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Sparse Interferometric Stokes Imaging

Jasleen Birdi, Audrey Repetti, and Yves Wiaux
Institute of Sensors, Signals and Systems

Heriot-Watt University, Edinburgh EH14 4AS, UK
Email: jb36@hw.ac.uk, a.repetti@hw.ac.uk, and y.wiaux@hw.ac.uk

Abstract—Polarized emissions from various astrophysical
sources provide an additional means to infer the properties
of the source. This information can be extracted by imaging
the Stokes parameters characterizing these emissions, from the
incomplete Fourier sampling measurements provided by the
radio interferometer. To solve the corresponding ill-posed inverse
problem, we recently proposed the Polarized SARA method
which exploits the polarization constraint along with imposing
an average sparsity prior for each of the Stokes parameters,
encompassed in a reweighting approach. Motivated by the large
amounts of data produced by the next-generation radio interfer-
ometers, in the current work, we propose a scalable version of this
method, combined with an accelerating strategy. We showcase the
performance of this improved method on a real dataset acquired
by the Very Large Array (VLA).

I. INTRODUCTION

Polarimetric imaging is an important analysis tool in many
applications. In particular for radio astronomy, it gives insights
into the magnetic field distributions around the polarized
source of interest as well as about various properties of the
medium of propagation of these emissions along the line of
sight [1]. This all calls for the need of polarimetric imaging.
Moreover, next-generation radio telescopes will produce huge
amounts of data, and thus the scalability of the underlying
imaging algorithms is of paramount importance.

In order to characterize these polarized emissions, the
Stokes parameters- I, Q, U and V , all real-valued, are used.
While I corresponds to the total intensity distribution of the
target sky area, Q and U denote the linear polarization, and
V refers to the circular polarization. From these parameters,
the linear polarization image P = Q + i U can be defined,
whose magnitude gives the linear polarization intensity and the
phase gives the electric vector polarization angle. Interestingly,
all these parameters are linked via a physical non-linear
constraint, namely the polarization constraint, according to
which the polarized intensity provides a lower bound on the
total intensity, i.e.

√
Q2 +U2 + V2 ≤ I.

In the context of radio interferometry (RI), the measure-
ments correspond to an incomplete Fourier sampling of the
brightness distribution of the sky area of interest, posing a
highly under-determined image reconstruction problem. Many
algorithms have been proposed in the past to tackle this prob-
lem, mainly focusing on Stokes I imaging though. Conven-
tionally speaking, extension of these algorithms to polarimetric
imaging is straightforward. It consists in employing the same

approach, as developed for Stokes I imaging, for all the other
Stokes parameters as well. The standard RI imaging algorithm
is CLEAN, which works on iterative non-linear deconvolution
approach, assuming implicitly the sparsity of the underlying
image [2]. Many improvements of CLEAN have been suggested
in the past years, such as its multi-scale version MS-CLEAN
[3]. Recently, compressive sensing (CS) based techniques have
also been applied for radio interferometric imaging [4]–[7].
These methods rely on reconstructing the sought image by
imposing its sparsity in some sparsifying domain. The first
application of these CS techniques for polarimetric imaging
in RI has been done in [8], where the authors promote the
sparsity of the images of interest using the `1 norm and total
variation (TV) regularization.

It is worth mentioning that the above mentioned approaches
estimate each of the Stokes parameters totally independently,
which may produce unphysical reconstructions not satisfy-
ing the polarization constraint. It motivates the enforcement
of this physical constraint in the reconstruction process. In
this direction, Maximum Entropy Methods (MEM) offer an
entropy function suitably designed to impose this constraint
[9]–[11]. Note that, traditionally, these methods use gradient
based optimization techniques, hence requiring the objective
function to be differentiable. Another possibility to impose this
constraint is by making use of change of variables, wherein
the polarized images are instead represented in terms of their
fractional polarization and position angle, thereby solving
directly for these quantities [12]. However, solving for these
variables leads to a non-convex optimization problem, and thus
convergence to global minimum may not be guaranteed.

The work herein builds on our recently proposed approach
for sparse imaging of the Stokes parameters under the polariza-
tion constraint, namely Polarized SARA [13]. In particular, it
imposes the polarization constraint explicitly in the reconstruc-
tion process, using epigraphical projection techniques [14],
such that the resultant minimization problem is convex. At
the same time, it can deal with both smooth and non-smooth
terms, and leverages the CS framework to promote the sparsity
of each of the Stokes parameter using the Sparsity Averaging
Reweighting Analysis (SARA) approach [5], [15]. In the
current work, we propose an improved version of the Polarized
SARA method, employing three complementary techniques
foundational to handle real datasets. Firstly, we introduce a
parallel data-block strategy [7], in order to be able to deal



with large data volumes. Secondly, a preconditioning scheme
is used [16] to accelerate the algorithm. Lastly, when dealing
with real datasets, the model may not be perfectly known,
and must account for calibration errors. In this context, we
leverage the adaptive approach developed in [17] to estimate
the algorithm parameters (i.e. the bounds on the noise). We
apply the resulting proposed method on a VLA dataset and
compare it with MS-CLEAN.

The rest of the paper is organized as follows. In Section II,
we describe the RI imaging model and pose the inverse prob-
lem for polarimetric imaging. Section III details the proposed
approach. Simulations and results are presented in Section IV,
with the conclusion provided in Section V.

II. OBSERVATION MODEL

A radio interferometer consists of an array of antennas,
designed to image the radio sources in a given sky area, such
that each antenna pair provides a set of measurements. Let
the Stokes matrix S ∈ RN×4 be the concatenation of the
discretization of the Stokes images I, Q, U and V . Each row of
the measurement matrix, denoted by Y ∈ CM×4, corresponds to
the full polarization measurements acquired by a given antenna
pair, and is given by

Y = Φ(S) + E, (1)

where each column of the matrix E ∈ CM×4 is a realization of
an additive i.i.d. Gaussian noise. The measurement operator
Φ : CN×4 → CM×4 is given by Φ(S) = ΘGFZS L. More
precisely, L denotes the linear operator acting on the Stokes
matrix S to give the brightness matrix [18]. In addition, F
is the Fourier matrix acting on the oversampled brightness
matrix, S L. This oversampling is done by the matrix Z, which
also takes into account scale factors pre-compensating for the
interpolation errors introduced by the matrix G [7]. In partic-
ular, each row of matrix G consists of convolution kernels to
compute continuous Fourier samples from the discrete Fourier
coefficients. Furthermore, the noise statistics are incorporated
by the matrix Θ, whose elements are the square root of the
natural weights, used to whiten the noise [16].

Following the block data splitting technique described in
[7], the measurement (1) can be decomposed into d blocks,
such that Y = (Y j)1≤ j≤d , where, for every j ∈ {1, . . . , d},
Y j ∈ CMj×4 is given by

Y j = Φj(S) + Ej . (2)

In (2), Ej corresponds to the j-th block of the additive noise
E, and the measurement operator Φj is given by Φj(S) =
ΘjGjFZSL, Θj and Gj being the j-th block matrices of Θ
and G, respectively.

III. DISTRIBUTED POLARIZED SARA
A. Minimization problem

In order to recover the Stokes images from the degraded
measurements (1), as proposed in [13], we aim to solve the
following minimization problem

minimize
S∈RN×4

f
(
Φ(S)

)
+ ιU(S) + γg(Ψ†S) + ιP(S), (3)

where the first term is the data fidelity term, whereas the
other terms are the regularization terms incorporating a priori
information on the sought images, with γ > 0 being a free
parameter. In (3), for every closed convex non-empty set C, the
function ιC(S) denotes the indicator function of C, evaluated
in S, which is equal to 0 if S ∈ C, and +∞ otherwise.

In the current work, we propose to enforce the data fidelity
term in a distributed manner. Based on the approach developed
in [7], we propose to constrain the residual blocks Y j −Φj(S)
to belong to the `2 ball centered in 0 with radius εj > 0, by
choosing

f
(
Φ(S)

)
=

d∑
j=1

ιB j (Y j,ε j )
(
Φj(S)

)
, (4)

where, for every j ∈ {1, . . . , d}, Bj(Y j, εj) = {B ∈
CMj×4 : ‖B − Y j ‖2 ≤ εj} is the `2 ball centered in Y j with
radius εj > 0, chosen according to the theoretical noise level.

Concerning the regularization terms, firstly the term ιU(S)
enforces real-valuedness of the Stokes images by projecting
S onto the set U = RN×4. Secondly, we leverage the CS
framework and promote the sparsity of the Stokes images
in a sparsifying dictionary Ψ using the SARA regularization
[15], [19]. It considers Ψ as the concatenation of the first
eight Daubechies wavelet bases and the Dirac basis, i.e.
Ψ = [Ψ1, . . . ,Ψ9], coupled with a reweighting scheme. The
latter consists in iteratively solving the problems with weighted
`1 norm, and thus approaching towards the solution in an `0
sense [20]. We propose to split the corresponding weighted
`1 term as a sum over the different bases involved as well as
over the different Stokes images1, i.e.,

g(Ψ†S) =
4∑
i=1

9∑
l=1
‖[Wl] : ,iΨ†l S : ,i ‖1, (5)

where for each l ∈ {1, . . . , 9}, Ψ†
l
∈ RN×N and Wl ∈ RN×4

+

is the weighting matrix. For all l and i, at each reweighting
iteration, the elements of [Wl] : ,i are computed from the
inverse of the estimated images in the previous iteration [13].

Furthermore, we exploit the physical link between the
Stokes images provided by the polarization constraint. The
associated polarization constraint set is defined as

P =
{
S ∈ RN×4�� (∀n ∈ {1, . . . , N}

)
− Sn,1 + ‖Sn,2:4‖2 ≤ 0

}
.
(6)

In (3), the indicator function of P is used to impose this
constraint, which also implicitly enforces the positivity of
the total intensity image (Stokes I). However, the associated
projection onto the set P does not have a closed form and to
overcome this problem, we split this set into simpler constraint
sets leveraging the epigraphical projection technique [14].
This technique consists in introducing an auxiliary variable

1For a matrix S, i and j in the notation Si, j respectively refer to the row
and column indices. If i = : , it selects the whole j-th column and vice-a-versa.



Z ∈ RN×2, and reformulating the constraint S ∈ P as follows,
for every n ∈ {1, . . . , N},

h1(Sn,1) = −Sn,1 ≤ Zn,1, (7)
h2(Sn,2:4) = ‖Sn,2:4‖2 ≤ Zn,2, (8)
Zn,1 + Zn,2 ≤ 0. (9)

Then, problem (3) can be rewritten as follows

minimize
S∈RN×4,Z∈RN×2

f
(
Φ(S)

)
+ ιU(S) + γg(Ψ†S) + ιV(Z)

+ ιE1 (S:,1, Z:,1) + ιE2 (S:,2:4, Z:,2), (10)

where V =
{
Z ∈ RN×2

�� (∀n ∈ {1, . . . , N}
)

Zn,1 + Zn,2 ≤ 0
}

is
defined to enforce the constraint (9), and E1 and E2 are the
epigraphs2 of functions h1 and h2, respectively, used to impose
the constraints (7) and (8) (for details, see [13]).

B. Proposed algorithm

We propose to solve problem (10) using the primal-dual
forward-backward algorithm developed in [21]–[23]. We refer
the reader to [24], [25] for further details on the primal-
dual framework. The proposed algorithm is described in Al-
gorithm 1, where following four main steps can be identified.

1) Data constraint: The data constraint is enforced in
steps 5-16. In these steps, for each data block j ∈ {1, . . . , d},
a preconditioning diagonal operator Uj ∈ R

Mj×Mj

+ is incorpo-
rated [23]. This operator is used to accelerate the convergence
of the algorithm by utilizing additional prior information
about the data (i.e. the Fourier sampling density), and is
built as described in [16]. The `2 data constraints are han-
dled in step 7, by performing projections onto the ellipsoids
E j(Y j, ε

(k)
j ) =

{
A ∈ CMj×4 : ‖U−1/2

j A − Y j ‖2 ≤ εj
}
. The

projection of Ã onto a closed convex non-empty set C is
defined by PC(Ã) = argminA∈C ‖A − Ã‖22 .

Note that the projection onto the ellipsoids E j(Y j, ε
(k)
j ) ne-

cessitates to know the bounds εj for each data block. However,
in practice, these bounds not only incorporate the thermal
noise, but also the calibration errors which are unknown. In
this context, we showcase an adaptive scheme to estimate these
bounds within Algorithm 1, described in steps 9-15. For every
j ∈ {1, . . . , d}, εj is updated as a weighted mean of the current
value of this bound and the `2 norm of the corresponding
residual data block, provided technical conditions are met [17].

2) Sparsity regularization: The sparsity is promoted in
steps 17-19, via soft-thresholding operation [26], [27]. Let
w ∈ RN be a threshold level. The soft-thresholding operator
Tw, applied to b ∈ RN , is defined by Tw(b) = (pn)1≤n≤N
where, for every n ∈ {1, . . . , N},

pn =


−bn + wn if bn < −wn,

0 if − wn ≤ bn ≤ wn,

bn − wn otherwise.
(11)

2The epigraph of a proper, lower semi-continuous function ψ : RN →] −
∞, +∞] corresponds to epiψ =

{
(z, γ) ∈ RN × R

��ψ(z) ≤ γ} .

Algorithm 1 Distributed algorithm for joint Stokes imaging

1: Let S(0) ∈ RN×4, Z(0) ∈ RN×2, (∀j ∈ {1, . . . , d}) A(0)j ∈ R
M j×4, (∀l ∈

{1, . . . , 9}) B(0)
l
∈ RN×4, C(0) ∈ RN×4, D(0) ∈ RN×2, (ρ1, ρ2, ρ3, τ) ∈

R4
+ such that ρ1 ‖Φ‖2S + ρ2 ‖Ψ ‖2S + ρ3 < τ−1, λ ∈]0, 1[, T ∈ N, and
(ε1, ε2) ∈ R2

+.
2: For k = 0, 1, . . .

Stokes matrix update:

3: S(k+1) = PU
(
S(k) − τ

(
ρ1

d∑
j=1
Φ
†
j (A
(k)
j ) + ρ2

9∑
l=1

B(k)
l
+ ρ3C(k)

) )
4: S̃(k+1)

= 2 S(k+1) − S(k)

Enforcing data constraint:
5: for j ∈ {1, . . . , d} do in parallel

6: Ã(k)j = A(k)j + U jΦ j
(
S̃(k+1)

: , i
)

7: A(k+1)
j = U1/2

j

(
I − P

E j (Y j , ε
(k)
j
)

) (
U−1/2
j Ã(k)j

)
`2 bound update

8: µ
(k+1)
j = ‖Y j − Φ j (S(k+1)

j ) ‖

9: if
(
‖S(k+1)−S(k) ‖2
‖S(k+1) ‖2

<ε1
)
&

(
k − t(k)j ≥T

)
&

( ‖µ(k+1)
j

−ε (k)
j
‖

ε
(k)
j

>ε2
)

10: ε
(k+1)
j = λµ

(k+1)
j + (1 − λ)ε (k)j

11: t
(k+1)
j = k

12: else
13: ε

(k+1)
j = ε

(k)
j

14: t
(k+1)
j = t

(k)
j

15: end if
16: end for

Promoting sparsity:

17: for l ∈ {1, . . . , 9} and ∀i ∈ {1, 2, 3, 4} do in parallel

18: [B(k+1)
l
] : , i = Ψl

(
I − Tγ[Wl ] : , i

) (
[B(k)

l
] : , i + Ψ†l S̃(k+1)

: , i

)
19: end for

Enforcing polarization constraint:

20: Z(k+1) = PV
(
Z(k) − τD(k)

)
21: Z̃(k+1)

= 2 Z(k+1) − Z(k)

22:

C(k+1)

:,1

D(k+1)
:,1

 =
(
I − PE1

) ©«

C(k):,1 + S̃(k+1)

:,1

D(k):,1 + Z̃(k+1)
:,1

ª®¬
23:


C(k+1)

:,2:4

D(k+1)
:,2

 =
(
I − PE2

) ©«

C(k):,2:4 + S̃(k+1)

:,2:4

D(k):,2 + Z̃(k+1)
:,2

ª®¬
24: end For

3) Polarization constraint: Steps 20-23 are used to enforce
the polarization constraint. This constraint is handled by
performing three projections, in step 20 for the set V, in
step 22 for the set E1, and in step 23 for the set E2.

4) Stokes matrix update: Steps 3-4 are dedicated to update
the Stokes parameters. Step 3 consists of a consensus step,
aggregating the information obtained from the main steps
described in Sections III-B1 to III-B3, followed by a projection
onto the set U.

IV. SIMULATIONS AND RESULTS

We apply our method on the VLA observations of the radio
galaxy Cygnus A, centered at the frequency 8.422 GHz (X
band). The dataset corresponds to the B configuration of the
VLA, with size M = 3 × 105. We implement Algorithm 1 in
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Fig. 1. Results obtained for Stokes I (first row) and linear polarization intensity ( |P |) images, displayed in log scale. Column-wise, from left to right: Results
from our method; MS-CLEAN restored images using Briggs weighting; and CLEAN beam convolved model images of MS-CLEAN using Briggs weighting.
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Fig. 2. (a) Zoomed west jet hotspot in Stokes I (first row) and linear
polarization intensity (second row) images from our method’s reconstructions
(first column) and MS-CLEAN restored images (second column). (b) Polar-
ization error images showing the pixels in the image ( |P | − I ) violating the
polarization constraint, corresponding to MS-CLEAN restored (first row) and
model (second row) images. All the images are shown in log scale.

MATLAB to image the Stokes parameters I,Q and U (Stokes V
being of negligible intensity), each of size 1024× 1024 pixels
with the corresponding pixel size δl = 0.16′′. It corresponds to
recovering the images at 1.5 times the nominal resolution, i.e.
the band-limit of the observations. We split the dataset into
three blocks and perform 15 reweighting iterations in total,
where each iteration is stopped when the relative variation
between the consecutively estimated Stokes images is less than
10−5 and the percentage of pixels (in the estimated images)
not satisfying the polarization constraint is less than 0.1.

We compare our method with the RI imaging algorithm
MS-CLEAN with Briggs weighting, implemented using the
WSCLEAN program [28]. For visual comparison, Fig. 1 shows
the reconstructed images for Stokes I (first row) and the linear
polarization intensity image |P | (second row), generated from
the reconstructed Stokes Q and U images. We scale recovered
images from our method with the flux of the CLEAN beam,
and since the MS-CLEAN restored images are dominated by
the noise, we also show the beam convolved model images.
Note that the shown images are cropped to the size 512×1024
pixels. Furthermore, in Fig. 2(a), we display the zoomed west

jet hotspot (marked with a white box in the associated full
images in Fig. 1). The results indicate the super-resolution
capability of our method, capturing the finer details in the
source structure, in contrast with MS-CLEAN which provides
images at the nominal resolution by convolving with the
CLEAN beam. Moreover, the model images from MS-CLEAN
have around 15% of the pixels with non-physical values,
violating the polarization constraint. This holds true for the
restored images as well, primarily due to the added residual,
having around 28% of such pixels, as illustrated in Fig. 2(b).
It is in contrast to our method which explicitly enforces the
polarization constraint and thus, is bound to produce images
with physical values.

Additionally, comparing our method’s reconstruction with
the MS-CLEAN model image, both smoothed at the nominal
resolution, gives a similarity of 29.4 dB for Stokes I and
19.3 dB for linear polarization image, implying that the recon-
structions from the two methods, especially for Stokes I, are
in agreement in terms of their low spatial frequency content.

V. CONCLUSION

We have presented a scalable version of the Polarized SARA
method for Stokes imaging which promotes sparsity of the
sought images while imposing the polarization constraint. The
scalability of the method is achieved by employing distributed
and parallel processing coupled with a preconditioning strat-
egy. Application on a real-dataset shows the superiority of our
method over MS-CLEAN, both in terms of encapsulating the
source structure details going beyond the nominal resolution,
and in producing physical images satisfying the polarization
constraint. While in the current work, the adaptive scheme
incorporating unmodelled calibration terms with the noise
within the `2 bounds is employed, we plan to take into account
the calibration terms in our model for future work [29], [30].
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