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Abstract

This work studies for the first time the solution of a nonlinear problem using an enriched finite element
approach. Such problems can be highly demanding computationally. Hence, they can significantly benefit
from the efficiency of the enriched finite elements. A robust partition of unity finite element method for
solving transient nonlinear diffusion problems is presented. The governing equations include nonlinear
diffusion coefficients and/or nonlinear source terms in both homogeneous and heterogeneous materials.
To integrate the equations in time we consider a linearly semi-implicit scheme in the finite element
framework. As enrichment procedures we consider a combination of exponential expansions to be injected
in the finite element basis functions on coarse meshes. The proposed method shows a large reduction in
the number of degrees of freedom required to achieve a fixed accuracy compared to the conventional finite
element method. In addition the proposed partition of unity method shows a stable behaviour in treating
both internal and external boundary layers in nonlinear diffusion applications. The performance of the
proposed method is also used for the numerical simulation of heat conduction in functionally graded
materials.

Keywords. Nonlinear problems; Diffusion equation; Partition of unity method; Finite element method;
Heat transfer; heterogeneous material; Functionally graded material.

1 Introduction

The numerical solution of nonlinear transient diffusion problems arises in many physical and engineering
applications. For example these problems are often encountered in computational heat transfer such as
heat conduction in materials, radiation-conduction in semitransparent media, glass cooling and structural
annealing. Among the numerical methods developed to solve diffusion problems, there are finite element
(FE) methods and boundary element methods. The partition of unity finite element (PUFE) method
[15] was first introduced to solve the Helmholtz problem are now widely applied in several different fields
in particular those related to heat transfer. The idea in a PUFE method is to enrich the finite element
solution space with oscillatory functions or functions with singularities and/or discontinuities. It has also
been proven that the enrichment can circumvent the need for highly refined meshes that are otherwise
necessary to recover oscillations or irregularities.

Since their introduction, the enriched finite element methods became very popular when dealing with
challenging numerical issues. In the past two decades a large amount of work was dedicated to developing
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enrichment methods and their applications not only for finite elements but also boundary elements [23,
24] and other numerical methods [14]. For instance, conventional plane waves have widely been used
in enrichment approaches to reduce the computational costs of modelling wave problems in acoustics.
This includes: the PUFE method [10, 11], the generalized finite element method [29, 30], the partition
of unity boundary element method [12, 25], the so-called ultraweak variational formulation [3, 8] and the
discontinuous enrichment method [6, 31]. In all these methods the solution space is enriched in order to
avoid heavily refined meshes due to short waves propagating in the computational domain. For a general
review on these methods and related techniques we refer to [1, 7] and further references are therein.

Similar ideas have also been developed for linear heat transfer problems to resolve difficulties related to
thermal gradients and boundary layers [19]. For linear diffusion problems in homogeneous media it was
proved that enriching the finite element solution space with special functions can be efficient in dealing with
difficulties related to multiscale problems, local irregularities or steep gradients [5, 19, 32]. For example,
authors in [32] proposed a class of finite element methods to study transient geothermal problems using time-
dependent enrichment functions. Global-local enrichment techniques have also been developed in [21, 22] for
transient heat problems with highly localized sharp thermal gradients in the framework of generalized finite
element methods. A family of Gaussian functions was introduced in [19] to enrich the finite element solution
of linear transient diffusion problems. The transient feature of these problems have been recovered by using
multiple time-independent enrichment functions which highly improved the computational efficiency of the
finite element solver since the same system matrix could be used at each time step. This approach has been
extended in [20] to consider heat transfer in a grey material and in [17] to glass cooling where a q-refinement
procedure is presented to deal with radiation rates at multiple frequency bands.

So far the enriched finite element approaches were only investigated for linear boundary-value problems.
Numerical solution of nonlinear diffusion problems often presents difficulties because of moving fronts and
the presence of external and internal boundary layers. Due to these properties, a standard finite element
method originally designed for linear boundary-value problems may lead to instabilities unless highly refined
meshes are used. Furthermore, the discontinuity in the physical properties when heterogeneous materials are
studied, may increase such instability [13]. In the present work we propose a partition of unity finite element
method to solve nonlinear transient diffusion problems in a heterogeneous medium. As an example for
heterogeneous materials we study a functionally graded material (FGM) composed of a ceramic and an alloy.
We combine a number of exponential functions over the entire domain to enrich the approximation space of
the finite element method. The presented results show that the proposed enrichment can satisfactorily deal
with nonlinearities as well as the domain heterogeneity. The proposed method is simple, non-oscillatory and
suitable for nonlinear transient diffusion problems in homogeneous as well as heterogeneous computational
domains.

The rest of the paper is laid out as follows. In section 2 we present the governing equations for nonlinear
transient diffusion problems in heterogeneous materials and the associated weak form. The PUFE method
is presented in section 3 along with the enrichment functions used in the finite element solution. In section 4,
we present numerical results for several test examples of nonlinear diffusion problems in both homogeneous
and heterogeneous materials. The new approach is shown to enjoy the expected accuracy as well as the
robustness. Conclusions are given in section 5.

2 Nonlinear transient diffusion problems

Given an open bounded domain Ω ⊂ R2 with a Lipschitzian boundary Γ and a time interval [0, T ], we are
interested in solving the nonlinear time-dependent equation

∂u

∂t
−∇ ·

(
κ (u)∇u

)
= f(t,x, u), (t,x) ∈ (0, T ]× Ω, (1)
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where t is the time variable, x = (x, y)> the spatial coordinates, u(t,x) the temperature, κ (u) the diffusion
coefficient which may depend on x and t, f(t,x, u) describes the linear or nonlinear reaction function
together with sources and sinks. Let us also assume the following boundary condition

κ (u)
∂u

∂n
+ u = g(t,x, u), (t,x) ∈ (0, T ]× Γ, (2)

where n is the outward unit normal on Γ and g(t,x, u) is a given boundary function to represent boundary
source/sink terms. Initially,

u(0,x) = u0(x), x ∈ Ω, (3)

where u0(x) is a known function. Problems of form (1)-(3) typically occur in reaction-diffusion modelling,
heat transfer in structures, groundwater flows and image processing. The existence and possible uniqueness
of the solution to system (1)-(3) have been studied in a number of books and papers, see for example [28].
Computation of its numerical solution is not trivial due to its nonlinearity and the presence of boundary
layers and moving fronts.

For the spatial discretization, we multiply the equation in (1) by a weighting function φ(x), and then
integrate over Ω. Using the divergence theorem and the boundary condition (2) one obtains the weak
formulation of the problem: Find u ∈ H1(Ω) such that∫

Ω

∂u

∂t
φ dx +

∫
Ω
κ (u)∇u · ∇φ dx =

∫
Ω
f(t,x, u)φ dx +

∮
Γ

(
g(t,x, u)− u

)
φ dx, φ ∈ H1(Ω), (4)

where H1(Ω) is the conventional Sobolev space. To solve the weak formulation (4) with the finite element
method we discretize the spatial domain Ω into a set of finite elements Ti with the index i referring to
the ith element. The combination of all these elements forms our computational domain Ωh = ∪iTi, with
Ωh ⊆ Ω. If Ti and Tj are two different elements of Ωh, then Ti ∩ Tj is either a mesh point, or a common
side, or the empty set. The conforming finite element space for the solution that we use is defined as

Vh =

{
uh(x) ∈ C0(Ω) : uh(x)

∣∣∣
Ti
∈ Ψ(Ti), ∀ Ti ∈ Ωh

}
, (5)

with

Ψ(Ti) =

{
ψ(x) : ψ(x) = ψ̂ ◦ Y −1

j (x), ψ̂ ∈ Ψm(T̂e)

}
,

where ψ̂(x) is a basis function defined on the element Ti and Ψm(T̂e) is the set of all basis functions defined
on the reference element T̂e. Here, Yi(x) : T̂e −→ Ti is an invertible one-to-one mapping.

Next, we formulate the finite element solution to u(x) as

u(x) ≈ uh(x) =

Nd∑
j=1

ujNj(x), (6)

where Nd is the number of solution mesh points in the partition Ωh. The functions uj are the corresponding

nodal values of uh(x). They are defined as uj = uh(xj) where {xj}Nd
j=1 are the set of solution mesh points

in the partition Ωh. In (6), {Nj}Nd
j=1 are the set of global nodal basis functions of Vh characterized by the

property Ni(xj) = δij with δij denoting the Kronecker symbol. The approximation space is then defined as

Ṽ 0
h = span

Nh, uh =

Nd∑
j=0

ujNj

 .

To develop fully discretized version of the equations (1)-(3) we adapt the method of lines in which the space
and time are discretized separately. Hence, we divide the time domain into equal intervals [tn, tn+1] each
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of the duration ∆t = tn+1 − tn where n = 0, 1, . . . , while the notation wn is used to denote the value of a
generic function w at time tn. To integrate in time we use a first-order semi-implicit scheme which results
into a fully-discrete form of the problem (1)-(3) as

M
Un+1 − Un

∆t
+ SUn+1 = MF (Un) . (7)

To treat the problem nonlinearity all nonlinear terms are explicitly evaluated at time tn. Here, M and S
are sparse symmetric matrices the elements of which are given by

mij =

∫
Ω
NiNj dΩ, i, j = 1, 2, . . . , Nd,

and

sij =

∫
Ω
κ (Un)∇Ni · ∇Nj dΩ, i, j = 1, 2, . . . , Nd,

respectively. In (7),

U =
(
u0, u1, . . . , uNd

)>
, F (U) =

(
f0 (U) , f1 (U) , . . . , fNd

(U)
)>
.

Note that M is known as the mass matrix in the finite element literature. It is a positive definite matrix
with a low condition number, which is practically independent of h, so that it is very easy to invert even
by the diagonal preconditioned conjugate gradient. On the other hand, S is known as stiffness matrix in
the finite element literature. The condition number of S is O

(
C/h2

)
, where C is a bounded constant; this

means that for small h, S may have a high condition number; hence, can be difficult to invert.

The equations (7) can be rearranged in a compact linear system of algebraic equations as

AUn+1 = b, (8)

where A = M+∆tS and b = MUn +∆tMF (Un). To obtain the solution of the problem (1)-(3) the linear
system (8) has to be solved at each time step in the integration process.

3 Partition of unity finite element method

In transient nonlinear diffusion problems, the diffusion process is solved repeatedly over a given computa-
tional mesh. Thus, some artifacts that can be tolerated for one time step might become a serious issue as
the temporal errors start building up after several steps. Indeed, if the solution of the diffusion equation,
is expected to have sharp gradients and boundary layers then the finite element solution either develops
spurious oscillations or it is affected by a large artificial viscosity. Spurious oscillations and artificial viscos-
ity often quickly deteriorate the accuracy of the solution. For this reason, in most FE methods, very fine
meshes have to be used which significantly reduces the efficiency. In order to avoid the principal drawback
of the conventional FE method (7), i.e. very fine meshes, we incorporate enrichment functions into the
finite element approximation space. Indeed, using the partition of unity method [15] it is possible to enrich
the solution space with basis functions that have better approximation properties than the conventional
polynomial basis functions.

The enrichment functions are chosen either because they comprise the asymptotic solution space [18] or
because they own better approximation properties to the problem at hand [4]. Time-dependent enrichment
functions can be useful in this regards when the geometry of the problem under consideration changes with
time. For example in [16] to deal with dynamic crack propagation in the context of the extended finite
element method time-dependent enrichment functions are used. Furthermore, time-dependent enrichment
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functions can be efficient when dealing with a moving heat source or time dependent boundary conditions
[2]. However, in this paper we deal with the time variation of the solution by using multiple enrichment
functions where each function represents a different temporal phase of the solution. A linear combination
of all these functions is used to represent the solution at any time instance. Thus the following sum of
functions is used to enrich the solution (6) as

uh(x) =

Nd∑
j=1

Q∑
q=1

ϕj,qNj(x)Gq(x), (9)

where {Gq(x)}Qq=1 are enrichment functions that have better approximation properties compared to the
polynomial functions Nj while the unknowns ϕj,q are associated with the jth node and the qth order
enrichment function. The set of exponential functions introduced in [19] are adopted here for the enrichment.

Gq(x) =

exp

(
−
(
r

γ

)q)
− exp

(
−
(
ζ

γ

)q)
1− exp

(
−
(
ζ

γ

)q) , q = 1, 2, . . . , Q, (10)

where r = ‖x− xc‖ is the distance from the function centre point xc = (xc, yc)
> to the point x = (x, y)>.

In (10), ζ and γ are fixed constants and used to control the steepness and the amplitude of the exponential
function Gq while Q is the number of enrichment functions. As the order of the enrichment function i.e. q
increases, the steepness of the function also increases. For an illustration the functions Gq (q = 1, 2, . . . , 8)
are depicted and compared in Figure 1 where for better insight only one-dimensional cross-sections of the
enrichments functions (10) are shown. The figure shows that for q = 1 the function gradient is relatively
small while for q = 8 a highly steep function is obtained. The choice of the enrichment functions in this
paper, is based on this relatively wide variation of steepness. Using a linear combination of such functions it
will be possible to recover the solution as its gradient changes in time from steep to flat or vice versa. Thus,
the functions can approximate the boundary layers of the nonlinear diffusion problem much more efficiently
compared to the standard polynomial basis functions. Furthermore, the enrichment functions Gq(x) are
written as global functions in terms of the global coordinates x to ensure the inter-element continuity.
These global functions are then multiplied by the nodal shape functions Nj which are expressed in terms of
the local coordinates. Therefore the steep gradient of an enrichment function can be modulated locally to
fit the solution boundary layer using the finite element method approximation properties. Note that other
expressions for the enrichment functions {Gq}Qq=1 can also be inserted in the finite element approximation
(9) without major modifications.

For simplification we define a new shape function Φq
j as

Φq
j = NjGq, j = 1, 2, . . . , Nd, q = 1, 2, . . . , Q. (11)

The approximation space can then be defined as

Ṽh = span

Φq
j , uh(x) =

Nd∑
j=1

Q∑
q=1

ϕj,qΦ
q
j

 .

The derivatives of the new shape function are given by

∂Φq
j

∂x
= Gq

∂Nj

∂x
− q

exp

(
−
(
r

γ

)q)
1− exp

(
−
(
ζ

γ

)q) r(q−2)

γq
Nj(x− x0),
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Figure 1: An illustration of enrichment functions for different values of q in the PUFE method.

∂Φq
j

∂y
= Gq

∂Nj

∂y
− q

exp

(
−
(
r

γ

)q)
1− exp

(
−
(
ζ

γ

)q) r(q−2)

γq
Nj(y − y0).

An elementary matrix of an element Ti is built of blocks Aij as

A11 A12 . . . A1M

A21 A22 . . . A2M

...
...

. . .
...

AM1 AM2 . . . AMM





x1

x2

...

xM


=



b1

b2

...

bM


. (12)

Each block Aij in (12) is associated with the nodes i and j while the corresponding blocks xi and bi are
associated with the node i. The block sizes increases with the number of enrichment functions Q. An
individual block is in general

Aij =



a11
ij a12

ij . . . a1Q
ij

a21
ij a22

ij . . . a2Q
ij

...
...

. . .
...

aQ1
ij aQ2

ij . . . aQQ
ij


, xi =



x1
i

x2
i

...

xQi


, bi =



∫
Ω

(
∆tfn+1 + un

)
NiG1 dΩ∫

Ω

(
∆tfn+1 + un

)
NiG2 dΩ

...∫
Ω

(
∆tfn+1 + un

)
NiGQ dΩ


,

with

apqij = ∆t

∫
Ω
κ (un)∇ (φiGp) · ∇ (NjGq) dΩ +

∫
Ω
NiGpNjGq dΩ.

The global linear system (8) is obtained by assembling the blocks. The assembly will overlap the elements
common nodes by overlapping blocks. Figure 2 shows an illustration of the non-zero entries of the system
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Figure 2: Illustration of the structure of linear matrix in the standard FE method (first column plot) and in
the PUFE method (second column) using structured meshes (first row) and unstructured meshes (second
row). Here nz refers to the number of non-zero entries in the matrix.

matrix for the FE method compared to the same mesh enriched with 10 enrichment functions in PUFE
method using both structured and unstructured meshes. It can be seen from the plots that similar sparsity
patterns are observed on both structured and unstructured meshes. However, the size of individual blocks
increases with increasing Q. For a single node in the finite element matrix will become a 10×10 block with
the PUFE method for Q = 10. Increasing the number of enrichment functions worsen the conditioning of
the global system matrix A therefore ten or less enrichment functions are used [27].

It is worth remarking that at each time step, the solution procedure provides the amplitudes of the different
enrichment functions used. Using a time-dependent enrichment function, it may become possible to change
the enrichment to adapt to the solution at a current time instance. This removes the need for multiple
stationary enrichment functions; hence, a smaller linear system of equations is obtained. However, the linear
system will also become time dependent and must be fully evaluated and solved at each time step. On
the other hand in this work the linear system resulting from the time-independent enrichment functions,
does not change in time. Thus, the system is solved using an LU decomposition that is evaluated only
at the first time step. The same decomposition is retained for subsequent time steps and the solution

7



Table 1: Relative errors obtained using the PUFE and FE methods on the considered meshes for the
accuracy test problem using different numbers of enrichments Q.

t = 1 t = 8

Q PUFE FE-C FE-F PUFE FE-C FE-F

2 1.85564E-02 5.13607E-02 4.53968E-03 2.82853E-02 7.56563E-02 6.81501E-03

4 4.97206E-03 5.13607E-02 4.53968E-03 8.12281E-02 7.56563E-02 6.81501E-03

8 1.08210E-03 5.13607E-02 4.53968E-03 2.03070E-03 7.56563E-02 6.81501E-03

16 1.09867E-04 5.13607E-02 4.53968E-03 2.53837E-04 7.56563E-02 6.81501E-03

process is reduced into a forward and a backward substitution after updating the right hand side. This
approach is more efficient if the problem involves evaluating the solution over many time steps. We note
that the conventional FE method also offer time independence, but the considerably greater system size
may preclude us from computing, storing and re-using an LU decomposition.

4 Numerical results

In this section we examine the accuracy and performance of the considered PUFE method in nonlinear
diffusion problems for three test examples. The first example solves a transient diffusion problem given by
equation (1) with a known analytical solution that can be used to quantify the errors. In the second and third
examples we consider the nonlinear problem of heat transfer in a homogeneous and a heterogeneous material
with localized heat sources. A functionally graded material is considered as an example of heterogeneous
materials. In these examples we assess the performance of the PUFE method in complex enclosures. Linear
triangular finite elements are used for all selected examples. The results obtained using the PUFE method
are compared to the standard FE method which is widely used in the literature for this type of problems.

4.1 Accuracy test problem

In order to check the accuracy of the proposed PUFE method, we solve the nonlinear diffusion problem (1)
in a squared domain Ω = [−2, 2]× [−2, 2] using the diffusion coefficient

κ(u) = 0.005u+ 1.0.

The initial condition u0(x, y), the source function f(t, x, y) and the boundary function g(t, x, y) are computed
such that the analytical solution of this problem is given by

u(t, x, y) = 100
(

1− x

2

)2 (
1 +

x

2

)(
1− y

2

)(
1 +

y

2

)
t+ 50. (13)

A similar test example has been considered in [26]. The aim of this example is to compare the results
obtained using the proposed PUFE method to those obtained using the conventional FE method. To this
end we consider two different meshes for the FE method; a coarse mesh with 414 elements and 240 nodes
(FE-C) and a fine mesh with 16527 elements and 8443 nodes (FE-F). For the PUFE method we consider a
mesh with 200 elements and 122 nodes. To quantify the errors we use the relative L2-norm error defined
by

ε2 =
||uh − u||L2(Ω)

||u||L2(Ω)
, (14)
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Table 2: Relative errors obtained using the PUFE and FE methods on the considered meshes for the
accuracy test problem using different time steps ∆t.

t = 1 t = 8

∆t PUFE FE-C FE-F PUFE FE-C FE-F

0.2 7.31945E-03 1.90362E-02 1.94620E-02 9.78558E-03 2.82358E-01 2.88141E-02

0.1 3.18598E-03 1.02013E-02 9.73101E-03 4.89279E-03 1.51312E-01 1.45073E-02

0.05 1.29391E-03 5.13607E-02 4.53968E-03 2.28257E-03 7.56563E-02 6.81501E-03

0.025 4.57466E-04 2.56803E-02 1.97601E-03 8.64932E-04 3.78281E-02 3.17931E-03

(1.0,1.0)

(0.8,0.9)

(1.2,1.1)

r=1.0

G B C HA

Figure 3: Configuration for the problem of heat conduction in a circular enclosure. The numbers refer to
the coordinates in metres.

where ||.||L2(Ω) is the L2-norm, uh and u are respectively, the computed and the exact solution. Obviously,
if the analytical solution (13) is used as an enrichment function Gq, a highly efficient and accurate solution
would be obtained for this test problem. However, such approach cannot be used in general problems where
no analytical solutions are available. Therefore we design our enrichment using general functions as (10)
that could be used in a general problem.

In Table 1 we present the L2-norm errors for different numbers of enrichments Q using a fixed time step
∆t = 0.05. The errors are computed at two time instances, namely, t = 1 and t = 8. It is clear that the
PUFE method converges much faster compared to the FE method on both meshes. To achieve a relative
error ε2 = 0.006 at t = 8, more than 8443 degrees of freedom are needed for the FE method whereas
for the PUFE method this is reduced to less than 1000. To build the FE linear system 5.2 s of CPU
time are needed and another 235.4 s to solve it. The corresponding times with the PUFE method are
1.7 s and 0.1 s, respectively. With the PUFE method, 20 integration points are needed per element while
with the FE method 3 points are enough; yet the much larger number of elements with the FE method
(16527 elements) makes the time needed to build the system matrix more than that with the PUFE method
(200 elements). Because the PUFE linear system is much smaller compared to the FE method, the CPU
time for solving the PUFE system is only a small fraction of that of the FE system. It should be noted
that the relatively long time needed to build the PUFE system matrix compared to solving it, is caused
by the time spent on evaluating the enrichment functions and the higher number of integration points.
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The relatively high number of integration points required is due to the exponential enrichment, however,
the enrichment does not exhibit any singularities or irregularities over the computational domain. Thus,
standard Gaussian quadratures should be enough for the purpose of the computations performed in this
study. In the presented computations the number of integration points is selected such that the results are
not affected by integration errors.

To ascertain the effects of the selection of time steps ∆t in the proposed PUFE method we summarize in
Table 2 the L2-norm errors for different time step sizes using eight enrichments functions Q = 8. The clear
indication from this table is that decreasing the time step ∆t results in a decrease in the computed errors.
A faster decay is detected for the FE method on the fine mesh than on the coarse mesh. This is mainly
attributed to the fact that on the coarse mesh the errors in the spatial discretization dominate the total
error in the computed solutions.

4.2 Heat conduction in a circular enclosure

Next we solve the problem of heat conduction in a circular enclosure centred at the origin with unit radius.
The governing equations are given by

ρ (u) c (u)
∂u(t,x)

∂t
−∇ ·

(
κ (u)∇u(t,x)

)
= f(t,x),

κ (u)
∂u

∂n
= g(t,x), (15)

u(0,x) = u0(x),

with an instantaneous heat source which has a rectangular core as illustrated in Figure 3. Initially the
medium is set at a uniform temperature u0 = 300 K with the ambient temperature been fixed at g = 300 K.
The heat source is defined such that the domain is set to go through a heating up phase and then a cooling
down phase as

f(t, x, y) =

1800 K/s, if (x, y) ∈ [0.8, 0.9]× [1.2, 1.1] and t ≤ 5 s,

300 K/s, elsewhere.

The thermal conductivity κ (u), the heat capacity c (u) and the density ρ (u) of the medium are temperature-
dependent and given by [9]

κ (u) = 4.5× 10−2 + 2.1× 10−4u+ 1.61× 10−5u2,

c (u) = 2.71× 102 + 7.95× 10−1u− 6.19× 10−7u2 + 1.71× 10−7u3,

ρ (u) =
8

102
(

1.71 + β (u− 300)
)3 ,

where the constant β is defined by

β = 1.331× 10−5 − 1.89× 10−8u+ 1.27× 10−11u2.

Again the PUFE method is compared to the standard FE method using different meshes. Three unstruc-
tured meshes with different element densities are considered. The meshes are displayed in Figure 4 where
the numbers of the associated elements and nodes are also listed. The finest mesh, referred to as Mesh 3 is
used to compute a reference solution with the FE method where the computational domain is discretized
into 16208 elements with 8273 nodes. The coarse meshes are considered with six enrichment functions
to solve the problem using the PUFE method. The entries of the elementary matrices are evaluated us-
ing the Gaussian quadrature with three integration points for FE method and 36 points for the PUFE
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Mesh 1 Mesh 2 Mesh 3

(178 elements, 115 nodes) (258 elements, 155 nodes) (16208 elements, 8273 nodes)

Figure 4: Finite element meshes for the problem of heat conduction in a circular enclosure.

t = 0.5 s t = 5 s t = 10 s

Figure 5: Temperature distributions obtained for the problem of heat conduction in a circular enclosure
using the FE method on Mesh 3 (right half) and the PUFE method on Mesh 2 (left half) for three different
instants t = 0.5, 5 and 10 s from left to right.

method. In this test example the time step is fixed to ∆t = 0.01 s. Note that because of the symmetry, the
computational results are presented only on half of the domain.

Figure 5 displays the temperature distributions obtained using the PUFE method on Mesh 2 against the
reference solution shortly after the source application started (t = 0.5 s), immediately after the source
application ended (t = 5 s) and few seconds after the source application ended (t = 10 s). These instants
are chosen to reflect the solution behaviour at the start and the end of the heating up phase and then as
the solution approaches a steady state. As can be clearly seen from this figure, there is a perfect agreement
between the PUFE solution and the reference solution at all considered times. The symmetry in the PUFE
solutions should also be noted in the presented results. Under the considered heat conditions the significant
difference in the number of degrees of freedom should be stressed. The PUFE results are obtained with 930
degrees of freedom whereas 16208 are used in the FE method.

To investigate the sensitivity of the results on the selected meshes we solve the heat conduction problem
(15) using the PUFE method on Mesh 1 with 690 degrees of freedom. The obtained PUFE results are
compared to the FE solution on Mesh 2. Figure 6 shows the two solutions plotted against each other at
three different instances as those used in Figure 5. It is evident from the results presented in Figure 6 that
the FE solution has deteriorated significantly on the coarse mesh, which can be clearly seen in the early
instants. As the problem approaches a steady state the FE solution tends to improve. This is due to the
diffusive nature of the problem where the enclosure releases all the heat energy through its boundary as it
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t = 0.5 s t = 5 s t = 10 s

Figure 6: Temperature distributions obtained for the problem of heat conduction in a circular enclosure
using the FE method on Mesh 2 (right half) and the PUFE method on Mesh 1 (left half) for three different
instants t = 0.5, 5 and 10 s from left to right.

Figure 7: Cross-sections of the temperature along the radial line GH at t = 0.5 s, t = 5 s and t = 10 s for
the problem of heat conduction in a circular enclosure.

approaches a constant temperature equals to the ambient temperature. Such a constant temperature can
be easily captured even with a coarse finite element mesh. However, recovering the transient phase is the
most crucial part in many engineering applications in heat transfer. On the other hand the PUFE solution
does not seem to change much on Mesh 1 compared to Mesh 2. The PUFE seems to recover the solution
accurately in early time steps as well as in later times. This can be clearly seen in the PUFE results in
Figure 6 when compared to the reference solution in Figure 5.

To further compare the solutions obtained using the PUFE method to those obtained using the FE method
we plot in Figure 7 the radial cross-sections of the temperature along the line GH shown in Figure 3. The
solutions are again plotted at the same three instances considered before i.e. t = 0.5, 5 and 10 s. The
figure shows a close matching between the PUFE solution on the two meshes with the reference solution.
The figure also shows the relatively large errors in the FE solution on the coarse mesh specifically at early
conduction instants. Finally, we monitor the temperature at three different locations in the enclosure i.e.
points A(1, 1), B(1.4, 1) and C(1.8, 1) where the coordinates of each point is given next to it. Point A is
placed at the centre of the domain as well as the core of the heat source while point B is placed slightly away
from the core and C further away towards the domain boundary. The three points are placed on the line
GH as displayed in Figure 3. Figure 8 displays the time evolution of the temperature at the three points
up to a final time of t = 10 s. As expected the temperature rises much faster at point A compared to point
B and point C due to their locations. Once the heat source is switched off at t = 5 s the temperature at A
starts to drop off immediately while at point C it starts to drop but at a much slower rate. On the other
hand the temperature at point B keeps rising at a slow rate for about two more seconds before it starts to

12



Figure 8: Time evolution of the temperature at point A, B and C for the problem of heat conduction in a
circular enclosure.
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Figure 9: Configuration of the problem of heat conduction in FGMs.

drop. This is caused by the diffusive nature of the problem. After the source is switched off the heat energy
keeps diffusing from the core to the closely surrounding area that is of a lower temperature. Therefore the
temperature at B keeps rising while at point A it starts to drop. At the same time the area surrounding
the core also loses energy to the area close to the boundary. Once the lost energy becomes higher than
the introduced one the temperature at point B starts to drop. The temperature difference is relatively
small between the outer part of the domain where point C is, and the inner part of the domain where B
is located. The behaviour depicted by Figure 8 seems to be reflected with both the PUFE method as well
as the FE method on coarse and fine meshes. However, the FE method on Mesh 2 seems to underestimate
or overestimate the temperature especially at points A and B while the PUFE method accurately matches
the temperature predicted by the reference solution.

4.3 Heat conduction in a heterogeneous material

Our last example examines the performance of the PUFE method for heat conduction in FGMs formed
from Zirconium dioxide (ZrO2) and Titanium alloy (Ti 6Al-4V). This FGM is commonly used for biological
implants and is studied here as an example for heterogeneous materials. We solve the heat conduction
problem (15) in a squared domain with 10 cm length and a circular hole centred at the origin with radius
4 cm, see Figure 9 for the configuration of this problem. Because of the symmetry only half of the domain
is used in our simulations. Initially, the temperature is set at u0 = 300 K and a steady source is used to
generate the heat as

f (x, y) = 5× 106
(

1 + sin(10πx) sin(10πy)
)
.
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Mesh 1 Mesh 2 Mesh 3

(155 elements, 106 nodes) (332 elements, 201 nodes) (10013 elements, 5194 nodes)

Figure 10: Finite element meshes for the problem of heat conduction in FGMs.

The thermal properties of the two materials are defined by

Material 1 (ZrO2):

κ(u) = 1.71 + 2.1× 10−4u+ 1.16× 10−7u2,

c(u) = 2.74× 102 + 7.95× 10−1u− 6.19× 10−4u2 + 1.71× 10−7u3,

ρ(u) =
3657(

1 + α(u− 300)
)3 ,

where

α(u) = 1.331× 10−5 − 1.89× 10−8u+ 1.27× 10−11u2.

Material 2 (Ti 6Al-4V):

k(u) = 1.1 + 1.7× 10−2u,

c(u) = 3.5× 102 + 8.78× 10−1u− 9.74× 10−4u2 + 4.43× 10−7u3,

ρ(u) =
4420(

1 + α(u− 300)
)3 ,

where

α(u) = 7.43× 10−6 + 5.56× 10−9u− 2.69× 10−12u2.

We also assume that the volume fraction of each constituent varies linearly with the radial distance from
ZrO2 to Ti 6Al-4V. In our simulations we adopt the method reported in [9] to evaluate the effective
properties of the FGM. Note that this heat problem is much more difficult than the previous test due to
both the heterogeneousity of the media and the presence of moving thermal fronts in the computational
domain. As in the previous example we consider three unstructured meshes with different grid densities.
The meshes Mesh 1 and Mesh 2 depicted in Figure 10 are used for both FE and PUFE methods whereas,
the Mesh 3 is used as a reference for the FE method only. The associated numbers of elements and nodes
for these meshes are also summarized in Figure 10. In all results reported in this section, the number of
enrichment function is fixed to Q = 5, the time step is set to ∆t = 1 s and computed solutions for the
temperature field are displayed at three different instances t = 60 s, t = 90 s and t = 180 s. These times
covered most of the stages required for the thermal fronts to appear and develop.

In Figure 11 we present the temperature distributions obtained using the PUFE method on Mesh 1 and
the FE method on Mesh 2. Apparently, under the considered thermal conditions, a heat zone is formed
on the vicinity of the circular hole. As the time progresses this thermal zone becomes large and at final
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t = 60 s t = 90 s t = 180 s

Figure 11: Temperature distributions obtained for the problem of heat conduction in FGMs using the FE
method on Mesh 2 (first row) and the PUFE method with Mesh 1 (second row) for three different instants
t = 60 s (left column), t = 90 s (middle column) and t = 180 s (right column).

t = 60 s t = 90 s t = 180 s

Figure 12: Temperature distributions obtained for the problem of heat conduction in FGMs using the FE
method with Mesh 3 (first row) and the PUFE method with Mesh 2 (second row) for three different instants
t = 60 s (first column), t = 90 s (second column) and t = 180 s (third column).

time t = 180 s, it reaches the other side of the circular hole. The thermal features of this problem have
been well captured by the PUFE method. Note that the results obtained using the FE method on Mesh
2 exhibit oscillatory behaviour compared to those obtained using the PUFE method. It should also be
pointed out that the accuracy in the results obtained using the PUFE method is achieved on a coarser
mesh than the FE method. This results in a substantial reduction of number of degrees of freedom required
for a fixed accuracy in the numerical simulation. The performance of the proposed PUFE method is very
attractive since the computed solutions remain stable and accurate even when coarse meshes are used
without requiring prohibitive small time steps or complicated techniques to resolve the discontinuities in
the thermal properties of the FGMs. Notice that the PUFE method presented in the current work can also
be extended to FGMs constituted of more than two materials without major conceptual modifications.

To examine the performance of the PUFE method on fine meshes we present in Figure 12 the snapshots
of the temperature at three different times using the FE method on Mesh 3 and the PUFE method on
Mesh 2. Compared to the results on coarse meshes shown in Figure 11, the results obtained on the fine
mesh confirm the convergence and the accuracy improvement of both methods. However, the number of
degrees of freedom used in the PUFE method on Mesh 2 are far lower than those needed in the FE method
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Figure 13: Cross-section of the temperature at the horizontal line MN (first column) and at the vertical
line IJ (second column) for the problem of heat conduction in FGMs at three different instants t = 60 s
(first row), t = 90 s (second row) and t = 180 s (third row).
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on Mesh 3. For this heat conduction problem, the FE method needs a mesh more than 20 times finer
than the one used with the PUFE method. Again Figure 12 shows the ability of the PUFE method to
resolve heat transition in FGMs without relying on extensive fine meshes. For a better insight, we perform
cross-sections of the temperature along the horizontal line MN and the vertical line IJ shown in Figure 9.
The obtained results are presented in Figure 13 at the three considered instants and for all selected meshes.
As mentioned before, nonphysical oscillations are clearly detected in the cross-sections of the temperature
obtained using the FE method on Mesh 2. The cross-sections of the temperature obtained using the PUFE
method are oscillation-free and coincide with those obtained using the FE method on the fine mesh. The
proposed PUFE method performs well for this test problem since it does not diffuse the moving fronts and
no spurious oscillations have been observed when the thermal fronts propagate along the considered FGM.

5 Conclusions

In this work we investigate for the firs time solving a nonlinear problem using an enriched finite element
approach. More specifically we propose using the partition of unity method to enrich finite elements for
solve nonlinear transient diffusion problems in both homogeneous and heterogeneous media. As an example
for heterogeneous materials we consider FGMs. The nonlinearity in these problems accounts for nonlinear
diffusion coefficients and/or nonlinear source terms. To avoid solution of nonlinear systems of algebraic
equations, the time integration of the governing equations is carried using a semi-implicit scheme. A set
of time-independent exponential functions describing the diffusion decay in the computational domain are
employed to enrich the finite element shape functions. The advantage of the proposed method compared to
the conventional finite element methods is its ability to locally refine the solution by adapting the enrichment
instead of generating a new fine mesh for the problem under study. To examine the accuracy of the partition
of unity finite element method we solved several test problems for nonlinear transient diffusion problems.
Comparison to the well-established finite element method widely used in the literature to solve this kind of
applications has been presented. The partition of unity finite element method has also been applied to solve
a heat conduction problem in FGMs. The obtained numerical results confirm the accuracy of the proposed
method and its performance for nonlinear transient diffusion problems. In general, the PUFE method shows
higher accuracy than the conventional FE method for a fixed number of degrees of freedom. The results
obtained show that the partition of unity finite element method requires significantly less computational
resources for this class of problems compared to the conventional finite element method. This fact, as well
as its favourable stability properties, make it an attractive alternative for nonlinear diffusion solvers based
on finite element techniques.

Finally, although we have restricted our numerical computations to the case of two-dimensional diffusion
problems using fixed sets of collocation points, the more important implications of our research concern
the use of effective partition of unity finite element methods for nonlinear transient convection-diffusion
problems in three space dimensions implemented in parallel computing platform. We believe that these
problems may benefit from the partition of unity finite element method by reducing the number of degrees
of freedom needed for convergence to required accuracy. It is also worthwhile to remark that the time
integration scheme can be easily changed according to the nonlinear transient diffusion problem under
consideration.
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