its own right to study
further this new Courant algebroid structure.
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6.4 Dimensional reductions to the A- and B-models

The relation of the Courant sigma-model (6.32) to the A-model is quite straightforward. If we set J
to zero, and only keep π non-zero, the remaining identity from (6.36) is the Poisson condition. The
resulting AKSZ action is just that of the contravariant Courant sigma-model, which reduces to the
Poisson sigma-model on its boundary in the exact gauge, and thus to the A-model as well.

The relation to the B-model is not immediately apparent. Let π be zero, and J non-zero. The
remaining identity from (6.36) is the integrability condition for the original complex structure J .
The Hamiltonian associated to the resulting AKSZ action is

γ0,J = J ij Fi q
j + ∂iJ

k
j q

i qj pk , (6.38)

from which a Courant algebroid for a generic complex structure can be derived with the Dorfman
bracket and anchor

[e1, e2]D;0,J = {{e1, γ0,J}, e2} and ρ(e) = {e, {γ0,J , · }} (6.39)

respectively, where again e, e1 and e2 are degree 1 functions. This structure is similar to that
of the Poisson Courant algebroid, which is the derived Courant algebroid for a generic Poisson
structure.

We apply the dimensional reduction method introduced in §2.3 on the AKSZ action with the
original complex structure solely:

S(3)
0,J =

∫
T [1]Σ3

d3ẑ
(
F iDX

i − piDqi + J ij F i q
j + ∂iJ

k
j q

i qj pk
)
. (6.40)

The reduction method requires that the membrane worldvolume Σ3 be a product manifold, hence
we apply it in a neighbourhood of the boundary. For this, choose an open subset U of Σ3 which
includes ∂Σ3:

Σ3

∣∣
U

= ∂Σ3 × R+ , (6.41)

where R+ is the half-line parameterized with coordinate t, for which the t = 0 points belong to the
boundary. Then the worldvolume Σ3 is covered by open sets as

Σ3 = U ∪ U ′ , (6.42)

where the open set U ′ does not include the boundary, i.e. it is contained in the bulk interior
Σ3 \ ∂Σ3. Then the BV symplectic form is given by the sum of two integrals over the covering sets
U and U ′ as5

ω3 = ω3|U + ω3|U ′

:=

∫
T [1]U

d3ẑ
(
δXi δF i + δqi δpi

)
+

∫
T [1]U ′

d3ẑ
(
δX ′i δF ′i + δq′i δp′i

)
,

(6.43)

where we have rescaled the fields F i, pi, F
′
i and p′i with a suitable partition of unity subordinate

to the covering (6.42). These fields are chosen so that the decomposition of the AKSZ action

S(3)
0,J = S(3)

0,J |U + S(3)
0,J |U ′

:=

∫
T [1]U

d3ẑ
(
F iDX

i − piDqi + J ij F i q
j + ∂iJ

k
j q

i qj pk
)

+

∫
T [1]U ′

d3ẑ
(
F ′iDX

′i − p′iDq′i + J ij F
′
i q
′j + ∂iJ

k
j q
′i q′j p′k

) (6.44)

5We use the same notation for the boundary fields as well for brevity, but they are not identical to those used
earlier.
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is independent of the choice of partition of unity.

First we deal with the boundary contributions. They are defined on a product manifold ∂Σ3×R+,
so we can apply the method of §2.3. We use a uniform notation for an arbitrary superfield φ:

φ = φ̂ + φt θ
t , (6.45)

where the component superfields φ̂ and φt do not depend on the odd coordinate θt of T [1]R+. The
integrals over U factorize and we get the BV symplectic form

ω3|U ;gf = −
∮
T [1]∂Σ3

d2ẑ

∫
R+

dt
(
δX̂i δ(F t)i + δq̂i δ(pt)i

)
, (6.46)

where we have used a different gauge fixing and also different antifields than those which were used
for the reduction to the A-model: we have set Xi

t and qit to zero. The gauge fixed boundary action
is

S(3)
0,J |U ;gf =

∮
T [1]∂Σ3

d2ẑ

∫
R+

dt
(
F̂ i ∂tX̂

i + p̂i ∂tq̂
i − (F t)i D̂X̂

i − (pt)i D̂q̂
i

− J ij (F t)i q̂
j + ∂iJ

k
j q̂

i q̂j (pt)k
)
.

(6.47)

The first two terms determine the boundary conditions. Integrating out the fields F̂ i and p̂i imposes
the condition that the fields X̂i and q̂i are independent of t, while the zero modes of F̂ i and p̂i
on R+ lead to the condition that X̂i and q̂i vanish at t = 0 which means they vanish on the
boundary.

We introduce the new notations

χi = −
∫
R+

dt (F t)i , Xi = X̂i , X̃i = −
∫
R+

dt (pt)i and χ̃i = q̂i , (6.48)

and rewrite the BV symplectic form and the boundary AKSZ action with them as

ω3|U ;gf =

∮
T [1]∂Σ3

d2ẑ
(
δXi δχi + δX̃i δχ̃

i
)
, (6.49)

and

S(3)
0,J |U ;gf =

∮
T [1]∂Σ3

d2ẑ
(
χiDX

i + X̃iDχ̃
i + J ij χi χ̃

j − ∂jJ ik X̃i χ̃
j χ̃k

)
= S(2)

J , (6.50)

which give the BV symplectic form corresponding to (3.26) and the AKSZ action (3.30) for the

B-model after the sign flip X̃i → −X̃i. Hence the action S(3)
0,J defined in (6.40) reduces to the

B-model action in a neighbourhood of the boundary ∂Σ3.

For the bulk contributions, one can gauge fix the bulk fields independently from the boundary fields
using the same fields and antifields that were used for the reduction to the A-model. The exact
gauge was a gauge fixing on the bulk as well, and not only on the boundary. Hence if we set F ′i
and q′i to zero, we get a vanishing bulk action S(3)

0,J |U ′;gf , and thus the action S(3)
0,J in (6.40) can be

reduced entirely to the B-model action on the boundary.

We recall that, in all schemes presented in this paper, the reductions to the A- and B-models differ
significantly: not only are the gauge choices different, but the antifields are also assigned differently,
and the boundary conditions differ as well. But they both appear as boundary AKSZ sigma-models
while the bulk fields are gauge fixed completely.
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7 Topological S-duality in generalized complex geometry

Topological S-duality arises from the physical S-duality of type IIB superstring theory [46], and it
relates the A- and B-models on the same Calabi-Yau manifold: D-instanton contributions of one
model correspond to perturbative amplitudes of the other model. The string couplings gA and gB

of the A- and B-models are related to each other by

gA =
1

gB
(7.1)

and the Kähler forms kA and kB of the two theories are also related by

kA =
kB

gB
. (7.2)

In other words, S-duality exchanges the A- and B-models as a weak/strong coupling duality. As
an application of the formalism developed in this paper, in this section we shall demonstrate how
this duality is realised geometrically in generalized complex geometry using our Courant algebroids
and AKSZ sigma-models.

7.1 Duality between Poisson and complex structure Courant algebroids

A duality transformation in the language of QP-manifolds is a transformation of supercoordinates
which leaves the symplectic structure invariant. One of the simplest non-trivial cases is the renor-
malization of the fields by a scale transformation: a coordinate is scaled inversely with respect
to its dual coordinate. In the following we study the Courant algebroid for generalized complex
structures in this context.

The symplectic form ω3 given by (6.35) is left invariant under the scale transformation

pi 7−→ λ pi and qi 7−→ 1

λ
qi , (7.3)

with a constant parameter λ ∈ R, which transforms the Hamiltonian γπ,J from (6.34) to

γλπ,J = λπij Fi pj −
λ

2
∂iπ

jk qi pj pk +
1

λ
J ij Fi q

j +
1

λ
∂iJ

k
j q

i qj pk . (7.4)

The scale transformation has no effect on the identities (6.36), and γλπ,J satisfies the master equation
as well.

Now we can take both the large or small λ limit. They give different Courant algebroids, namely
the Poisson and the complex structure Courant algebroid respectively:

1

λ
γ0,J

λ�1←−−−− γλπ,J
λ�1−−−−→ λ γπ,0 , (7.5)

where the Hamiltonian γ0,J is defined in (6.38) while γπ,0 is defined in (4.11). After the limits are
taken the parameter λ can be scaled back to obtain the original Hamiltonians which are independent
of λ.

Thus scaling with λ introduces a type of weak/strong duality, which interpolates continuously
between Poisson and complex structure Courant algebroids within the Courant algebroid for gen-
eralized complex geometry, and it exchanges them between the two limits. In the following we
relate this duality to the topological S-duality between the A- and B-models based on our AKSZ
constructions and boundary reductions from §6.
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7.2 Topological S-duality

In the following we promote our duality to the level of AKSZ constructions. We start with the
AKSZ action given by the Hamiltonian λ γπ,J defined in (7.4):

S(3)
A/B =

∫
T [1]Σ3

d3ẑ
( 1

λ
F iDX

i − 1

λ
piDq

i + πij F i pj −
1

2
∂iπ

jk qi pj pk

+ J ij F i q
j + ∂iJ

k
j q

i qj pk

)
,

(7.6)

where we explicitly introduced an overall constant 1/λ as a membrane tension in the definition of
the action, which does not affect the BV quantization of the sigma-model. Now we perform the
scaling duality (7.3). Since it leaves the BV symplectic form invariant, the kinetic terms do not
change, only the interaction terms. The scale transformed AKSZ action is given by

Sλ (3)
A/B =

∫
T [1]Σ3

d3ẑ
( 1

λ
F iDX

i − 1

λ
piDq

i + λπij F i pj −
λ

2
∂iπ

jk qi pj pk

+
1

λ
J ij F i q

j +
1

λ
∂iJ

k
j q

i qj pk

)
.

(7.7)

The large λ limit gives the contravariant Courant sigma-model without kinetic terms, which reduces
to the A-model action given by (3.8) in the exact gauge in the same way that it reduced in §4.3:

Sλ (3)
A/B

λ�1−−−−→ λ

2

∮
T [1]∂Σ3

d2ẑ πij pi pj . (7.8)

Here λ appears as the inverse of the A-model string coupling:

λ =
1

gA
. (7.9)

On the other hand, if we take λ to be small, we get the AKSZ action of the complex structure
Courant algebroid with an overall membrane tension 1/λ, which can be reduced to the B-model on
its boundary as in §6.4:

Sλ (3)
A/B

λ�1−−−−→ 1

λ

∮
T [1]∂Σ3

d2ẑ
(
χiDX

i + X̃iDχ̃
i + J ij χi χ̃

j − ∂jJ ik X̃i χ̃
j χ̃k

)
. (7.10)

Here λ appears as the B-model string coupling this time:

λ = gB , (7.11)

which together with (7.9) gives the relation (7.1). However, it says nothing about the scaling
relation of Kähler forms in (7.2). This is due to the fact that the scalings of π and J are not fixed
to each other by the constraints (6.36).

8 Conclusions and outlook

In this paper we studied AKSZ formulations of the topological A- and B-models within the frame-
work of double field theory. We presented an observation that the Poisson sigma-model on doubled
space describes both the A- and B-models simultaneously, which are given by different choices for
the doubled Poisson structures. We uplifted the doubled Poisson sigma-model to the membrane
level as a large contravariant Courant sigma-model, which is the three-dimensional AKSZ sigma-
model description of a doubled Poisson sigma-model. We showed that it reduces to the doubled
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Poisson sigma-model on the boundary if we use the exact gauge, and we have expounded some
particular cases given by the reduction which are relevant in AKSZ theory.

We applied the projection to DFT vectors on the large contravariant Courant sigma-model of
double field theory, which halves the number of ghost number 1 fields, and we reduced the dual
coordinates, which led to the introduction of the Courant sigma-model of a particular class of
generalized complex structures, and also its corresponding Courant algebroid. We pointed out that
it gives the Zucchini model on the boundary in the exact gauge. We also studied two marginal
cases, the purely Poisson and purely complex structure cases, which were reduced to the A- and
B-models on their boundaries respectively.

We also proposed an S-duality between Poisson and complex structure Courant algebroids, which
originates back to the generalized complex structure, in which they lie as different marginal limits.
We promoted the duality to the AKSZ level, and related it to topological S-duality of the A- and
B-models.

It would be interesting to study further the appearance of generalized geometry and double field
theory in the context of the A- and B-models as they are defined originally in standard (not
generalized) Calabi-Yau manifolds. The double field theory formulation of the A- and B-models
also allows for the introduction of both geometric and non-geometric fluxes, which would be a
further development in the study of its physical relevance, particularly in the context of topological
string theory. The fluxes correspond to twist deformations of the proposed Courant algebroids
which lead to the introduction of twists of the generalized and original complex structures, which
is another avenue for further investigation. Another direction would be to find a Courant algebroid
which gives the identities of a general version of generalized complex structure, and to relate it to the
double field theory formulations of the A- and B-models. Our S-duality gives a continuous mapping
between the A- and B-models, so it would be interesting to investigate whether the intermediate
membrane theory has a clearer physical relevance. A surprising observation is that our S-duality
arises from the T-duality inspired generalized complex geometry, thus it raises the question as to
whether there is a physical origin behind this relation or whether it is just a coincidence found in
the topological field theories.
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A Differential calculus of graded functionals

A nice and elaborate summary of formulas from differential calculus on graded manifolds can be
found in [8]. In the following we rely on this treatment and only review formulas with regard to
graded functionals.

The space of superfields is once again the mapping space

M = Map
(
T [1]Σd ,M

)
, (A.1)
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and the superfield coordinates on M are defined via the coordinates ẑµ̂ ∈ T [1]Σd, X̂
ı̂ ∈M as

X̂ ı̂(ẑ) = φ∗(X̂ ı̂ )(ẑ) , (A.2)

where φ ∈M is an arbitrary superfield. We use the notation |̂ı| for the degree of X̂ ı̂, and also for
the ghost number of X̂ ı̂.

A graded functional6 of the superfields X̂ ı̂(ẑ) is defined by a function F (X̂) on M as

F =

∫
T [1]Σd

ddẑ ev∗(F ) =

∫
T [1]Σd

ddẑ F
(
X̂(ẑ)

)
, (A.3)

and it has ghost number |F | − d, where |F | denotes the ghost number of F
(
X̂(ẑ)

)
. The definition

of a graded functional n-form α with ghost number |α| − d is analogous and given by an n-form α
on M as

α =

∫
T [1]Σd

ddẑ ev∗(α)

=

∫
T [1]Σd

ddẑ δX̂ ı̂1(ẑ) · · · δX̂ ı̂n(ẑ)αı̂1···̂ın
(
X̂(ẑ)

)
:=

∫
T [1]Σd

ddẑ α
(
X̂(ẑ)

)
.

(A.4)

The exterior product of two graded functional forms α and β also gives a graded functional form
with ghost number |α|+ |β| − d which reads as

α∧β =

∫
T [1]Σd

ddẑ ev∗(α ∧ β) =

∫
T [1]Σd

ddẑ α
(
X̂(ẑ)

)
β
(
X̂(ẑ)

)
. (A.5)

As can be seen, it depends on the integration measure. The one-form local basis elements have
ghost number |̂ı|+ 1− d and they are given by

δX̂ ı̂ =

∫
T [1]Σd

ddẑ ev∗(dX̂ ı̂) =

∫
T [1]Σd

ddẑ δX̂ ı̂(ẑ) . (A.6)

We can write the n-form α with the exterior product as

α = δX̂ ı̂1∧ · · ·∧δX̂ ı̂n∧αı̂1···̂ın , (A.7)

where the scalar functional is given by

αı̂1···̂ın =

∫
T [1]Σd

ddẑ αı̂1···̂ın
(
X̂(ẑ)

)
. (A.8)

A graded vector functional V with ghost number |V | − d can be written in the form

V =

∫
T [1]Σd

ddẑ V ı̂
(
X̂(ẑ)

) δ

δX̂ ı̂(ẑ)
, (A.9)

which acts as a left functional derivative

�
V F =

∫
T [1]Σd

ddẑ V ı̂
(
X̂(ẑ)

) �
δF

δX̂ ı̂(ẑ)
(A.10)

6We only consider non-local graded functionals, hence the kernel function F (X̂
)

can be taken to be an ordinary

graded function of X̂.
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on graded functionals F , and is defined as

lim
ε→0

F [X̂ + ε η̂] − F [X̂]

ε
=:

∫
T [1]Σd

ddẑ η̂ı̂(ẑ)

�
δF

δX̂ ı̂(ẑ)
, (A.11)

where η̂ı̂ is an arbitrary superfield with the same degree as X̂ ı̂. The functional derivative with
respect to X̂ ı̂(ẑ) has ghost number −|̂ı| + d. As graded functionals are non-local, the functional
derivatives are given by ordinary derivatives of the kernel function as

�
δF

δX̂ ı̂(ẑ)
=

�
∂F

∂X̂ ı̂

∣∣∣∣
X̂ ı̂(ẑ)

. (A.12)

The interior product is given by contraction with the graded vector functional V :

ιV =

∫
T [1]Σd

ddẑ V ı̂
(
X̂(ẑ)

) �
δ

δ (δX̂ ı̂(ẑ))
, (A.13)

which acts on exterior products as

ιV (α∧β) = ιV α∧β + (−1)(|V |+1) |α|α∧ιV β . (A.14)

The de Rham differential can be written in the form

δ =

∫
T [1]Σd

ddẑ δX̂ ı̂(ẑ)

�
δ

δX̂ ı̂(ẑ)
. (A.15)

It has the following properties:

δF = lim
ε→0

F [X̂ + ε δX̂] − F [X̂]

ε
,

δ2 = 0 ,

δ(α∧β) = δα∧β + (−1)|α|α∧δβ ,

δα =

∫
T [1]Σd

ddẑ ev∗(dα) .

(A.16)

The symplectic structure on the target dg-manifold M has degree d + 1 and it can be written in
the form

ω = (−1)(d+1) |a| dqa ∧ dpa , (A.17)

where qa and pa are local Darboux coordinates such that |qa| + |pa| = d − 1. The BV symplectic
form ω with ghost number 1 is defined by

ω =

∫
T [1]Σd

ddẑ ev∗(ω) =

∫
T [1]Σd

ddẑ (−1)(d+1) |qa| δqa(ẑ)∧δpa(ẑ) . (A.18)

The definition of the Hamiltonian vector field of a graded functional F is given by the expres-
sion

ιXF
ω := δF , (A.19)
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and it has ghost number |F | − d+ 1. The solution to this equation

XF = (−1)|F |+d
∫
T [1]Σd

ddẑ

(
F

�
δ

δqa(ẑ)

δ

δpa(ẑ)
− (−1)|q

a| |pa| F
�
δ

δpa(ẑ)

δ

δqa(ẑ)

)
(A.20)

is used to define the BV bracket of graded functionals F and G as

(F ,G)BV = (−1)|F |+d
�
XFG

= (−1)|F |+d ιXF
δG

= (−1)|F |+d+1 ιXF
ιXG

ω

=

∫
T [1]Σd

ddẑ

(
F

�
δ

δqa(ẑ)

�
δG

δpa(ẑ)
− (−1)|q

a| |pa| F
�
δ

δpa(ẑ)

�
δG

δqa(ẑ)

)
.

(A.21)

The BV bracket has the following properties:

(F ,G)BV = −(−1)(|F |+d+1) (|G|+d+1) (G,F )BV ,

(F ,GH)BV = (F ,G)BV H + (−1)(|F |+d+1) |G|G (F ,H)BV ,

(F , (G,H)BV)BV = ((F ,G)BV,H)BV + (−1)(|F |+d+1) (|G|+d+1) (G, (F ,H)BV)BV .

(A.22)
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